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Novel theoretical methods were used to quantify the magnitude and the energetic contributions of
4f/5f-O2p and 5d/6d-O2p interactions to covalent bonding in lanthanide and actinide oxides. Although
many analyses have neglected the involvement of the frontier d orbitals, the present study shows that
f and d covalencies are of comparable importance. Two trends are identified. As is expected, the
covalent mixing is larger when the nominal oxidation state is higher. More subtly, the importance of
the nf covalent mixing decreases sharply relative to (n + 1)d as the nf occupation increases. Atomic
properties of the metal cations that drive these trends are identified. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4979018]

I. INTRODUCTION

Covalent bonding in ionic crystals can be an important
part of the interaction between the metal cations and the lig-
ands; see, for example, Refs. 1–3. However, it is difficult
to quantify the extent of covalency from experiment alone
and theoretical calculations of the electronic structure are
necessary. In particular, Mulliken population analyses4–7 are
commonly used to estimate covalent mixing in ionic mate-
rials from both band structure and molecular orbital, MO,
calculations. For example, Mulliken population analysis, in
conjunction with electronic structure calculations and ligand
edge X-Ray Adsorption Spectroscopy, XAS, has been used
to estimate the covalent character of heavy metal halides.3,8

However, large uncertainties in the quantitative assignments
of charges can occur,9,10 especially when orbitals of different
atoms participating in bonds strongly overlap. An alterna-
tive approach, Bader populations,11 divides space into regions
associated with each atom; however, this neglects the fact that
regions of space are shared by nearby atoms. Another method,
proposed by Weinhold and collaborators,12,13 involves deter-
mining populations of special sets of orbitals called “nat-
ural orbitals.” It is argued that the populations of these
orbitals are less sensitive to the choice of basis sets than
the conventional Mulliken analysis but uncertainties may still
persist.12

Still another approach, introduced by Davidson,14 is based
on the projection of atomic orbitals onto the MOs of interest.
We have used an extension of the “projection method” to ana-
lyze the covalent character of metal oxides and to estimate the
uncertainties of the assigned charges.15 The projection method
also provides detailed information about the covalent contribu-
tion to the screening of core-level holes created during X-ray
photoemission spectroscopy, XPS; see Refs. 15 and 16 and
references therein.

With the projection method, it is possible to distinguish the
covalent contributions of nf from (n + 1)d metal orbitals. In this

regard, particularly in semi-empirical theoretical approaches,
it is often assumed that the nf orbitals mix with the ligand
orbitals for lanthanide and actinide oxides, whereas the (n + 1)d
orbitals are neglected.17,18 In contrast, the projection method
has shown that the metal 5d and 6d orbitals for lanthanide and
actinide oxides, respectively, also play major roles in covalent
mixing.15,16,19,20 Nonetheless, the magnitude of 5d/6d cova-
lency is uncertain because the diffuse nd orbitals strongly
overlap the ligand orbitals. Other recent work3 also concluded
that 6d covalent mixing is important for a wide variety of
actinide complexes. Although a detailed analysis of symmetry
concerning 5f and 6d covalency was provided, only a limited
attempt was made to quantify the relative importance of 5f and
6d contributions to the overall covalent interaction. Thus, one
of the major objectives of the present work is to establish the
relative importance of the nf and (n + 1)d contributions.

In fact, none of the approaches mentioned above can deter-
mine the energetic importance of covalent interactions. There
are, however, theoretical methods to decompose the proper-
ties of a system’s wavefunction, WF, including the interaction
energy, into contributions from different chemical and physical
mechanisms;21–25 For example, the constrained space orbital
variation method, CSOV,22,23 has been used to characterize
bonding in Al2O3 and alkaline-earth oxides.26 The CSOV
method controls the variational space, for both occupied and
unoccupied, or virtual, orbitals by freezing certain orbitals
while allowing others to vary, thereby clearly distinguishing
the chemical and physical effects that are included from those
that are excluded. The constraints are equivalent to setting
appropriate matrix elements of the effective Hamiltonian, or
Fock operator, to zero. Moreover, it is possible with the CSOV
method to explicitly select the terms to be included or excluded
in a very general way. We stress that the CSOV method22,23

