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Abstract

Progressive hedging, though an effective heuristic for solving stochastic mixed
integer programs (SMIPs), is not guaranteed to converge in this case. Here,
we describe BBPH, a branch and bound algorithm that uses PH at each node
in the search tree such that, given sufficient time, it will always converge to a
globally optimal solution. In addition to providing a theoretically convergent
"wrapper” for PH applied to SMIPs, computational results demonstrate that for
some difficult problem instances branch and bound can find improved solutions
after exploring only a few nodes.
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1. Introduction

Spurred by important potential applications, researchers have recently de-
voted considerable energy to developing methods for solving stochastic mixed in-
teger programs (SMIPs). Progressive hedging (PH), though an effective heuris-
tic for SMIPs, is not guaranteed to converge in the integer case. Here, we
propose BBPH, a branch and bound (B&B) algorithm that uses PH at each
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node of the search tree. Given sufficient time, BBPH will converge to a globally
optimal solution. Almost all PH innovations and applications described in the
literature can be embedded in this framework.

Originally proposed by Rockafellar and Wets [13], examples of PH in the
literature include [3, 4, 5, 7, 11, 12].

Branch and bound for SMIPs is not new, of course. For example, [1] proposes
a scenario decomposition algorithm for 0-1 stochastic programs, a specific case
of our intended general problem class. The dual decomposition algorithm given
in [2] uses B&B for a two stage SMIP. A branch-and-fix algorithm for solving
multi-stage, stochastic, mixed 0-1 problems is described in [6]

What is new in this contribution is B&B for PH, which can be applied
to a broad class of multi-stage SMIPs. A general-purpose software implemen-
tation is available as part of the PySP library in the Pyomo software package
(www.pyomo.org). Tests of the algorithm and this implementation are described
in Section 4. Before describing those tests, we introduce in the remainder of
this section the optimization model formulation and the progressive hedging
algorithm for multi-stage SMIPs. Section 2 then describes two small examples
illustrating the need for branching in PH, which are provided as formal motiva-
tion. Our BBPH branch and bound algorithm is described along with a remark
whose proof demonstrates its correctness in Section 3.

1.1. A General SMIP Optimization Model

Let T be the number of decision stages for a multi-stage stochastic pro-
gram. We will use t € 1,...,T to index stages, although decision stages do
not always correspond to time. To make abstract statements about stochastic
programming, we make use of a random variable, which may be vector valued,
&,, associated with each decision stage t. When the stages correspond to time,
we think of the value(s), &, during or at the end of, stage t — 1 depending on
the application. Hence, we generally refer to & only for stage 2,...,7. Con-
sequently, the decisions for the stage ¢ are made once the random variables for
the stages up to and including ¢ are known.

We use the symbol é to refer to the realized values of all random variables
up to and including stage t. We refer to a full realization of the uncertainty, i.e.,

T = (¢ t=2,....7)

as a scenario. Often, problem data is a function of £ and the problem data
corresponding to a particular value of £ is also referred to as a scenario.

In abstract formulations, we use z* = (u’,y’) to respectively represent the
integer and real parts of the decision vector that corresponds to stage t. We
use the notation ! for 1 < t < T to represent the decisions for all stages up
to, and including, stage t. We assume that there are functions of the decision
variables for the current stage, parameterized by the decisions and random
variable realizations known at the time of the decisions. The functions return
the objective function value corresponding to the stage for feasible solutions and
a very large number for infeasible solutions. For the first stage we write fi(x!)



and for subsequent stages f;(z%; &1, £"). The function f; takes an argument
the partial vector corresponding to stage ¢ and as parameters the solution for
previous stages and the realization of the random variables up to stage t. These
functions enable us to write the minimization of expected value very succinctly
as

T
min fi (o) + BN fi (25771, (1)
t=2
subject to z(§) € Y, £ €&, (2)

where (u(£),y(€)) € Ye € Z5, x R%.

