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Code verification for the extended finite element
method: the compound cohesionless impact problem
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Abstract

Wave propagation during impact of three solid bodies is modeled numeri-
cally for verification purposes. Difficulties arising in Eulerian simulations for
this problem are outlined. Analytic solutions are reviewed for impact in cop-
per at 10 and 1000 m/s in a contrived scenario where dissipation is absent.
For impact between copper and aluminum at 100 m/s, with dissipative effects
included, reference solutions are obtained using a method-of-characteristics-
based technique. With the shock hydrodynamics code ALEGRA, solutions
are computed using Lagrangian and Eulerian methods, and using an alterna-
tive extended finite element method (XFEM) formulation. Code verification
using spatial refinement shows that acceptable convergence behavior in Eu-
lerian simulations is obtained only with XFEM.
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1. Compound cohesionless impact: dissipationless

We consider here in one spatial dimension the impact of a solid projectile
on a compound, cohesionless solid target. The target is composed of two
pieces joined at a cohesionless interface. A projectile incident from the left
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strikes the left surface of the initially stationary target, as shown in Figure 1,
generating forward and backward waves in the projectile and target. These
waves undergo a series of interface interactions with free surfaces or material
interfaces on the projectile or target, each giving rise to reflected and trans-
mitted waves of compression or release. These waves mediate the transfer of
momentum from the projectile to the target.
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Figure 1: One-dimensional impact on a compound cohesionless target: schematic x-t
diagram showing wave propagation pattern for 1D symmetric, cohesionless impact for
three bodies of the same composition.

The evolution of the system can be visualized easily by considering the
succession of compression and release waves that arise in the three bodies or
plates, as shown in Figure 1. The plates are indexed by ¢ = 1,2, 3, and the
successive states by j = 1,2,3,.... Thus, the pair (¢,7) indicates a unique
region in the z-t plane bounded by compression or rarefaction waves and
material interfaces. Compression waves are indicated by double lines, release
waves by dashed lines, and material surfaces by solid lines.



For simplicity and clarity, we ignore wave splitting effects associated with
plasticity, phase changes, and tensile failure, and we ignore the spreading
over time of the release wave fronts. Further, we assume that all three plates
have equal thickness and identical composition, and therefore refer to the
impact event as “symmetric” in this sense.

The initial impact event at velocity v;,,, generates a forward compression
wave in plate 2 and a backward compression wave in plate 1. Both waves
reflect at free surfaces: the forward wave at the rear of plate 3 after passing
unchanged across the cohesionless interface, and the backward wave at the
front of plate 1. Release waves then propagate inward.

As indicated in the diagram in Figure 1, the arrival of these release waves
at the cohesionless interface between plates 2 and 3 results in separation of
the plates, since the interface cannot sustain tension. The recoil velocity of
the rear plate is therefore encoded in the particle velocity of the shock state
1,7 = 3,3. This implies that the rear-plate recoil velocity can be obtained
simply by tracing shock and release states from initial impact through the
various transmissions and reflections, up to the i, j = 3,3 region of the x-t
plot. Exact or highly accurate solutions can therefore be obtained, and the
problem can be used for verification of numerical methods for multimaterial
shock hydrodynamics. This is the work undertaken in the present study.

A particularly simple outcome emerges in the special case where not only
wave-splitting effects, but all dissipative effects are neglected. To make the
problem dissipationless, we apply several assumptions regarding the response
of the material. We assume that the thermal contribution to the pressure is
negligible, and the pressure is determined solely by the volumetric contribu-
tion — that is, by the Hugoniot. We also assume that the material response
is purely elastic and free from tensile failure throughout the event, so that
neither plasticity nor damage play a role. In this case, conservation of mo-
mentum and energy dictate that the rear plate must recoil with exactly the
initial impact velocity: vye. = U3 3 = Ujmp. This problem is a one-dimensional
analog of the demonstration often referred to “Newton’s cradle.”