and other methods to decompose the properties of WFs24,25,27

are fully ab initio ways to separately determine the impor-
tance of different chemical and physical mechanism for these
properties.
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In previous work, the starting point for the constrained
variations has been the superposition of the WFs for the frag-
ments that are combined. In the present work, we have taken a
different starting point to avoid the problem of working with
an energetically unstable anion fragment. We begin with the
best WFs where covalency has been explicitly excluded and
then, progressively, turn on the covalency so that its energetic
importance is explicitly addressed. We examine three U oxides
with nominal oxidation states of U(vi), U(v), and U(iv) and two
Ce oxides with nominal oxidation states of Ce(iv) and Ce(iii).
These choices allow us to examine how and why the nf shell
occupation affects the energetics of the overall covalent inter-
action, as well as the relative importance of the nf and (n + 1)d
contributions to covalency. The results are placed in the con-
text of the competing atomic effects of nuclear attraction and
Coulomb repulsion, which provides evidence for the general
validity of our analysis.

In Sec. II, the theoretical methodology and the com-
putational methods are briefly presented and reviewed.
Section III is divided into several parts. First, we establish
that the ab initio cluster model theory, which we use, provides
an accurate description of the electronic structure of heavy
metal oxides. Then, we use projection operators to estimate
the extent of nf and (n + 1)d covalent character and address
the uncertainties. We then quantify the energetic contributions
of the covalent interaction using the CSOV energy decomposi-
tion method and demonstrate that the uncertainties are small in
both the absolute sense and relative to the projection method.
We conclude by summarizing the evidence that both nf and
(n + 1)d covalent interactions are of comparable importance in
heavy metal oxides and further that their relative and absolute
importance is a strong function of the nf occupancy. In contrast
to the Anderson model Hamiltonian approach28–30 where the
covalent character of the interaction, when it is considered, is
accounted for in an indirect fashion,19 this contribution treats
the covalency directly. It also demonstrates that the MO theory
provides a transparent way to understand covalent bonding in
heavy metal oxides.

II. THEORETICAL METHODOLOGY
AND COMPUTATIONAL DETAILS

Embedded UOx and CeOx cluster models were used to
describe the oxides. Octahedral U(vi or v)O6 clusters with Oh

symmetry, see Fig. 1(a), were embedded in point charges that

FIG. 1. The clusters used to model the (a) octahedral coordinated U(vi) and
U(v), and (b) fluorite structure for CeO2, and UO2. The central cation and
the nearest neighbor O anions are shown as large circles, and representative
embedding point charges are shown as small circles.

represent the extended environment of the crystal. The U(vi)
cluster model geometry is based on the δ-UO3 crystal and the
U(v) cluster model geometry is taken as an average of more
complex octahedral U(v) systems; the logic of these choices
and the U-O distances, d(U-O), is described elsewhere.16

Embedded U(iv)O8 and Ce(iv or iii)O8 cluster models with the
fluorite structure, see Fig. 1(b), were used, where d(cation-O)
distances and the point charge placements were modeled after
experimental structure determinations for UO2 and CeO2.20,31

For Ce(iii) an electron was added to the dominantly 4f shell, to
represent a reduced impurity in CeO2. Consequently, changes
in covalent character are directly associated with the oxidation
state and not convoluted with changes in the geometry. Fur-
thermore, there is a strong evidence from a theoretical study
of point defects in CeO2

32 that the coordination of Ce(iii)
impurities is very similar to that of the Ce(iv).

The orbitals were variationally optimized as solutions
of either 4-component Dirac Hartree-Fock,33 DHF, or non-
relativistic Hartree-Fock,34 HF, equations. For the latter cal-
culations, scalar relativistic effects were included through the
use of effective core potentials,35 ECP’s, for the metal cations.
Given open shell configurations, the orbitals were optimized
for the average of configurations33 where the electrons were
distributed equally over all the open shell orbitals. However
in order to study the properties of a WF for a multiplet with
specific occupations of the open shell orbitals, WFs were con-
structed from configuration mixings over the determinants for
all occupations of the individual open shell orbitals.33 This is
called a complete open shell configuration interaction, COSCI,
which treats the angular momentum coupling and the covalent
mixings induced by the ligand field on an equal footing.19

It will be useful for the later analysis of covalency to recall
the general features of bonding and anti-bonding orbitals with
schematic relations for these orbitals. The covalent mixing of
the cation and ligand orbitals can be viewed as

