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Derivative Calculations Using Hyper-Dual Numbers ) .

Hyper-Dual Numbers (rike and atonso 2011 are an extension of Dual
Numbers study 19031, one type of Generalized Complex Number.

Ordinary Complex Numbers can be used to compute accurate first

deeratheS. [Martins, Kroo, and Alonso 2000 and Martins, Sturdza, and Alonso 2003]

m Dual Numbers can be used in a similar manner to produce exact
first derivatives. ipiponi 2004, Leuck and Nagel 1999]

Hyper-Dual Numbers enable exact calculations of second (or higher)
derivatives.
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Derivative Calculations
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First-Derivative Finite-Difference Formulas

Forward-difference (FD) Approximation:

of(x) _ f(x+ he;) —f(x)
8Xj - h + O(h)

Central-Difference (CD) approximation:

Of(x) _ f(x+ hej) — f(x — hey)

(9Xj 2h

+ O(h?)

Subject to truncation error and subtractive cancellation error

m Truncation error is associated with the higher order terms that
are ignored when forming the approximation.

m Subtractive cancellation error is a result of performing these
calculations on a computer with finite precision.
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Accuracy of Finite-Difference Calculations s

0 Error in the First Derivative
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First-Derivative Complex-Step Approximation

D
Laboratories
Taylor series with an imaginary step:

FOc-+ hi) = £00 + b (7 — SohF" ()

h3f///(x) )
— 3] I+ ...
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First-Derivative Complex-Step Approximation

D
Laboratories
Taylor series with an imaginary step:

FOc-+ hi) = £00 + b (7 — SohF" ()

h3f///(x) )
— 3] I+ ...

f(x+hi) = \(f(x) - %hzf”(x) - ) +h (f'(x) - %h2f’”(x) - ) i

~

~~ ~~

real imaginary
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First-Derivative Complex-Step Approximation

Sandia
Taylor series with an imaginary step:

FOc-+ hi) = £00 + b (7 — SohF" ()

h3f’”(x) )
— 3] I+ ...

f(x+hi) = \(f(x) - %hzf”(x) - ) +h (f’(x) - %h2f’”(x) - ) i

~~ ~~

real imaginary

First-Derivative Complex-Step Approximation: martins, kroo, and Alonso 2000 and

Martins, Sturdza, and Alonso 2003]

£ = Im [f();7+ hi)]

m First derivatives are subject to truncation error but are not subject to
subtractive cancellation error.

+ O(h?)

June 3, 2016 6

Unlimited Release




Unlimited Release

Generalized Complex Numbers s

Generalized Complex Numbers (ntor 1989 consist of one real part and
one non-real part, a + bE
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Generalized Complex Numbers s
Generalized Complex Numbers (ntor 1989 consist of one real part and
one non-real part, a + bE
Addition:
(a+bE)+ (c+dE)=(a+c)+ (b+d)E
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Generalized Complex Numbers s

Generalized Complex Numbers (ntor 1989 consist of one real part and
one non-real part, a + bE

Addition:
(a+bE)+ (c+dE)=(a+c)+ (b+d)E
Multiplication:
(a 4 bE) (¢ + dE) = ac + (ad + bc) E + bd E>
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Generalized Complex Numbers (ntor 1989 consist of one real part and
one non-real part, a + bE

Addition:
(a+bE)+ (c+dE)=(a+c)+ (b+d)E
Multiplication:
(a 4 bE) (¢ + dE) = ac + (ad + bc) E + bd E>

Three types based on choice for the non-real part, E:

m Ordinary Complex Numbers £2 = 2 = —1
m Double Numbers E2 = €2 = 1 (ciftord 18731

m Dual Numbers £2 = €2 = 0 study 1903)

June 3, 2016 7

Unlimited Release




Unlimited Release

Generalized Complex Numbers

() e,
Ordinary Complex Numbers (E? = i? = —1):

f(x+hi) = (f(x) — %hzf”(x) + ) +h (f'(x) - %th’”(x) - ) i

~ / ~
~~ ~~

real imaginary
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Generalized Complex Numbers