For the present study, we use the ambient density and sound speed of
copper to characterize the medium: py = 8930 kg/m?, ¢y = 3940 m/s, with
other properties represented using a Mie-Griineisen equation of state (EOS)
model. In order to eliminate thermal contributions to the pressure, we zero
the Griineisen coefficient for our modified copper: 'y = 0. In order to
eliminate the dissipation introduced by shock waves themselves, we must
ensure that shocks and release waves follow the same path in pressure-volume



space. One means of ensuring this is to impose the restriction that the shock
wave speed is fixed with respect to the particle speed. Thus, we modify the
linear us-u, relationship between the shock wave speed uy and the particle
speed u,, setting the linear coefficient s = 0 such that the shock wave speed
is fixed: ugs = ¢o + su, = ¢o. In this case, the Hugoniot is linear in pressure-
volume space: Op/0V = ¢ = const. This implies 9%*p/0V? = 0, so that
entropy is constant on the Hugoniot.

With this set of approximations, we may regard the system as dissipa-
tionless. To further clarify the consequences of these assumptions, we sketch
the evolution of the state of the three plates in pressure-velocity (p-u) space
in Figure 2. Here the three points A, B, and C indicate the initial undis-
turbed, stationary state; the shock state; and the initial projectile state,
respectively. The points are connected by lines which indicate passage from
one state to another. Though these lines do not necessarily trace the actual
path followed during loading and unloading, they are representative of load-
ing (compression) and unloading (release) transitions for each plate. Under
the assumptions just listed, the material must follow a path of identical slope
in both compression and release. Otherwise, when plotted in pressure-volume
space, the area between the two paths would be nonzero and the load-unload
process would be dissipative. Therefore the loading/unloading path slopes in
Figure 2 are shown as identical in compression and release. Plate 1 follows
the path CBA, plate 2 follows ABA, and plate 3 follows ABC. In particu-
lar, under these assumptions, the path of plate 3 must terminate at point
C. The symmetry of the loading/unloading processes thus requires that the
rear-plate recoil velocity be equal to the impact velocity, and that plates 1
and 2 relax to zero velocity and zero pressure after unloading.

In practice, at the impact speeds considered here, plasticity, fracture, and
nonlinear wave propagation clearly cannot be neglected. Therefore, it is im-
portant to recognize that the assumptions applied here, while convenient for
mathematical purposes, are not physically realistic. Nevertheless, numerical
methods used to solve the problem should reproduce the exact solution for
these conditions.

2. Verification analysis: dissipationless

The compound cohesionless impact problem with these “dissipationless”
restrictions is simulated here using the arbitrary Lagrangian-Eulerian (ALE)
shock hydrodynamics code ALEGRA [1]. ALEGRA uses the finite element
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Figure 2: Representative loading and unloading transitions in pressure-velocity (p-u) space
for the three plates included in the cohesionless impact problem. Point A: initial stationary
state; point B: shock state; point C: initial projectile state.

method with explicit time integration to solve the equations of solid dynamics
for multimaterial media subjected to shocks and strong deformations, using
material-specific EOS and constitutive models to close the system. ALEGRA
also incorporates second-order-accurate interface tracking, remap algorithms
that are third-order-accurate for pure material in one dimension, and sta-
bilized “isentropic” multimaterial treatment [2]. ALEGRA and codes like
it are often used to simulate systems where multiple materials interact in a
environment of shock.

2.1. Lagrangian results

The problem is simulated first in the Lagrangian frame, using ALEGRA’s
standard contact algorithm [3] to control material interactions between the
plates. The setup for the Lagrangian simulations is sketched in Figure 3.
Each plate has thickness T' = 4 cm and is resolved by N square elements in a
one-element-thick 2D (quasi-1D) mesh. The problem is simulated on a series
of seven meshes with increasing values of N, starting at N = 20 elements
per plate, and doubling the mesh density up to to N = 1280.