ϕbond = [Aφ[O(2p)] + Bφ[Xλ]] (1a)

and

ϕanti-bond = [−Bφ[O(2p)] + Aφ[Xλ]], (1b)

whereϕbond denotes a fully occupied bonding orbital,ϕanti-bond

denotes an empty or partially occupied anti-bonding orbital,19

φ[O(2p)] represents a suitable linear combination of O(2p)
orbitals, and φ[Xλ] represents either a Ce 4f or 5d orbital,
or a U 5f or 6d orbital. The simple relationships of Eq. (1)
contain two important approximations. They assume that it is
possible to rigorously define the φ[O(2p)] and φ[Xλ], which is
only possible in a simple linear combination of atomic orbitals
model, and they neglect the overlap of these orbitals, which
is a major driving force for their covalent mixing. Neither of
these approximations is used when the covalent mixing is rig-
orously determined through the solution of the HF and DHF
variational equations. However, the schematic expressions of
Eq. (1) do show the essential physics and chemistry of the
bonding and anti-bonding orbitals. Thus, the choice of coeffi-
cients A and B, which neglects the overlap between φ[O(2p)]
and φ[Xλ], demonstrates the orthogonality of the bonding and
anti-bonding orbitals. For oxides, A > B so that the bonding
orbitals are dominantly ligand and the anti-bonding orbitals
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are dominantly metal cation. The bonding orbitals, ϕbond, are
fully occupied while for closed shell Ce(iv) and U(vi) nom-
inal oxidation states, the anti-bonding orbitals, ϕanti-bond, are
empty. For the open shell nominal oxidation states of Ce and
U, the ϕanti-bond are partially occupied with 1 or 2 electrons.
Since the cluster models are cubic, the cation nf and nd con-
tributions to the cluster orbitals are separated by symmetry;36

the nf orbitals belong to ungerade, u, representations and the
nd orbitals belong to gerade, g, representations. It is clear from
Eq. (1) that the actual charge on the cation, Q, will be less than
the nominal oxidation state. The increase in the cation occu-
pation from the term B for ϕbond is for a fully occupied orbital
while the decrease in cation occupation from the term B for
ϕanti-bond is for an empty or partially occupied orbital. Indeed,
one of our main objectives is to determine reliable estimates for
the occupation of the cation frontier orbitals that arise from the
covalent character of the cation-ligand interaction. However,
while an occupation or a fragment orbital is a useful approx-
imation, its value depends on the definition of occupation.15

On the other hand, we will show that the energetic contribu-
tions of covalent mixings are much less uncertain as to their
quantitative values.

Projection operators can be used to estimate the covalent
character of an interaction.15,37 For orbitals of suitable frag-
ments, denoted ϕF, one defines projection operators, ϕFϕF�,
and takes expectation values of the operator for the oxide clus-
ter orbitals, denoted ϕC, to determine the fragment occupation
of cluster orbital as 〈ϕC|ϕFϕF�|ϕC〉. The fragment orbitals of
interest are the frontier d and f orbitals of the cation frag-
ment and the orbitals with dominant 2p character for the O6

and O8 fragments. For the cation fragments, orbitals for the
closed shell U+6 and Ce+4 ions define the projection opera-
tors. If we had used orbitals for different charge states of the
cation fragments, we would have obtained slightly different
projections. However, we have shown that the dependence of
the projections on the choice of the ionicity used to deter-
mine the fragment orbitals is very weak; see also Ref. 38.
By taking suitable sums over fragment orbitals and occupied
cluster orbitals, one obtains an occupation of a group of frag-
ment orbitals in the full set of occupied orbitals denoted as
NP(F), where F denotes one of the fragments. The results are
presented as departures from the nominal charges associated
with the nominal oxidation state and are denoted ∆NP(F). Of
course, there is an uncertainty in these occupations because
the pure fragment orbitals on the cation and anion overlap,
and this leads to overestimates of the occupations, NP(F).39

While corrections are possible,14,39,40 they often just hide the
extent of the uncertainty in the charge assignment. We prefer to
estimate the uncertainty by comparing the projections of the
cation orbitals and the O anion orbitals. Given conservation
of electrons, the loss of charge from the anions should equal
the gain in charge by the cations. In other words, for an ideal
assignment,

∆NP(X) = −∆NP(On), (2)

where X represents the cation frontier f or d orbital and On

represents a suitable sum of g or u orbitals of the O fragment
clusters. Departures from the equality of Eq. (2) indicate the
uncertainty of the assignments of the projection charges.

