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ABSTRACT

Characterization of the morphology of strongly lensed galaxies is challenging because images of such galaxies are
typically highly distorted. Lens modeling and source plane reconstruction is one approach that can provide
reasonably undistorted images from which morphological measurements can be made, though at the expense of a
highly spatially variable telescope point-spread function (PSF) when mapped back to the source plane.
Unfortunately, modeling the lensing mass is a time- and resource-intensive process, and in many cases there are too
few constraints to precisely model the lensing mass. If, however, useful morphological measurements could be
made in the image plane rather than the source plane, it would bypass this issue and obviate the need for a source
reconstruction process for some applications. We examine the use of the Gini coefficient as one such measurement.
Because it depends on the cumulative distribution of the light of a galaxy, but not the relative spatial positions, the
fact that surface brightness is conserved by lensing means that the Gini coefficient may be well preserved by strong
gravitational lensing. Through simulations, we test the extent to which the Gini coefficient is conserved, including
by effects due to PSF convolution and pixelization, to determine whether it is invariant enough under lensing to be
used as a measurement of galaxy morphology that can be made in the image plane.
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1. INTRODUCTION

Studying galaxies over the course of cosmic time requires
making many measurements—measurements of broadband
colors, spectra, emission and absorption lines and the implied
chemical abundances, star formation rates, stellar populations,
and more. Among the observables of interest is, of course,
morphology, which is of particular relevance because of its
possible relationshipwith both galaxy and star formation (e.g.,
Dressler 1980; Abraham et al. 1996; Willett et al. 2015).

While morphologies of low-redshift galaxies can be studied
in great detail, high-redshift galaxies present a challenge
because of their small angular sizes. Even with the increased
signal-to-noise ratios (S/N) and resolutions of the James
Webb Space Telescope and the Wide-Field Infrared Survey
Telescope, this will continue to be a limitation at large
redshifts. Thedesire to study small-scale structures in high-
redshift galaxies has led some to take advantage of the extra
magnification provided by strong gravitational lensing (e.g.,
Swinbank et al. 2009; Jones et al. 2010, 2013; Wuyts
et al. 2014).

Much effort has been put into quantifying the morphological
properties of unlensed galaxies. Current morphological metrics
include the CAS system,which consists of the concentration
parameter, the asymmetry parameter and the clumpiness
parameter as described by Conselice (2003) and references
therein, as well as the Gini coefficient (Abraham et al. 2003),
and the internal color dispersion (Papovich et al. 2003), among
others. However, the definitions of many of these measure-
ments dependon the relative amplitude and position of a
galaxy’s light, and thusare unlikely to be useful when applied
directly to strongly lensed images of distant galaxies. Given a
lens model, such images can be mapped back to the undistorted
source plane, but creating models that allow for the

reconstruction of the source galaxy can be a difficult and time
consuming process and even when mass models can be
constructed with low levels of uncertainty, uncertainties in
magnification maps can still be quite high. Moreover, simple
source plane reconstruction techniques, absent ofsome form of
point-spread function (PSF) deconvolution, will also map a
telescope PSF that is reasonably invariant in the image plane
into a highly distorted and variable PSF in the source plane,
potentially complicating any morphological analysis (though it
should be noted that in systems with multiple images, the
ability to make multiple measurements of the same small-scale
regions of a source galaxy where the telescope PSF is mapped
onto each image differently, can provide some ability to work
around this complication, but it still requires significant
astronomer time to do so). Furthermore, while many techniques
exist for modeling lenses (see Lefor et al. 2013 for a review), in
some cases, there are simply not enough constraints to make a
lens model possible at all without major uncertainties. When
sufficient constraints are available, it can still take many hours
of focused effort for a researcher or group to produce a final
model. This modeling, required before reconstruction of the
undistorted source galaxy can be attempted, represents a major
bottleneck in the process of making morphological measure-
ments of strongly lensed galaxies. This difficulty will only
become more severe as the next generation of ground- and
space-based survey telescopes comes online and brings our
samples of strong lensing systems into the thousands.
To avoid this difficulty altogether, it is worth seeking out

morphological measurements that can be performed in the
image (lensed) plane rather than the source (unlensed) plane.
In this paper, we show through simulation that the Gini
coefficient, introduced to astronomy and used for classifying
galaxy morphologies in the Sloan Digital Sky Survey (SDSS)
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by Abraham et al. (2003), is one such measurement. With at
least one metric available for use in both lensed and unlensed
galaxies, we can begin to contextualize the sample of strongly
lensed galaxies to see if certain types of galaxies are
preferentially observed in lensing (e.g., perhaps clumpy objects
may be observed more often because the many high surface
brightness clumps allow a higher likelihood of a bright region
falling on a caustic than in objects where the light is more
concentrated). In addition, folding morphological measure-
ments into existing methods for identifying image families in
strong lensing systems may help our ability to correctly and
quickly identify multiple images of a single source galaxy.
Furthermore, if proxies for, or redefinitions of, other morpho-
logical measurements can be found for strongly lensed sources,
it may be possible to adapt or reformulate morphological
classification systems like the CAS system described above or
the Gini-M20 system (Lotz et al. 2004) to allow for usage in the
case of strongly lensed sources. This would be particularly
useful because while new generations of telescopes will
increase our ability to access small-scale structures in unlensed
galaxies at higher and higher redshits, the smallest accessible
spatial scales at the highest observable redshifts will always be
a result of gravitational lensing. Therefore, detailed studies of
the evolution of galaxy morphologies at the earliest times will
rely on being able to measure morphological characteristics of
strongly lensed objects.