() .
Ordinary Complex Numbers (E? = i? = —1):

f(x+hi) = (f(x) — %hzf”(x) + ) +h (f'(x) - %h2f’”(x) - ) i

~ / ~
~~ ~~

real imaginary

Double Numbers (E2 = e? = 1):

f(x+he) = (f(x) + %th”(x) + ) +h (f’(x) + %hZf’”(x) + ) e

N J/ .
-~ -~

real non-real
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Generalized Complex Numbers s
Ordinary Complex Numbers (E? = i? = —1):

f(x+hi) = (f(x) — %hzf”(x) + ) +h (f'(x) - %h2f’”(x) - ) i

~ ~

~~ ~~

real imaginary

Double Numbers (E2 = e? = 1):

f(x+he) = (f(x) + %th”(x) + ) +h <f’(x) + %hZf’”(x) + ) e

J/ .

-~ -~

real non-real

Dual Numbers (E? = €% = 0):

f(x+ he) = f(x) +hf (x)e
?;I/ non-real
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Accuracy of First-Derivative Calculations
0 Error in the First Derivative
10 &&ﬁ&_ﬁ&&h&&&&ﬁ&
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Second-Derivative Calculations? IS
Ordinary Complex Numbers (E? = i? = —1):

f(x+hi) = (f(x) — %hzf”(x) + ) +h (f'(x) - %h2f’”(x) - ) i

~ ~

~~ ~~

real imaginary

Double Numbers (E2 = e = 1):

f(x+he) = (f(x) + %th”(x) + ) +h <f’(x) + %hZf’”(x) + ) e

/ .

-~ -~

real non-real
Dual Numbers (E2 = €2 = 0):
f(x + he) = f(x) +hf (x)e
~~

N——
real non-real
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Second-Derivative Complex-Step b

One Second-Derivative Complex-Step Approximation:

= 20 =R ) g

m Second derivatives are subject to subtractive cancellation error
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Second-Derivative Complex-Step
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One Second-Derivative Complex-Step Approximation:

m Second derivatives are subject to subtractive cancellation error

Alternative approximations: ai2o0s)

m [f(x + i/2h) + f(x + i°/2h)]

1/ I ©
(%) = L oY) : 9=45
g 20m [f(x+ 2/3h) + f(x + i%/3h))] 2) . 9 —60°

(%) NeT= +O(h*) : =060

m These alternatives may offer improvements, but they are still subject
to subtractive cancellation error
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Alternative Complex-Step Approximations s
Error in the Second Derivative
1015 :
—e— Complex Step, basic il

10 —A— Complex Step, 6 =45
100 ¢ : —=— Complex Step, 6 = 60]]
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10° 107 10 10°%
Step Size, h
e*
fx) = ——
v/sin? x + cos3 x
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Multiple Non-Real Parts

To avoid subtractive cancellation error:

m Second-derivative term should be the leading term of a non-real
part

m First-derivative is already the leading term of a non-real part

Suggests that we need a number with multiple non-real parts

m Use higher-dimensional extensions of generalized complex
numbers

June 3, 2016 13
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Quaternions .
Quaternions: one real part and three non-real parts
[

ik = —1

|
|
—
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Quaternions .

Quaternions: one real part and three non-real parts

2ok

ik = —1

I
|
—

Taylor series for a generic step, d:

Flx+d) = £00) + o () + (0 + o7 06) + .
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Quaternions .

Quaternions: one real part and three non-real parts

[y

ik = —1

I
|
—

Taylor series for a generic step, d:
1 1
fetd) = f00) + df' (x) + 53d%f" () + ") + ...

For a quaternion step:
d = hii+ haj+ 0k
d> = —(hi+h3)
m d? is real, second derivative only appears in the real part
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Quaternions .

