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Abstract

Multideterminant wavefunctions, while having a long history in quantum chemistry, are in-

creasingly being used in highly-accurate quantum Monte Carlo calculations. Since the accuracy

of QMC is ultimately limited by the quality of the trial wavefunction, multi-Slater determinants

wavefunctions offer an attractive alternative to Slater-Jastrow and more sophisticated wavefunc-

tion ansatzs for several reasons. They can be efficiently calculated, straightforwardly optimized,

and systematically improved by increasing the number of included determinants. In spite of their

potential, however, the convergence properties of multi-Slater determinant wavefunctions with re-

spect to orbital set choice and excited determinant selection are poorly understood, which hinders

the application of these wavefunctions to large systems and solids. In this paper, by performing

QMC calculations on the equilibrium and stretched carbon dimer, we find that convergence of the

recovered correlation energy with respect to number of determinants can depend quite strongly

on basis set and determinant selection methods, especially where there is strong correlation. We

demonstrate that properly chosen orbital sets and determinant selection techniques from quantum

chemistry methods can dramatically reduce the required number of determinants (and thus the

computational cost) to reach a given accuracy, which we argue shows clear need for an automatic

QMC-only method for selecting determinants and generating optimal orbital sets.

∗Electronic address: moralessilva2@llnl.gov

1



I. INTRODUCTION

The use of computational methods in the study of material properties has dramatically

increased over the last decade, due in part to the success of mean-field methods like density

functional theory (DFT). By approximately treating electronic correlation effects through

an ”exchange-correlation functional”, DFT offers an excellent ratio between cost and ac-

curacy, leading to its current position as the main workhorse in electronic structure and

first-principles simulations. However, for systems that require a very accurate description

of electronic correlation, improving the exchange-correlation functional is nontrivial and

far from systematic, making highly accurate many-body methods increasingly attractive as

computational resources exponentially increase.

Of these many-body methods, projector Quantum Monte Carlo (p-QMC) [1, 2] is es-

pecially attractive due to its high accuracy and modest computational cost, which it

achieves through stochastically projecting and sampling the ground-state wavefunction of

Schrödinger’s equation. The fundamental limitation on the accuracy of projector QMC

methods for realistic systems is the “fixed-node approximation”. Here, one assumes that

the nodes of the many-body ground-state wavefunction Ψ0 are identical to those of an

antisymmetric trial wavefunction ΨT . The p-QMC algorithm then projects out the low-

est energy fermionic ground-state consistent with these boundary-conditions in polynomial

time, in contrast to the exact algorithm which suffers from the “fermion sign-problem” and

associated exponential scaling.

In standard-practices QMC, the nodes of the many-body wavefunction are taken to be

equivalent to those of a single Slater determinant, built up from single-particle orbitals taken

from a mean field theory like Hartree-Fock or density functional theory. Despite the simplic-

ity of this nodal ansatz, experience dictates that this approximation is exceptionally good at

capturing the majority of electronic correlation effects across a large range of systems. For

non-covalent interactions, QMC has been shown to describe interactions in dimers[3] and

water clusters[4, 5] about as well as the best traditional quantum chemistry methods (e.g.

coupled-cluster theory with singles, doubles, and perturbative triples CCSD(T)). For solids,

benchmarking of the bulk modulus and equilibrium unit cell volume indicate that DMC is

very competitive with state-of-the-art density functionals across a range of covalent, ionic,

and van der Waals solids[6]. Various benchmarks against experiment on the G2 test set[7]
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indicate that single-determinant DMC obtains a mean-absolute deviation of between 2.1[8]

and 2.9 kcal/mole[9, 10] for atomization energies, which is on par with CCSD(T) when using

a cc-pVQZ basis set.

