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Abstract

The analysis of discontinuous extremum seeking (ES) controllers, e.g. those applicable to digital systems, has historically been
more complicated than that of continuous controllers. We establish a simple and general extension of a recently developed
bounded form of ES to a general class of oscillatory functions, including functions discontinuous with respect to time, such as
triangle or square waves with dead time. We establish our main results by combining a novel idea for oscillatory control with an
extension of functional analytic techniques originally utilized by Kurzweil, Jarnik, Sussmann, and Liu in the late 80s and early
90s and recently studied by Dürr et al. We demonstrate the value of the result with an application to inverter switching control.
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1 Introduction

Classical Extremum Seeking Optimization (ESO) began
in the 1920s, using a slowly oscillating perturbation to
guide a system’s output to an extremum value [1]. A
series of papers in the 50s and 60s [2–6], were the first
analytic studies of the stability of ESO. These results
were refined and expanded to a wider class of systems in
[7–12].

This form of ESO has been used in many applications
[13] with unknown/uncertain systems [14] and with
discontinuous sliding-mode type ES perturbations [15].
Furthermore, ESO has been used for applications such
as active flow control [16,17], aeropropulsion [18], cool-
ing systems [19], wind energy [20], photovoltaics [21],
electromagnetic valve actuation [22], human exercise
machines [23], enhancing mixing in magnetohydrody-
namic channel flows [24], controlling Tokamak plasmas
[25], and recently, utilizing a multivariable Newton-
based ESO scheme, for the power optimization of pho-
tovoltaic micro-converters [26] as well as Newton-based
stochastic extremum seeking [27].
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In [28] a new form of Extremum Seeking Control and Op-
timization (ESCO) was introduced which, unlike ESO,
is applicable to unstable and time-varying systems and
utilizes the extremum seeker as the feedback controller
itself. ESCO is closely related to the field of vibrational
control and highly oscillatory systems [29–36]. Whereas
ESO has been used to optimize the output of a-priori
stable, controlled systems, ESCO can be used to control
and optimize uncertain, time-varying, open-loop unsta-
ble systems.

Since its inception ESCO has been used to optimize a
high voltage converter modulator [37]; to stabilize and
expand the region of attraction of a pendulum’s vertical
equilibrium point [38]; it has been studied on manifolds
[39]; a non-differentiable form of ESCO was developed in
which the system’s control efforts settle to zero as equi-
librium is approached [40]; and a bounded form of ESCO
was developed for unknown and possibly open-loop un-
stable systems in which the control efforts and param-
eter update rates have analytically known bounds [41],
and implemented in hardware to tune a particle accel-
erator based only on an extremely noisy measurement
signal [42].

Our main result, Theorem 1, extends the study of
bounded ESCO from smoothly varying sinusoidal func-
tions, to a much larger useful class of not necessarily
continuous functions, e.g., a perturbing signal com-
mon in digital systems, a square wave with dead time
between pulses. Theorem 1 has four useful properties:
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(1) It establishes feedback control that is, on average,
immune to additive, state-independent measure-
ment noise.

(2) It is applicable to time-varying nonlinear systems.
(3) It establishes the on-average equivalence of variety

of control choices that may be used with a range of
different types of hardware.

(4) The proof is simpler and the result more general
than the related work in [29–33].

2 Main Theoretical Result

We use the notation u(y, t) = u(ψ̂(x, t), t) to empha-
size that the controller need not have direct access to
x, i.e., that u is a function of t and of a noise cor-
rupted measurement of a potentially unknown function

ψ̂(x, t) = ψ(x, t) + n(t). We recall that a sequence of
functions {fk} ⊂ L2[0, 1] is said to converge weakly to
f in L2[0, 1], denoted fk ⇀ f , if

lim
k→∞

< fk, g >= lim
k→∞

∫ 1

0

fk(τ)g(τ)dτ

=

∫ 1

0

f(τ)g(τ)dτ =< f, g >, ∀g ∈ L2[0, 1].