In the multi-stage cases of interest to us, £ = {{t}thl is defined on a discrete
probability space (2,4, P). Each scenario, &, has probability me. We organize
realizations, &, into a tree with the property that scenarios with the same real-
ization up to stage t share a node at that stage. Consequently, 5 t refers also
to a node in the scenario tree. Let G; be the set of all scenario tree nodes for
stage t and let G;(€) be the node at time ¢ for a particular scenario, £. For a
particular node D let D! be the set of scenarios that define the node.

In the presence of a scenario tree, non-anticipativity must be enforced at
each non-leaf node, so using the discrete scenario tree notation, problem (1)
becomes

min g e
x,T

)

T
mﬂm+ZﬁW@j“@ﬂ (3)

teE t=2
st x(§) €Ye, £€E (4)
2t () —#(D) =0, t=1,....T~1,DeG, E€D (5)

We use the notation z(£) to emphasize that the decisions can depend on the
realizations of the random variables, while constraints (5) use the auxiliary
variable & to assure that at every node of the decision tree, the portion of the
solution corresponding that decision stage is the same. So while x depends on
¢, it does so in a way that is non-anticipative. To put it another way: looking
only at expression (3), one might get the impression that the optimization is
allowed to be prescient and make use of knowledge of the future in setting stage
variable values since z! in these expressions depends on the entire realization,
&. However, constraints (5) force the decisions to depend only on information
that would be available when they are made. Note that in this formulation,
there is one full decision vector x for each scenario. The variables Z are often
called system of wvectors since they are tied to the tree with partial vectors
corresponding to each node of the tree.



Sometimes this problem is written without the variable & as follows:

InzinZTl'g

O+ f (x%s);ff—lft)] (6)
t=2

ez
st. x(§) €Y, £€E (7)
2'(€) = 2(Ge(€)) =0, t=1,....T~1, (€= 8)

where for each t =1,...,T and each D € G,

D)= Y weal©)) Y me.

£eD1 ¢eD1

In other words: T is a system of node-by-node averages. Unless there are scenar-
ios with zero probability, the formulation with Z is equivalent to the formulation
with Z, so most practical applications we use the second form and remove any
zero probability scenarios in a pre-processing step.

1.2. The PH algorithm

In the context of the formulation specified above, we now present the pro-
gressive hedging algorithm for multi-stage stochastic mixed-integer programs:

Algorithm 1 The Progressive Hedging Algorithm for Multi-Stage SMIPs

1. Initialization: Let v + 0 and w,(G:(€)) «+ 0, V§ € E, V¢t € {1,...,T}.
Compute for each € € = :

T
z,41(8) € ireg)r(rggléﬁg [fl(xl(f)) - ;ft (xt(f);f“,ft)] :

2. Iteration Update: v < v + 1.

3. Aggregation: Compute for each t € {1,...,7 — 1} and each D € G; :

)« [ Y mal @) | /| > me

fep-? gep-?
4. Weight Update: Compute for each t € {1,...,T — 1} and each £ € E:

wy(Ge(8)) = wu—1(Ge(€)) + pl,(G(€)) — 7,(G"(&))]-

5. Decomposition: Compute for each £ € =:

T-1

2,41(€) € argmin fi(@! () + 3 fo (2"(€:771E") + 3 [wi(©).a") + Llla’ —2(©)1).
t=2

z€X () t=1



6. Termination criterion: If the solutions at the tree nodes are equal (up
to a given tolerance €) or the maximum iteration count is reached, stop.
Otherwise, return to step 2.

We refer to

Lllat - 2ol

as the prozximal term. Our implementation uses the Lo norm. We refer to
systems of weights w that satisfy

> w(©uw() =0

£eE

as qualified weights. When PH uses a single value of the parameter p for all
iterations, scenarios, and variables, we refer to the p as a global p. If PH uses a
constant vector p for all iterations, we refer to the p as a variable-specific p. If
p is allowed to change at any iteration, we refer to the p as a dynamic p.

