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Newton Raphson
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http://tutorial.math.lamar.edu/Classes/CalcI/NewtonsMethod.aspx
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Derivatives: 
Analytical vs. Numerical
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Governing Equations for 
Multiphase Flow
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Water Mass

Air Mass

Energy
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Darcy Flux

Air Diffusion in Liquid Phase

Air Diffusion in Gas Phase
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Primary Dependent Variables for 
Each Thermodynamic State
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Multiphase Air-Water-Energy 
Derivative Design Document
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> 38 pages of  derivatives
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Table of Derivatives
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Discrete Form of Water Mass 
Conservation Equation
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Discrete Form of Water Mass 
Conservation Equation
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Variables with derivatives with respect to gas pressure are in red. 
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Derivative of Water Equation 
Darcy Flux with Respect to Gas 
Pressure

13Derivatives with respect to gas pressure are in red. 
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Discrete Form of Water Mass 
Conservation Equation
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Variables with derivatives with respect to gas saturation are in red. 
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Derivative of Water Equation 
Darcy Flux with Respect to Gas 
Pressure
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Derivatives with respect to gas saturation are in red. 
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Derivative of Water Equation 
Darcy Flux wrt. Gas Pressure, Gas 
Saturation and Temperature
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Derivative wrt. gas pressure Derivative wrt. gas saturation

Derivative wrt. temperature
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Analytical vs. Numerical
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� � Analytical Numerical

Tol. TS NI Cuts Time [s] TS NI Cuts Time [s]

1e-8 185 576 7 1.36 185 577 7 1.99

5e-9 185 593 7 1.35 185 595 7 1.97

2e-9 179 581 5 1.42 179 583 5 1.97

1.5e-9 211 818 14 1.78 206 770 13 2.46

1e-9 206 770 13 1.86 425 1877 51 5.65

5e-10 211 837 14 1.82 Did not finish

Gas Injection
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� � Analytical Numerical

Tol. TS NI Cuts Time [s] TS NI Cuts Time [s]

1e-8 88 277 0 1.52 88 227 0 2.17

1e-9 605 2939 135 1.65 702 3512 158 2.90

WIPP Case 5
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Analytical vs. Numerical
Defense Waste Repository 
Simulation Performance
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Time Step Newton It. Linear It. Cuts Time [h]

Analytical 684 2790 544,632 61 1.37

Numerical 1617 6003 3293 85 4.05

Multiphase Flow

Reactive Transport

Time Step Newton It. Linear It. Cuts Time [h]

Analytical 684 1478 17623 0 1.06

Numerical 1617 3293 30305 0 1.91

10.8M Grid Cells
32.7M Unknowns
1024 Processes
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Analytical vs. Numerical
Defense Waste Repository 
Simulation Output
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