Our primary result is the following.

Theorem 1 Consider the vector-valued system

ẋ= f(x, t) + g(x, t)u(y, t), (1)

y = ψ(x, t) + n(t) = ψ̂(x, t), (2)

where x ∈ Rn, and the functions f : Rn × R → Rn,
g : Rn ×R→ Rn×n, ψ : Rn ×R→ R, and n(t) : R→ R
are unknown and twice continuously differentiable with
respect to x. Also, ψ and ∂ψ/∂t are bounded with respect
to t for x in a compact set, and n(t), ṅ(t) are bounded.
Consider a controller u : R× R→ Rn, given by

u(y, t) =

m∑
i=1

ki(y, t)hi,ω(t), ki : R× R→ Rn, (3)

where the functions ki(y, t) are continuously differen-
tiable and the functions hi,ω(t) are piece-wise continuous.
System (1) - (3) has the following equivalent closed-loop
form

ẋ(t) = f(x, t) +

m∑
i=1

bi(x, t)hi,ω(t), (4)

bi(x, t) = g(x, t)ki

(
ψ̂(x, t), t

)
. (5)

Suppose that the integrals of the functions hi,ω(t) satisfy
the uniform limits

lim
ω→∞

Hi,ω(t) = lim
ω→∞

∫ t

t0

hi,ω(τ)dτ = 0, (6)

and the weak limits

hi,ω(t)Hj,ω(t) ⇀ λi,j(t). (7)

Consider also the average system related to (1) - (3) as
follows

˙̄x = f(x̄, t)−
n∑

i,j=1

λi,j(t)
∂bi(x̄, t)

∂x̄
bj(x̄, t), x̄(0) = x(0).

(8)
For any compact set K ⊂ Rn, any t0, T ∈ R≥0, and any
δ > 0, there exists ω? such that for each ω > ω?, the
trajectories x(t) and x̄(t) of (4) and (8), satisfy

max
t∈[t0,t0+T ]

‖x(t)− x̄(t)‖ < δ. (9)

Furthermore,

lim
t→∞

‖x̄(t)‖ = 0 =⇒ lim
t→∞

‖x(t)‖ < δ.

In other words, uniform asymptotic stability of (8) over
K implies the semiglobal practical uniform asymptotic
stability of (1) - (3).

The proof and definitions are given in the Appendix.

A simple example of a system of form (1)-(3) will illus-
trate the consequences of the theorem using the con-
troller that motivated this work.

Example 1 Consider the system

ẋ = ax+ bu, u =
√
αω cos

(
ωt+ kx2

)
(10)

noting that when the sign of b is unknown, one cannot
design a classical PID type stabilizing controller. Theo-
rem 1 implies that the closed loop average system related
to (10) is given by

˙̄x =
(
a− kαb2

)
x̄, (11)

which is stabilized by a sufficiently large choice of kα >
a
b2 , regardless of the sign of b. We now provide the details
of how Theorem 1 is applied, carrying out weak limit
calculations which we will routinely omit in the remainder
of the paper. In the notation used in Theorem 1, system
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(10) may be written as

ẋ= ax︸︷︷︸
f(x)

+ b︸︷︷︸
g(x)

u, y = x︸︷︷︸
ψ(x)

(12)

u=
√
αω cos

(
ωt+ kx2

)
(13)

=
√
αω cos (ωt)︸ ︷︷ ︸
h1,ω(t)

cos
(
kx2
)︸ ︷︷ ︸

k1(x)

−
√
αω sin (ωt)︸ ︷︷ ︸
h2,ω(t)

sin
(
kx2
)︸ ︷︷ ︸

k2(x)

,

which has closed loop form

ẋ= ax+
√
αω cos (ωt)︸ ︷︷ ︸
h1,ω(t)

b cos
(
kx2
)︸ ︷︷ ︸

b1(x)

