Fractional progress toward understanding the fractional diffusion limit: ===

The electromagnetic response of spatially correlated geomaterials
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1. Abstract 2. Observational Evidence for Spatial Hierarchy

Whereas geophysical measurements of rock properties are the only viable approach for large-scale reconnaissance TRANSMITTER ANTENNA AR time
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bulk-averaged maps (“inversion” solutions) of the geophysical proxies. In particular, the bulk electrical properties of t1>1g %\‘ Similar to seismic travel time analysis, the arrival time of the EM

rocks — much like their hydrologic properties — are driven strongly by small-scale features that can both “shunt” and .y ) - 5 P pulse is analyzed for consistency with classical diffusion.

“short”the underlying transport physics. In other words, for these problems what matters are the details and how the T eddy @
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In this presentation we review the observational evidence for anomalous electromagnetic diffusion in near-surface ? : i

geophysical exploration and how such evidence is consistent with a detailed, spatially-correlated geologic medium. LAYERED EARTH i

To date, the inference of multi-scale geologic correlation is drawn from two independent methods of data analysis. 100 02 B

The first of which is analogous to seismic move-out, where the arrival time of an electromagnetic pulse is plotted as g0 Gopp [MS/m] © ‘ o etem « o OZ;

a function of transmitter/receiver separation. The “anomalous” diffusion is evident by the fractional-order power law ig T | s |

behavior of these arrival times, with an exponent value between unity (pure diffusion) and 2 (lossless wave propaga- 20l 10°F A2 = )

tion). The second line of evidence comes from spectral analysis of small-scale fluctuations in electromagnetic profile of WMMMWW*& el 7 st daderve fomcompues

data which cannot be explained in terms of instrument, user or random error. Rather, the power-law behavior of the :ig |, merements. Aoy, [mS/m] | |, L. | - date collocted i 2000 and 2003

spectral content of these signals (i.e. power versus wavenumber) and their increments reveals them to lie in a class of 0 100 200 300 400 S0 o 107 1o PR T

signals with correlations over multiple length scales, a class of signals known formally as fractional Brownian motion. =1 Y E increments, 80,,,(@) (i1 | offset, L2 [m2]

Numerical results over simulated geology with correlated electrical texture — representative of, for example, fractures, or oo oS ] [ |A(F)I? EARLY TIME ZERO-CROSSING TIME LATE TIME

sedimentary bedding or metamorphic lineation - are consistent with the (albeit limited, but growing) observational Hor o 107 E to<t<T t=r7 t>7

data, suggesting a possible mechanism and modeling approach for a more realistic geology. Furthermore, we show @°[ ncrements, Alogig7apy) [mS/m] ; peoasem B, >0 B, =0 B, <0

how similar simulated results can arise from a modeling approach where geologic texture is economically captured °°‘F"“’"""“‘MWM 102 P N

by a modified diffusion equation containing exotic, but manageable, fractional derivatives. These derivatives arise e T/ S N ) e <8 6 B

physically from the generalized, convolutional form for the electromagnetic constitutive laws and thus have merit Kigure L (@ Geonics EM34.3 near surfuce electromagneti esponse o and incremenls 8o over Brasos River lodplan lluium . \/;\/‘ < N

beyond mere mathematical convenience. In short, we are zeroing in on the anomalous, fractional diffusion limit from  ®SD) of the apparent conductivity profile g, in (a) along with bestfit straight line. A slope [3] > 1.0 is characteristic of fractional

Brownian motion. (d): PSD of the increments in apparent conductivity shown in (a). The slope |3| < 1 indicates a non-fractal signal similar
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two converging directions: azooming down of the macroscopic (fractional derivative) view; and, a heuristic homoge-  to Gaussian noise. - .
nization of the atomistic (brute force discretization) view.

