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calculate analytically the holographic DC conductivity of the dual field theory. We then
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dissipation. We obtain AdS planar black hole solutions in the theory and we calculate

the holographic DC conductivity of the dual field theory. The theory has a critical point

α + γΛ = 0, beyond which the kinetic terms of the Horndeski axions become ghost-like.

The conductivity as a function of temperature behaves qualitatively like that of a conduc-

tor below the critical point, becoming semiconductor-like at the critical point. Beyond the

critical point, the ghost-like nature of the Horndeski fields is associated with the onset of

unphysical singular or negative conductivities. Some further generalisations of the above

theories are considered also.
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1 Introduction

Gauge/Gravity duality has served as a powerful tool in understanding the phenomena of

strongly coupled systems in condensed matter physics [1–4]. Especially, much attention has

been paid to the holographic description of systems with momentum relaxation. Such sys-

tems with broken translational symmetry are needed in order to give a realistic description

of materials in many condensed matter systems.

Since momentum is conserved in a system with translational symmetry, a constant

electric field can generate a charge current without current dissipation in the presence of

non-zero charge density. Thus, the conductivity of the system would become divergent

at zero frequency. In more realistic condensed matter materials, the momentum is not

conserved due to impurities or a lattice structure, thus leading to a finite DC conductivity.

In the context of holography, there are various ways to achieve momentum dissipa-

tion, such as periodic potentials, lattices and breaking diffeomorphism invariance [5–19].

Among these, the model in [13] is particular simple. It comprises an Einstein-Maxwell

theory together with a set of minimally-coupled massless scalar fields that have linear de-

pendence on the boundary coordinates. These axionic scalars preserve the homogeneity

of the bulk stress tensor, since they have no mass terms or interactions that would break

translational invariance.

In this paper, we shall generalise the models with momentum dissipation that were

constructed in [13] by introducing non-minimal Horndeski type couplings of some of the
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scalar fields to gravity. The Horndeski theories were first constructed in the 1970s [20],

and they have received much attention recently through their application to cosmology in

Galileon theories (see, for example, [21]). A characteristic feature of Horndeski theories

is that although terms in their Lagrangians involve more than two derivatives, the field

equations and the energy-momentum tensor involve no higher than second derivatives of

the fields. This is analogous to the situation in Lovelock gravities [22].

Specifically, we shall generalise the model in [13] in two parallel ways. Firstly, in sec-

tion 2, we shall consider a Horndeski extension of an Einstein-Maxwell plus scalar theory

in which two minimally-coupled axions that provide the momentum dissipation are sup-

plemented by a third axion with a non-minimal Horndeski coupling. Although this axion

has a significant effect in terms of modifying the geometrical structure of the black hole

background, we find that the DC conductivity in the boundary theory is essentially unal-

tered, at least if one expresses the result as a function of the black hole horizon radius. In

section 3, we shall consider instead an Einstein-Maxwell theory with Horndeski couplings

to the two axions that provide the momentum dissipation. Here, we find that the effects

of the non-minimal Horndeski couplings are much more substantial, and in fact as the

strength of the non-minimal term is increased to a critical value, the qualitative behaviour

of the conductivities as a function of temperature changes. Below the critical coupling the

high-temperature behaviour is similar to that of a metal, whilst at the critical coupling the

behaviour becomes more like that of a semiconductor. We summarize our results in section

4. In appendix, we extend the theories and solutions that we studied in the main text to

arbitrary spacetime dimensions.

2 Momentum dissipation with Horndeski term

2.1 Electrical black hole

In this section, we consider AdS planar black holes of Horndeski theory in four dimensions.

The solutions have been constructed in [23, 24], and the thermodynamics have been studied

in [25, 26]. In these solutions, the Horndeski axion χ depends on the radial coordinate. In

order to achieve momentum dissipation, we include two additional free axions φi as in [13]:

I =
1

16π

∫
d4x
√
−g L ,

L = κ

(
R− 2Λ− 1

4
F 2 − 1

2

2∑
i=1

(∂φi)
2

)
− 1

2
(αgµν − γGµν) ∂µχ∂νχ , (2.1)

where κ, α, γ are coupling constants, Gµν ≡ Rµν − 1
2Rgµν is the Einstein tensor, and

F = dA is the electromagnetic field strength. The equations of motion with respect to

the metric gµν , the Maxwell potential Aµ, the Horndeski scalar χ and the axions φi are

given by

κ

(
Gµν + Λgµν −

1

2
F 2
µν +

1

8
F 2gµν

)
−κ

2

(
∂µφ1∂νφ1 +

1

2
∂µφ2∂νφ2

)
+
κ

4

(
(∂φ1)

2 + (∂φ2)
2
)
gµν
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−1

2
α

(
∂µχ∂νχ−

1

2
gµν(∂χ)2

)
− 1

2
γ

(
1

2
∂µχ∂νχR− 2∂ρχ∂(µχRν)

ρ

−∂ρχ∂σχRµρνσ − (∇µ∇ρχ)(∇ν∇ρχ) + (∇µ∇νχ)�χ+
1

2
Gµν(∂χ)2

−gµν
[
− 1

2
(∇ρ∇σχ)(∇ρ∇σχ) +

1

2
(�χ)2 − ∂ρχ∂σχRρσ

])
= 0 ,

∇µ
(
(αgµν − γGµν)∇νχ

)
= 0 , ∇νF νµ = 0 , �φi = 0 . (2.2)

One of the remarkable properties of a Horndeski theory is that each field has no higher than

second-derivative terms in the equations of motion, even though the Lagrangian involves

larger numbers of derivatives (up to four derivatives, in our case). Although terms quadratic

in second-derivatives are present, linearised perturbations around a background will involve

at most second-order linear differential equations, and thus can be ghost free.