With the introduction of robust optimization methods capable of simultaneously optimiz-

ing thousands of non-linear parameters, the prospect of being able to reduce the fixed-node

error through massively parameterized and systematically improvable wavefunction ansatzs

is becoming feasible. Though there are several promising classes of wavefunctions that

might meet this criterion, for example antisymmetric geminal products [11], Pfaffians [12],

linear-scaling generalized-valence-bond [13], multi-Slater determinant (MSD) wavefunctions

[14, 15], often called ”multideterminant wavefunctions”, possess several advantages that

make them quite attractive. First, they have been shown to be extremely accurate. Dif-

fusion Monte Carlo (DMC) benchmarks over the G2 test set of various trial wavefunctions

based on multideterminant expansions have finally produced sub-chemical accuracy for at-

omization energies, and near chemical accuracy for total energies [8, 10]. For first row

atoms and dimers, MSD’s are able to routinely recover at least 99% of correlation energies

[10, 16, 17]. MSD’s have also been shown to be able to accurately describe the dissociation

of the C2 and N2 dimers [18].

MSD based QMC algorithms possess some nice properties in contrast to other wavefunc-

tion forms. First, there exist fast update formulae and compression algorithms for MSD’s,

which do not significantly affect the scaling of the QMC algorithm[19–21]. Second, opti-

mization is fairly stable, since the expansion is built up from a linear combination of Slater

determinants with variable coefficients. Third, much like in traditional QMC calculations

where mean-field calculations help construct a starting ansatz for the Slater determinant,

traditional quantum chemistry methods can be used to construct a reasonable starting guess

for single-particle orbitals and important determinants. Lastly, once we have a procedure

for constructing excited determinants, the number of included determinants becomes an

adjustable parameter that will eventually converge to the correct result in the limit that

we include all possible determinants. In practice, even the inclusion of tens to hundreds of

determinants typically leads to significant improvements in the resulting trial wavefunctions.

Whereas in quantum chemistry, there are well studied and employed prescriptions for

building accurate and compact multideterminant wavefunctions, similar studies have not

been performed in QMC. At the single determinant level, the impact of single particle or-
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bitals on the fixed-node energy has already been demonstrated across a range of atoms and

dimers [22], and for bulk transition metal oxides [23]. We instead propose to go beyond

the single Slater-Jastrow level in this paper, systematically investigating the impact that

common orbital choices and methods of choosing determinants for multideterminent wave-

functions has on the fixed-node error in the equilibrium and stretched carbon dimer. Not

only does this system possess a significant amount of static correlation (even in equilibrium),

but there exist highly accurate full CI calculations describing ground and excited state en-

ergies from equilibrium all the way to the dissociation limit [24, 25]. After discussing the

computational details, we will investigate how the fixed-node energy changes at the single-

Slater and MSD level with respect to orbitals taken from methods like Hartree-Fock, DFT,

and multi configuration self-consistent field methods (MCSCF). We will also investigate how

quickly common methods of generating determinant expansions converge. With this infor-

mation in hand, we then discuss which methods produce lowest and most rapidly converging

energies within the QMC framework, analyze the relevant physics responsible for this be-

havior, and then discuss how these observations relate to extending MSD wavefunctions to

solids.

II. COMPUTATIONAL DETAILS

In this section, we will describe the generation of single-particle orbitals and the schemes

used in the generation and selection of determinants. Quantum chemistry calculations were

performed with the GAMESS-US package [26, 27]. All results reported in this article, in-

cluding both QMC and quantum chemistry calculations, used Burkatzki-Fillipi-Dolg (BFD)

energy-consistent effective core potentials (ECP) to represent carbon along with the associ-

ated basis sets [28, 29]. Unless otherwise stated, we used the BFD basis set consistent with

cc-pV5Z.