3. Anomalous Diffusion Theory at the Macroscopic Level 4. Building a Multi-scale Macroscopic Model - LIC
PULSE PROPAGATION FRACTIONAL DIFFUSION EQUATION IN 1D [ |C - LINE INTEGRAL CONVOLUTION: construct a spatially correlated geoelectric
o o2 model by convolving a random distribution along streamlines of a given vector
CLASSICAL GAUSSIAN ANOMALOUS FRACTIONAL —A(ZC, t) _ ODtl—oz Ve, —A(x, t) field. Correlation length, N, controls the roughness of the resulting model. (@) random (b) unidirectional lineations
ot Ox2 N
(a) f (b)
time, /=4, RIEMANN-LIOUVILLE CONVOLUTION OF THE FRACTIONAL DERIVATIVE sround
distance 1 O t Alx t/ con[(;';,f:]iv"y
. f DAt = poo | [ A |
distance 2 F(O&) 8t 0 (t — 1 ) 0.8
) (c) azimuthal lineations (d) foliations \Egj
5 GENERALIZED CONVOLUTION FORM FOR OHM's LAW (Everett, GJI, 2009) By, 2) = u(z, g, 20 + ol g, 2 1wz, y, )3 V=49 fo
= 0.1
. , . i A R
osE(t N
/\ ” 0 (t L t/)l_ﬁ v(x,y) = sin(x)
pulse GOVERNING EQ FOR ELECTRIC FIELD IN LAPLACE DOMAIN (Everett, 2009) wy) =1
amplitude v(z,y) =0.3 . . . . .
ts s St i et o R 5 Geoelectric models subjected to 3D numerical analysis using the fre-
/\ _ 1-p3 : " quency-domain APhiD finite-volume code (Weiss, Computers & Geo-
V XV X e(S) — —Ho00S e(s) — Mo S.]S(S) (a) White noise populated with interval (0, 1), (b) streamline along segments, (c) LIC along

science, 2013). Multiple classes of geologic texture are represented,
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Figure 1. (a) Propagation of a Gaussian pulse G(x,f) undergoing classical diffusion. (b) Propagation of a

CTRW pulse A(x,?) undergoing anomalous diffusion (after the work of Scher and Montroll [1975]). tions (d).
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(ABOVE) Ground conductivity (true) and the CSEM responses (1600 Hz, Im(Bz)) profiles along a constant-offset circular survey paths and their correspond- 7. CO mme ntS, O bse rvatIO NS an d CO N CI usions

ing power spectral tensities (PSD)s for two different conductivity models. Superimposed on the PSDs are lease-squares-fit, annotated with values of the
slope and jackknife error estimates. (a): Model conductivity and the vertcal B profiles (LICO1) , and their PSDs for a randomly populated model (convolution
length, N=1) for 10 m, 40 m, 80 m TX-RX intercoil spacing. (b): The true and the CSEM profiles (LIC40 model), and their PSDs for the x-lineated geologic tex-
ture model (convolution length, N=40) for 10 m, 40 m, 80 m TX-RX intercoil spacing. PSD slopes of the underlying conductivity model (red) have magni-
tude less than unity, representative of stationary signals with no long-range correlations. A pure white noise signal would have slope equal to zero. In
contrast, PSD slopes of the vertical B field (black) do exibit power-law behavior with a slope greater that unity and thus, long-range correlations.

Notes on mesh design

In our simulations, the EM-34 transmitter is approximated by a square current loop, 0.75x0.75 m lying directly on the air-earth interface at the origin of the
computational grid. The loop is excited with an alternating current of amplitude 1.0 A at frequency 1600 Hz. The Earth region of the conductivity model is dis-
cretized using a 400 x 400 x 50 uniform mesh with cell-size 0.75x 0.75 x3 m, within the limits of [ 150 m, 150 m], [ 150 m, 150 m] and [0 m, 150 m] in the x,y
and z directions, respectively. The EM-34 survey profile is designed using a circular RX path with fixed TX at the center. This is done to avoid any effect of the