Projection analysis does not provide information about the
energetics of covalent mixing. In contrast, the CSOV method,
which was originally formulated to characterize dative cova-
lent bonding,22,23 can be extended to specifically include or
exclude covalent bonding between the ligand and the cation
frontier f and d orbital, and thus determine their contributions
to the interaction energy. The procedure is initially described
for the closed shell U(vi) and Ce(iv) configurations. The first
step of the CSOV process is to form a variational space which
contains the occupied and virtual orbitals from HF calcula-
tions on the O6 or O8 and the Ce+4 or U+6 fragments, but
where the frontier cations, Ce 4f and U 5f, and Ce 6d and U
6d, are explicitly excluded. If the full set of fragment occu-
pied and virtual orbitals were retained, this would give results
that are identical to the usual HF variational calculation in the
space of the basis functions rather than that of the orbitals.
However, since we exclude the Ce 4f and 5d or the U 5f and
6d orbitals from the variational space, this makes it impos-
sible for them to participate in the cluster MOs; see Eq. (1).
Hence, the HF orbitals in this reduced variational space are
the best orbitals with the constraint that covalent mixing can-
not occur. The determinantal WF formed with these orbitals
is the step 0 WF. The second step, step 1a or V[nf + O2p],
is to allow the frontier f orbital to mix with the closed shell
occupied orbitals by using a reduced variational space that
contains only the occupied optimized orbitals from step 0 and
adding seven nf orbitals of the isolated cation to the variational
space. Furthermore, only the occupied orbitals that have domi-
nantly O(2p) character are allowed to vary; the other occupied
orbitals are fixed as in the optimization at step 0. Thus, the
only orbitals that can change at this step are those shown in
Eq. (1a) where the cation orbitals, φ(Xλ), are restricted to be
f orbitals. This variational constraint is equivalent to setting
certain off-diagonal matrix elements of the Fock operator to 0.
The energy lowering of the WF at this step is due entirely to
the covalent mixing of O(2p) and the cation frontier f orbital.
In the next partial step, denoted step 1b or V[nd + O(2p)], the
only change is to add the five (n + 1)d orbitals to the varia-
tional space and to remove the seven nf orbitals such that only
covalent bonding of O(2p) with the cation (n + 1)d orbitals is
possible and bonding with nf is not allowed. Consequently, the
energy lowering at this step is due entirely to covalent mixing
between the O(2p) and the (n + 1)d orbitals. Next, the two
previous steps are combined into a single step where both the
five (n + 1)d orbitals and the seven nf orbitals are included
in the variational space, denoted step 1(full) or V[nf&nd
+ O(2p)]. If the covalent mixing of the nf and the (n + 1)d
were independent,10 the energy lowering from CSOV step 0
to step 1(full) would be exactly equal to the sum of the energy
lowerings from CSOV step 0 to step 1a and from step 0 to step
1b. In fact, as discussed later, there is some coupling between
the cation nf and (n + 1)d covalent bonding with the O(2p).
However, this coupling is weak, which permits separating the
energetic importance of the covalent mixing of the O(2p) with
the cation nf and (n + 1)d orbitals. There is also a coupling
of the variation of the “spectator” orbitals with the variation
of the orbitals involved in the covalent mixing of O(2p) and
the frontier cation orbitals.10 Determining the energetic impor-
tance of this coupling requires a second round of CSOV steps
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0 and 1; however, the occupied orbitals at the starting point
for the second pass are the orbitals determined for step 1(full)
for the first pass. In this way, the spectator orbitals are read-
justed to take into account the covalent bonding between the
O(2p) and the cation nf and (n + 1)d. Repeating the series of
CSOV steps 0 and 1 would yield the unconstrained variation
results.10 However, since the energy lowerings for the second
pass are small compared to the first pass, further cycles are
not necessary. This is another indication that the coupling of
the different variations is weak. When we report the energy
lowerings due to the covalent mixing of nf and (n + 1)d with
O(2p), we sum the contributions over the energy increments
for the two rounds of the steps 1.