A. QMC

Our trial wavefunction ansatz will be of the multi-Slater determinant form, which is

expressible as follows:
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ΨT = e−J
NCSF∑
k=0

αkΦk (1)

Here J is a symmetric real-space Jastrow term. The set {Φ0, . . . ,ΦNCSF
} consists of NCSF

antisymmetric configuration state functions (CSF), and the set {α0, . . . , αNCSF
} are linear

coefficients. CSF’s are spin and space adapted linear combinations of Slater determinants,

and are used because they dramatically cut down on the number of degrees of freedom for

our wavefunction parameterizations. They can be written as

Φk =

Nk∑
i=0

cki det(M↑
i ) det(M↓

i ) (2)

Here, M
↑(↓)
i is the Slater matrix for the up (down) electrons, whose elements are

[M
↑(↓)
k ]ij = φj(r

↑(↓)
i ). The φj are single particle orbitals taken from the set {φ0, . . . , φNorb

},

and r
↑(↓)
i is the real-space 3D position of the i-th up (down) electron. Norb denotes the

total number of single-particle orbitals. The set of coefficients {cki } and the number of

determinants Nk are fixed by symmetry.

For the symmetric Jastrow term J , we use a sum of spin-dependent two and three-body

terms and a spin-independent one-body term. For the one and two body spin-dependent

terms, we used a radially symmetric b-spline functional form with 10 knots and a cutoff

radius of 10 bohr. For the three-body term, we used standard electron-electron-ion terms

with radially symmetric functions expanded in third order polynomials. No electron-ion

cusp condition needs to be applied to any of the Jastrow terms, since we are using BFD

ECPs which are finite at the origin.

Once we have chosen the orbital set and built a set of CSF’s, we use the linear method

[30, 31] to minimize the VMC energy of ΨT with respect to all Jastrow parameters and the

CSF coefficients. We performed 16 iterations of energy minimization, using 128,000 samples

for the first 10, and 640,000 for the last 6. This typically leads to VMC energies converged

to within 0.5 mHa.

Once we had a VMC optimized trial wavefunction, we performed an extended diffusion

monte carlo simulation. We determined after performing a time-step extrapolation and

population study that a time step of τ = 0.005Ha−1 and a walker population of 2560 was

sufficient to ensure a systematic error of less than 0.2 mHa, which is comparable to the
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statistical error in our simulations. We used single-particle moves and collected data over

250,000 sweeps.

All optimizations and QMC simulations were performed using the QMCPACK software

package [32, 33]. MSD evaluations and updates were accomplished using the fast-update

algorithm of Clark et. al. [19].

B. Choosing the CSF’s

Given a set of single particle orbitals, the question becomes how we should choose the

CSF’s to use in our trial wavefunction. As the number of possible CSF’s grows combinator-

ically with the size of our basis set, searching the full configuration interaction space (full

CI) is prohibitively expensive. Instead, we will restrict our attention to various truncated

CI spaces, which restricts the number of CSF’s to a reference state and all those accessi-

ble by some maximum number of excitations into a set virtual orbital space. All following

methods are standard in the quantum chemistry community, but we present them here only

for clarity.

The single reference truncated CI methods we will use are CISD and CISDTQ. CISD

stands for ”configuration interaction with singles and doubles”, meaning one starts from

a single reference determinant and considers a determinantal subspace spanned by all de-

terminants that differ from the reference by a single or double excitation into a set of Nv

“virtual” orbitals. The CISDTQ method is similar, but in addition considers triple (T) and

quadruple (Q) excitations into the set of virtual orbitals.

The main multi-reference CI method we will use is identical in spirit to CISD, but instead

of considering single and double excitations out of a single determinant, we consider sin-

gle and double excitations out of a multiconfigurational wavefunction. The multireference

wavefunction is constructed by first taking a linear combination of all determinants in a

“complete-active space”, which is constructed by designating Nc orbitals as “core orbitals”,

Na orbitals as “active”, and then considering the set of all determinants which can be ob-

tained by distributing Ne electrons among Nc doubly occupied core and Na active orbitals.

We will abbreviated the complete active space constructed in this manner “CAS(Ne,Na)”.

The energy is then minimized with respect to the linear coefficients. The CSF’s constructed

by considering single and double excitations from a multireference wavefunction built from
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CAS(Ne,Na) is sometimes called “second order configuration interaction”, and we will ab-

breviate it as SOCI(Ne,Na). All multireference wavefunctions in this paper use CAS(8,8).

