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Whereas geophysical measurements of rock properties are the only viable approach for large-scale reconnaissance 
and monitoring of the subsurface and its changing state, these properties (mass density, seismic wavespeed, electri-
cal conductivity, etc) are often a proxy for other properties of greater interest (e.g. permeability, fracture density and 
orientation, mineralogy).  The challenge in geophysics is thus twofold: proper accounting of these properties of inter-
est in the petrophysics of predictive “forward” simulations; and, accurate extraction of these properties from gross, 
bulk-averaged maps (“inversion” solutions) of the geophysical proxies.   In particular, the bulk electrical properties of 
rocks – much like their hydrologic properties – are driven strongly by small-scale features that can both “shunt” and 
“short” the underlying transport physics.  In other words, for these problems what matters are the details and how the 
details connect across orders of magnitude in length scale.

In this presentation we review the observational evidence for anomalous electromagnetic di�usion in near-surface 
geophysical exploration and how such evidence is consistent with a detailed, spatially-correlated geologic medium.  
To date, the inference of multi-scale geologic correlation is drawn from two independent methods of data analysis. 
The �rst of which is analogous to seismic move-out, where the arrival time of an electromagnetic pulse is plotted as 
a function of transmitter/receiver separation.  The “anomalous” di�usion is evident by the fractional-order power law 
behavior of these arrival times, with an exponent value between unity (pure di�usion) and 2 (lossless wave propaga-
tion).  The second line of evidence comes from spectral analysis of small-scale �uctuations in electromagnetic pro�le 
data which cannot be explained in terms of instrument, user or random error.  Rather, the power-law behavior of the 
spectral content of these signals (i.e. power versus wavenumber) and their increments reveals them to lie in a class of 
signals with correlations over multiple length scales, a class of signals known formally as fractional Brownian motion.  
Numerical results over simulated geology with correlated electrical texture – representative of, for example, fractures, 
sedimentary bedding or metamorphic lineation – are consistent with the (albeit limited, but growing) observational 
data, suggesting a possible mechanism and modeling approach for a more realistic geology.  Furthermore, we show 
how similar simulated results can arise from a modeling approach where geologic texture is economically captured 
by a modi�ed di�usion equation containing exotic, but manageable, fractional derivatives.  These derivatives arise 
physically from the generalized, convolutional form for the electromagnetic constitutive laws and thus have merit 
beyond mere mathematical convenience. In short, we are zeroing in on the anomalous, fractional di�usion limit from 
two converging directions: a zooming down of the macroscopic (fractional derivative) view; and, a heuristic homoge-
nization of the atomistic (brute force discretization) view.
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Similar to seismic travel time analysis, the arrival time of the EM 
pulse is analyzed for consistency with classical di�usion.

2. Observational Evidence for Spatial Hierarchy

3. Anomalous Di�usion Theory at the Macroscopic Level 

AZIMUTHAL VARIATIONS IN VERTICAL B  AT FIXED RADIUS

MOVEOUT RATE OF ZERO-CROSSING TIME

FRACTIONAL DIFFUSION EQUATION IN 1D

RIEMANN-LIOUVILLE CONVOLUTION OF THE FRACTIONAL DERIVATIVE
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4. Building a Multi-scale Macroscopic Model - LIC 

LIC - LINE INTEGRAL CONVOLUTION: construct a spatially correlated geoelectric 
model by convolving a random distribution along streamlines of a given vector 
�eld.   Correlation length, N, controls the roughness of the resulting model.

Geoelectric models subjected to 3D numerical analysis using the fre-
quency-domain APhiD �nite-volume code (Weiss, Computers & Geo-
science, 2013).  Multiple classes of geologic texture are represented, 
including straight lineations (b), curved lineations (c) and planar folia-
tions (d).

5. Spectral Analysis of Simulated Azimuthal Variations 6. Spectral  Dependence on Transmitter/Receiver O�set 

7.  Comments, Observations and Conclusions

(a) White noise populated with interval (0, 1), (b) streamline along segments, (c) LIC along 
the streamline path, (d) LIC models with N = 5, N = 10 and N = 20 degree of correlation.