−
√
αω sin (ωt)︸ ︷︷ ︸
h2,ω(t)

b sin
(
kx2
)︸ ︷︷ ︸

b2(x)

. (14)

Consider the sequence of functions {h1,ω(t)} =
{
√
αω cos(ωt)} and {h2,ω(t)} = {−

√
αω sin(ωt)}

where ω → ∞. Consider corresponding sequences

{Hi,ω(t) =
∫ t

0
hi,ω(τ)dτ} where

H1,ω(t) =

√
α

ω
sin (ω(t)) , H2,ω(t) =

√
α

ω
cos (ω(t))

and notice that for each i, the functions Hi,ω(t) converge
uniformly to 0 as ω → ∞. In the present example, ac-
cording the Riemann-Lebesgue Lemma [49],

h1,ω(t)H1,ω(t) = α cos (ωt) sin (ωt) ⇀ λ1,1 = 0

h1,ω(t)H2,ω(t) = α cos2 (ωt) ⇀ λ1,2 =
α

2

h2,ω(t)H1,ω(t) = −α sin2 (ωt) ⇀ λ2,1 = −α
2

h2,ω(t)H1,ω(t) = −α sin (ωt) cos (ωt) ⇀ λ2,2 = 0.

Therefore, according to Theorem 1, the average system
is given by

˙̄x= ax̄+
1

2

(
∂b1
∂x̄

b2λ1,2 +
∂b2
∂x̄

b1λ2,1

)
=
(
a− kαb2

)
x̄. (15)

The stability of this system over compact sets implies the
1
ω - semiglobal practical uniform asymptotic stability of
the original system (10).

3 Immunity to measurement noise

An important noise-rejecting feature of the average sys-
tem dynamics, (8), is buried in the partial derivative
∂bi(x̄,t)
∂x̄ . We illustrate this below.

Consider the problem of minimizing the unknown func-
tion ψ(x, t) based only on a noise corrupted measure-
ment, in a system of the form,

ẋ = b(t)u(y), y = ψ̂(x, t) = ψ(x, t) + n(t), (16)

where b(t) is an unknown, time-varying control direction.
Consider a controller of the form,

u = h1,ω(t) + h2,ω(t)ψ̂(x, t), (17)

such that the functions hi,ω(t) satisfy the assumptions of
Theorem 1, with λ1,2 = λ2,1 = 1. In this case, relative to
(8), b1(y, t) = b(t) and b2(y, t) = b(t)y, and the average
system dynamics are

˙̄x=−b2
∂b1
∂x̄
− b1

∂b2
∂x̄

,

=−b2(t)ψ̂(x̄, t)
∂

∂x̄
(1)− b2(t)

∂

∂x̄
(ψ(x̄, t) + n(t)) ,

=−b2(t)
∂ψ(x̄, t)

∂x̄
. (18)

Therefore, when b(t) is not identically zero, the system,
on average, converges towards a minimum of the actual
function ψ(x, t) despite having access only to its noise-

corrupted measurement ψ̂(x, t).

Remark 1 In practice, if there is any large noise in the
system, n(t), at a given frequency, ω0, then the dithering
frequency, ω, should be chosen such that ω 6= ω0, this can
always be done by choosing ω > ω0.

4 The on-average equivalence of various dithers

Different dithers are appropriate in different control de-
signs. In an analog system based on sinusoidal oscilla-
tors, a sinusoidal dither is a natural choice. In a switching
system, such as the high voltage application in Section
5, a square wave with dead time is the choice that can
be implemented in hardware. Theorem 1 has the useful
property that a variety of different controllers have, on
average, identical dynamics. This is illustrated with the
following simulation which extends the work in [43] to
this new form of bounded ESCO, including discontinu-
ous step-function dithers as were studied for ESO in [15].