We are interested in static planar black hole solutions in this paper. In this section,

we shall take the Horndeski axion χ to depend only on the radial coordinate, whilst the

two additional axions φi span the planar directions:

ds2 = −h(r)dt2 +
dr2

f(r)
+ r2dxidxi ,

χ = χ(r) , A = a(r) dt , φ1 = λx1 , φ2 = λx2 , (2.3)

where λ is a constant. The Maxwell equation can be used to express the electrostatic

potential in terms of the metric functions, as

a′ =
q

r2

√
h

f
, (2.4)

where q is an integration constant, parameterising the electric charge, and a prime denotes

a derivative with respect to r. The equation of motion for the Horndeski scalar χ can then

be written as (√
f

h

(
γ
(
rfh′ + fh

)
− αr2h

)
χ′
)′

= 0 . (2.5)

Following [23, 24], we focus on the special class of solutions obtained by taking

γf
(
rh′ + h

)
− αr2h = 0 . (2.6)

With this, we can solve the Einstein equations and obtain the black hole solution

a = a0 −
q

r
+

κq3

30g2(4κ+ βγ) r5
+

κqλ2

9(4κ+ βγ)g2r3
,

χ′ =

√
β − κ(q2 + 2λ2r2)

6γg2r4
1√
f
, f =

36(4κ+ βγ)2g4r8(
κ(q2 + 2λ2r2)− 6(4κ+ βγ)g2r4

)2 h ,
h = g2r2 − µ

r
+

κq2

(4κ+ βγ)r2
− κ2q4

60(4κ+ βγ)2g2r6

− 2κλ2

4κ+ βγ
− κ2λ4

3g2r2(4κ+ βγ)2
− κ2q2λ2

9(4κ+ βγ)2g2r4
, (2.7)
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where the parameters are such that

α = 3g2γ , Λ = −3g2
(

1 +
βγ

2κ

)
. (2.8)

The solution has non-trivial integration constants µ, q and λ, together with a pure gauge

parameter a0. The Hawking temperature can be calculated by standard methods, and is

given by

T =
6g2r40(βγ + 4κ)− κ(q2 + 2λ2r20)

8πr30(βγ + 4κ)
, (2.9)

where r0 is the radius of event horizon, which is the largest root of h(r) = 0.

2.2 DC conductivity

There are many ways to compute the holographic conductivities. For the DC conductivity,

a simple method makes use of the “membrane paradigm” [18, 27–32]. The key point is

to construct a radially conserved current, which allows one to read off the holographic

boundary properties in terms of the black hole horizon data. Here, we shall follow the

procedure described in [29].

We consider perturbations around the black hole solutions, of the form

δgtx1 = r2ψtx , δgrx1 = r2ψrx , δAx1 = −Et+ ax , δφ1 =
Φ

λ
. (2.10)

The equation of motion for the vector field ∂r(
√
gF rx) = 0 implies that we can define a

radially-conserved current

J = κ
√
gF rx1 . (2.11)

Explicitly, this current is given by

J =
κ
(
fa′x

(
−6g2r4(βγ + 4κ) + κq2 + 2κλ2r2

)
− 6g2qr4ψtx(βγ + 4κ)

)
6g2r4(βγ + 4κ)

, (2.12)

and it obeys ∂J/∂r = 0.

The Einstein equations imply1

f
(
Φ′ − λ2ψrx

) (
6g2r4(βγ + 4κ)− κ(q2 + 2λ2r2)

)
6g2r2(βγ + 4κ)

= Eq ,

f
(
4κqa′x + r3(βγ + 4κ)

(
rψ′′tx + 4ψ′tx

))
=

24κg2λ2r6(βγ + 4κ)ψtx
(6g2r4(βγ + 4κ)− κ(q2 + 2λ2r2))

.

(2.13)

Regularity on the horizon requires that

a′x = − E√
hf

+O(1) . (2.14)

1Note that the perturbation ψrx is non-dynamical, and could in fact be removed by a coordinate trans-

formation. We choose to keep it here in order to make the presentation parallel with the one we shall give

below when a magnetic field is turned on, since in that case one cannot remove the analogous perturbations

by means of a coordinate transformation.
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The last equation in (2.13) shows that near horizon,

ψtx = − Eq

λ2r20
+O(r − r0) . (2.15)

With these, we can evaluate the current on the horizon, finding

J = κ

(
1 +

q2

λ2r20

)
E , (2.16)

and hence the conductivity is given by

σ =
∂J

∂E
= κ

(
1 +

q2

λ2r20

)
. (2.17)

Interestingly, even though the theory we are considering here, and its black hole so-

lutions, are much more complicated than the Einstein-Maxwell theory with linear axions

that was studied in [13], the Horndeski scalar χ does not explicitly contribute to the con-

ductivity when σ is expressed in terms of r0, and hence the result (2.17) is the same as

in [13]. Of course, the Horndeski term modifies the relation between the temperature and

r0, and so in the σ(T ) expression the Horndeski term has non-trivial effects. However at

large T (corresponding to large r0, with T ∼ 3g2r0/(4π)), the σ(T ) dependence approaches

that obtained in [13].