The extension of the CSOV process for the open shell con-
figurations is straightforward.At step0, theclosedshell orbitals
are varied in the same occupied and virtual spaces as previously.
However,oneor twoelectronsareplacedin thenforbitalswhich
were optimized for the isolated cation and then are frozen. This
is done by setting the off-diagonal matrix elements of the Fock
operator which connect the open shell nf orbital with other
orbitals tozero. In thefollowingCSOVsteps,1a,1b,and1(full),
the only variational freedom is between the closed shell orbitals
ofdominantlyO(2p)characterwiththeopenshellnfand(n+1)d
orbitals taken from the WFs for the isolated cations. As before,
the f and d covalencies are separated in steps 1a and 1b, respec-
tively. For the (n + 1)d covalency only the bonding orbitals, rep-
resentedinEq.(1a),areoccupiedwhilefor thenfcovalencyboth
thebonding,Eq.(1a),andtheanti-bonding,Eq.(1b),orbitalsare
occupied. The orbitals are orthogonalized in the sequence (1)
closed shell, (2) open shell orthogonalized to the closed shell,
and(3)virtual,orunoccupied,orthogonalized toboth theclosed
and open shell orbitals.

Calculations of the relativistic and non-relativistic WFs
were performed with the DIRAC program system41 and the
CLIPS programs, respectively.42 The relativistic WFs were
all-electron calculations using large, uncontracted basis sets;
see Refs. 16 and 19, and references therein. Relativistic calcu-
lations to obtain projections, for Ce(iv) and for U(iv) and U(vi),
have been presented earlier.15,19,20 However, in the present
work, we use the same basis set parameters for the full set
of oxidation states. Since these basis sets are somewhat differ-
ent from those used in Ref. 15, there are minor differences in
the numerical values presented here. For the non-relativistic
WFs, the basis sets and (large core) ECPs for the metal cations
were taken from the PNNL-EMSL tabulations.43 For Ce and
U the ECPs represented the 46 electron and the 78 electron
cores, respectively, and the basis sets were not contracted.
For O, an ECP was not used and the basis set had 9s and 5p
elementary Gaussians contracted to 4s and 3p.44 The CSOV
calculations were performed with the non-relativistic CLIPS
code and neglect the spin-orbit splitting, especially for the
frontier f and d orbitals but take account of scalar relativistic
effects through the use of pseudo-potentials.

III. RESULTS
A. Magnetic moment of UO2

We show that the cluster model yields an accurate value
for the magnetic moment of UO2. The oxidation state of U in

anti-ferromagnetic UO2
45 is U(iv) with two electrons in the

5f open shell. For the isolated U4+ cation, the lowest level, or
multiplet, is J = 4 which is 91% of the Russell-Saunders 3H
multiplet.46 Taking account of the ligand field splitting in the
Oh double group of UO2, the J = 4 level is split and the lowest
multiplet is a three-fold degenerate Γ5 multiplet,47 or a T2

multiplet using Mulliken or Griffith notation.48 The magnetic
moment, µ, is given by

µ = 〈LZ〉 + 2 〈SZ〉 , (3)

where the spin g-factor is taken as 2, Lz and Sz are the orbital
and spin angular momenta in atomic units, and µ is in Bohr
magnetons (µB).49 The expectation values are taken for the
direction z defined to give the maximum µ along z. The calcu-
lated values of the quantities in Eq. (3) for the lowest multiplets
of U4+ and UO2 are listed and compared to the experiment in
Table I. For U4+, the spin-orbit coupling to J = 4 is the prin-
ciple reason that the angular momentum expectation values
are reduced from the 〈Lz〉 = 5 and 〈Sz〉 = 1 found for the
J = 6 coupling of the 3H multiplet;46 in particular, 〈Sz〉 < 0
significantly reduces the value of µ. The value of µ is fur-
ther reduced for UO2, by about 40% leading to a value for µ
quite close to experiment. The reduction of µ for UO2 from
the value for U4+ occurs largely because of the ligand field
splitting of the 5f levels50 but the covalent character of the
open shells of UO2 should also contribute. It is also possible
with neutron scattering to determine the ratio of the orbital
and spin contributions to the magnetic moment.51 From Fig. 3
of Ref. 51, the ratio determined from the neutron experiments
is estimated to be 〈Lz〉/(2*〈Sz〉) = 3.15 ± 0.15. This is very
close to the theoretical value of 3.08 for UO2 from the data in
Table I. The fact that the ab initio theoretical value of µ is only
10% larger than the experimental value and that the theoretical
ratio of 〈Lz〉/(2*〈Sz〉) is within experimental error indicates
that our relatively simple UO8 embedded cluster model for
UO2 and our Dirac-Fock CI WFs give an accurate descrip-
tion of the local electronic structure of UO2. This includes
the spin-orbit splittings, the intermediate coupling of spin and
orbital angular momenta, and the covalent mixing of U 5f and
O(2p). To place these results in context, a recent DFT + U
band structure analysis of UO2