Second-Derivative Quaternion-Step Approximation:

2 (f(x) — Re[f(x + h1i + hoj + 0k)])
h? + h3

f'(x) = + O(h? + h3)

m Subject to subtractive-cancellation error

Quaternion multiplication is not commutative, ijj = k but ji = —k
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Quaternions

Second-Derivative Quaternion-Step Approximation:

2 (f(x) — Re[f(x + hii + haj + 0k)])

poa + O(h? + h3)

f// (X)

m Subject to subtractive-cancellation error

Quaternion multiplication is not commutative, ijj = k but ji = —k

Instead, consider a number with three non-real components E1, Eo,
and (E1E2) where multiplication is commutative, i.e. E1E2 = EoF;
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Enforce Multiplication to be Commutative .
Taylor series: X X
flxtd) = £0) + df (x) + 530700 + 57 (x) + ...
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Enforce Multiplication to be Commutative
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Taylor series:
fx +d) = f(x) +df (x) + %d2f”(x) + %d%"”(x) + ...

d = hiEy + haEs 4 O E>

d> = hIE? 4 h3E3 + 2h1hoF Ey
d® = h3E} 4+ 3hh3ELE2 + 3h3hoEIEy + h3ES
d* = hiE] + 6h3h3EZES + 4h3hoESEy 4 4h h3ELES + h3ES
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Enforce Multiplication to be Commutative
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Taylor series:
fx +d) = f(x) +df (x) + %de”(x) + %d?’f’”(x) + ...

d = hiEy + haEs 4 O E>
d> = hIE? 4 h3E3 + 2h1hoF Ey
d® = h3E} 4+ 3hh3ELE2 + 3h3hoEIEy + h3ES
d* = hiE] + 6h3h3EZES + 4h3hoESEy 4 4h h3ELES + h3ES

m d? is first term with a non-zero (E1E2) component
m Second derivative is the leading term of the (E1E2) part

m As long as multiplication is commutative, and E1Es # 0,
second-derivative approximations can be formed that are not
subject to subtractive-cancellation error
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Several Possible Number Systems s

The requirement that £1E2 = E5Eq produces the constraint:

(E1E9)? = E\EoE\Ey = E\E\EoEy = ESES
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Several Possible Number Systems s

The requirement that £1E2 = E5Eq produces the constraint:
(E1E9)? = E\EoE\Ey = E\E\EoEy = ESES

This leaves many possibilities for the definitions of £ and Es:

June 3, 2016 17
—

Unlimited Release



Unlimited Release

Sandia
National

Several Possible Number Systems s

The requirement that £1E2 = E5Eq produces the constraint:
(E1E9)? = E\EoE\Ey = E\E\EoEy = ESES

This leaves many possibilities for the definitions of £ and Es:

m £? = £3 = —1 which results in (E1£2)? = 1
m Circular-Fourcomplex Numbers [olariu 2002]
B Multicomplex Numbers (price 19911
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Several Possible Number Systems
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The requirement that £1E2 = E5Eq produces the constraint:
(E1E9)? = E\EoE\Ey = E\E\EoEy = ESES

This leaves many possibilities for the definitions of £ and Es:

m £? = £3 = —1 which results in (E1£2)? = 1
m Circular-Fourcomplex Numbers [olariu 2002]
B Multicomplex Numbers (price 19911

m Constrain E2 = E3 = (E1E2)?

m £? = £2 = (E1E2)? = 1 Hyper-Double Numbers frice 2012]
m £? = E3 = (E1E2)? = 0 Hyper-Dual Numbers frike 2011]
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Several Possible Number Systems
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The requirement that £1E2 = E5Eq produces the constraint:
(E1E9)? = E\EoE\Ey = E\E\EoEy = ESES

This leaves many possibilities for the definitions of £ and Es:
m £? = £3 = —1 which results in (E1£2)? = 1
m Circular-Fourcomplex Numbers [olariu 2002]
B Multicomplex Numbers (price 19911
m Constrain E2 = E3 = (E1E2)?
m £? = £2 = (E1E2)? = 1 Hyper-Double Numbers frice 2012]
m £} = E3 = (E1E2)? = 0 Hyper-Dual Numbers frice 2011
All are free from subtractive-cancellation error
m Truncation error can be reduced below machine precision

m Effectively exact
June 3, 2016 17
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Hyper-Dual Numbers =