2.3 Dyonic black hole

We can obtain a more general class of dyonic black hole solutions, by extending the ansatz

for the vector potential in (2.3) to include a magnetic term:

A = adt+
B

2
(x1dx2 − x2dx1) . (2.18)

We find the dyonic black hole solution is given by

φ1 = λx1 , φ2 = λx2 .

a = a0 −
q

r
+

κq(B2 + q2)

30g2(4κ+ βγ) r5
+

κqλ2

9(4κ+ βγ)g2r3
,

χ′ =

√
β − κ(B2 + q2 + 2λ2r2)

6γg2r4
1√
f
,

f =
36g4r8(βγ + 4κ)2(

κ(B2 + q2 + 2λ2r2)− 6g2r4(βγ + 4κ)
)2 h ,

h = g2r2 − µ

r
+

κ(B2 + q2)

(4κ+ βγ)r2
− κ2(B2 + q2)2

60(4κ+ βγ)2g2r6

− 2κλ2

4κ+ βγ
− κ2λ4

3g2r2(4κ+ βγ)2
− κ2λ2(B2 + q2)

9(4κ+ βγ)2g2r4
. (2.19)

It is interesting to note that this dyonic solution is rather simply related to the previous

purely electric solution by means of a replacement in which the quadratic powers of q

– 5 –
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in (2.7) are sent to q2 + B2, while the linear powers of q are left unchanged, in the sense

that one makes the formal replacements

q → q , q2 → q2 +B2 , q3 → q(q2 +B2) . (2.20)

The Hawking temperature for the dyonic black hole is given by

T =
6g2r40(βγ + 4κ)− κ(B2 + q2 + 2λ2r20)

8πr30(βγ + 4κ)
. (2.21)

We are now in a position to calculate the DC conductivity in the dyonic black hole

background. In this case, we turn on perturbations in both the spatial boundary direc-

tions xi,

δgtx1 = r2ψt1 , δgrx1 = r2ψr1 , δgtx2 = r2ψt2 , δgrx2 = r2ψr2 ,

δAx1 = − E1t+ a1 , δAx2 = − E2t+ a2 , δφ1 =
Φ1

λ
, δφ2 =

Φ2

λ
. (2.22)

Following similar methods to those we used in the previous subsection, we construct a

radially-conserved 2-component current

Ji = κ
√
gF rxi . (2.23)

The regularity conditions on the horizon are

a′1 = − E1√
hf

+O(1) , a′2 = − E2√
hf

+O(1) . (2.24)

The currents can be evaluated on the horizon, and we define the conductivity matrix by

σij =
∂Ji
∂Ej

, with , {i, j = 1, 2} . (2.25)

Explicitly, the conductivity matrix elements are given by

σ11 = σ22 =
λ2r20

(
B2 + q2 + λ2r20

)
B4 +B2

(
q2 + 2λ2r20

)
+ λ4r40

,

σ12 = −σ21 =
Bq
(
B2 + q2 + 2λ2r20

)
B4 +B2

(
q2 + 2λ2r20

)
+ λ4r40

. (2.26)

The Hall angle is defined (for small angles) by

θH =
σ12
σ11

=
Bq
(
B2 + q2 + 2λ2r20

)
λ2r20

(
B2 + q2 + λ2r20

) . (2.27)

As in the purely electrically-charged black holes, the inclusion of the Horndeski scalar χ

does not modify these transport quantities when they are expressed in terms of the r0
variable. In particular the Hall angle goes to zero at high temperature, as θH ∼ 1/T 2.

– 6 –
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3 Momentum dissipation using Horndeski axions

3.1 Dyonic black hole

In this section, we consider a system in which the axionic scalars that provide the mo-

mentum dissipation are themselves taken to have Horndeski couplings rather than minimal

couplings to gravity. The Lagrangian describing the theory is given by

L = κ

(
R− 2Λ− 1

4
F 2

)
− 1

2
(αgµν − γGµν)

2∑
i=1

∂µχi ∂νχi . (3.1)

We shall assume that α is positive, and so for γ = 0 we recover the Einstein-Maxwell theory

with two free axions, proposed in [13]. The equations of motion are

κ

(
Gµν + Λgµν −

1

2
F 2
µν +

1

8
F 2gµν

)
−

2∑
i

1

2
α

(
∂µχi∂νχi −

1

2
gµν(∂χi)

2

)

−
2∑
i

1

2
γ

(
1

2
∂µχi∂νχiR− 2∂ρχi ∂(µχiRν)

ρ − ∂ρχi∂σχiRµρνσ

−(∇µ∇ρχi)(∇ν∇ρχi) + (∇µ∇νχi)�χi +
1

2
Gµν(∂χi)

2

−gµν
[
− 1

2
(∇ρ∇σχi)(∇ρ∇σχi) +

1

2
(�χi)

2 − ∂ρχi∂σχiRρσ
])