52 yielded µ = 2.1 µB which
is significantly further from experiment than the value of µ
obtained with our cluster-based WF model. An earlier LDA
+ U calculation for UO2

53 gave µ = 1.7 µB in excellent agree-
ment with experiment but a ratio 〈Lz〉/(2*〈Sz〉) = 1.9, which
is less than 2/3 of the experimental value.51 Thus, it would
appear that the cluster model and the ab initio WFs used in
the present work are uniquely capable of describing both the
total magnetic moment as well as the separate components

TABLE I. Magnetic moment, µ in µB, for U+4 and UO2 compared to exper-
iment. Values of the individual expectation values of orbital and spin angular
momenta, 〈Lz〉 and 〈Sz 〉, are also given.

〈Lz〉 〈Sz〉 µ

U4+ 4.72 �0.72 3.28
UO2 2.83 �0.46 1.92
Experimenta . . . . . . 1.74

aSee Ref. 45.
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from 〈Lz〉 and 〈Sz〉 with reasonable accuracy. Furthermore,
our cluster model does not involve the need to make a choice
of the parameter U.52 Importantly, particularly in the context
of this contribution, one can directly examine the covalent
character of the localized orbitals using the cluster based WF
model. Preliminary studies of PuO2

54 indicate that ab initio
cluster models and their WFs correctly describe yet another
observable property of actinide compounds, namely, exci-
tation energies. Such comparisons with experiment indicate
that our approach should yield robust estimates for the extent
and energetics of covalent mixing between cation and ligand
frontier orbitals. While this covalent mixing is not directly
accessible from experimental measurements, it is important
to know the extent of this mixing in order to make reliable
predictions of the properties of transition metal and actinide
compounds.8,55,56

B. Projections of frontier orbitals for Ce and U oxides

Projections of the frontier f and d orbitals for the ground
states of different oxidation states of Ce, Ce(iii) and Ce(iv),
and U, U(iv), U(v), and U(vi), are given in Table II. The pro-
jected occupations of the Ce 4f and 5d, the U 5f and 6d,
and the O(2p) are presented as ∆NP, the departure from the
nominal occupations or oxidations. The O(2p) occupations are
divided into O(2pg) where mixing with 5d (Ce) or 6d (U) is
possible and O(2pu) where mixing with 4f (Ce) or 5f (U) is
possible.

There is a modest f covalent mixing for closed shell Ce(iv),
where the 0.3 electron 4f gain is similar to the increase in the 3d
occupation for MnO over the occupation of five 3d electrons
for the Mn(ii) cation.15 However, the loss of occupation of the
O(2pu) due to covalent mixing with the Ce(4f), 0.1, is smaller
than the gain in occupation of the Ce(4f) indicating that there
is an uncertainty in the assignment of the Ce(4f) occupation.
This is not surprising since the overlap of the Ce(4f) and O(2p)
makes it difficult to distinguish whether charge belongs to Ce
or O. The situation is rather different for Ce(iii), see Table II,
where the gain in occupation of Ce(4f), over the nominal value
of 1, is much smaller than the gain for Ce(iv); furthermore, the
loss of O(2p) occupation for Ce(iii) is smaller than for Ce(iv).
Consequently, the changes in Ce(4f) and O(2p) occupancies
are consistent from Ce(iv) to Ce(iii). This difference in the
covalent character for the Ce(4f) of Ce(iv) and Ce(iii) could,
and indeed should, be related to the different catalytic activity
of Ce(iv) and Ce(iii).57,58

TABLE II. Projected departures, ∆NP in electrons, from the nominal values
given by the oxidation states for cation and anion occupations; see text for
definitions of the various quantities.

∆NP[Ce(4f)] ∆NP[O(2pu)] ∆NP[Ce(5d)] ∆NP[O(2pg)]

Ce(iv) +0.31 �0.10 +2.51 �0.42
Ce(iii) +0.12 �0.06 +2.99 �0.38

∆NP[U(5f)] ∆NP[O(2pu)] ∆NP[U(6d)] ∆NP[O(2pg)]

U(vi) +1.40 �0.77 +2.99 �0.61
U(v) +0.66 �0.37 +2.97 �0.61
U(iv) +0.35 �0.09 +3.02 �1.16