Hyper-dual numbers have one real part and three non-real parts:

a = dap + ai€; + 0262 + Az€1€2

E=e=0
€17 € #0

€160 = €261 # 0
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Hyper-Dual Numbers e

Hyper-dual numbers have one real part and three non-real parts:
a = dap + ai€; + 0262 + Az€1€2
E=e=0
€17 € #0
€160 = €261 # 0

Taylor series truncates exactly at second-derivative term:
f(x+hie1+haea+0e1€2) = f(x)+hif (x)er+hof (x)ea+hihof” (X)e1 €2

m No truncation error and no subtractive-cancellation error

m Lack of higher order terms makes implementation easier

[Fike 2011 and Fike 2012]
June 3, 2016 18
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Accuracy of Second-Derivative Calculations s

Error in the Second Derivative
1020

—a— Forward-Difference
—=— Central-Difference
—e— Complex—Step

10%° | —s—Hyper-Dual Numbers|

Error
=
o

0 -10 ~20 -30
Step Size, h

v/sin® x + cos3 x
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Using Hyper-Dual Numbers .
Evaluate a function with a hyper-dual step:
f(X + hie1e; + h262€j + 06162)

Derivative information can be found by examining the non-real parts:

af(x) . eirpart [f()( + hiere; + h2€2€j + 06162)]

Ox; hy
8f(x) . eopart V(X + hlele,- + h2€2e]' + 06162)]
an h2
82f(x) - e€1eapart V(X + hie1e; + h262€j + 06162)]
ox0x; hiho
June 3, 2016 20
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Outline .

Mathematical Properties of Hyper-Dual Numbers
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Arithmetic Operations .

Consider two Hyper-Dual Numbers:

a = ag+ a1€1 + asea + azeren b= by + bie1 + baes + bzeieo

June 3, 2016 22
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Arithmetic Operations .
Consider two Hyper-Dual Numbers:
a = ap + ai€1 + a2€2 + azer€n b = bg + bi€1 + baex + bzerea
Addition:

a+b= (C’O+b0) + (01 +b1)€1 + (02 +b2) € + (03 -I—bg) €1€2

June 3, 2016 22
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Arithmetic Operations .
Consider two Hyper-Dual Numbers:
a=ap+ai€1 + axex + az€r€r b = by + bi€1 + baea + bzeren
Addition:
a+b=(ag+bo)+ (a1 + b1) €1 + (a2 + b2) €2 + (a3 + b3) €162

Multiplication:

axb = (ap#*bg)+ (ap*bi+ajxbg)er + (ap* ba + as *x by) €2
+(00*b3-|-01*b2+02*b1+03*b0)61€2

June 3, 2016 22
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Arithmetic Operations .
Consider two Hyper-Dual Numbers:
a=ap+ai€1 + axex + az€r€r b = by + bi€1 + baea + bzeren
Addition:
a+b=(ag+bo)+ (a1 + b1) €1 + (a2 + b2) €2 + (a3 + b3) €162

Multiplication:

axb = (ap#*bg)+ (ap*bi+ajxbg)er + (ap* ba + as *x by) €2
+(00*b3-|-01*b2+02*b1+03*b0)61€2

m Hyper-Dual addition: 4 real additions

m Hyper-Dual multiplication: 9 real multiplications and 5 additions

June 3, 2016 22
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Other Operations

The inverse:
1 1 o as 20102 a3
—=—— —€ — —5€ — | —5— — = | €1€
a ap agl a%z a} a? 12

m Only exists for ag # 0
This suggests a definition for the norm:
norm (a) = y/a3

This in turn implies that comparisons should only be made based on
the real part.

m i.e. a > bis equivalent to ag > by

m This allows the code to follow the same execution path as the
real-valued code.