In this paper, we show that a relationship exists between
lensed and unlensed Gini coefficients for a given source image
with a resolution similar to images taken by the Hubble Space
Telescope (HST) as long as the apertures are carefully defined.

2. TESTING THE STABILITY OF THE GINI
COEFFICIENT: THE SIMULATIONS

The Gini coefficient, as applied to galaxy morphologies, is a
measurement of the inequality of the distribution of light in a
galaxy. Conceptually, this measurement is made by ordering
the pixels that make up the image of a galaxy in ascending
order by flux and then comparing the resulting cumulative
distribution function to what would be expected from a
perfectly even flux distribution. A low Gini coefficient (close
to zero) means that the distribution of light is fairly uniform,
while a high Gini coefficient (close to one) means that most of
the galaxy’s light is contained in only a small fraction of the
pixels. In practice, the Gini coefficient is calculated using the
following formula from Lotz et al. (2004).
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where Xi is the value of the ith pixel when ordered by flux, X is
the mean of the pixel values, and n is the total number of pixels.
Because gravitational lensing preserves surface brightness, the
cumulative distribution of the light should be little changed,
and the Gini coefficient can be expected to be fairly well
preserved by lensing.

This hypothesis was tested by simulating the lensing effect
on actual images of low-redshift galaxies treated as if they were
galaxies at higher redshifts using steps thatwill be explained in
further detail in the following sections. Briefly stated, a set of
33 detailed images of low-redshift galaxies ( z 0.45) were
chosen from the mosaics produced by the CANDELS team
(Grogin et al. 2011; Koekemoer et al. 2011) and selected from

the CANDELS UDS catalog(Galametz et al. 2013). Those
galaxies were placed at higher redshifts and on, or near,
caustics of a galaxy cluster scale lensing mass and run through
a gravitational lensing simulation code to produce arcs of a
similar size to those seen in observations. These final images of
the arcs were then convolved with an HST-like PSF and
rebinned to a pixel scale of 0.03 arcsec pixel−1. Varying
amounts of noise were added to the images, and masks were
made based on a generalization of the Petrosian radius defined
in such a way as to be applicable to objects of arbitrary shape.
Within these apertures, Gini coefficients were calculated and
compared in a variety of ways,which will be detailed in
Section 3.

2.1. Galaxy Selection

The 33 galaxies that were used as sources in the lensing
simulation were selected from the CANDELS UDS field
(Galametz et al. 2013). They were chosen to span a range of
morphologies (11 ellipticals, 20 spirals, and 2 irregular galaxies).
It is difficult to know whether these galaxies have morphologies
similar to galaxies at z≈2 since small spatial scales are difficult
enough to access in such galaxies that significant debate remains
over their typical morphologies. However, these galaxies do
span a range of morphologies and a range of Gini coefficients
(≈0.2 to ≈0.6) similar to those observed in previous studies at
low to moderate redshifts (see, for example, Abraham et al. 2003
for low-redshift galaxies and Lotz et al. 2006 for galaxies at
z≈1.5 and z≈4). We chose galaxies that are low redshfit, and
large on the sky, so that detailed images of small-scale structures
were available. Objects chosen were typically between redshifts
of 0.2 and 0.4, corresponding to spatial scales of approximately
100–150 parsecs per pixel. Before lensing, an aperture was
made based on a 12σ threshold on the stack of the F160W,
F814W, and F606W images, which, given the high S/N in the
CANDELS UDS images, still included most of the light
associated with each galaxy. Pixels outside of these apertures
were set to zero, minimizing the number of pixels that needed to
be treated by the gravitational lensing ray-tracing code, while
also isolating the target galaxies from nearby objects.

2.2. Simulating Gravitational Lensing by Ray-tracing

In our first gravitational lensing image simulation, the
lensing mass had a spherical NFW profile with a virial mass of
M200=1015 M h and a concentration parameter ofc=5.
The lensing mass was placed at a redshift ofzl=0.2. The
source plane was located at zs=1.0. Because they were
actually observed at a redshift much closer to 0, the 33 galaxies
selected from the CANDELS UDS field were treated as though
each pixel was 0.0075 arcsec in the source plane even though
the original images were drizzled to a 0.03 arcsec pixel−1

resolution. For each galaxy,we picked 50 random positions
inside of an 8 arcsec square grid, centered on the lens so that
the image positions would be close to caustics. For images of
each galaxy in each of the threefilters (F160W, F814W, and
F606W), the ray-tracing was performed using the code
described by Li et al. (2016) at each of the 50 source positions,
resulting in 4950 total lensed images (33 galaxies×50
positions×3 filters). At this stage, the images were sampled
to a 0.01 arcsec pixel grid. It is important to note that no SED
shifting was done to convert observed low-z SEDs to z≈1
SEDs. Simulations using the “F160W” filter are, therefore,
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intended to portray rest-frame NIR emission rather than optical
or UV emission that was redshifted. For the purpose of testing
the preservation of the Gini coefficient, having a realistic
spatial light distribution is all that matters. For artificially
redshifted photometry to add to our analysis, it would also have
to account for morphological differences as a function of rest-
frame wavelength, which is still highly unconstrained at all but
the lowest redshifts.

