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Outline
• Peridynamic mechanics summary

• Thermodynamic form of peridynamics

• Frechet derivatives

• First and second laws

• Free energy and mechanics in a nonlocal model

• Example: surface tension

• Peridynamic multiphase material models

• Energy dissipation and kinetic relations

• Computational example
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Not covered in this talk: Peridynamic heat diffusion equations. But see
• Bobaru &  Duangpanya. "The peridynamic formulation for transient heat conduction." 

International Journal of Heat and Mass Transfer 53 (2010)  4047-4059.
• Oterkus, Madenci, & Agwai. "Peridynamic thermal diffusion." Journal of Computational 

Physics 265 (2014) 71-96.
• Du, Gunzburger, Lehoucq, & Zhou, “Analysis and approximation of nonlocal diffusion 

problems with volume constraints” SIAM review, 54 (2012) 667-696.



Peridynamics:* What it is
• It’s an extension of continuum mechanics to media with cracks and long-range 

forces.

• It unifies the mechanics of continuous and discontinuous media within a single, 
consistent set of equations.

Continuous body Continuous body 
with a defect

Discrete particles

• Our goals

• Nucleate cracks and seamlessly transition to growth.

• Model complex fracture patterns.

• Communicate across length scales.
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* Peri (near) + dyn (force)



Peridynamics concepts: 
Horizon and family
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General references
• SS, Journal of the Mechanics and Physics of Solids (2000)
• SS and R. Lehoucq, Advances in Applied Mechanics (2010)

Peridynamic equilibrium equation

f = bond force density

𝐪

Bond
𝐱

ℋ𝐱= family of 𝐱

𝛿

• The peridynamic field equations 
don’t use spatial derivatives
• so they are compatible with 

cracks.



Structure of the bond force
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States
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Functions of states
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Discontinuities are treated within the 
basic field equations

Broken bond

Crack path

• When a bond breaks, its load is shifted to its neighbors, leading to progressive failure.

Cracking in a composite lamina Impact against reinforced concrete



Peridynamic form of the 
thermodynamic laws
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Additivity of the internal energy density
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Forces and entropy in terms of free energy
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SS & Lehoucq, Adv Appl Mech (2010)
Oterkus, Madenci & Agwai, JMPS (2014)



Soap bubbles

Examples of how nonlocality in 
thermodynamics could be useful

Multiscale model of crack growth



Equilibrium between phases 
(elastic, isothermal)
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𝑉𝜎 𝜎Strain 𝜖− Strain 𝜖+

Phase boundary has 
internal structure in a 

nonlocal model

Examples of phase transformations 
in different settings:

• Elastic bars: Ericksen
• Crystals: James
• Strings: Purohit & Bhattacharya
• Lattices: Truskinovsky & Vainchtein
• Inelastic continuum: Levitas

Bond strain 𝑠

Elastic bond 
force density

𝜓𝑌 𝜉

𝑠− 𝑠+

Maxwell line



Structure of the phase boundary
in a peridynamic model (Emu)
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• Hard load problem in a bar.
• Similar results to Dayal & Bhattacharya (2006).
• The phase boundary contains internal structure, finite width and energy.



Energy dissipation model for a bond
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Scaling of the damping coefficient 
with horizon
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The peridynamic dissipation model 
generates a kinetic relation
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Phase boundary subjected to a small 
change in remote loading (Emu)
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Change in boundary 
displacement

• Peridynamic simulation of a bar using the dissipation model discussed above.
• Perturb the boundary conditions and watch the phase boundary motion.
• Decaying exponential motion tends to confirm the kinetic relation derived 

above.



Including temperature dependence

19

Bond strain 𝑠

Elastic bond 
force density

𝜓𝑌 𝜉

Maxwell line
depends on 𝜃

Hot

Cold

Bond strain 𝑠

Temperature 𝜃

Thermoelastic material model Strain at constant bond force



Conclusions

 Consistent strongly nonlocal thermodynamics is apparently possible in 
peridynamics.

 Applications include nanoscale forces and fracture processes.

 New way of modeling dissipation takes advantage of state-based material 
modeling.

 With a suitable elastic material model, it leads to a kinetic relation and 
stable phase boundary motion.

 Open question: how to treat static metastable states.
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