Consider the linear system

ẋ= a11x+ a12y + b1ux(ψ(x, y), t), (19)

ẏ = a21x+ a22y + b2uy(ψ(x, y), t), (20)

where ψ(x, y) is an analytically unknown function to
be minimized. We will consider four controllers, one of
which is a perturbing signal common in digital systems,
a square wave with dead time between pulses. We pick
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Fig. 1. The trajectories of system (19), (20) with controllers
u1, u2, u3, and u4 are shown next to the trajectory of their
common average system (38), (39). Control efforts in each
case are shown for only a few of the initial oscillations in
which the phase modulation is obvious.

gains such that the λi,j equal ± 1
2 for all dither choices,

which results in a uniform convergence rate for all con-
trollers. As the averaged systems for each choice of dither
are equivalent, so are their domains of attraction. The
amplitude of the final, steady state oscillation about the
stable equilibrium of the average system, is the same√

α
ω for each choice of dither.

The first controller is smooth, it is given by:

u1,x = cos (ωt+ kψ(x, y))
√
αω, (21)

u1,y = sin (ωt+ kψ(x, y))
√
αω, (22)

which can be expanded via trigonometric identities as

u1,x =
√
αω cos(ωt) cos(kψ(x, y))

−
√
αω sin(ωt) sin(kψ(x, y)), (23)

u2,x =
√
αω cos(ωt) sin(kψ(x, y))

+
√
αω sin(ωt) cos(kψ(x, y)), (24)

and then the overall dynamics can be rewritten as[
ẋ

ẏ

]
=

[
a11 a12

a21 a22

][
x

y

]

+
√
ω cos(ωt)︸ ︷︷ ︸
h1,ω(t)

[
b1
√
α cos(kψ(x, y))

b2
√
α sin(kψ(x, y))

]
︸ ︷︷ ︸

k1(x,y)

+
√
ω sin(ωt)︸ ︷︷ ︸
h2,ω(t)

[
−b1
√
α sin(kψ(x, y))

b2
√
α cos(kψ(x, y))

]
︸ ︷︷ ︸

k2(x,y)

. (25)

The second controller is continuous, but not differen-
tiable, and is implemented by the use of phase shifted
triangle waves of period 2π

ω :

u2,x = ftri,1 (ωt+ kψ(x, y))
4

π

√
αω, (26)

u2,y = ftri,2 (ωt+ kψ(x, y))
4

π

√
αω, (27)

where ftri,1(t) is in phase with cos(t) and ftri,2(t) is in
phase with sin(t). One particular, analytical form of such
controllers is

u2,x =

(
1− 2

∥∥∥∥ftri

[
cos

(
ω
t

2
+ k

ψ(x, y)

2

)]∥∥∥∥) 4

π

√
αω,

(28)

u2,y = ftri [cos (ωt+ kψ(x, y))]
4

π

√
αω. (29)

In this case the λij are determined by integrals of triangle
waves.

The third controller is given by the discontinuous square
wave of period 2π

ω :

u3,x = fsqr,1 (ωt+ kψ(x, y))
2

π

√
αω, (30)

u3,y = fsqr,2 (ωt+ kψ(x, y))
2

π

√
αω, (31)

where fsqr,1(t) is in phase with cos(t) and fsqr,2(t) is in
phase with sin(t). Which can be expressed as

u3,x = sgn [cos (ωt+ kψ(x, y))]
2

π

√
αω, (32)

u3,y = sgn [sin (ωt+ kψ(x, y))]
2

π

√
αω. (33)

In this case the λij are determined by integrals of sign
functions.