The images produced by the ray-tracing code have a much
finer pixel scale than could actually be observed with the HST.
To create images similar to what would actually be observed,
these images were convolved with a Gaussian PSF with the
same FWHM as the HST PSF and rebinned to a final scale of
0.03 arcsec per pixel. To test the effects of performing
observations with different S/N per pixel, noise was added to
each of the resultant arc images. For each arc, an image was
produced with anS/N per pixel of -10 3.5 through 101 in
logarithmic steps of 100.5, yielding 10 images with different
average S/Ns per pixel for each arc. These logarithmic bins were
chosen to correspond andencompass the range of S/N levels
typical of observations performed with HST. Thus, in summary,
our database of simulated strongly lensed images includes
nearly 50,000 individual frames (33 galaxies×50 positions×
3 filters×10 S/N levels) and many more individual arcs due to
the high occurrence of systems with multiple images.

2.3. Generalizing the Petrosian Radius to Isolate Arcs

Lisker (2008) found that the size of the aperture inside which
the Gini coefficient is calculated can have a significant effect on
the measured value of the Gini coefficient. Use too small
of an aperture and only part of the galaxy is used for the
measurement. Use too large of an aperture and so much sky is
included that the Gini coefficient will be biased toward values
near one. Lisker (2008) measured Gini coefficients using
elliptical Petrosian apertures of various sizes (i.e., using
apertures defined using multiples of the Petrosian semimajor
axis, which is used in place of a Petrosian radius). Apertures
that best balanced theinclusion of galactic light with
theexclusion of sky and therefore maximized the differences
between Gini coefficients of different objects were found to be
constructed from semimajor axes that fell between 2/3 and 1
times the Petrosian semimajor axis.

In light of these results, it is important to define a similarly
inclusive aperture for arcs that also avoidincluding too many
sky pixels. To do this, the definition of the Petrosian radius
used by the SDSS (Blanton et al. 2001; Yasuda et al. 2001) was
adopted and then reformulated in terms of areas (rather than
radii) in order to find apertures for galaxies whoseshapes were
severely distorted by strong gravitational lensing.

The Petrosian radius, as used by SDSS, is defined implicitly
by the following equation from Yasuda et al. (2001).
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where η=0.2, I(r) is the surface brightness profile of the
galaxy, r is the radius over which we are integrating, and rp is
the Petrosian radius. Essentially, this compares the average
surface brightness within an annulus with an inner radius of
0.8r and outer radius of 1.25r to the average surface brightness

in the circle of radius r. When the ratio of these two values (the
Petrosian ratio) is 0.2, r is the Petrosian radius.
This understanding of the Petrosian ratio leads very naturally

to a redefinition in terms of areas. We look for an annulus with
an area equal to p p p-r r r2 1.25 2 0.8 22 2 2[ ( ) ( ) ] [ ] or simply
(1.252–0.82) times the area of the circle of radius r. The average
surface brightness within the annulus is then compared to the
average surface brightness within the full circle. When the ratio
is 0.2, r is the Petrosian radius. With this reformulation in terms
of areas, we extend the definition of a Petrosian aperture to
include any arbitrary (connected) shape. To do this, we take a
shape, calculate its area in pixels, and build contours either
inward or outward until the area of the contours contains (1.252–
0.82) times the number of pixels thanthe original shape did.
When the ratio of the average surface brightness of the outer
contour is 0.2 times that of the inner shape, we have found an
aperture analogous to the one defined by the Petrosian radius.
Defining the initial shape of the aperture, from which we build
inward or outward (usually outward), requires nothing more
than thresholding. For these simulations, we used a threshold of
2.5σ above the background. Figure 1 shows the aperture
produced by this method for an unlensed elliptical galaxy,
compared to the elliptical Petrosian aperture produced for the
same galaxy by Source Extractor (Bertin & Arnouts 1996). It
should be noted that while the two images with apertures defined
by this method have similar Gini coefficients (0.500± 0.008 for
the unlensed one and 0.512± 0.003 for the lensed one), these
differ substantially from the Gini coefficient inside the elliptical
Petrosian aperture (0.649± 0.007). Comparisons of Gini
coefficients between lensed and unlensed samples must therefore
both use our aperture definition.
Each simulated lensed image was masked using the

method described in this section. In some cases, especially
those for which the S/N per pixel was very low, defining
apertures in this manner was not possible. At extremely low
S/N, the initial aperture shape determined by thresholding
does not necessarily follow the light distribution of the
galaxy since it is more easily influenced by the sky noise. As
a result, these starting apertures can be quite large and
quickly grow past the size of the simulated image before the
Petrosian ratio falls to 0.2. Alternatively, the starting aperture
could be too small (if, for example, part of the arc is very
bright, but the rest is faint) and as a result, the shape of the
aperture will not accurately reflect the shape of the arc and
parts of the arc may not be included. Instances like this were
rare and typically occurred only at the lowest two S/N levels
that we tested and for the vast majority of lensed images,
there were no such problems.