= 0 ,

∇µ
(
(αgµν − γGµν)∇νχi

)
= 0 , ∇νF νµ = 0 . (3.2)

It is clear that these equations admit a pure AdS vacuum solution where Rµν = Λ gµν and

the electromagnetic and scalar fields vanish. In this vacuum, the effective kinetic term for

the Horndeski axions χi becomes

L(χi,kin) = −1

2
(α+ γΛ)

∑
i

(∂χi)
2 . (3.3)

This will be of the standard sign, signifying ghost-freedom, if (α+ γΛ) > 0. In this paper

we shall consider only solutions for which Λ is negative. Stability requires that (α + γΛ)

should be non-negative, but novel features can arise at the critical point where (α + γΛ)

vanishes. (An analogous situation can also arise in Einstein-Gauss-Bonnet theories, see,

e.g., [33].) Thus γ lies in the range

−∞ < γ ≤ α

(−Λ)
. (3.4)

Typically, the cosmological constant is viewed as a fixed parameter that is part of the

specification of a theory, but it can alternatively arise as an integration constant for an

n-form field strength in n dimensions. Thus here we may replace the cosmological constant

term in (3.1) by a term

LF(4)
=

1

4!
F 2

(4) . (3.5)

– 7 –
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The equation of motion for F(4) can be solved by taking Fµνρσ =
√
−2Λ εµνρσ, where Λ is

an arbitrary non-positive constant that acquires an interpretation as the cosmological con-

stant. In this new theory, one may treat the “cosmological constant” as a thermodynamic

variable, which has an interpretation as a pressure (see, for example, [34, 35]). Changing

the cosmological constant, i.e. the pressure, can lead to a phase transition from a stable

to an unstable regime as the sign of (α + γΛ) turns negative. The critical point where

(α+ γΛ) vanishes gives, as we shall see, some interesting features in the boundary theory.

We now construct dyonic AdS planar black holes where the two Horndeski axions are

linear functions of the spatial boundary coordinates xi, i.e.,

ds2 = −h(r)dt2 +
dr2

f(r)
+ r2dxidxi ,

A = a(r)dt+
B

2
(x1dx2 − x2dx1) , χi = λxi . (3.6)

The equations of motion for the axions are trivially satisfied. The Maxwell equation im-

plies that

a′ = q

√
h

f
r−2 , (3.7)

where q is an integration constant. With this, the Einstein equations give

4κr3fh′ + h
(
2f
(
γλ2 + 2κr2

)
+ κ(q2 +B2) + 4κΛr4 + 2αλ2r2

)
= 0

4κr3f ′ + f
(
4κr2 − 2γλ2

)
+ κ(q2 +B2) + 4κΛr4 + 2αλ2r2 = 0

h
(
κr4f ′h′ + f

(
2κr4h′′ + h′

(
2κr3 + γλ2r

)))
+h2

(
f ′
(
2κr3 + γλ2r

)
− 2γλ2f − κ

(
q2 +B2 − 4Λr4

))
− κr4fh′2 = 0 . (3.8)

These equations can be easily solved, leading to the black hole solutions

h = Uf , U = e
γλ2

2κr2

a = a0 −
√
πκq
√
γλ

erfi

( √
γλ

2
√
κr

)
,

f = −λ
2

6κ
(3α+ γλ)− µe−

γλ2

4κr2

r
− Λr2

3

+

√
πe−

γλ2

4κr2 erfi
( √

γλ

2
√
κr

) (
γλ4(3α+ γΛ) + 3κ2(q2 +B2)

)
12
√
γκ3/2λr

, (3.9)

where erfi(x) is the imaginary error function, defined by erfi(x) = 2π−1/2
∫ x
0 e

z2 dz. The

asymptotic forms of the metric functions near infinity are given by

−gtt = h(r) ∼ −Λ

3
r2 − λ2(3α+ 2γΛ)

6κ
− µ

r
+O

(
1

r2

)
,

grr = f(r) ∼ −Λ

3
r2 − λ2(3α+ γΛ)

6κ
− µ

r
+O

(
1

r2

)
, (3.10)
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which shows that the solution is asymptotic to dS or AdS for Λ > 0 or Λ < 0 respectively.

Since we are interested in the transport properties of the dual boundary theory, we shall

focus on the AdS case, and so we shall assume Λ < 0 in the rest of this section. The

Hawking temperature is given by

T =

(
−4κΛr40 − κ(q2 +B2)− 2αλ2r20

)
16πκr30

exp

(
γλ2

4κr20

)
. (3.11)

Although the linearised equations of motion for the Horndeski terms are of two deriva-

tives, it is still necessary to check the sign of the kinetic terms for possible ghost-like

behaviour. The kinetic terms for the perturbative axions δχi are given by

2∑
i

P 00 δχ̇i δχ̇i , with Pµν = −1

2
(αgµν − γGµν) . (3.12)

In order to avoid ghosts, the P 00 component of Pµν , which is given by

P 00 =
α− γ (fr)′

2hr2
=
γκ
(
B2 + q2

)
− 2γ2λ2f + 4κr4(α+ γΛ) + 2αγλ2r2

8κr4h
, (3.13)

should be non-negative, both on and outside the horizon. The asymptotic form of P 00 near

infinity is given by

P 00 ∼ −3(α+ γΛ)

2Λr2
+
λ2
(
9α2 + 12αγΛ + 5γ2Λ2

)
4κΛ2r4

+O
(

1

r5

)
. (3.14)

The positivity of P 00 therefore implies, as a necessary condition, that α+γΛ ≥ 0 (assuming,

as we are, that Λ < 0). In the case of equality, α+γΛ = 0, the leading term of P 00 vanishes

and the asymptotic form of P 00 becomes simpler, with

P 00 ∼ γ2λ2

2κr4
+O

(
1

r6

)
, (3.15)

which is still greater than zero. It can then be checked from (3.13) that P 00 is indeed

always positive in the region from the horizon to infinity when α and γ are both positive.