Each plate is represented in the simulations with a unique material identi-
fier, although the material properties are all identical. For the dissipationless
case, the material response is simulated using a Mie-Griineisen EOS model
with a simple linear-elastic constitutive response. The Mie-Griineisen pa-
rameters are given by py = 8930 kg/m?, ¢y = 3940 m/s, Cy = 393.1 J/kg/K,
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Figure 3: Setup for Lagrangian simulation of compound cohesionless impact problem with
three plates of the same material.
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Figure 4: (a) Bulk plate velocities over time in Lagrangian simulation for the 10-m/s
cohesionless impact problem in copper only, at N = 1280 elements per plate. (b) Recoil
velocity for 20 < N < 1280 Lagrangian simulations.

s = 10712, and 'y = 0, where Cy is the specific heat capacity, The linear-
elastic constitutive response is defined by Young’s modulus £ = pyc2 = 139
GPa, and Poisson’s ratio v = 0.33. To eliminate dissipative effects completely
from this simple simulation, the artificial viscosity and hourglass control co-
efficients are also set to zero for the 10-m/s case.

Results for the bulk velocity of the three plates over time in the La-
grangian simulation at N = 1280 are shown in Figure 4(a). These velocities
are measured as time-averages over the last 50 us of the simulation. Here
we see that, as expected, plates 1 and 2 come to rest after the impact event,
and plate 3 recoils with a velocity nearly equal to vj,,,. Further, the data in
Figure 4(b) show that as the mesh is refined, the recoil velocity approaches
the analytic value.
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Figure 5: Setup for standard Fulerian simulation of compound cohesionless impact prob-
lem with three plates of the same material.

2.2. Fulerian results

The same set of simulations is repeated using the Eulerian frame in ALE-
GRA, which implies the use of the Lagrange-remap formulation, with inter-
face tracking, multimaterial treatment in mixed elements, and third-order-
accurate remap. In this case, the plates are overlaid on the Eulerian mesh
at time zero, as shown schematically in Figure 5. The elements containing
the material interfaces are therefore mixed elements. It is well known that
the accuracy of standard Eulerian treatments is significantly compromised in
situations where contact, slip, or gap opening/closure occurs within mixed
elements [4]. Standard methods allow only a single stress and deformation
within an element. Therefore, gap opening and relative motion between ma-
terials are inadmissible. Instead, erroneous material states can be introduced
as the stress is changed in accordance with the motion. Ultimately, in the
problem studied here, plates can neither fully join nor separate; plates 2 and
3 are effectively bonded.

This is demonstrated in the results for the Eulerian simulations at v;,, =
10 m/s, shown in Figure 6(a). Several errors are apparent. First, momentum
transfer begins before the plate-1/plate-2 gap is closed, prior to t = 200 us.
Second, plates 1 and 2 both fail to come to rest. Finally, plate 3 never reaches
the expected recoil velocity. Instead, plates 1, 2, and 3 remain effectively
bonded after impact, and move forward with bulk velocities that oscillate
in time as reverberating compression and release waves transfer momentum
back and forth across the interfaces. Figure 6(b) demonstrates that this error
does not diminish with mesh refinement.

3. Extended finite element method

In order to capture intra-element interface physics in the Eulerian frame
with much greater fidelity, the extended finite element method (XFEM)
has been implemented within ALEGRA as an alternative to the standard
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Figure 6: (a) Bulk plate velocities over time in standard Eulerian simulation for the
Uimp = 10-m/s cohesionless impact problem in copper only, at N = 1280 elements per
plate. (b) Recoil velocity for 20 < N < 1280 standard Eulerian simulations.

finite-element formulation and multimaterial treatment for Eulerian simu-
lations. The central feature of the XFEM concept is “enrichment” of the
finite-element approximation by incorporation of discontinuous fields into
the basis functions and addition of degrees of freedom to make use of them
[5]. XFEM has been implemented successfully in many other contexts for
various applications [4, 6].