Figure 1. Left: an elliptical galaxy and its Petrosian ellipse as determined by
Source Extractor. Center: the same galaxy with its aperture determined using
the method from this paper. Right: the same galaxy after being lensed and
masked using the method from this paper.
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2.4. Measuring the Gini Coefficients

Finally, for each image of each galaxy in each filter and S/N
per pixel bin, the Gini coefficient and its associated uncertainty
was measured according to the prescription in Abraham et al.
(2003) within apertures defined as in Section 2.3. For moderate
to high S/N levels, changing the threshold of the cut used to
determine the shape of the aperture from 2.5σ to 1.5σ or to 3.5σ
resulted in changes to the measured Gini coefficient of only
about 2%–3%. Changing the threshold level slightly changes
the initial shape of the aperture, but it will not have a significant
effect on the final aperture size. This is why the Gini coefficient
is hardly changed. If the Petrosian ratio is chosen to be
something other than 0.2, though, the size of the final aperture
could change significantly, regardless of the chosen threshold
level, which would have a strong effect on the measured Gini
coefficient. As we will show in Section 3.1, such a change due
to adjusting the threshold by 1σ is still small compared to the
slight variation in the measured Gini coefficient between
different lensing model realizations of the same source galaxy
and is therefore not a significant source of uncertainty.
However, at the very lowest S/N levels, the aperture shape
can vary greatly depending on the threshold chosen, but at such
low S/N levels, the sky dominates the measurement of the Gini
coefficient anyway and renders it useless regardless of aperture
shape.

3. RESULTS

Before the analysis was carried out, two cuts were made on
the simulated images in order to ensure that the sample was as
close as possible to what would exist in an observed sample.
First, any images that were magnified by less than a factor of
fourwere removed. This mostly removed central, demagnified
images that would not be observed in real data. It also removed
images where a piece of sky noise in the original unlensed
CANDELS image fell on a caustic and resulted in a large
image of something that was not actually the galaxy. The
second cut was to remove all central images and radial images
so that the analysis could focus entirely on tangential arcs and
counter images, which are far more likely to be observed
without significant contamination from light from the inter-
vening lens in practice. We plot, in Figure 2, the distance (in
arcseconds) of the point in each of the arcs in our sample that is
closest to the center of the lensing halo. We find fourdistinct
regions. The innermost images are central images and have
distances of nearly zero, which are often demagnified and
unobservable. There is another bump in the histogram centered
near 3″, where the radial arcs lie. Then there are two more
clearly defined peaks at around 6–18 and 20–30 arcesec,
corresponding to the counter images and the tangential arcs,
respectively. A cut was made in this space at 6 5, removing
anything closer so that only tangential arcs and counter images
were included in the sample. All of the following results in
Section 3 are drawn from the sample of strongly lensed galaxy
images that remained after these two cuts.

3.1. Relationship between theUnlensed Gini Coefficient and
theLensed Gini Coefficient

We consider first the relationship between the Gini coefficient
of the unlensed source galaxy and the Gini coefficient of the
corresponding simulated lensed galaxy images. For the unlensed
Gini coefficient, we usedthe Gini coefficient of the source galaxy

as if it were placed at the same redshift as the source galaxies used
in the simulation. This required resampling the image to reduce
the pixel scale by about a factor of three(reducing the total image
size by a factor of nine). In other words,we convolved the images
with a Gaussian PSF with anFWHM equal to the width of the
PSF of HST WFC3 or ACS images taken in the corresponding
filter (either F160W, F814W, or F606W), then rebinned the
resulting images from a 0.01 arcsec pixel−1 effective resolution to
0.03 arcsec pixel−1 and added noise as we did with the lensed
images (see Section 2.2). These unlensed images were then
masked using the same method as was used for the lensed images.
For each source galaxy, in each S/N ratio bin and in each

filter, the median Gini coefficient of all of the lensed images of
that galaxy was plotted against its unlensed Gini coefficient.
The resulting plot for model realizations in the 0.1 S/N per
pixel bin is shown in Figure 3. Uncertainties in the median
lensed Gini coefficients are simply the standard deviations in
the distribution of Gini coefficients for lensed images of each
source galaxy in the relevant filter. The uncertainty in the
unlensed Gini coefficient for each galaxy is calculated using the
bootstrapping method described in Abraham et al. (2003). Best-
fit lines for each filter were calculated using a maximum
likelihood technique with weighting for each point determined
by uncertainties. While each filter has a slightly different slope
and y-intercept, these parameters are relatively unchanged by
the S/N per pixel values in the high S/N bins. This relationship
is shown in Figure 4 (note that a slight displacement along
the S/N per pixel axis has been introduced for clarity).
Uncertainties were again determined by bootstrapping the
selection of source galaxies used in the trendline analysis. At
most S/N levels higher than about 0.01/pixel, the best-fitting
parameters do not vary significantly with S/N. Furthermore,
the two optical ACS filters (which had very similar PSFs and
whose PSFs were sharper than for the WFC3 IR filter) are
indistinguishable from each other. The slope of the best-fit line
for the F160W filter images tends to be shallower than for the
other two filters regardless of S/N level until the noise becomes
very high. Therefore, to characterize the relationship between
the lensed and unlensed Gini coefficients, we fit one line to the