3.2 DC conductivity and Hall angle

Now, we turn to the calculation of the DC conductivity of this system. We follow a similar

procedure to the one described in the previous section. Here we shall omit the details of

the calculation, and just present the final results. We begin with the simpler case where

B = 0, for which we find the conductivity is given by

σ = κ+
4κ3q2r20

λ2
(
4κr40(α+ γΛ) + 2αγλ2r20 + γκq2

) . (3.16)

When γ = 0, this result reduces to (2.17). This demonstrates that the couplings of the

axions for dissipative momenta plays a crucial role in shaping the conductivity. Although

σ contains the same “charge-conjugation symmetric” term κ, as one would expect, it has
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a very different “dissipative” term associated with λ that has a richer structure. At large

T , however, it has the same qualitative behaviour as that of the Einstein-Maxwell case in

the high-temperature limit for generic parameters

σ ∼ κ+
κ2q2

λ2r20(α+ γΛ)
∼ κ+

κ2q2Λ2

16π2λ2(α+ γΛ)

1

T 2
. (3.17)

On the other hand, at the critical point α + γΛ = 0, the temperature dependence is

characteristically different. The denominator of the dissipative term in (3.16) has three

contributions, with the leading-order power of r0 being proportional to (α + γΛ). When

α+γΛ is positive, the conductivity rises from a positive in initial value at zero temperature,

rises to a peak, and then decreases to a constant value at high temperature.2 Especially,

when γ = 0, the conductivity decreases monotonically from its initial value as the temper-

ature increases, behaving much like a normal conductor. If on the other hand α+ γΛ = 0,

the conductivity monotonically increases with temperature, approaching a constant in the

high-temperature limit. This behaviour is closer to that of a semiconductor [36, 37]. We

illustrate the various behaviours in figure 1, where the parameters are fixed such that

κ = α = q = 1 and λ = 1/2. In the left-hand diagram we fix also Λ = −3 and display the

plots of σ versus T for four representative values of γ. The top curve corresponds to the

critical case (α + γΛ) = 0, while the lower curves correspond cases with (α + γΛ) > 0. In

the right-hand diagram we instead fix γ = 1/3 and display plots for various values of Λ,

again with the critical case (α+ γΛ) = 0 being the curve at the top, with the lower curves

having (α+γΛ) > 0. The critical case can be thought of as representing a phase transition

where the high-temperature behaviour of the material changes from that of a metal (σ falls

to a small constant κ as T increases) to a semiconductor (σ rises to a limiting value as T

increases) in the critical case. From the bulk point of view, the transition can be viewed

as being induced when the pressure (∼ (−Λ)) becomes sufficiently large.

It is interesting to note that in the left-hand diagram in figure 1, all the conductivity

curves originate from the same value when T = 0. The reason for this can be seen from

the expressions for the temperature and the conductivity, namely

T = −
e
γλ2

4κr20

(
4κΛr40 + 2αλ2r20 + κq2

)
16πκr30

, (3.18)

σ = κ+
4κ3q2r20

γ
(
4κΛr40 + 2αλ2r20 + κq2

)
+ 4ακr40

. (3.19)

The temperature becomes zero when the factor in parentheses in (3.18) vanishes, and

then (3.19) implies that the corresponding zero-temperature conductivity is given by

σ(0) = κ+
κ2q2

αλ2r20
, (3.20)

with r0 being given by

r20 =
αλ2 +

√
α2λ4 − 4κ2q2Λ

4κ(−Λ)
. (3.21)

2This phenomenon was observed in [19], where massive gravity was used to achieve momentum dissipa-

tion.
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Figure 1. Plots of the conductivity σ versus temperature, for various parameter choices. In each

diagram we have set κ = α = q = 1 and λ = 1/2. In the left-hand diagram we fix Λ = −3 and

take various choices for the parameter γ. The top line has the critical value γ = 1/3, for which

(α + γΛ) = 0. In the right-hand diagram we instead fix γ = 1/3 and take various choices for the

parameter Λ. Again, the top line corresponds to the critical value. In both diagrams, the lower

lines all correspond to (α + γΛ) > 0, and they approach κ (which we have set equal to 1 for the

purposes of these plots) at large T .

Thus at fixed Λ, with κ, α, q and λ also fixed as in left-hand diagram, the zero-temperature

conductivity is independent of γ. By contrast, if γ is fixed instead of Λ, as in the right-hand

diagram, the zero-temperature conductivity does depend on Λ.

We have not included plots for values of the parameters for which α+ γΛ is negative.