Understanding the differences in the 4f covalency between
Ce(iv) and Ce(iii) in terms of a fundamental property of the
Ce cations would help to establish general guidelines for the
covalent behavior of other cations. Indeed, the following dis-
cussion demonstrates that atomic effects may be the dominant
factor. There are two canceling atomic effects: (1) Coulomb
repulsions within the compact Ce(4f) shell and (2) nuclear
attraction which favors adding electrons to the Ce(4f) shell.
The analysis uses a quantitative measure of the spatial extent
of the cation and anion orbitals as given with r(nl)Avg,

r(nl)Avg =
[〈

r(nl)2
〉]1/2

, (4)

where the expectation values are taken for isolated cation and
anion orbitals averaged over the spin-orbit split components.
The r(nl)Avg do not depend strongly on the charge state of the
anion but they are taken for Ce4+ and O2�. For Ce(4f), r(4f)Avg

= 0.65 Å which is about 25% of the Ce-O distance in ceria.
Since the 4f orbital is compact, there will be a large Coulomb
repulsion between electrons within this shell. The magnitude
of this Coulomb repulsion can be estimated from the F0(4f,4f)
Slater integral,59 which, for the non-relativistic HF WF for
Ce4+, is F0(4f,4f) = 23 eV. This rather large Coulomb repulsion
within the 4f shell offsets the gain in energy from a larger
nuclear attraction by being closer to the nucleus with a small
rAvg. The occupation of the 4f shell, given by NP, can be taken
as a rough guide to how large the Coulomb repulsion within
the shell will be with the larger NP having a larger Coulomb
repulsion. Thus, there will be a much reduced 4f covalency for
Ce(iii) since here NP = 1 +∆NP. Indeed, it is easy to generalize
this argument to the occupation of localized, contracted atomic
shells in general as will be shown in the later discussion of
covalency in U oxides.

The increase and decrease in occupancies for 5d and
O(2p), respectively, for Ce(iii) and Ce(iv), are much larger
compared to their 4f-O2p counterparts (Table II), which sug-
gests greater mixing compared to 4f. However, the magnitudes
∆NP[Ce(5d)] and∆NP[O(2pg)] are far from equal. This reflects
the large uncertainty arising from the strong overlap of the dif-
fuse Ce(5d) with the O(2pg) orbitals, where r(5d)Avg = 1.4 Å
plus r[O(2p)]Avg = 0.8 Å is almost equal to d(Ce–O) = 2.4 Å.
Although the uncertainties could be reduced by making assign-
ments of the “overlap” populations that force the equality of
Eq. (2),4–7,14,40 such assignments would be largely arbitrary.
In contrast, we will show that the uncertainty concerning the
importance of the covalency for the interaction can be resolved
using the CSOV energy decomposition, as highlighted later.

Although the magnitudes of the projections for the cova-
lent mixing for the different U oxidation states (Table II) do
not satisfy the perfect equality of Eq. (2), ∆NP[U(5f)] and
∆NP[O(2pu)] change in a consistent manner as a function of
U oxidation state, similar to ∆NP[Ce(4f)] and ∆NP[O(2pu)]
for Ce. As expected, the more diffuse U(6d) orbitals, with
rAvg(6d) = 1.2 Å, show a much greater apparent covalent mix-
ing as well as more uncertainty in occupancy assignments
than for U(5f). Although there is appreciable covalent mix-
ing of the metal frontier orbitals with O(2p), uncertainties
in the projected occupancies, especially for (n + 1)d, pre-
clude an accurate assignment of the extent of the covalent
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mixing. Further, as noted earlier, the projections provide no
information about the energetic contributions of these covalent
mixings.

C. Energetic contributions of covalent mixing

The contributions to the interaction energy, that is the
energy lowerings, obtained with the CSOV decomposition and
its extensions, described in Sec. II, are given in Table III. The
contributions, denoted ∆E[f + O(2p)] and ∆E[d + O(2p)], are
the contributions at CSOV steps 1a and 1b where only mix-
ing of the nf with O(2pu) or only mixing of nd with O(2pg) is
allowed, respectively. The sums of these two energy lowerings
are listed in Table III under the heading Sum(f + d). The total
covalent contribution, denoted ∆E[f&d + O(2p)], is where the
mixing of the nf and (n + 1)d is taken into account simulta-
neously in CSOV step 1(full). The difference between Sum
(f + d), and ∆E[f&d + O(2p)] indicates the degree of coupling
between the nf and (n + 1)d covalent mixings. If this difference
is large, the division of the covalent energy lowerings into sep-
arate contributions from nf and (n + 1)d is uncertain. However,
even in the most extreme case of U(vi), the difference between
Sum(f + d) and∆E[f&d + O(2p)] is only 15% (Table III). Thus,
the separation into individual energy lowerings from nf and
(n + 1)d covalency is valid.

