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Outline
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• Peridynamics: review of the mechanical theory.

• First law.

• Heat transport.

• Second law, dissipation, and damage.

• Energy balance near a crack tip (J-integral).



Purpose of peridynamics

• To unify the mechanics of continuous and discontinuous media within a single, consistent 
set of equations.

Continuous body Continuous body 
with a defect

Discrete particles

• Why do this?

• Avoid coupling dissimilar mathematical systems (A to C).

• Model complex fracture patterns.

• Communicate across length scales.
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Peridynamics basics:
Horizon and family
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States
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Frechet derivatives
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Strain energy at a point
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Continuum Discrete particles Discrete structures

Deformation

• Key assumption: the strain energy density at � is determined by the 
deformation of its family.



Potential energy minimization yields 
the peridynamic equilibrium equation
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Material models
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Damage due to bond breakage
• Recall: each bond carries a force.
• Damage is implemented at the bond level.

• Bonds break irreversibly according to some criterion.
• Broken bonds carry no force.

• Examples of criteria:
• Critical bond strain (brittle).
• Hashin failure criterion (composites).
• Gurson (ductile metals).

Bond strain

Bond force density
Bond breakage

Critical bond strain damage model
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Autonomous crack growth

Broken bond

Crack path

• When a bond breaks, its load is shifted to its neighbors, leading to progressive failure.



Examples of validation for peridynamics
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• Single crack brittle energy balance
• 3-point bend test
• Dynamic fracture

• Crack growth velocity
• Trajectory
• Branching

• Impact into concrete and aluminum
• Residual velocity
• Penetration depth
• Crater size

• Fatigue
• S-N curves for aluminum and epoxy
• Paris law curves for aluminum

• Composite impact, damage, and fracture
• Delaminations (compare NDE)
• Residual strength in OHC, OHT
• Stress concentration profile in OHT
• Bird strike loading
• Lamina tensile fracture

EMU

Experiment



Internal energy density
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Heat transport: variation form
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Peridynamic heat transport
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Peridynamic heat equation
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Bond heat transport
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Bond-based heat transport model
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For further results and computational examples:
F. Bobaru, and M. Duangpanya, International Journal of Heat and Mass Transfer (2010)

F. Bobaru, and M. Duangpanya, Journal of Computational Physics (2012)



State-based heat transport model allows 
interaction between bonds: example
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Θ �

Θ � small

Θ � large
� �



Heat flux vector
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Thermodynamic form of a peridynamic
material model
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SS & Lehoucq, Adv Appl Mech (2010)
Oterkus, Madenci & Agwai, JMPS (2014)



Bond damage
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Thermodynamic form of damage
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Mechanical (only) material model

24



Ordinary state model with damage:
Thermodynamic force state
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Condition for damage growth:
Failure surface
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Incremental form of bond damage 
growth
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Example: Linear microelastic
material with continuous bond damage
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Example ctd: Failure surface
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Example ctd: Explicit form of 
damage state evolution
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Peridynamic CDM derived from  
standard CDM
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Computational example
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VIDEO

Scalar damage �



Computational example, ctd
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Entropy production and energy 
dissipation

34



Energy dissipation near a defect
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Steady-state defect growth
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Free energy balance
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Work done through the contour
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Total rate of energy dissipation
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Peridynamic
J-integral (3D)



Crack in a plate
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For further results and computational examples:
Hu, W., Ha, Y. D., Bobaru, F., & Silling, S. A.,  International Journal of Fracture (2012). 



Limit of small horizon
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Significance of the peridynamic J-integral
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frame 43

Extra slides



frame 44

Rate of work on a subregion



frame 45

Rate of work on a subregion, ctd.



frame 46

Power absorbed: the cartoon



frame 47

Power supplied: the cartoon



frame 48

Global first law expression



frame 49

Additivity of the internal energy



frame 50

Structure of the energy balance



frame 51

Local form of the first law



frame 52

Peridynamic “stress power”



frame 53

Second law and its implications
(Coleman-Noll)



frame 54

Second law and its implications
(Coleman-Noll), ctd.