Here, the dissipative part of the conductivity can be negative, and for a range of temper-

atures the full expression for the conductivity can be negative or divergent. This suggests

an unphysical instability, and is in fact consistent with our previous observation that the

Horndeski axions acquire ghost-like kinetic terms when α+ γΛ is negative.

It follows from figure 1 that the conductivity is always great than 1, and approaches

1 as temperature goes to infinity except at the critical point (α + γΛ = 0). This can be

easily seen also from (3.16) and (3.19) when setting κ = 1. Therefore, the conductivity of

this model satisfies the bound proposed in [38, 39]. (It was pointed out that this bound

could be violated by introducing higher derivative couplings [40].)

The case when B 6= 0 is considerably more complicated, and we shall not present the

general expression for the conductivity matrix here. However, in the high temperature

limit we find that it takes the form for α+ γΛ > 0

σ11 = σ22 ∼ κ+
κ2Λ2

(
q2 −B2

)
16π2λ2(α+ γΛ)T 2

,

σ12 = −σ21 ∼
κ2Λ2qB

8π2λ2(α+ γΛ)T 2

+
κΛ3qB

(
2α2λ4 + 2αγλ4Λ + Λ

(
−3B2κ2 + γ2λ4Λ + κ2q2

))
256π4λ4(α+ γΛ)2T 4

, (3.22)

and the Hall angle is given by

θH ∼
κΛ2qB

8π2λ2(α+ γΛ)T 2
+

Λ3qB
(
2α2λ4 + 2αγλ4Λ + Λ

(
−B2κ2 + γ2λ4Λ− κ2q2

))
256π4λ4(α+ γΛ)2T 4

. (3.23)
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At the critical point α + γΛ = 0, the conductivity and Hall angle at high temperature

become

σ11 = σ22 ∼
γ2κλ4Λ

(
γ2λ4Λ− 2κ2(q2 +B2)

)
4B4κ4 + 4B2 (κ4q2 − γ2κ2λ4Λ) + γ4λ8Λ2

+ O
(

1

T 2

)
,

σ12 = −σ21 ∼
4Bκ3q

(
κ2(q2 +B2)− γ2λ4Λ

)
4B4κ4 + 4B2 (κ4q2 − γ2κ2λ4Λ) + γ4λ8Λ2

+ O
(

1

T 2

)
,

θH ∼
4Bκ2q

(
κ2(B2 + q2)− γ2λ4Λ

)
γ2λ4Λ (−2B2κ2 + γ2λ4Λ− 2κ2q2)

+ O
(

1

T 2

)
. (3.24)

In particular, the Hall angle approaches a constant at large T . At T = 0, on the other

hand, which occurs when the factor in parentheses in the numerator in (3.11) vanishes, the

conductivity and Hall angle become

σ11 = σ22 =
ακλ2r20

(
B2κ+ κq2 + αλ2r20

)
B4κ2 +B2κ

(
κq2 + 2αλ2r20

)
+ α2λ4r40

,

σ12 = −σ21 =
Bκ2q

(
B2κ+ κq2 + 2αλ2r20

)
B4κ2 +B2κ

(
κq2 + 2αλ2r20

)
+ α2λ4r40

,

θH(0) =
κqB

(
B2κ+ κq2 + 2αλ2r20

)
αλ2r20

(
B2κ+ κq2 + αλ2r20

) , (3.25)

where

r0 =
αλ2 +

√
α2λ4 − 4κ2Λ (B2 + q2)

−4κΛ
. (3.26)

It is of interesting to note that at T = 0, both σ’s and θH are independent of γ. This

implies that in the zero temperature limit the DC conductivities and Hall angle are the

same as those in the Einstein-Maxwell case (2.26), (2.27), if the results are expressed in

terms of the horizon radius r0 and we set α→ κ.

4 Conclusions

In this paper, we studied two four-dimensional gravity theories involving scalar fields with

non-minimal Horndeski-type couplings to gravity. We first considered Einstein-Maxwell

gravity with one non-minimally coupled Horndeski axion and two minimally coupled ax-

ions. The two minimally coupled axions have linear dependence on the spatial boundary

coordinates, and they generate momentum dissipation in the standard way. We constructed

a charged AdS planar black hole in the theory, and calculated the holographic DC con-

ductivity in the dual field theory. Interestingly, although the Horndeski scalar in these

solutions plays a role in determining the geometry of the black hole background, it does

not contribute directly to the conductivity. To be precise, if written in terms of the horizon

radius r0 the conductivity is the same as that in Maxwell-Einstein gravity.

In the second model, we used two Horndeski axions, non-minimally coupled to Einstein-

Maxwell gravity, to drive the momentum dissipation. We obtained a static AdS black hole

solution in the theory. We analyzed the kinetic terms of the axion perturbations, and
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showed that the theory has a critical point at α + γΛ = 0. When α + γΛ < 0, the

kinetic terms of the axion perturbations become negative, implying that the excitations

become ghost-like. We then obtained the conductivity in the dual boundary theory, and

found that the conductivity has two terms, a “charge-conjugation symmetric” term and

“dissipative” term as usual. However, the dissipative term has richer features than in

a standard minimally-coupled theory. At the critical point α + γΛ = 0, the conductivity

increases monotonically as a function of temperature, which is typical of the behaviour in a

semiconductor. When α+γΛ > 0, on the other hand, the conductivity rises to a maximum

then falls, finally approaching a constant. In the special case γ = 0, corresponding to

turning off the Horndeski modification of the usual minimal coupling of the axions, the

conductivity decreases monotonically with temperature, and the behavior is more like a

normal conductor. We chose a set of parameters in the paper and plotted the conductivity

versus temperature curves for various values of γ, in figure 1. We showed that from the

critical point γ = −α/Λ to the special case γ = 0, the behavior of the conductivity as

a function of temperature changes from that reminiscent of a semiconductor to that of a

normal conductor.