Figure 2. Distribution of the distances, in arcseconds, of the nearest point on
each lensed image to the center of the lensing halo. We see four nearly distinct
distributions consisting of central images, radial arcs, counter images, and
tangential arcs, which allows tangential arcs and counter images to be identified
using a cut based on this distance.
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optical (sharper PSF) data and another line to the IR (broader
PSF) data. In each case, the lines were fit to a data set
consisting of all points from all sixS/N levels greater than
0.01 using a maximum likelihood technique with the
significance of each point weighted according to the uncertain-
ties in the lensed and unlensed Gini coefficients. All points

used in this analysis are shown in Figure 5 along with the best-
fit lines for the IR sample, the optical sample, and the entire
sample. The following are the equations describing the best-fit
lines, where UGC is the unlensed Gini coefficient and LGC is
the lensed Gini coefficient:

=  ´ + 
=  ´ + 

=  ´ + 

IR: UGC 0.54 0.04 LGC 0.20 0.02
OPTICAL: UGC 0.61 0.02 LGC 0.18 0.01

ALL: UGC 0.60 0.02 LGC 0.18 0.01.

( )
( )

( )
It is interesting to note that the increased spread in the lensed

Gini coefficient relative to the unlensed Gini coefficients
suggests that there is more spatial information available in the
lensed images, as one might expect because of the additional
magnification. However, the fact that they are so similar to the
unlensed Gini coefficients also suggests that most of the
structure that determines the Gini coefficient is still visible at
the resolution used for the unlensed galaxies. This should not
be surprising, however, since previous studies have shown that
HST-like resolutions are sufficient to extract meaningful
morphological information from the Gini coefficient of galaxies
even up to »z 4 (Lotz et al. 2006). This means that it should
be possible to use the Gini coefficient to compare samples of
strongly lensed galaxies to their unlensed counterparts at
similar redshifts, which could allow questions of selection
effects in strongly lensed samples to be better addressed.
It is also worth noting that both the lensed and unlensed

values of the Gini coefficients typically extended to higher
values in the bluer filters even though the Gini coefficients
behaved similarly near the lower end of the range in all filters.
This relationship persisted even when the images originally
taken in the F606W filter were convolved with a wider
Gaussian to achieve a PSF similar to that of the F160W filter.

Figure 3. Unlensed Gini coefficients plotted against the median lensed Gini coefficients for all filters, using arcs with average S/Ns per pixel of 0.1. A relationship
between unlensed and lensed gini coefficients is evident, though the exact relationship may depend on the filter (likely due to differences in PSF). To guide the eye, the
one-to-oneline has been plotted in black.

Figure 4. Values of the slope and y intercepts of the best-fitting lines for
unlensed vs. lensed Gini coefficient plots like the one in Figure 3, but for values
of average S/N per pixel between -10 2.5 and 10. Note that at each S/N level, a
small offset has been artificially introduced for each filter, to aid in clarity by
preventing points from overlapping with each other. There is little change in
these parameters until theS/N per pixel drops below -10 1.5.

5

The Astrophysical Journal, 832:168 (11pp), 2016 December 1 Florian, Li, & Gladders



This suggests that the effect actually has an astrophysical
interpretation and is not just the result of PSF convolution and
pixelization. If, for example, young and old stellar populations
are spatially distributed with different uniformity in a particular
galaxy, a mismatch between the Gini coefficients across these
two filters would be expected. If this were the case, then it
indicates that comparing Gini coefficients measured in different
filters may yield further information about the morphology and
stellar structure of a galaxy.

3.2. Gini Coefficients and the Effect of theS/N Ratio

We have seen in the previous section that the standard
deviation of the Gini coefficient in different model realizations
of the same lensed source galaxy is small relative to the overall
dispersion of the median lensed Gini coefficients of the 33
different source galaxies. This means that the Gini coefficient
can often be used to distinguish between the lensed images of
different source galaxies (Florian et al. 2016). However, it is
easy to see that in the extreme case where the average S/N per
pixel is very low, the noise will dominate the Gini coefficient
measurement and the Gini coefficients of the 33 different
galaxies will begin to converge. The natural question to ask
is,what is the minimum average S/N per pixel required for the
conclusions of Section 3.1 to hold? To test this, we plot the
dispersion of the 33 median Gini coefficients against
theaverage S/N per pixel. That is, from all of the measured
strongly lensed images of each galaxy, we calculate the median
Gini coefficient, and take the standard deviation of the 33
medians (one for each source galaxy). When noise is not the
dominant source of flux (i.e., when the galaxies’ Gini

coefficients are discernibly different), we should expect a high
dispersion, but the dispersion should tend toward zero as the
S/N level decreases. This is borne out in Figure 6 (where
uncertainties in the dispersion are calculated by bootstrapping).
It appears that the Gini coefficient is most informative at an
average S/N per pixel greater than or equal to about 0.1.