June 3, 2016 23
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Mathematical Properties of Hyper-Dual Numbers .

m Additive associativity, i.e. (a +b) +c=a+ (b+c),
m Additive commutativity,i.e.a+b=b+aq,

Additive identity, there exists a zero element,
z=0+4 0€q 4+ Oeg + O€1€9, suchthata+z=z+a=a,

Additive inverse, i.e. a + (—a) = (—a) + a =0,
Multiplicative associativity, i.e. (a*b) xc=ax* (bxc),

Multiplicative commutativity, i.e. ax b = b x g,

Multiplicative identity, there exists a unitary element,
14 0ey 4 Oeg + O€1eg, suchthatax 1 =1%xa =aq,

m Left and right distributivity, i.e. a* (b +c) = (a*x b) + (a *c)
and (b+c)*xa=(bxa)+ (cxa).

These properties make hyper-dual numbers a commutative unital

associative algebra.
June 3, 2016 24
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Mathematical Properties of Hyper-Dual Numbers ) .

Hyper-Dual Numbers are a commutative unital associative algebra.
Hyper-Dual Numbers are not a field (a commutative division algebra)

A division algebra requires the properties on the previous slide, plus
a multiplicative inverse
m i.e. there exists an inverse, a1, suchthataxa 1 =a lxa=1

forevery a # 0 + 0ey + Oeg + Oeqeo

Hyper-Dual Numbers have an inverse for every a with norm(a) # 0
(i.e. ag # 0)

June 3, 2016 25
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Hyper-Dual Functions i

Differentiable functions can be defined using the Taylor series for a
generic hyper-dual number:

f(a) :f(00)+alf/(00)61 +02f/(00)62+ (03f/(00) + Glagf”(ao)) €1€2
For instance:

a’ = 03 + 3010361 + 3020362 + (3030% + 6010200) €1€2

sina = sinag + gy cosagey + as COS apes

+ (agcosap — araz sinap) €162

June 3, 2016 26
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Example Evaluation B

A simple example hyper-dual function evaluation:
f(x) = sin®x

This function can be evaluated as:

ty = X
ti = sinty
ty = t
June 3, 2016 27
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Example Evaluation s
A simple example hyper-dual function evaluation:
f(x) = sin®x
This function can be evaluated as:
to = x4+ hier + haeo + O€qeg
ti = sinty
= sinx + hj cosxe; + hy cos xes — hihs sin xejes
ty =
= sin®x + 3hy cos x sin xe; + 3hs cos x sin? xes

3
—Zhlhg (sinx — 3sin 3x) €1€2

June 3, 2016 27
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Implementation and Use of Hyper-Dual Numbers
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Hyper-Dual Number Implementation ) i

To use hyper-dual numbers, every operation in an analysis code must
be modified to operate on hyper-dual numbers instead of real
numbers

m Basic Arithmetic Operations: Addition, Multiplication, etc.
m Logical Comparison Operators: >, #, etc.

m Mathematical Functions: exponential, logarithm, sine, absolute value,
etc.

m Input/Output Functions to write and display hyper-dual numbers

Hyper-dual numbers are implemented as a class using operator
overloading in C++, CUDA, MATLAB and Fortran
m Change variable types, but body and structure of code is unaltered
m MPI datatype and reduction operations also implemented

m Implementations publicly available:
http://adl.stanford.edu/hyperdual

une3, 2016 M Implementations by others for Python and Julia 29
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Variations of Hyper-Dual Numbers
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Dual numbers produce exact first derivatives

Hyper-dual numbers, as described so far, produce exact
second-derivatives

Third (or higher) derivatives can be computed by including additional
non-real parts
m Third derivatives require an e3 term and its combinations

d = hi€1 + haeg + hzeg + Oc1eo + Oe1e3 + Ocoeg + Oeqeges

Derivatives of complex-valued functions can be computed by defining
hyper-dual numbers with complex-valued components

Vector-mode version propagates entire gradient and Hessian

m Eliminates redundant calculations, but increased memory

requirements [rike 2012]

June 3, 2016 30
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Analysis Codes Using Hyper-Dual Numbers .