2. Motivation for Hybridizing Branch-and-Bound and PH

2.1. A Simple Example
To illustrate what can go wrong with PH convergence in the case of a simple
two-stage stochastic binary program, we consider the example found in the
standard Pyomo (www.pyomo.org) release in the directory:
pyomo/pysp/tests/examples/test_model/twovarslack.
The model is given as follows, with z1, xo denoting the first-stage variables
and y, a denoting the second-stage variables:

Scenario 1, probability 1/2 Scenario 2, probability 1/2
minimize 10y + 1000« minimize — 10y + 1100«
subject to y > x; Vi € {1,2} subject to y > x;, iV € {1,2}
y <11+ 22 y < x1 + w2
—y+a>0 y+a>1
a,x1,x2 € {0,1} a, 1,22 € {0,1}

where the first two (shared) constraints require that y = 0 if and only if both
x; are zero and y is bounded above by the sum of z;. Note the importance of
the slack variable a: in Scenario 1, a positive y gives slack, but in Scenario 2,
y < 1 gives slack. An issue arises for PH convergence because no matter how we
assign values for x, we will be forced to pay a slack cost in one of the scenarios.
Finally, we remark that the globally optimal solution is z; = 1, Vi € {1,2}
which can be seen intuitively by letting our forced slack scenario be Scenario 1,
which allows us to utilize the coefficient of —10 in Scenario 2.

Here we consider a global p. Depending on the choice of p, the outcome of
PH is one of the following. For p < 1010, the weights are updated monotonically
until reaching a magnitude of 505, where a cycling of three solutions occurs in
the following way:



Scenario || 1 1 2 2
Solution for || o1 | o | 1 | x2

R O~k O
— = O = O
_ =0 O
OO R B~ B~ -

For 1010 < p < 2220, we obtain the optimal solution in two iterations. For
p > 2220, we get a cycling between two solutions, where (z1,z2) are (1,1) in
one scenario and (0,0) in the other.

A question arises: can we find weights (and thus pgk) (i) values) such that this
cycling does not happen? Or even better, can we find weights such that we don’t
even need the proximal term at all to get an optimal solution? For a problem
this simple, we can answer these questions. Since we can easily compute

2 = (0,0), 28 = (1,1), 20 = (1/2,1/2),

the only remaining task is to find the values of ws (i) such that zs = (1,1) is the
solution of line 6. If such weights exist, then it is possible to get the solution in
only one iteration. Due to our #(?), the proximal term will be irrelevant in our
minimization as any value of  will yield the same quantity in the norm.

By doing some algebra, one finds that for scenario one, all we need to force
the solution of (1,1) is wg)(l) + wil)(Q) < —1010 and so this can be satisfied
with a global p > 1010, giving wgl) = (—p/2,—p/2). For scenario two, we need
wa(i) < 10, ¢ = 1,2. Notice that since w;(i) = —ws (i), we cannot get this
weight. However, we can get the solution (1,0) if wél)(Q) < 1110 or pg < 2220,
which gives wél) =(p/2,p/2).

Now, assuming 1010 < p < 2220, we have the solutions xgl) =(1,1), xgl) =
(1,0), so 2 = (1, %), which gives us wl? = ( < 0) for both scenarios. With
these weights and p, scenario 1 again prefers (1,1) as = (0,0), (1,0), and
(1,1) give PH objective values of 5p/8 for the first and 1010 — 3p/8 for the next
two. Scenario 2 also prefers (1,1) now as z = (0,0), (1,0), and (1,1) give PH
objective values of 11004 5p/8, —10+ 5p/8, and —20 + 5p/8 respectively. Thus
ends the proof of convergence in two iterations of PH.

In many well-behaved examples, the trade-off in choosing a value for p is
a high iteration count for small values of p and possibly sub-optimal solutions
for large values of p. The above example shows that sometimes there is extra
difficulty in choosing p in that a p outside of a unknown set causes endless
cycling. In practice, it is highly impractical to attempt to find this set by hand,
and experimentation is necessary, although there exist heuristics and p selection
innovations in recent years [16]. Furthermore, sometimes this set is empty for
global p, as can be seen in the following example.