3.3. Lensed Gini Coefficients of Multiply-imaged Sources

One way to check the stability of the Gini coefficient under
gravitational lensing using real observational data would be to
compare the Gini coefficients of galaxies that have been lensed
in such a way as to produce multiple images. This can also be
done with the simulated images. We have taken pairs from
multiple-image configurations and subtracted their Gini
coefficients. The histogram of the resulting distribution for
the S/N=0.01 per pixel subsample is shown in Figure 7.
Because the Gini coefficients were picked in random order, the
distribution contains both negative and positive values and is,
predictably, centered at zero. However, examining the spread
of these differences in theGini coefficient, we find that the
standard deviation is only about 0.015 while the total range in
Gini coefficients as seen in Figure 3 runs from just under 0.4 to
just over 0.6 (though these are medians—some individual
images have gini coefficents that range closer to 0.3 or 0.7).
This shows that the Gini coefficients of different images of the
same galaxy should be expected to be consistent with each
other, and that any differences are small compared to the
differences possible based on actual structural differences
between two different galaxies. Furthermore, it seems that
differences in theGini coefficient due to changes in differential

Figure 5. Median lensed Gini coefficients plotted against unlensed Gini coefficients for all filters, with optical filters in blue and the IR filter in red. Maximum
likelihood lines are plotted for the optical filters (in blue) and the IR filters (in red). All values of average S/N per pixel of -10 1.5 and higher are used. The parameters
for these best-fit lines are given in Section 3.1.
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magnification from one realization to another are small.
However, it is worthwhile to more thoroughly investigate the
effects of differential magnification, which we do in the
following section.

4. ELLIPTICAL HALOS AND THE EFFECTS OF HIGHER
MAGNIFICATIONS AND MERGING IMAGES

The case of the spherical halo, while allowing some shear
and some magnification, does not permit certain classes of
image configurations to form, including those with merging
tangential arcs. Furthermore, even in cases of complete images,
differential magnifications can be much higher in the case of an
elliptical halo, for example, than for a spherical one. While we
are encouraged by the results obtained in the spherical halo
simulation, it would be prudent to further investigate the effects
of these more exotic image configurations on the Gini
coefficient. There are a few types of halos that could be used
to do this. We could use a halo from a numerical simulation or
a model from a Frontier Fields cluster (Koekemoer et al. 2014;
Lotz et al. 2014), for instance. The downsides of these options
are that they introduce additional uncertainties due to, for
example, density estimators or uncertain empirical deflection
matrices. Instead, since elliptical halos can produce merging
images and high differential magnifications but are analytically
defined, they allow better isolation of these particular effects.
Therefore, we have chosen to investigate these effects using an
elliptical NFW profile as the lensing mass.

The same 33 source galaxies as before were used as input
and were lensed by an elliptical NFW profile with M200=1015

M h, c=5.0, zl=0.2, zs=1.0, b/a=0.8 (implying
q = 17.375E arcsec). Since sky noise had little effect when
the S/N was at or above 0.01/pixel, only one S/N bin was

used (S/N=0.1). Images were visually categorized by whether
they were tangential/counter images, radial images, or central
images, as well as by whether they were merging images.
Merging images come, in general, from configurations where the
source image crosses a caustic such that only a portion of the
source is multiplyimaged to locations in the image plane that
merge at the related critical curve, producing an apparent single
image made up of two or more partial images. Apertures were
created using the same prescription as in the spherical halo case.
When images were merging, there was no attempt to break the
arc into component partial images since in real observational
data, it would be unclear where the breaks should be until
a full lens model has been completed. The relationship between
lensed and unlensed Gini coefficients is shown in Figure 8, the
analogue of Figure 3 except, for simplicity, only the F606W
images are included. For comparison, the same values from the
spherical halo case are also plotted. It is clear that there is
increased scatter in the ellitpical case. While the Gini coefficient
appears to be well preserved in most cases, when a source galaxy
partially crosses a fold caustic, the interpretation of the Gini
coefficient is more complicated. In such configurations, it is
possible that four images (plus, in principle, a central image) can
appear, but two of these images will be merging. In this merging
pair of images, each of the two component images are not
completely mapped into the image plane. When this happens,
the merging images that are produced will together contain two
highly magnified images of some portion of the source galaxy,
but no images of the rest of the source galaxy (i.e., the portion of
the galaxy that is inside the fold caustic will be imaged twice, but
the portion that is outside the caustic will only be visible in the
other three well-separated images—or two if the central image is
not observable—but in neither of the component images of the
merging pair). In configurations like this, the lensed images that
are not merging will have Gini coefficients that are similar to the
unlensed source image. However, the incompletely imaged
merging pair may have a wildly different Gini coefficient.
Whether the lensed Gini coefficient can be trusted in such a case

Figure 6. Dispersion in the 33 median Gini coefficients at each S/N level. As
theS/N drops, the Gini coefficients for each galaxy approach the same value,
but at high-S/N levels, the dispersion in the Gini coefficients of the 33 distinct
galaxies is much higher.