As the number of CSF’s in such a space is still often too large for practical QMC calcula-

tions, our approach will be to first solve the problem with a particular form of truncated CI

or multi-reference CI with a finite virtual space, which gives us ΨCI =
∑

k α
′
kΦk. Using the

CSF coefficients from this method, we include in our trial wavefunction all CSF’s where the

magnitude of the coefficient is larger than some cutoff |α′i| > αcut. Notice that the weight of

a particular CSF is completely dependent on the orbital set used in the expansion.

C. Orbitals

A major question we will explore in this work is how sensitive is the fixed-node energy

of a multideterminant to the choice of single particle orbitals. Accordingly, we generated

orbitals from several of the main types of mean field and many-body methods used in the

quantum chemistry community. Before delving into the details of each, we note that all

single-particle orbitals were calculated using the GAMESS-US quantum chemistry package.

At the mean field level, we self-consistently calculated orbitals at the Hartree-Fock and

DFT levels of theory. Hartree-Fock orbitals will be abbreviated as “HF” orbitals in this pa-

per. For the DFT calculations, we considered orbitals generated from two different choices of

functionals: the semi-local gradient corrected functional, PBE [34], and the hybrid exchange

functional B3LYP[35]. These functionals were chosen because they represent popular choices

and classes of functionals used in the community. We will reference these as “PBE” and

“B3LYP” orbitals in this paper paper. All mean-field calculations were restricted closed-shell

calculations.

Going beyond the mean-field level, the most powerful many-body methods we use fall

under the umbrella of so-called multiconfigurational self-consistent field methods (MCSCF).

These methods produce an optimal set of orbitals consistent with a multiconfigurational

wavefunction ansatz, in contrast to Hartree-Fock which yields optimal orbitals for a single

determinant wavefunction. The first method we consider is complete active space self-

consistent field (CASSCF) [36], which first assumes a wavefunction constructed from linear

combination of all determinants in a CAS(Ne, Na), and then self consistently optimizes both

the orbital and CSF coefficients. Note that only orbitals in the active space are optimized.
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We define the orbitals calculated from this method as “CASSCF(Ne, Na)”.

The other multiconfigurational method we will use is called “self-consistent second-order

CI” [37]. This method employs the same wavefunction ansatz as SOCI(Ne,Na) described in

the previous section, but additionally optimizes the single particle orbitals used to construct

the CSF’s. We will refer to orbitals taken from this method as “SOCI(Ne,Na)”, taking care

to distinguish it from the “SOCI(Ne,Na)” CSF’s when such ambiguity is likely.

The last many-body method we consider involves constructing natural orbitals from

second order Møller-Plesset perturbation theory (MP2) [38]. Starting from Hartree-Fock

orbitals, natural orbitals were obtained by diagonalizing the one-body density matrix calcu-

lated with MP2. We denote these orbitals as “MP2NO” in the paper.

D. Extrapolations

The previous method gives us a way of selecting a subset of our chosen truncated CI space

deemed important by quantum chemistry. We are also concerned with what the fixed-node

energy would be in the limit that we included all determinants in some given truncated CI

space (not the full CI space). Since we are using quantum chemistry methods to screen

determinants, Umrigar et. al [30, 31] pointed out that we can extrapolate the fixed node

energy with respect to the sum of squares for the quantum chemistry CSF coefficients cor-

responding to the CSF’s included in the trial wavefunction. Formally, this is written as

|N |2 =
∑NCSF

k |α′k|2, and has the nice property that |N |2 → 1 as we include all determi-

nants in the determinantal subspace, i.e. when NCSF equals the number of CSF’s in the

complete truncated CI space. Consistent with previous work[30, 31], this leads to reliable

extrapolation of both VMC and DMC energies and we will rely on such extrapolations to

obtain converged results in this paper.