Hyper-Dual Numbers can be applied to codes of arbitrary complexity
in order to compute exact derivatives of output quantities of interest
with respect to input parameters.

m Computational Fluid Dynamics

m JOE, a parallel unstructured, 3-D, unsteady Reynolds-averaged
Navier-Stokes code developed at Stanford University as part of
PSAAP (the Department of Energy’s Predictive Science Academic
Alliance Program)

m Structural Dynamics

m Sierra/SD (aka Salinas), a massively parallel, high-fidelity,

structural dynamics finite element analysis code developed by
Sandia National Laboratories

June 3, 2016
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Converting Codes to Use Hyper-Dual Numbers
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At a high level, converting a code to use Hyper-Dual Numbers
requires little more than changing the variables types from real
numbers to hyper-dual numbers.

m In some cases, there can be more effort required

m Requires modifying the source code
m Some codes make use of external libraries for which the source
code is unavailable

m Linear Solvers
m Eigenvalue Solvers

June 3, 2016 32
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Converting Codes to Use Hyper-Dual Numbers ) e

At a high level, converting a code to use Hyper-Dual Numbers
requires little more than changing the variables types from real
numbers to hyper-dual numbers.

m In some cases, there can be more effort required

m Requires modifying the source code
m Some codes make use of external libraries for which the source
code is unavailable

m Linear Solvers
m Eigenvalue Solvers

Hyper-Dual numbers can still be used to compute derivatives even if
not all parts of a code can be modified

m Requires replicating the effect of a hyper-dual calculation, i.e.
returning hyper-dual valued output containing the required

derivative information

June 3, 2016 32
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Differentiating the Solution of a Linear System
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Solving the system:
A(x)y(x) = b(x)

Differentiating both sides with respect to the it component of x gives

OA(x)

Differentiating this result with respect to the j*" component of x gives

?A(x) x) OA(x) dy(x) N OA(x) dy(x) (x O*y(x)  9%b(x)
Ox;0x; y ox;  0x; ox;  Ox; ox0x;  Ox0x

June 3, 2016 33
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Differentiating the Solution of a Linear System ) .

This can be solved as:

A(x) 0 0 0 y(x) b(x)

20 AW 00 N T

B0 a0 |§ R (o)

382;\(,(? aA(g) 8A(?() A(x) 9%y(x) 8%b(x)

X; OX; Ox; OX; Ox;0x; Ox;OX;
or A(X)y(x) = b(x)

dy(x)  Ib(x) OA(x)
6x,- - 6x,- B 8x,- Y(X)
dy(x)  Ib(x) OA(x)
an - an B an Y(X)

O*y(x)  9%b(x)  0A(x) OA(x) 9y(x)  OA(x) dy(x)
A oxoxi  oxOx;  Oxox; () — ox,  ox,  Ox Ox

A(x)

A(x)
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Derivatives of Eigenvalues and Eigenvectors s

Eigenvalues and eigenvectors are solutions of the equation

(K= AeM) ¢ = Fppg = 0

The first derivative of an eigenvalue is

8 oM
=¢; (8x, Afa_x,-) be

The first derivative of the eigenvector is

15)
(;)ie =2z +CiPy
OFp
where Fezf = —8—</>e
rOM
and Ci = ——¢z % bo — dyMz;
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Other Details

June 3, 2016 36

Unlimited Release




Unlimited Release

Matrix Representation of Generalized Complex Numbe@mm

Ordinary Complex Numbers:

. a —b 1 0 0 -1
a—i—bl—[b a]—a[()l]—i—b[l 0}

Double Numbers:

a+be—-a b =a L0 +b 01
b oa] T[]0 1] |1 0
Dual Numbers:
[a 0] 1 0] [0 0]
a+be—_b a_—a 01_+b_10_
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Matrix Representation of Hyper-Dual Numbers
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National
Laboratories

Ordinary Complex Numbers:

ag 0 0 O
a; a 0 O
0o + ai€; + 0262 - a3€1€2 = a; 8 @ 0

as Q42 d4di Qo
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Questions?
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