(ABOVE) Ground conductivity (true) and the CSEM responses (1600 Hz, Im(Bz)) pro�les along a constant-o�set circular survey paths and their correspond-
ing power spectral tensities (PSD)s for two di�erent conductivity models.  Superimposed on the PSDs are lease-squares-�t, annotated with values of the 
slope and jackknife error estimates. (a): Model conductivity and the vertcal B pro�les (LIC01) , and their PSDs for a randomly populated model (convolution 
length, N=1) for 10 m, 40 m, 80 m TX-RX intercoil spacing. (b): The  true and the CSEM pro�les (LIC40 model), and their PSDs for the x-lineated geologic tex-
ture model (convolution length, N=40) for 10 m, 40 m, 80 m TX-RX intercoil spacing. PSD slopes of the underlying conductivity model (red) have magni-
tude less than unity, representative of stationary signals with no long-range correlations.  A pure white noise signal would have slope equal to zero.  In 
contrast, PSD slopes of the vertical B �eld (black) do exibit power-law behavior with a slope greater that unity and thus, long-range correlations. 

(ABOVE) Increments of conductivity and CSEM pro�les(far above) and their corresponding PSDs.  A signal resulting from fractional Brownian motion (fBm) 
exhibits long range correlations (PSD slopes greater than unity), but with stationary increments.  Observe that the CSEM response (black curves) of the LIC01 
model is strongly fBm whereas the  reseponse of the LIC40 model is suggestive of an fBm signal.

 The slopes of the PSDs of  true, the CSEM responses and their increments 
respect to the TX-RX o�set for (a): the x-lineated geologic texture models 
(b): the circular-lineated geologic texture models  with convolution length 
N = 1, 10, 40 and (c): a binary model sheets of alternating 0.1 S/m and 1 S/m 
conductiivty, and 4 di�erent foliated models as sheeted with random con-
ductivity in the range of [0.1 S/m, 1 S/m].

Notes on mesh design

In our simulations, the EM-34 transmitter is approximated by a square current loop, 0.75×0.75 m lying directly on the air-earth interface at the origin of the 
computational grid. The loop is excited with an alternating current of amplitude 1.0 A at frequency 1600 Hz. The Earth region of the conductivity model is dis-
cretized using a 400 × 400 × 50 uniform mesh with cell-size 0.75× 0.75 ×3 m, within the limits of [ 150 m, 150 m], [ 150 m, 150 m] and [0 m,  150 m] in the x,y 
and z directions, respectively. The EM-34 survey pro�le is designed using a circular RX path with �xed TX at the center. This is done to avoid any e�ect of the 
direction of the survey pro�le relative to the lineation direction. For each model, both the ground conductivity (true) and the resulting CSEM responses (here-
in reported in the form of apparent ground conductivity) are sampled at the mesh resolution (0.75 m) along the circular paths for 10, 40 and 80 m intercoil 
spacings.

Understanding the origins of the fBm signal - a qualitative assessment

 

What to do next?

Challenge the fBm/LIC theory by growing the database of EM observations in textured geologic settings.

Develop strategies for evaluating the EM response from multiple layers textural overprinting - e.g. sedimentary texture overlain by oblique fracture set.

Explore and map out the transition length scale where the physics from brute force discretization, such as done here, is more e�ciently represented by the 
continuum model of fractional operators.

Devise strategies for inverting EM data, where appropriate, in terms of its statistical distribution/correlation parameters.

a.   The LIC convolution procedure introduceds a short-range dependence/correlation of conductivity

b.   The forward-modeling step from the conductivity to the EM response is a kind of spatial averaging that provides the medium-range dependence 
(over the "footprint" of instrument).

c.   The deterministic trend (i.e. “texture” represented the vector-�eld LIC convolution kernel) provides the long-range dependence.

d.   Thus, the �nal result: signals with dependencies over short, medium and long scales, i.e. an fBm signal.

GENERALIZED CONVOLUTION FORM FOR OHM’s LAW (Everett, GJI, 2009)

GOVERNING EQ FOR ELECTRIC FIELD IN LAPLACE DOMAIN (Everett, 2009)
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