The last controller is the most realistic for digital im-
plementation. Is is given by a square wave of period 2π

ω
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Fig. 2. Left: Initial 3.5×2π
ω

seconds of the simulation of system (19), (20), shows the various trajectories evolving with similar

average velocities. Center: Evolution of the trajectories over the entire simulation time. Right: The last 2π
ω

seconds of the
simulation, when all trajectories have settled near the origin, but in this case are slightly tilted due to the destabilizing terms
aij . The size of the oscillation about the final point of convergence is given in each case by a circle (U1), ellipse (u2), diamond
(u3), and square (u4) of size

√
α
ω

= 1
10

as analytically predicted by the choice of gains.

with dead time:

u4,x = fsqrd,1 (ωt+ kψ(x, y))
2

π

√
αω, (34)

u4,y = fsqrd,1 (ωt+ kψ(x, y))
2

π

√
αω, (35)

where fsqrd,1(t) is in phase with cos(t) and fsqrd,2(t) is
in phase with sin(t). This controller can be expressed as

u4,x =
(

sgn
[
cos
(
ωt+ kψ(x, y) +

π

4

)]
+ sgn

[
sin
(
ωt+ kψ(x, y) +

π

4

)]) 2

π

√
αω, (36)

u4,y =
(

sgn
[
cos
(
ωt+ kψ(x, y)− π

4

)]
+ sgn

[
sin
(
ωt+ kψ(x, y)− π

4

)]) 2

π

√
αω. (37)

In this case the λij are determined by integrals of sign
functions.

For all of the controllers above, we use the same function,
ψ(x, y) = x2 + y2. For each fixed i, the controllers ui,x
and ui,y are orthogonal and their gains have been chosen
such that λix,iy (t) ≡ − 1

2 , λiy,ix(t) ≡ 1
2 . Thus, the same

averaged system is attained for each i:

˙̄x= a11x̄+ a12ȳ − b21kαx̄, (38)

˙̄y = a21x̄+ a22ȳ − b22kαȳ. (39)

We simulate how the controllers stabilize the system
(19), (20) with bi = 1, a11 = 1, a12 = 0.75, a21 = 0.5,
and a22 = 2. With these constants, the {aij} matrix has
positive real eigenvalues 2.29 and 0.71 and the system
is open loop unstable. We perform the simulation with
ω = 100, k = 4, and α = 1. The results are in Figure 1.

Remark 2 In order to apply Theorem 1 to the examples
above, such as for the square wave of period 2π

ω , we must

expand them as their Fourier series:

usqr(ωt+ ψ(x, t)) =
4

π

∑
n odd

1

n
sin (nωt+ nψ(x, t))

=
4

π

∑
n odd

1

n
sin (nωt) cos (nψ(x, t))

+
4

π

∑
n odd

1

n
cos (nωt) sin (nψ(x, t)) .

A less elegant, but easier to study and on-average equiva-
lent example of such a discontinuous bounded controller
is

u=
√
αωusqr,1(ωt) cos(kψ(x, t))

−
√
αωusqr,2(ωt) sin(kψ(x, t)), (40)

where

usqr,1(ωt) = sgn [cos(ωt)] , usqr,2(ωt) = sgn [sin(ωt)] .
(41)

Although we have written usqr(ωt) = sgn [cos(ωt)] so that
it is easy for the reader to interpret the values of the
function, the digital implementation of such a function
does not require the calculation of cos(ωt) and is instead
accomplished by using a combination of a resetting ramp
with slope ω

2π and the sgn(·) function, both of which are
trivially implemented with minimal resources in fixed-
integer length digital logic such as that used in high speed
field programmable gate arrays (FPGA), such as:

usqr(ωt) = sgn

[
ramp

( ω
2π
t
)
− 1

2

]
, (42)

where ramp(t) ramps from 0 up to 1 in 1 second, resets
to 0, and repeats.

5



5 Application to Inverter Switching Control

We consider a class of systems in which discontinuous,
high frequency switching control is necessary by design
and for which high frequency extremum seeking is espe-
cially well suited: DC to AC voltage inverters. Inverters
are the basic building blocks of many electrical systems.
Control methods for inverters include the application
of classical PID, sliding mode, model predictive control
methods [44–48], and continue to be an active area of re-
search in power electronics. We present a simple ESCO
approach which can accommodate uncertainties in the
voltage input into the system and unpredictable energy
use which results in time-variation of the load. This is es-
pecially important for the uncertain/time-varying char-
acteristics of renewable energy sources such as wind and
solar due to unpredictable weather.