a) LIC0T model increments b) LIC40 model increments direction of the survey profile relative to the lineation direction. For each model, both the ground conductivity (true) and the resulting CSEM responses (here-
A PSDs |A(f)|2 PSDs in reported in the form of apparent ground conductivity) are sampled at the mesh resolution (0.75 m) along the circular paths for 10, 40 and 80 m intercoil
offset - 10m ] 1106 (0.044) offset- 10m Alm(B 10-4}-1.116 (0.068) spacings.
Alm(Bz) 1073 .04 m(Bz)
0.2 _
0.0 [S/m] 4 0.00 [S/m] 107 Understanding the origins of the fBm signal - a qualitative assessment
-0.2 ACi e 0.4 10 0.04 Ao, 8-%8 106 9 9 g 9
. —VU. rue .
[10-3 nT] 0.0 1075 [10-3 nT]\/—\ﬁF\/\/‘-v—/V\/\N\/J\/\/M 0.00 0.936 (0.032 i i . ivi
| | | | | . V J-0.4 ¢ 0a0slooa) ] , | | | | | 47919 107 0-93610.032) [ 1 a. The LIC convolution procedure introduceds a short-range dependence/correlation of conductivity
0 10 20 30 40 50 60 10~ 0 10 20 30 40 50 60 10~
distance [m] wavenumber [1/m] distance [m] wavenumber [1/m] b. The forward-modeling step from the conductivity to the EM response is a kind of spatial averaging that provides the medium-range dependence
oo offset - 40m AMB2) Ao, s oon offset - 40m Alm(B2) 0.922 (0.012) (over the "footprint" of instrument).
0.004 ' 1001
8'882E [S/gngg 106 |- g-ggiE . [S/gf]zo ook c. The deterministic trend (i.e. “texture” represented the vector-field LIC convolution kernel) provides the long-range dependence.
~0.008 0.4 108k —oURAE Otrue 0.10 0
[103 nT] 9290 0| 0492(0:010) [10-3 nT] ~0.10  107'°I" _1.48(0.012) d. Thus, the final result: signals with dependencies over short, medium and long scales, i.e. an fBm signal.
| | | | 0.4 10 UL L L1 | ] | | | | —0.20 LU L LU L1 g g g
0 50 100 150 200 250 10 0 50 100 150 200 250 10-1
distance [m] wavenumber [1/m] distance [m] wavenumber [1/m]

offset - 80m 1112 (0.006) What to do next?

0.0010 Offs€t - 80m AIm(Bz)  AGie 0 R 0.0008 Alm(B2) 100
0.0000 [S/m] o 0.0000 [S/m] Challenge the fBm/LIC theory by growing the database of EM observations in textured geologic settings.
108 -0.298 (0.006) -0.0004 0.2 10710
~0.0010 0.6 iofs 3 AGye '
[10-3 nT] _%-% 1012 _:; T W [10=nT] 0.0 54 Develop strategies for evaluating the EM response from multiple layers textural overprinting - e.g. sedimentary texture overlain by oblique fracture set.
| | | | | | . I I I A1 T W w111} | | ] | ] | _0.2 L e e

-1.284 (0.010)
0 100 200 300 400 500 101 0 100 200 300 400 500 10~ . , , o , _
distance [m] wavenumber [1/m] distance [m] wavenumber [1/m] EXplore and map out the transition length scale where the physics from brute force discretization, such as done here, is more efficiently represented by the

continuum model of fractional operators.

(ABOVE) Increments of conductivity and CSEM profiles(far above) and their corresponding PSDs. A signal resulting from fractional Brownian motion (fBm)

exhibits long range correlations (PSD slopes greater than unity), but with stationary increments. Observe that the CSEM response (black curves) of the LICOT  Devise strategies for inverting EM data, where appropriate, in terms of its statistical distribution/correlation parameters.
model is strongly fBm whereas the reseponse of the LIC40 model is suggestive of an fBm signal.
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