2.2. An Impossible Instance

Consider an instance almost identical to the example in Section 2.1.

Scenario 1, probability 1/2 Scenario 2, probability 1/2
minimize x; + x2 + 10y + 1000« minimize x; + x2 — 10y + 1100«
subject to y > z; i€ {1,2} subject to y > z;, i€ {1,2}
Yy < x1 + w2 Yy < x1+ w2
—y+a>0 y+a>1
a,x1, 29 € {0,1} a, 1,29 € {0,1}

with the only difference being the addition of the slight penalty of 1 for each
x;. The optimal solution is still (1,1), but now there is no global p that gives us
the optimal solution.

First, we will show that there are no qualified weights giving convergence with-
out the proximal term. Again noting that wgk)(i) = —wék) (1), then without the
proximal term, the modified objective function values for possible solutions is
given by the following table.

Solution ‘ Scenario 1 ‘ Scenario 2
(1,1) 10124 > w1 (4) | —18 = > wq (i)
(1,0) 1011 4 wq (1) -9 —wy(1)
(0,1) 1011 + w1 (2) -9 —w1(2)
(0,0) 0 1100

Doing some quick algebra, we can see that for (1,1) to be the solution in both
scenarios, we would at least need > w(i) < —1012 and w(i) > =9, i = 1,2
which can clearly never happen.

Next, we point out what occurs in each interval of global p. For p < 1011,
the weights approach w; = (—505.5, —505.5) after which begins a six solution
cycle. For 1011 < p < 1012, we obtain convergence to the suboptimal solution of
(1,0) in two iterations. For 1012 < p < 2217, we obtain immediate convergence
to 2%(1) = 1 but x4(2) continually cycles. And for p > 2218, both scenarios
cycle between (0,0) and (1,1).

These two examples illustrate that even in the simple case of equal-probability,
two-stage SMIPs with two binary variables and no general integer variables, no
amount of parameter tuning will allow PH to identify an optimal solution given
a fixed global value of p. This motivates the necessity for embedding PH in the
context of a branch-and-bound framework, which we now introduce.

3. Combining PH with B&B

In this section, we use PH and SMIP analysis in order to define an SMIP-
specific B&B algorithm. We begin by informally describing our method and



introduce distinctions between the types of nodes encountered in the B&B tree.
We branch by fixing discrete variables, and refer to the resulting branched nodes
as outer B&B nodes. For each outer B&B node, PH is applied in order to obtain
the bounds necessary for B&B. In turn, PH repeatedly determines the x(£) by
solving each scenario realization in the SMIP scenario tree. We refer to these
realizations as scenario subproblems. Finally, solving each of these subproblems
requires the use of a MIP solver, which in turn will use a distinct B&B process.
We refer to the nodes created by MIP solvers as inner Bé&B nodes.

We now examine the role of PH in obtaining bounds required by the SMIP
B&B algorithm.

3.1. Lower Bounds

Unlike many B&B algorithms for SMIP, we do not compute lower bounds
for an outer node using the continuous relaxation of the problem. Gade et al.
[8] showed that we can compute lower bounds using the weights w, obtained by
PH, on the full non-relaxed problem. We note that these lower bounds can be
computed at any iteration of PH with a computational cost on the order of one
iteration of PH. Indeed, it may be highly beneficial to compute bounds early
in order to more quickly prune nodes in the outer B&B tree. Here, we extend
their result to the nonlinear multi-stage case.