Momentum dissipation is the key for obtaining finite holographic DC conductivity.

While free axions provide one of the simplest models for such a mechanism, the resulting

DC conductivity generally tends to have a fairly simple structure whose qualitative features

are independent of the parameters. Our work demonstrated that using non-minimally

coupled axions in the momentum-dissipation mechanism can lead to a much richer pattern

of holographic DC conductivities.
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A Higher dimensional case

In this section, we generalise the theory in section 2 to include N p-form fields in arbitrary

dimension,

L = κ

(
R− 2Λ− 1

4
F 2 −

N∑
i=1

1

2p!

(
F i(p)

)2)− 1

2
(αgµν − γGµν) ∂µχ∂νχ , (A.1)

where κ, α and γ are coupling constants, Gµν ≡ Rµν− 1
2Rgµν is the Einstein tensor, F = dA

is the electromagnetic field strength and F i = dAi is one of the form fields which span all
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spacial dimension with Np = n− 2. The equations of motion are given by

κ

(
Gµν + Λgµν −

1

2
F 2
µν +

1

8
F 2gµν

)
+

N∑
i=1

[
− κ

2(p− 1)!

(
F i
)2
µν

+
κ

4p!

(
F i
)2
gµν

]
−1

2
α

(
∂µχ∂νχ−

1

2
gµν(∂χ)2

)
− 1

2
γ

(
1

2
∂µχ∂νχR− 2∂ρχ∂(µχRν)

ρ

−∂ρχ∂σχRµρνσ − (∇µ∇ρχ)(∇ν∇ρχ) + (∇µ∇νχ)�χ+
1

2
Gµν(∂χ)2

−gµν
[
− 1

2
(∇ρ∇σχ)(∇ρ∇σχ) +

1

2
(�χ)2 − ∂ρχ∂σχRρσ

])
= 0 ,

∇µ
(
(αgµν − γGµν)∇νχ

)
= 0 , ∇νF νµ = 0 , ∇νF

νµ1···µp−1

i = 0 (A.2)

We consider static planar black hole ansatz

ds2 = −h(r)dr2 +
dr2

f(r)
+ r2dxidxi ,

χ = χ(r) , A = a(r) dt , F i = λdxi1 ∧ · · · ∧ dxip . (A.3)

where λ is a constant. The Maxwell’s equation can be used to express the electrical

potential in terms of metric functions

a′ = q

√
h

f
r2−n , (A.4)

where q is an integration constant. And the equation of motion for scalar can be written as(
rn−4

√
f

h

(
γ
(
(n− 2)rfh′ + (n− 2)(n− 3)fh

)
− 2αr2h

)
χ′
)′

= 0 . (A.5)

We focus on a special class of solution, as what we did in section 2, by letting

γ
(
(n− 2)rfh′ + (n− 2)(n− 3)fh

)
− 2αr2h = 0 . (A.6)

Under these setup, we can obtain the black hole solution

a = a0 −
q

(n− 3)rn−3
+

κq3

g2(3n− 7)(n− 2)(n− 1)(βγ + 4κ)r3n−7

+
Nκλ2q

g2(n− 2)(n− 1)(n+ 2p− 3)(βγ + 4κ)rn+2p−3 ,

χ′ =

√
β − κ(q2 +Nλ2r2n−2p−4)

γg2 (n2 − 3n+ 2) r2n−4
1√
f
,

f =
g4(n− 2)2(n− 1)2(βγ + 4κ)2r4n−8

(κq2 − g2 (n2 − 3n+ 2) (βγ + 4κ)r2n−4 +Nκλ2r2n−2p−4)2
h ,

h = g2r2 − µ

rn−3
+

2κq2

(n− 3)(n− 2)(βγ + 4κ)r2n−6
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+
κ2q4

g2(7− 3n)(n− 2)2(n− 1)(βγ + 4κ)2r4n−10
− 2Nκλ2

(n− 2)(n− 2p− 1)(βγ + 4κ)r2p−2

+
N2κ2λ4

g2(n− 2)2(n− 1)(n− 4p− 1)(βγ + 4κ)2r4p−2

− 2Nκ2λ2q2

g2(n− 2)2(n− 1)(n+ 2p− 3)(βγ + 4κ)2r2(n+p)−6
, (A.7)

with parameters under constraint

α =
1

2
(n− 1)(n− 2)g2γ , Λ = −1

2
(n− 1)(n− 2)g2

(
1 +

βγ

2κ

)
. (A.8)