E. Reference Energies

Exact energies were estimated using a combination of explicitly correlated coupled cluster

theory with singles, doubles, and perturbative triples (CCSD(T)-R12), and full configuration

interaction quantum Monte Carlo (FCIQMC) [39–41]. The FCIQMC method performs a

stochastic full configuration interaction calculation and has been shown to be extremely
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accurate [39–41]. While it is currently limited to small systems, it provides very accurate

results (typically within 0.1 mHa of exact results) for system sizes too large for traditional

full CI approaches. A recent article by Booth et. al. [42] makes a detailed analysis of the

dissociation curve of the carbon dimer showing essentially exact results for various atomic

basis sets, an estimate of the complete basis set limit (CBS) is also provided. Table II E

shows the energy difference between their FCIQMC results and CCSD(T)-R12 calculations

as a function of basis set. While the convergence of the total energy is slow with basis set and

requires basis set extrapolation techniques for converged results, the convergence of energy

differences between these two methods converges quickly with basis set. As a result, we

estimate the exact energies at the two studied dimer configurations from a combination of

extrapolated CCSD(T)-R12 energies and differences between FCIQMC and CCSD(T)-R12

at an appropriate finite basis set. In other words we define: Eexact = ECCSD(T )−CBS +∆ETZ ,

where ∆ETZ = ETZ
FCIQMC − ETZ

CCSD(T ). We were unable to use the results of Booth, et. al.

[42] directly because they do not use BFD ECPs in the calculations and they only provide

results for the X1Σ+
g state. As we see below, the ground state of the stretched configuration

is B1∆g. As a result, we performed our own FCIQMC [47] calculations with same BFD

ECP used elsewhere in this study using a code developed by one of the authors. We also

provide FCIQMC results without using BFD ECPs to compare against the results reported

by Booth, et. al..

III. CARBON DIMER

The carbon dimer is a well known difficult test case for ab initio quantum chemistry

methods. Even in its equilibrium geometry, the ground-state of the carbon dimer possesses

some multi-reference character [24, 25]. After stretching the dimer beyond 1.6 Å, the com-

bination of a level crossing and near degeneracies between the ground state and low lying

excited states (see Figure 1) causes a break down of single-reference methods. For these rea-

sons, the carbon dimer is a reasonable simple system to use for identifying any pathologies

or sensitivities in MSD based QMC calculations.

For both the equilibrium geometry (R=1.2424 Å) and a particular stretched geometry

(R=1.8 Å), we will investigate three major properties related to the choice of orbitals and

determinants used in our MSD expansion. First, we will investigate the influence of orbital
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cc-pVDZ cc-pVTZ cc-pVQZ

Equilibrium: no ECP X1Σ+
g

Booth, et al. - -1.86(2) -1.70(8)

this study -1.85(1) -1.84(2) -

Equilibrium: BFD-ECP X1Σ+
g

this study -1.79(2) -1.78(2) -

Stretched: BFD-ECP B1∆g

this study -6.7(1) -6.9(1) -

TABLE I: Energy difference (in mHa) between FCIQMC and CCSD(T)-R12 calculations for the

carbon dimer at the two configurations used in this study. The dimer at the equilibrium configura-

tion (R=1.24253 Å) has an electronic ground state state of symmetry X1Σ+
g , while the stretched

configuration (R = 1.8 Å) has a ground state with symmetry B1∆g. We also include the FCIQMC

results of Booth et al. from Ref. [42] for comparison with our results.

sets on the single determinant DMC energies. This will help us understand any fundamental

difference (or lack of) on the nodal structure of the reference determinant in each orbital

set. Then, we will look at how the choice of orbitals used in the multi-Slater determinant

construction affects the ultimate accuracy of the DMC calculations. In this case, since we

are only interested on the influence of the orbital set, we use the best configuration selection

scheme to construct the trial wave function. Finally, we study the combined influence of

orbital set and configuration selection on the ultimate accuracy of DMC energies.