In ALEGRA’s XFEM implementation, the finite-element basis functions
in each multimaterial Eulerian element are enriched using Heaviside func-
tions specific to each material. Additional degrees of freedom specific to
each material are introduced at the nodes. [7, 8] Each material in an element
then has an independent displacement field, so that contact, slip, and gap
closure/opening can occur naturally in the Eulerian frame. A polygonal in-
tersection remap algorithm is used with XFEM, including limiting for mono-
tonicity preservation. First-order limiting only is employed in the present
study, The Forward Incremement Lagrange Multiplier method of Carpenter
et al. [9] is used to prevent interpenetration of materials. As described in
Voth et al. [8], reconstructed interface segments and end-points act as faces
and nodes, respectively. The constraint matrices are more complex than
described in Reference [9], as they couple to all the nodes in the interface
elements. An important implication of this algorithm is that the stable time
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Figure 7: Setup for Eulerian XFEM simulation of compound cohesionless impact problem
with three plates of the same material.
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Figure 8: (a) Bulk plate-3 velocities over time for the 10-m/s cohesionless impact problem
in copper only, at N = 1280 elements per plate. (b) Fractional error in recoil velocity with
line indicating convergence at order 1.0.

step is unaffected by the size of the cut-element.

The 1D compound cohesionless impact problem is set up with XFEM in
ALEGRA as shown in Figure 7. Material interface locations are encoded
explicitly in the enriched basis functions, so that the domain has no mixed
elements and the mesh, effectively, is locally body-fitted at interfaces.

The use of XFEM dramatically increases the accuracy of the results.
Solutions for the 10-m/s case are shown in Figure 8. In the velocity histories
for N = 1280, the XFEM and Lagrangian results nearly overlay each other.
The standard Eulerian formulation, indicated by “Eul”, fails to reach the
full recoil velocity. In a second set of Eulerian simulations, methods are
introduced to allow materials to separate by artificial insertion of void in
interfacial elements under tension [2]. These methods are not a consistent
algorithmic treatment of contact or gap closure/opening, and are often used
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Figure 9: (a) Bulk plate-3 velocities over time for the 1000-m/s cohesionless impact prob-
lem in copper only, at N = 40 elements per plate. (b) Fractional error in recoil velocity
with line indicating convergence at order 0.75.

in production calculations for pragmatic reasons. ALEGRA results computed
in this way are indicated by “FEul+”. The error with respect to the exact
solution is computed as € = (Vimp — VUrec)/Vimp and plotted in Figure 8(b).
These data show that monotonic convergence (¢ o< N~!) at a rate near
unity with minimum error magnitude is only achieved by the XFEM and
Lagrangian simulations.

A second version of the compound cohesionless impact problem is also
simulated here, using v;;,,, = 1000 m/s, and the same material parameters
for copper described above. The “dissipationless” setup is retained despite
the higher velocity in this contrived problem, but the artificial viscosity coef-
ficients are reset to their default values for this case. Results for the 1000-m/s
case are shown in Figure 9. Velocity histories for N = 40 again show nearly
overlying XFEM and Lagrangian results. Eulerian simulations again show
non-separation of the target plates for the standard method, and in this case,
the insertion of void in interfacial elements (“Eul+”) yields greater recoil ve-
locity than the Lagrangian method. Convergence data plotted in Figure 9(b)
reveal that errors do not converge monotonically with artificial insertion of
interfacial void, as seen in the 10-m/s case. This behavior is not acceptable
from the perspective of verification. A line representing order-0.75 conver-
gence is included for reference.
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Vimp | Eul. Eul4+ XFEM Lagr.
10m/s |[-0.079 0.408 0.718 0.688
1000 m/s | -0.007  0.399  0.509 0.518

Table 1: Recoil-velocity error convergence rates: mean.

Mean convergence rates for both sets of simulations are shown in Table
1. For the “Eul+” cases where convergence is non-monotonic, rates are only
computed in the smoothly converging region. The “Eul” and “Eul+” cases
both fail to converge at the rate attained by the XFEM solutions. The XFEM
and Lagrangian simulations converge at roughly order-0.7 at low impact ve-
locity. Total momentum is conserved in all simulations here, but for high
impact velocity, a rate of only about 0.5 is achieved. This is a consequence
of the fact that at the higher impact velocity, the Mie-Griineisen pressure-
density response is no longer linear, even with the assumptions applied, so
the “dissipationless” restriction is invalid.