Theorem 3.1. Let —co < z* < 0o denote the optimal objective function of a
feasible multi-stage SMIP and let X (£) # 0 V€ € 2. Then for

Dmmwig@ﬂwm+2ﬁ@%m*%ﬂ+im%mm(%
t=2 t=1

where the RHS is simply the decomposition step of PH without the proximal
term, then

D(w) := Zﬂng(wt(f)) <z, (10)
§€E

Proof. Let (Z,{z(§),VE € Z}) be an optimal solution. Feasibility implies z(£) €
X (&) for each £ € =. Thus,

T T-1

De(w(©)) < Ai(a'(©) + Y fi (2'(©:87,€7) + D (w'(€),a").

t=2 t=1



ce= t=2 t=1
T . T-1

=> e <f1<x1<s>> + 3 (2 (€ E t)) +Dome Y (w'(6).8)
ceE t=2 €2 t=1

where the first equality follows from implementability and the penultimate
equality follows from the assumption that >, = mew'(§) Ve e {1,2,...,T}. O

3.2. Upper Bounds

Upper bounds can be obtained from an admissible, implementable solution
for a given outer B&B node. Recall that a solution x is admissible if 2t satisfies
the constraints for all possible future realizations 5 ¢ that is, we cannot choose
a course of action that could possibly be infeasible in the future. A solution z
is implementable if it satisfies the non-anticipativity constraint

() =it te{l,....,T}, DeG, £E€D!,

which simply illustrates our requirement that our decision at time ¢ cannot
be different for various realizations &;,1,...,&r. If 2' is both admissible and
implementable, we say that it is feasible.

PH will naturally only produce admissible solutions, but practical issues
can occur in finding an implementable solution. Consequently, mechanisms
must be and have been developed for dealing with these issues, particularly in
the case of SMIPs. The primary issue is that PH may take an extraordinary
amount of time to obtain such a solution due to a poorly chosen p, or may not
converge at all due to cyclic behaviors. Possible techniques to deal with these
difficulties are described in [16], such as "slamming” variables in an attempt to
force an implementable solution. In the computational results reported below,
our implementation chooses the (&) closest to Z and checks for feasibility. As
with lower bounds, upper bounds can be computed after any PH iteration.

3.8. BBPH: Algorithm and Convergence Proof

Here, we refer to outer B&B nodes with all discrete variables fixed as terminal
nodes. Further, £ denotes the set of active non-terminal nodes and N denotes
the set of terminal nodes. We refer to variables u'(i) at a node N € N'U L
with equal lower and upper bounds (obtained from a combination of problem
constraints and branching) as fized variables and those with unequal bounds as
non-fized variables. A straightforward algorithm is given below with the follow-
ing parameters: non-terminal node max iteration count k... € Z,, tolerance



€ > 0, and PH parameter p € R;. To minimize a multi-stage SMIP,

Algorithm 3 A BBPH algorithm for Multi-Stage SMIPs

1. Initialize: Set Z = co and z; = —o0. Set £ < {(SMIP)}.

2. Choose node: Select a node N* € L, for example, the node with the
smallest lower bound z;. If £ = 0, proceed to Step 5.

3. Calculate bounds: Remove N’ from £. Run PH on the selected outer
B&B node N with maximum iteration k., and parameter p. After each
iteration of PH,

(a) For z = (@,y), apply a heuristic (e.g., rounding) to @ to produce
& = (4,7), calculate the corresponding objective function value m,
set z +— min{m, z}. Remove all nodes N* € LUN with z; > 2.

(b) Compute D(w, ) as defined in section 3.1. If Zz— D(w,) < €, terminate
PH and return to step 2.

4. Branch: Select a non-fixed variable u! (i), for example one with maximum

nonintegrality |u!(i) — @l,,(i)], and create subnodes N and N corre-
sponding to the branches u!(i) < 4'(i) and u'(i) > u'(i) respectively. If
ul(i) are fixed Vi, continue with u?(i) (and so on). If N and N are
fully real-valued problems (i.e. all integer variables have been fixed), add
them to N, else add them to £. Return to step 2.

5. Choose terminal node: Select a node N* € A/ and continue to Step 6.
If N = 0, terminate BBPH with the following: if Z = oo, the problem is
infeasible, otherwise our solution is & with objective value Z.