A. Equilibrium Configuration

To begin the discussion of the equilibrium carbon dimer, we look at the fixed-node energies

of various single Slater-Jastrow type wavefunctions, presented in Table III A. These DMC

calculations differ only on the choice of single-particle orbitals used in the determinant. We

find that Hartree-Fock orbitals recover the smallest amount of correlation energy at about

87.2%. We gain about 1% of the correlation energy by instead using MP2 natural orbitals

with 88.3%, and then another 0.4-0.5% with PBE, BLYP, CASSCF, or SOCI orbitals, these

last four being statistically indistinguishable from one another. Though we can conclude
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FIG. 1: (Color Online) CCSD(T)-R12 energy of the X1Σ+
g and B1∆g states as a function of atomic

distance, using the BFD ECP and a cc-pVQZ atomic basis set. Note the level crossing around

R∼1.6 Å.

from this that DFT and higher order quantum chemistry methods yield lower energies and

thus better nodes than Hartree-Fock or MP2, we see that at the single Slater-Jastrow level,

DMC is relatively insensitive to the choice of basis set, having a spread of only 1.7% of

the correlation energy for all orbitals considered. Not only this, but we are still missing

approximately 11% of the correlation energy of the C2 dimer.

Now we consider the impact that orbital choice has on the quality of multi-Slater determi-

nant wavefunctions. To simplify the discussion, we choose to generate all multideterminant

wavefunctions in this test using the SOCI(8,8) method described in Section II B. Because

this method is fundamentally multireference, it should be more effective at identifying im-

portant configurations than CISD or even CISDTQ, hopefully allowing us to disentangle the

effects of orbital choice from CSF choice as much as possible.

For all the orbitals tested at the single Slater determinant level, we show in Figure 2 the

dependence of the fixed node energy on both the CI wavefunction norm (as described in

section II D), and the number of CSF’s used in our MSD wavefunction. The different colors

denote the different choice of orbitals, and the black line denotes the reference taken from

a CCSD(T)-R12 calculation extrapolated to the complete basis set limit. Not surprisingly,

the inclusion of only a few CSF’s dramatically lowers the fixed-node energy, allowing us to
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Method Total Energy (Ha) % CE

SD-DMC-HF -11.0494(4) 87.2

SD-DMC-CASSCF 11.0561(3) 88.8

SD-DMC-MP2NO -11.0541(4) 88.3

SD-DMC-PBE -11.0565(2) 88.9

SD-DMC-B3LYP -11.0556(3) 88.7

SD-DMC-SOCI -11.0556(7) 88.7

CCSD(T)-CBS -11.10067 99.6

Estimate-Exact -11.10244(2) 100.0

TABLE II: Energy of the carbon dimer at the equilibrium bond length from single determinant

DMC calculations using orbitals generated from a selection of methods. The method abbreviations

are described in the text. CCSD(T)-CBS refers to CCSD(T)-R12 calculations obtained from a

3-point extrapolation to the complete basis set limit using cc-pV[T,Q,5]Z basis sets. Estimated-

exact results are also included, which were obtained from corrections to CCSD(T) calculations

obtained from the FCIQMC method [42]. The percentage of the correlation energy recovered by

each method is also presented.

recover an additional 7.5% of the correlation energy beyond the single Slater-Jastrow level.

Extrapolating on the norm of the truncated wave function (to the limit of a full SOCI(8,8)

wavefunction) we find that all orbitals sets result in DMC energies within 4 mHa of the

exact answer. As expected, the best choice is the SOCI(8,8) orbitals, which are about 2mHa

away from the exact result, and the worst being MP2, which is 4mHa higher. Overall this

example seems to indicate that as along as we perform an aggressive search of important

configurations in the full CI space, the extrapolated energies will be reasonably insensitive

to the choice of basis set.

A final point that must be discussed is the convergence of the DMC energy as a function

of the number of CSFs included in the calculation. While all orbital sets lead to similar

extrapolated energies, the rate of convergence can be quite different. In this example, the

use of nearly optimal SOCI(8,8) orbitals leads to energies within 4 mHa of the exact answer

with just ∼350 CSFs, while HF orbitals required over 2000-3000 CSFs for a similar accuracy.
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FIG. 2: (Color online) DMC energy of the carbon dimer in the equilibrium configuration as a

function of the norm of the truncated trial wave function (left) and as a function of the number

of CSFs (right). Results are shown for all the molecular orbital sets considered in this work.