Figure 7. Distribution of differences in F814W Gini coefficients between pairs
of images from all lensing configurations in the sample for which there are
multiple images produced. The order of the pairs is selected randomly, leading
to both negative and positive values. The average S/N per pixel for arcs used in
this figure was 0.1. The narrowness of this distribution confirms that different
images of the same galaxy should have very similar Gini coefficients even
when strongly gravitationally lensed.
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depends on how much of the source lies on either side of the
caustic—put differently, it depends on how much of the source
galaxy is actually imaged in one or both components of the

merging pair. When at least 50% of the source image is visible in
the component images of the merging pair, the Gini coefficient
tends to be trustworthy, but when less than 50% is visible, the

Figure 8. Unlensed Gini coefficient as a function of the median lensed Gini coefficient of tangential arcs and counter images in the F606W filter for sources lensed by
an elliptical halo (in blue) compared to sources lensed by a spherical halo (in red). Uncertainties are calculated the same way as in Figure 3. On the left, merging pairs
are included in the sample. On the right, they are excluded. The best-fit line is for the spherical caseand is plotted in red. The best-fit line for the elliptical case without
merging pairs is plotted in blue.

Figure 9. Difference between the lensed and unlensed Gini coefficients of tangential arcs and counter images plotted against the log of the magnification. Different
colors correspond to isolated single images, merging pairs, and merging triplets, while circular points are for images where at least 50% of the source image is visible
in the lensed images and crosses when less than 50% is visible. Only merging pairs have less than 50% of the source image visible in the lensed image. Lensed Gini
coefficients deviate from the unlensed Gini coefficients by less than about 0.08 across a wide range of magnifications for the single images and the merging triplets.
For merging pairs where only a small fraction of the source image is visible, however, the lensed Gini coefficient can deviate significantly from the unlensed Gini
coefficient. Care must be taken in the interpretation of Gini coefficients for merging pairs of images.
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lensed Gini coefficient tends to be biased very low. In Figure 8,
the left panel includes points that come from merging pairs that
contain less than 50% of the source image, while the right panel
has omitted them. The preservation of the Gini coefficient is
noticeably better when these cases are excluded.

=  ´ + UGC 0.76 0.05 LGC 0.11 0.02.( )

To further illustrate this effect, we have plotted, in Figure 9,
the difference between the lensed and unlensed Gini coeffi-
cients as a function of magnification for all tangential and
counter images. The points are colored based on whether they
represent values from individual isolated images, merging
pairs, or merging triplets. No aperture was applied in the lensed
image when calculating magnifications (i.e., all nonzero points
in the noise-free simulated image were included). The figure
demonstrates several important points. One is that except for
some cases of merging pairs, where the lensed Gini coefficient
is typically lower than the unlensed one, there is no noticeable
bias in the Gini coefficient with increasing magnification, nor is
there a clear difference in scatter across magnifications that are
well-represented in our simulated data. Another is that high
magnification merging pairs tend to have their Gini coefficients
lowered by lensing, but isolated images and merging triplets do
not show this bias. It is important to note that these are average
magnifications. Merging pairs that are only partially imaged
will have extremely high magnifications for the section that is
imaged, but they may still have low surface brightnesses.
Merging pairs that are almost fully imaged, while having a
slightly lower average magnification, will still be much brighter
due to having their brightest regions imaged while also having
their brighter regions lie closest to the caustics (whereas the
partial images typically have their faintest regions overlapping
the caustics). For an illustration of this see Figure 10, produced

using an open source toolkit named4 “Bending Light,” which is
designed for visually demonstrating configurations of strong
gravitational lensing. As is evident in Figure 9, when the
fraction of the source that is visible in the component images of
the merging pair is low, the Gini coefficient is untrustworthy,
but when it is high, the lensed Gini coefficient is a reliable
estimate of the unlensed Gini coefficient. This is easy to
understand in light of the example images in Figure 11. On the
left, the circled image is of a merging pair where only a small,
faint region at the outskirts of the source galaxy is visible in the
lensed image. This small, and fairly uniformly faint portion of
the galaxy is imaged twice (albeit at high magnification), but
the brighter central region (the region that will contribute the
most to increasing both the Gini coefficient and the observed
surface brightness) is not visible. In this case, the observed Gini
coefficient is very low. However, the arc would also have a
very low surface brightness despite its high magnification and
may not be observable in real data. Furthermore,even if it was,
no other photometric measurement would be able to tie it
definitively to other members of its image family. On the right,
however, the circled image is of a merging pair where the
central region of the source galaxy appears in the observed
image. As a result, it is bright and easily observable, and its
Gini coefficient hardly differs from its unlensed counterpart.
The results of this section reaffirm the consistency of the

Gini coefficient as a morphological metric in lensed galaxies
across a wide range of magnfications and image classes. They
do, however, also draw attention to an important caveat. Care
must be taken when interpreting the Gini coefficient of merging
pairs of images. If a large portion (>50%) of the source galaxy
is visible in each of the component images of a merging pair, it