A typical DC to AC inverter is shown in Figure 3.
A DC voltage source is connected to ground across
an H-bridge and the load. The H-bridge functions by
closing alternating pairs (A1 and A2 or B1 and B2)
of metal-oxide-semiconductor field-effect transistors
(MOSFETS), transistors designed for high frequency
switching. As alternate pairs of MOSFETS are activated
the resulting voltage across the circuit, Vin, switches
from positive to negative and back. Currently available
power electronics MOSFETS are capable of holding off
tens of thousands of volts and switching within hun-
dreds of nanoseconds. For our application, the switching
is performed at ∼ 8000kHz and 709V. The output of
the switching H-Bridge is followed by a simple LC filter
and finally an uncertain, time-varying load, R(t), across
which the goal is to maintain a constant amplitude
sinusoidal AC voltage.

The state equations of the circuit are Vin = LdiLdt +

VR,iL = iC + iR, iC = C dVR

dt , iR = VR

R , Vin = u(t) ×
VDC(t), where iL, iC , and iR are the currents through the
inductor, capacitor, and resistor, respectively, and u(t)
is the controlled H-bridge switching signal. The system
dynamics can be summarized as

V̈R(t) = −VR(t)

LC
− V̇R(t)

R(t)C
− VDC(t)

LC
u(t). (43)

Defining the error variables e1 = VR − Vref , ė1 = e2 and
choosing the control law

u =
√
αωfsqrd [ωt+ k(J(e1, e2) + n(t))] , (44)

where J(e1, e2) = (e1 + k2e2)
2
, whose minimization, is

equivalent to trajectory tracking and n(t) is noise. The
closed loop dynamics are then

ė1 = e2 (45)

ė2 =− e1

LC
− e2

RC
− Vref

LC
− V̇ref

RC
+ V̈ref

V
DC
(t)

R(t)

L

C
u

V
in
(t)

A
1

A
2

B
1

B
2

V
R
(t)

Fig. 3. The timing of the switching of the H-bridge is con-
trolled by the control signal, u(t), which closes the MOS-
FETS in alternating pairs, A1 and A2 or B1 and B2, causing
the current to flow clockwise or counterclockwise through
the circuit, respectively.

−VDC(t)

LC

√
αωfsqrd [ωt+ kJ (e1, e2) + kn(t)] . (46)

Theorem 1 implies that the averaged dynamics are:

˙̄e1 = ē2 (47)

˙̄e2 =− ē1

LC
− ē2

RC
− Vref

LC
− V̇ref

RC
+ V̈ref

−
(
VDC(t)

LC

)2

kαk2 (ē1 + k2ē2) . (48)

For any M > 0, we can guarantee the stabiliza-
tion and convergence to the origin of system (47),
(48) over the compact set e1, r, e2, ṙ, r̈ ∈ K =
{x ∈ R s.t. |x| < M}. We do so with the Lyapunov

function VL =
e21
2 + (e1+k2e2)2

2 and gains k, k2 and α

such that for all e1, r, e2, ṙ, r̈ ∈ K, V̇L < 0.

Remark 3 In this application, we have no choice on the
magnitude of the input voltage, the only signal that the
controller, u, can send is to alternate between ±1, while
the magnitude of the actual voltage input to the system
is fixed by VDC(t):

Vin(t) = VDC(t)u(t) = VDC(t)
√
αωfsqrd (ωt+ . . . ) .

(49)
Therefore we first choose ω > 0 and we are then forced
to choose α = 1

ω , so that the input voltage of the system
satisfies the constraint:

|Vin(t)|=
∣∣VDC(t)

√
αωfsqrd (ωt+ . . . )

∣∣
= |VDC(t)fsqrd (ωt+ . . . )| ≤ |VDC(t)| . (50)

This type of constraint is exactly what the bounded form of
extremum seeking presented above is especially well suited
for since unknowns enter the controller dynamics as the
arguments of a-priori chosen, known, bounded functions.