6. Solve terminal node: Remove N’ from N. Run PH on N* with maxi-
mum iteration co, tolerance threshold €, and parameter p.

(a) At each iteration of PH, find z,. If z; > Z, return to Step 5.

(b) Upon termination of PH with output Z and corresponding objective
function value m, if m < z, set £ < T and z < m and remove all
nodes N € A/ with z; > z. Return to Step 5.

Consider a feasible fixing of the integer variables u(£) defining a terminal node
N' e N. We denote the corresponding set restricting y(€) by Ye(u(€)) C Ye C
R! and the optimal solution for the terminal node z}.

Proposition 3.2. Suppose that (SMIP) has optimal solution x* with f; convex
and, for all integer fizings uw(§), x} exists and Ye(u(€)) is convex. Then the

above BBPH algorithm, for any tolerance threshold € > 0, terminates in finitely
many steps with |Z — z| < e.

Proof. Since, for each N* € £, PH will terminate in a finite number of steps and,
due to the legitimacy of the bounds in section 3.1, B&B will prune correctly, we
have that in a finite number of steps, £ = () and z* will be the optimal solution of
one of the remaining real SPs N* € N, namely that with the smallest objective
value. Next, as proven in [13], under the above assumptions, for each N* € N,

&7 — xf and w; — w",

10



that is, PH will solve each SP until z; > Z or |Z; — z;| < e. Couple this with
the fact that Z = min{z;}, z = min{z,;} and we have, in finitely many steps, a
3 1

solution & with |z — z] <. O

More practically, for N* € N, one could run a commercial solver to solve
the (much smaller) extensive form of the fully real stochastic subproblem to 0
duality gap.

3.4. Remarks on the BBPH Implementation

Once PH has terminated at an outer node of the B&B tree, and that node is
not pruned, a variable must be selected for branching. We use the PH solution
for that node and the execution history of PH to make a selection. Our primary
branching rule is to select the non-converged variable with the most diversity
over the set of scenarios. For example, in the case of binary variables, this means
selecting the variable for which 2(G;(£)) is closest to 3. In the event that PH
terminates with all discrete variables converged, then the secondary rule is to
select for branching the variable that converged last during the PH execution.
If all discrete variables converged at PH iteration zero and remained converged
throughout the run, then an arbitrary variable is selected for branching. The
outer node for processing is selected based on the lower bound found when PH
was applied to its parent. The goal of this method is to raise the global lower
bound.

As an aside, we note that for terminal and near-terminal nodes of the B&B
tree, it is often relatively easy to obtain solutions via PH. Assuming that all
primary non-leaf variables are discrete, once they have all been selected for
branching and have been fixed, the subsequent outer B&B nodes become signif-
icantly easier to solve via PH, as the large SMIP subproblem becomes multiple
independent SMIPs with T'— 1 stages. Of course, our algorithm does not branch
on real variables so if there are primary, real-valued, non-leaf variables, this
property does not hold. However, the resulting problem would still be much
smaller and easier than it was before branching.

There are three main possibilities for parallelism in BBPH: outer node pro-
cessing, scenario sub-problems for PH to solve at the outer nodes, and nodes of
the B&B tree associated with the MIP solver for each scenario sub-problem in
each iteration of PH. In our computational experiments and available BBPH im-
plementation, we do not parallelize across BBPH outer nodes. However, we do
parallelize the sub-problem solves for PH and the MIP solves for individual PH
sub-problems (the latter via shared-memory thread-level parallelism available
in commercial MIP solvers such as CPLEX and Gurobi).