Figure 10. Three different lensing configurations that include merging images. Each illustration depicts the tangential arcs and counter images in the image plane, as
well as the tangential caustic and the placement of the source galaxy in the source plane. Central images, which are typically demagnified and not observed, are
omitted to avoid confusion with the illustration of the source plane. The left panel shows a lensing configuration formed by a source that straddles the tangential
caustic (thin green line) of an elliptical mass profile such that four images and a central image are produced. In images 1C and 1D, the entirety of the source galaxy is
imaged. However, in the merging pair 1A+1B, the portion of the source image that has been colored red (i.e., the portion that lies outside the tangential caustic) is not
imaged. In this case, however, the majority of the source is imaged—including the bright central region, colored black—and the Gini coeffiicent is measured robustly.
In the middle panel, the source galaxy straddles the tangential caustic differently, with only a small fraction (colored blue) inside the caustic. This results, again, in two
images (2C and 2D) and a central image that are fully imaged. However, in this case, the merging pair (2A+2B) contains two merging images of the blue portion of
the source, but no images of the red portion. Notably, the bright central (black) region of the source, which would greatly influence the Gini coefficient, is also not
imaged. In this case, the Gini coefficient is not measured robustly (and is typically biased low). While the merging pair of images 1A+1B would likely appear brighter
on the sky than the pair 2A+2B (similar to the merging pairs in Figure 11, where the pair on the left is more similar to 2A+2B and the pair on the right is more similar
to 1A+1B), the average magnification of the 2A+2B pair is higher than that of the 1A+1B pair. On the right is a lens configuration that results in a merging triplet and
a counter image. The entire source is imaged in both the counter image, 3D, and the merging triplet 3A+3B+3C, with most of the source being imaged three times. In
this case, and indeed with most merging triplets, the Gini coefficient can be measured robustly.

4 http://linan7788626.github.io/bending_light_cython/
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is more likely that the Gini coefficient will be consistent with
the unlensed source and with other lensed images of the same
source. If less than 50% the image is visible, the Gini
coefficient is not a reliable metric. In the case of merging
triplets, however, enough of the source galaxy is almost always
observable in the lensed images that the Gini coefficient does
not change significantly from its unlensed value. To summar-
ize, the lensed Gini coefficient is a reliable estimate of the
unlensed Gini coefficient in single images and merging triplets,
as well as in merging pairs where a majority of the source
image appears in at least one of the component images, but it is
not reliable in the case of merging pairs where the component
images do not, collectively, contain at least half of the source
galaxy.

5. CONCLUSIONS

At HST resolutions, the Gini coefficients of galaxies at high
redshifts are well preserved under strong gravitational lensing.
However, because of PSF effects and pixelization, the
conservation is not perfect. Fortunately, these effects are
relatively minor, and can easily be calibrated out. A small
deviation from the Gini coefficient in the unlensed frame exists,
manifesting as an increased slope and scatter in the plot of
unlensed versus lensed Gini coefficients in the studied range of
about 0.2 to about 0.7, but scatter off of the trendlines and a
slope of greater than oneis not unreasonable because of the
extra spatial information captured in the strongly lensed
images. However, the differences in the trendlines for the IR
and optical subsamples and between those subsamples and the
entire ensemble are only marginal. There also does not appear
to be a significant difference in lensed Gini coefficients in two
images of the same source based on magnification. However,
the fraction of the source galaxy that is visible in the
image plane does make an important difference. The Gini

coefficient is not preserved when the image fraction is less than
about 0.5–0.6.
Since a relationship between unlensed and lensed Gini

coefficients exists, and because unlensed Gini coefficients
continue to carry morphological information out to redshift 4
(Lotz et al. 2006), we can begin to contextualize the existing
samples of lensed galaxies like those in the Sloan Giant Arcs
Survey sample (e.g., Bayliss et al. 2011; 2014; Sharon
et al. 2014) or the Hubble Frontier Fields (Koekemoer et al.
2014; Lotz et al. 2014) with their unlensed counterparts
imaged across redshifts in deep field surveys like the Hubble
Ultra Deep Field, CANDELS, and others. However, because
the aperture definitions are different, a comparison of Gini
coefficients between lensed and unlensed samples will
require therecalculation of the Gini coefficients of unlensed
galaxies using the aperture definition in Section 2 of this
paper. In addition to this application, the preservation of the
Gini coefficient in the image plane provides morphological
information that can be used as a constraint for identifying
image families for the purposes of lens modeling (Florian
et al. 2016) in, for example, the Frontier Fields clusters.
Most importantly, we have shown that the Gini coefficient is

indeed a meaningful measurement of galaxy morphology that
can be conducted in the image plane—no source plane
reconstruction is necessary, which means that no lens model
is needed. Lens modeling and source plane reconstruction are
processes that are time and resource intensive (including both
astronomers and telescopes), so measurements like the Gini
coefficient, which can be made in the image plane and in only
one filter, provide workarounds for one of the most substantial
bottlenecks in the process of understanding the morphology of
strongly lensed high-redshift galaxies. While some applications
will still require lens modeling and source plane reconstruction,
there is certainly morphological information that can be
gleaned from strongly lensed images without these extra steps.

Figure 11. On the left: a lensing configuration in which the apparent tangential arc is formed by a merging pair of images (circled) where the resulting combined image
does not inlude the center of the source galaxy. The Gini coefficient of this merging pair is less than the unlensed Gini coefficient for the source galaxy by more than
0.1. On the right: a lensing configuration that is similar except that the merging pair of images (circled) does not contain the center of the source galaxy. The Gini
coefficient of this merging pair agrees with the unlensed gini coefficient within about 0.01. For both the left and right images, the same source galaxy was used.
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