We demonstrate this controller by simulating a system
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Fig. 4. The system is shown to closely track the desired
output voltage trajectory despite time variation of both the
DC voltage and the output load. The entire 0.05 second
simulation as well as detailed views of certain time segments
are shown.

with a time-varying resistance

R(t) = 50

(
1 +

4

5
sin (2π × 30t)

)
,

and a two time-scale varying input voltage

VDC(t) = 709+106 cos (2π × 100t)+18 cos (2π × 1200t) .

The system parameters are

L = 3.5mH, C = 500µF, VDC ≡ 709V

Vref(t) = 570 cos (2π × 120t)V.

Simulation results with ω = 2π × 8000, α = 1
ω , k =

35× 10−6, and k2 = 7.5× 10−3 are shown in Figure 4.

6 Conclusions

This work provides a powerful tool for the analytic de-
sign of a large class of ESCO controllers that do not
require the continuity, differentiability, or periodicity of
the control inputs and are immune to additive, state-
independent measurement noise. We demonstrate that a
large class of different dithers result in identical average
system dynamics which allows a wide choice of ESCO
dither type based on particular application/hardware re-
quirements. These results are particularly useful for the
design of controllers that may be simply and naturally
implemented in digital circuits.

A Appendix

The proof of Theorem 1 consists of two parts, Lemma 1
and Proof 2. Lemma 1 shows that system (1), (3) con-
verges to the average system as ω goes to infinity. Proof
2 uses the the Arzelà-Ascoli Theorem and Theorem 2 to
show that when ω is sufficiently large the solutions of the
original system remains close to the solutions of the av-
erage system. Before the proofs, we recall the necessary
definitions and theorems.

A.1 Background

Recall that a sequence of integrable continuous func-
tions on a compact set K is uniformly equicontinuous
if for every ε > 0, there exists a δ > 0, such that:
|un(x)− um(y)| < ε, ∀x, y ∈ K, s.t. ‖x− y‖ < δ.

Arzelà-Ascoli Theorem [49]: If a sequence of continuous
functions on a compact set is bounded and equicontinu-
ous, then it has a uniformly convergent subsequence.

Definition 1 Converging Trajectories Property: The
systems ẋ = f(t, x), ẋ = f ε(t, x), with solutions
ψ(t, t0, x0) and ψε(t, t0, x0), respectively, which pass
through the point x0 at time t0, are said to satisfy the
converging trajectories property if for every T̂ ∈ (0,∞)
and compact set K ⊂ Rn satisfying {(t, t0, x0) ∈
R × R × Rn : t ∈ [t0, t0 + T̂ ], x0 ∈ K} ⊂ Domψ,
for every d ∈ (0,∞) there exists ε? such that for
all t0 ∈ R, for all x0 ∈ K and for all ε ∈ (0, ε?),

‖ψε(t, t0, x0)− ψ(t, t0, x0)‖ < d, ∀t ∈ [t0, t0 + T̂ ].

With these definitions the following result of Moreau and
Aeyels [33] is used in the analysis that follows.

Theorem 2 ([33]) If the systems ẋ = f(t, x), ẋ =
f ε(t, x) satisfy the converging trajectories property and
if the origin is a GUAS equilibrium point of ẋ = f(t, x),
then the origin of ẋ = f ε(t, x) is ε-Semiglobal Practical
Uniform Asymptotic Stability.
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The definition of ε-Semiglobal Practical Uniform
Asymptotic Stability is available in [33], basically it
means that for any given δ > 0, there exists a small
enough ε such that the trajectory of ẋ = f ε(t, x) will
remain within δ of the origin.