4. Computational Experiments

In order to illustrate cases where B&B can improve over the solutions found
by PH alone (i.e., equivalent to applying PH only to the root node of the B&B
tree), we now conduct some representative computational experiments. In these

11



EF PH BBPH PH w / Bundles
Instance | Objective | Time Objective | Time Objective | Time Objective
1ef50 158653 | 2579 166848 | 18161 162163 | 31891 162946
2ef50 151060 1172 156211 | 15330 156211 9486 154065
3ef50 161466 | 2843 167871 | 33390 165733 | 30228 166174
4ef50 153854 2296 157229 | 18150 157229 8349 157697
5ef50 150401 1190 155002 8556 152686 7841 156109

Table 1: Test results for network flow minimization problem; times are wall-clock seconds.

experiments, our primary interest is in analyzing the potential for B&B to en-
hance PH rather than looking for the best possible way to solve any partic-
ular problem. Hence, we use the same parameterization for PH when used
stand-alone as when PH is used as the solver for individual BBPH nodes. As
a benchmark, we provide results for the direct solution of an extensive form
of the SMIPs using an implementation that is available in the PySP library
for stochastic programming [18], which is distributed as part of the larger Py-
omo [10] Python library for optimization www.pyomo.org. The Python code for
BBPH is also distributed with Pyomo / PySP. All experiments are conducted
on a 96-core Intel Xeon workstation with 2.1GHz processors and 1TB of RAM.

We first consider five problem instances — denoted 1ef50 through 5ef50 —
that are 50 scenario versions of a two-stage network design problem, with bi-
nary and continuous variables in both stages. These instances are available in
the standard Pyomo download. The problem was introduced in [15] as an ex-
tension of a problem first introduced by Ruszczyriski [14]. The PH algorithm
makes use of techniques described in [16], given in configuration files that in-
stall with standard versions of PySP; the instances and PH configuration files
are also available from the authors. We also consider ”bundles” of scenarios
as sub-problems in PH, as described in [8]. Bundling can be used to acceler-
ate convergence of PH, at the expense of increased sub-problem solve times.
In experiments where bundles are considered, they contain 5 scenarios apiece.
PH is executed with 50 parallel solvers (competing for the same memory), each
allowed to use up to 2 cores. The bundled variants are allowed more cores per
bundle so that its wall clock time is roughly comparable.

Table 1 summarizes the computational results; times are wall-clock times
given in seconds. The first column provide a snapshot of the extensive form
solution obtained by the CPLEX 12.6.3 MIP solver, after a time limit of 10K
seconds. It should be noted that CPLEX finds good solutions well before this
time, and then expends significant effort improving them only slightly, while also
trying to prove optimality. The subsequent four columns report the time and
solution quality obtained by (1) the “standard” PH algorithm and (2) this same
PH algorithm embedded in B&B (BBPH) running for ten branch-and-bound
nodes. Because BBPH requires significantly more time than PH, we report in
the final two columns the results for PH with bundling, to serve as a benchmark
for a PH variant allowed a run time more comparable with that of BBPH.

Table 2 shows results analogous to those in Table 1 for a three stage version of

12



EF PH BBPH

Instance | Time Objective | Time Objective | Time Objective
lef10 10,046 160,964 | 1,934 166,189 | 18,606 163,647
2ef10 10,045 156,637 | 2,065 160,849 | 13,767 160,052

3efl10 3,424 157,025 | 1,748 166,406 | 13,581 160,032
4ef10 2,327 170,067 | 1,428 191,796 | 13,786 176,127
5ef10 4,295 161,840 | 2,432 169,287 | 14,911 168,542

Table 2: Test results for three stage network flow with a branching factor of ten for the second
stage and three for the third; times are wall-clock seconds.

the problem that has thirty scenarios. As a practical matter for small problems
like these, CPLEX does quite well on the extensive form. For these instances,
BBPH offers better solutions than PH, but at the expense of more time.

Our experiments have shown that B&B may be required to improve solu-
tions that PH alone can obtain. As is the case for B&B applied to MIPs, BBPH
applied to SMIPs will often spend much of its time at the root node, estab-
lishing the best possible incumbent and associated bound. In such situations
the proposed BBPH algorithm is still valuable in that it provides (1) assurance
that branching could have been used if required and (2) an environment with a
guarantee of eventual optimality for general SMIPs.
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