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Abstract 
Monte Carlo sampling is a method to span a range of scenarios with a predictable rate of convergence. In this study, a simple 
model is used to observe the rate of decay in the error of average values for the variance of the model input, output, and ratio of 
the two. The purpose is to better understand the conventional thoughts on straightforward Monte Carlo sampling. Further efforts 
will compare the results with classical Monte Carlo estimation.  

 Introduction 
• Monte Carlo sampling uses randomly-selected values from a 

probability distribution to evaluate a model. [1] 
• Sobol’ first-order sensitivity index quantifies how the 

uncertainty (variance) of an input affects the model output. 
[2] 

𝑆𝑖
𝑘 = 

Var E 𝑦|𝑥𝑖
𝑘

Var 𝑦
 

where 𝑆𝑖 = first-order sensitivity index, 

   𝑥𝑖
𝑘 = model input i in ensemble k 

•  Goal: 
1. Study the convergence properties of a Monte 

Carlo-based sampling strategy for first-order 
sensitivity indices.  

• Expectation: 
1. The error in average input and output variances 

will be proportional to 1/N. 
2. The error in average first-order sensitivity index 

will be 1/ N. 

Methods 
𝑦 = 𝑓 𝑥 = 𝑥1 + 𝑥2  𝑥1 ~ N(0,2)  
    𝑥2 ~ N(0,1) 

For Var E 𝑦|𝑥𝑖
𝑘 , Var 𝑦 , and 𝑆𝑖

𝑘 , 

1. N number of samples from 100 to 409600 by factor of 2 
2. k ensemble size  = 100, 500, (1000) 
3. Absolute error =  𝜇 𝑘 − 𝜇𝑒𝑥𝑎𝑐𝑡  

where 𝜇 𝑘 = average quantity of interest (QoI) 
              𝜇𝑒𝑥𝑎𝑐𝑡 = exact value of QoI 

 
 

Results 
 
 

1. Error of average Var E 𝑦|𝑥𝑖
𝑘  

 
2. Error of average Var 𝑦  

 

3. Error of average 𝑆𝑖
𝑘 

Conclusions 
• Expectation of 1/N for the variances may be misunderstood 
• Further studies will compare these results with classical 

Monte Carlo estimation of the same first-order Sobol’ 
sensitivity indices.  
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