The energy lowering, or energetic importance, due to the
4f covalency decreases substantially, by almost 66%, from
Ce(iv) to Ce(iii), while the energetic importance of the 5d
covalency increases slightly by ∼15%. This is fully consis-
tent with the projection results in Table II, but we are now able
to quantify the energetic importance of the covalent mixing.
For Ce(iv), the 4f and 5d covalencies are of comparable impor-
tance for the bonding, while for Ce(iii), the covalent mixing of
4f with O(2p) is only about a third of that for the mixing of 5d
with O(2p).

The energy contributions depend even more strongly on
the different oxidation states for U. The 5f and 6d energy con-
tributions both decrease markedly with decreasing nominal
and effective oxidation states (Table III). This trend is due
to the energetic cost of creating formally high cation oxida-
tion states, which grows rapidly with increasing ionization.60

Indeed, it is the covalent mixing that reduces the effective
cation charge, thereby lowering the energetic cost of ioniza-
tion. That the energy contribution of nf covalency decreases
faster than for (n + 1)d as the nominal and effective nf occu-
pations increase arises from the greater Coulomb repulsion
between the compact nf electrons compared to that of the more
diffuse nd electrons.

TABLE III. Energy contributions from covalent mixing of frontier cation
orbitals with O(2p), ∆E in eV, for different oxidation states of Ce and U; see
text for the definition of the ∆E.

∆E[f + O(2p)] ∆E[d + O(2p)] Sum(f + d) ∆E[f&d + O(2p)]

Ce(iv) 0.94 0.96 1.90 1.89
Ce(iii) 0.39 1.13 1.52 1.54
U(vi) 11.84 8.33 20.17 17.40
U(v) 4.30 4.28 8.58 7.68
U(iv) 1.23 2.15 3.39 3.27

An important result is that the CSOV determined energetic
contribution of covalent mixing of cation (n + 1)d with ligand
2p orbitals cannot be neglected; it is comparable to the nf con-
tribution. However, the projection method appears to indicate
that the (n + 1)d contributions should be much larger than for
nf (Table II). This discrepancy can be resolved by focusing on
the uncertainties associated with each method. As discussed
previously, the projection method yielded large uncertainties
in the (n + 1)d occupancies (compare ∆NP(cation) with the
∆NP(anion) in Table II). This reflects the dangers of projec-
tions, in particular, and population analyses, in general, since
they may have serious limitations and should be used with
care, especially for making quantitative assignments; see also
Refs. 9 and 10. In contrast, we place much greater faith in
the CSOV decompositions which yielded clearer trends as a
function of cation oxidation states, and lower uncertainties as
demonstrated by the similar values for Sum(f + d) and∆E[f&d
+ O2π] (Table III).

IV. CONCLUSIONS

The absolute and relative energetic importance of the
covalent interactions involving 4f and 5d orbitals for lan-
thanides and 5f and 6d for actinides has been quantified using
an extended CSOV decomposition method. Compelling evi-
dence is presented that (n + 1)d covalent interactions are of
comparable importance, sometimes even of greater impor-
tance, than for nf. In contrast, the projection method yields
uncertain results, particularly for the (n + 1)d orbitals, because
they strongly overlap the O2p orbitals.

The energetic contributions from covalent mixing
increase as the nominal oxidation state of the cation becomes
larger. This trend occurs because covalent mixing lowers the
effective ionicity of the cation below that of its nominal oxi-
dation state, thus reducing the energetic cost of ionizing the
cation. The importance of this energetic cost is seen, for exam-
ple, from the ionization potential of U+5 to U+6 which is over
60 eV.60

The importance of the nf covalency, as shown both by pro-
jection and by energy decomposition, decreases faster than for
(n + 1)d as the occupation of the nf shell increases. This trend
is due to the competition between the larger nuclear attraction
of adding electrons to a compact orbital with a small 〈r〉Avg and
the large Coulomb repulsion of electrons within this compact
shell. This atomic effect is especially important for Ce and
may be a factor determining the different catalytic activities of
oxidized and reduced Ce.
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