B Einstein-Maxwell-Dilaton theory with Horndeski axions

In section 3, we studied the theory of Einstein-Maxwell gravity with two non-minimally cou-

pled Horndeski axions. Here, we give a generalisation in which we include also a dilatonic

scalar field with an exponential coupling to the Maxwell field, and exponential potential

terms. The Lagrangian is given by

L = κ

[
R− 2Λeδ0φ− 2V0e

δ2φ− 1

2
(∂φ)2− 1

4
eδ1φF 2

]
−

2∑
i

1

2
(αgµν − γGµν) ∂µχi ∂νχi . (B.1)

where δ0 , δ1 , δ2 , V0 , κ , γ , and α are constants. The second potential term, with coefficient

V0, is required for the case where a magnetic field is included. The equations of motion are

given by

κ

(
Gµν + (Λeδ0φ + V0e

δ2φ)gµν −
1

2
∂µφ∂νφ+

1

4
(∂φ)2gµν −

1

2
eδ1φF 2

µν +
1

8
eδ1φF 2gµν

)
−

2∑
i

1

2
α

(
∂µχi∂νχi −

1

2
gµν(∂χi)

2

)

−
2∑
i

1

2
γ

(
1

2
∂µχi∂νχiR− 2∂ρχi ∂(µχiRν)

ρ − ∂ρχi∂σχiRµρνσ

−(∇µ∇ρχi)(∇ν∇ρχi) + (∇µ∇νχi)�χi +
1

2
Gµν(∂χi)

2

−gµν
[
− 1

2
(∇ρ∇σχi)(∇ρ∇σχi) +

1

2
(�χi)

2 − ∂ρχi∂σχiRρσ
])

= 0 ,

∇µ
(
(αgµν − γGµν)∇νχi

)
= 0 , EµA ≡ ∇ν(eδ1φF νµ) = 0 ,

�φ− 2Λδ0e
δ0φ − 2V0δ2e

δ2φ − 1

4
δ1e

δ1φF 2 = 0 . (B.2)

We consider the static planar black hole in four dimensions

ds2 = −h(r)dr2 +
dr2

f(r)
+ r2dxidxi ,

χi = λxi , A = a(r)dt+
B

2
(x1dx2 − x2dx1) , φ = β log r , (B.3)
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where λ , β and B are constants. The Maxwell equation implies

a′ = q

√
h

f
r−2−δ1β . (B.4)

We find that there are two inequivalent classes of solutions, where the parameters (δ0, δ1, δ2)

are given by

Class 1 : δ0 = − 2

β
, δ1 =

β

2
, δ2 =

β

2
− 4

β
,

Class 2 : δ0 = − 2

β
, δ1 = − 2

β
, δ2 = − 6

β
. (B.5)

In both classes we have

h = Uf , U = r
1
2
β2
e
γλ2

2κr2 .

For class 1 we find

f = e−
γλ2

4κr2

[
αλ2

κ (β2 − 4)
Ei

(
3

2
+

1

8
β2,− γλ2

4κr2

)
+

B2

2(β2 − 4)
r−2+

1
2
β2

Ei

(
1

2
+

3

8
β2,− γλ2

4κr2

)
−1

8
q2 r−2−

1
2
β2

Ei

(
1

2
− 1

8
β2,− γλ2

4κr2

)
− µ r−1−

1
4
β2

]
, (B.6)

with parameters

Λ =
αβ2λ2

2κ(4− β2)
, V0 =

β2B2

4(4− β2)
. (B.7)

Ei is the exponential integral, defined by

Ei(z, x) =

∫ ∞
1

t−z e−xt dt = Γ(1− z)xz−1 −
∑
n≥0

(−x)n

n! (n+ 1− z)
. (B.8)

The Hawking temperature for the class 1 solutions is given by

T =

e
γλ2

4κr20 r
1
4
β2

0

(
4B2κrβ

2

0 −
(
β2 − 4

)
κq2 + 8αλ2r

β2

2
+2

0

)
16π (β2 − 4)κr30

. (B.9)

The positivity of temperature require β2 > 4. In the large r0 limit, the temperature

approaches

T ∼ B2r
(β2−3)
0

4π (β2 − 4)
. (B.10)

For the class 2 solutions we find

f = e−
γλ2

4κr2

[
(αλ2 + κq2)

κ (β2 − 4)
Ei

(
3

2
+

1

8
β2,− γλ2

4κr2

)
+

B2

(β2 − 12) r4
Ei

(
−1

2
+

1

8
β2,− γλ2

4κr2

)
− µ r−1−

1
4
β2

]
, (B.11)
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with parameters

Λ = −2αβ2 λ2 + (β2 + 4)κq2

4κ(β2 − 4)
, V0 =

B2 (β2 − 4)

4(12− β2)
. (B.12)

The Hawking temperature for the class 2 solutions is given by

T = e
γλ2

4κr20 r
1
4
β2

0

(12− β2)(αλ2 + κq2)r40 −B2 κ (β2 − 4)

2(β2 − 4)(12− β2)κπr50
. (B.13)

It can be seen from the series expansion for the exponential integral function given in (B.8)

that in the case of the class 2 solutions, the non-integer powers of r−1 that arise, for generic

values of β, in the large-r expansion of the metric function f can be removed altogether if

the constant µ is chosen to be given by

µ = −Γ(
1

2
− 1

8
β2)

(
− γλ2

4κ

) 1
2
+ 1

8
β2 [

2B2κ2(β2 − 4)

γ2 λ2 (β2 − 12)
+

8(αλ2 + κq2)

(β4 − 16)κ

]
. (B.14)
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