4. Compound cohesionless impact problem: realistic

To eliminate the ambiguity in the foregoing analysis associated with the
exclusion of dissipative effects, the problem described in Section 1 is extended
to include the more realistic scenario where shock steepening (s # 0) and
plasticity are active, and the dissipationless assumption can be abandoned.
Further, it is extended to include impact between bodies of differing compo-
sitions. Here we consider the impact of a copper plate on a compound target
consisting of a copper plate and an aluminum plate, joined as previously at
a cohesionless interface. This is shown schematically in Figure 10.

i=1 Vinp i=2 i=3
T T T T T T T T T T T T T 1 |

T=0.5cm

Figure 10: Setup for the two-material Eulerian XFEM simulation of compound cohesion-
less impact problem.

With these modifications, the graphical analysis used for the contrived
dissipationless problem in Section 1 no longer applies. Instead, a method-
of-characteristics-based technique can be used to track the transmission and
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reflection of shock and release waves, and the motion of material interfaces
and free surfaces. A method of this type has been implemented in SWAP-
9 [10], which uses a formulation that is second-order-accurate in the strain
increment. SWAP-9 can be used for arbitrary EOS and constitutive models.
For this more realistic two-material impact problem, standard Mie-Griineisen
parameters are used for copper and aluminum, along with an elastic-perfectly-
plastic constitutive model using standard parameters. These parameters, in-
cluding the yield stress Y, are listed in Table 2. As previously, in the elastic
regime, a Young’s modulus F = pycg is used.

Cu Al

po (kg/m®) | 8030 2707
co (m/s) 3940 5250
Ty 1.99 197
s 1.489 1.370
v 0.355 0.334
Y (MPa) | 89.7 265.0

Table 2: Material parameters used in realistic two-material cohesionless impact problem.

The two-material cohesionless impact problem is solved for a plate thick-
ness 7' = 0.5 cm and an impact velocity v, = 100 m/s. The resulting wave
diagram computed by SWAP-9 is shown in Figure 11. The outcome is a
bulk plate-3 recoil velocity of 127.22 m/s, which exceeds the impact velocity
because of the lower shock impedance of aluminum relative to copper.

ALEGRA simulations are configured using the same material parameters,
on the same sets of meshes described in Sections 2 and 3. Simulation results
for the standard Eulerian and XFEM cases are shown in Figure 12. Simi-
larly to the dissipationless case, separation does not occur in the Eulerian
simulations without the use of artificial interfacial void. Convergence trends
for spatial refinement are shown in Figure 13. Errors are computed with re-
spect to the SWAP-9 reference solution. Here we observe that even with real
material parameters including plasticity and a full Mie-Griineisen EOS rep-
resentation, the XFEM implementation in ALEGRA still converges toward
the reference solution at nearly the same rate, and with nearly the same error
magnitudes, as the Lagrangian case. The standard Eulerian solution, as ex-
pected, fails to converge. With artificial interfacial void (“Eul+"), the recoil
velocity overshoots the reference solution and dramatic oscillations are seen
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Figure 11: Wave diagram for 100-m/s impact of copper plate on

compound cohesionless

copper-aluminum target, computed using SWAP-9.
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Figure 12: Bulk plate velocities over time in (a) standard Eulerian simulation and (b)
XFEM simulation for the 100-m/s cohesionless impact problem with real material prop-
erties and a copper/aluminum target.
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Cu-Cu-Al recoil velocity error: v=100 m/s
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Figure 13: Fractional error in recoil velocity for the vy, = 100-m/s impact on a cop-
per/aluminum target. Line indicates first-order convergence with respect to reference
solution from SWAP-9.

in the error trend. Only with XFEM is Lagrangian quality retained, with
monotonically diminishing error, maximum convergence rate, and minimum
error magnitude. The mean convergence rates are the following: Eulerian,
-0.054; XFEM, 0.845; and Lagrangian, 0.893.

5. Conclusions

The verification study carried out here indicates that the XFEM imple-
mentation in ALEGRA faithfully captures features of impact-induced mate-
rial separation in the Eulerian frame with accuracy very near near to that
of the pure Lagrangian formulation. Rigorous verification bears out this
observation, showing that XFEM is the only Eulerian treatment providing
acceptable convergence behavior. We conclude that XFEM shows tremen-
dous promise for use in multimaterial shock-hydrodynamics modeling.
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