A.2 Proof of Theorem 1

Throughout this section we assume that {hi,ω} and
{Hi,ω} are sequences of functions that satisfy the hy-
pothesis of Theorem 1.

Lemma 1 As ω →∞

I1 =

∫ t

t0

bi(xω, τ)hi,ω(τ)dτ

→
m∑
j=1

∫ t

t0

∂bi(x̄, τ)

∂x
bj(x̄, τ)λj,i(t)dτ. (A.1)

Proof 1 Integrating I1 by parts gives

I1 = bi(x(τ), τ)Hi,ω(τ)|tt0 −
∫ t

t0

dbi(x, τ)

dτ
Hi,ω(τ)dτ.

As ω → ∞ the first term of I1 converges uniformly to
zero. The second term can be expanded as∫ t

t0

∂bi(x, τ)

∂τ
Hi,ω(τ)dτ︸ ︷︷ ︸

I2,1

+

∫ t

t0

∂bi(x, τ)

∂x
f(x, τ)Hi,ω(τ)dτ︸ ︷︷ ︸
I2,2

+

m∑
j=1

∫ t

t0

∂bi(x, τ)

∂x
bj(x, τ)hj,ω(τ)Hi,ω(τ)dτ︸ ︷︷ ︸

I2,3

.

Since the functions bi(x, t) are continuously differen-
tiable, and x is in a compact set, the functions {Hω}
converge uniformly to zero, the terms I2,1 and I2,2 vanish
as ω →∞. The weak convergence assumption applied to
I2,3 give the desired conclusion.

We now establish Theorem 1.

Proof 2 Assume the hypothesis of Theorem 1, fix a com-
pact set K ⊂ Rn and consider the following sequence of
differential equations on K

ẋω = f(xω, t) +

m∑
i=1

bi(xω, t)hi,ω(t), xω(t0) = x0.

(A.2)
Because the functions f , b are differentiable and hi,ω(t)
are piece-wise continuous, a unique solution of (A.2) ex-
ists [50]. For each fixed ω and for any t ≥ t0, the solution

of (A.2) is

xω(t) = x0 +

∫ t

t0

f(xω, τ)dτ+

m∑
i=1

∫ t

t0

bi(xω, τ)hi,ω(τ)dτ︸ ︷︷ ︸
I1

.

(A.3)
For any sequence {ω}, since we are on a compact set,
the functions {xω} are equicontinuous and point wise
bounded, therefore the Arzelà-Ascoli Theorem implies
that there exists a subsequence xωi

that converges to x̄
uniformly. To find x̄ we apply Lemma 1 to I1 see that the
sequence {xωi} converges to

x0 +

∫ t

t0

f(x̄, τ)dτ +

m∑
i=1

m∑
j=1

∫ t

t0

∂bi(x̄, τ)

∂x̄
bj(x̄, t)λj,i(t).

(A.4)
This is the solution to

˙̄x = f(x̄, t) +

m∑
i,j=1

λi,j(t)
∂bi(x̄, t)

∂x̄
bj(x̄, t), x̄(0) = x0.

(A.5)
Because the solution is unique, these results are true for
each subsequence {ωi}. Because the convergence guar-
anteed by Arzela-Ascoly is uniform, and because this is
true for any sequence {ω →∞}, we have shown that for
any t0 ∈ R, and any δ > 0, there exists ω? such that for
all ω > ω?, the trajectories xω(t) and x̄(t) of (A.2) and
(A.5), respectively satisfy

max
t∈[t0,t0+T ]

‖x(t)− x̄(t)‖ < δ. (A.6)

Therefore, the solutions of (8) and (A) satisfy the con-
verging trajectories property for any T ∈ [0,∞). There-
fore, if the origin of (8) is GUAS, by Theorem 2, the
origin of (A) is 1

ω -SPUAS. Thus, standard bootstrapping
methods imply that, on K, if limt→∞ ‖x̄(t)‖ = 0, then
limt→∞ ‖xω(t)‖ < δ.
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