CCSD(T)-CBS and estimated exact results are also when for comparison. Error bars are smaller

than the markers.

This, of course, merely shows the fact that SOCI(8,8) orbitals have been optimized for a

compact CI representation through the SCF approach. Nonetheless, this provides clear

justification for the search of optimized orbital sets directly within a QMC framework.

Having looked at how the convergence of the fixed-node energy depends on choice of

orbitals, we lastly consider how the convergence depends on the method used to generate

configurations. We consider selecting configurations from CISD, CISDTQ, and SOCI(8,8),

using virtual orbital spaces of both 20 and 50 orbitals for all methods. Figure 3 shows the

convergence of the fixed-node energy with respect to number of CSF’s (top) and norm of the

MSD wavefunction (bottom) using HF orbitals (first column), B3LYP orbitals (second col-

umn), and SOCI orbitals (last column). The different colors represent the different quantum

chemistry methods for choosing the excited determinants. Table III A contains the fixed-

node energies extrapolated to unit norm from the data given in Figure 3. The remaining

orbital sets are not shown in the figure. We find that when using HF or B3LYP orbitals,

there is a large degree of sensitivity in the fixed-node energy to both the quantum chemistry

method and the size of the virtual orbital space used to construct the excited determinants.

CISD using 20 valence orbitals is the worst, missing about 3.6 and 2.8% of the correlation

energy for HF and B3LYP orbitals respectively. Including triple and quadruple excitations
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or using SOCI with 20 virtual orbitals (CISDTQ-20 and SOCI-20 in the plot), or enlargening

the space of double excitations to 50 virtual orbitals (CISD-50), gives a noticeable improve-

ment in energy. This amounts to a recovery of between 1.4% and 1.7% for HF orbitals, and

between 1.0% and 1.3% for B3LYP orbitals in the correlation energy. Lastly, CISDTQ and

SOCI with 50 virtual orbitals give the best results (and largely indistinguishable results),

missing approximately 0.6% and 0.8% of the correlation energy for both the HF and B3LYP

orbitals.

Looking now at the results obtained using SOCI orbitals, we see a qualitatively different

picture. Here, we can separate the convergence behaviors into two classes: those contain-

ing just single and double excitations (e.g. CISD), and those that consider higher-order

excitations (CISDTQ and SOCI). CISD configurations converge to approximately 98.4%

regardless of the size of the virtual orbital space, and does so rapidly but nonlinearly in

the limit that we include all determinants. All other methods that include higher order

excitations–CISDTQ explicitly and SOCI implicitly–converge to approximately 99.5% of

the correlation energy–independent of the size of the virtual orbital space. We note that all

these methods converge nearly linearly to this result and all with approximately the same

slope, in contrast to the CISD set of determinants.

B. Stretched Configuration

In this section, we will repeat the analysis we did for the equilibrium dimer, however

focusing more on the qualitative/quantitative differences emerging in the stretched case.

In this case there is a stronger multi-reference character in the ground state wavefunction.

If we attempt to describe this system perturbatively from a single reference configuration,

we should expect to see much more sensitivity to the starting wavefunction ansatz and

number/type of included excitations than in the equilibrium dimer.

Table III B shows a summary of the DMC energies obtained using single determinant

wavefunctions with HF, B3LYP and SOCI orbital sets. At the single determinant level, we

find no significant qualitative or quantitative change from the equilibrium configuration in

the dependence of the fixed-node energy on the choice of single particle orbitals. As in the

equilibrium case, we can recover about 88.4% of the correlation energy by using SOCI or

B3LYP orbitals. Hartree-Fock is again worse than these two choices of orbitals, but only by
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Method CISD CISDTQ SOCI

HF-20 -11.0876(2) [96.4] -11.0924(3) [97.6] -11.0944(3) [98.1]

HF-50 -11.0933(2) [97.8] -11.0996(3) [99.3] -11.0998(1) [99.4]

CASSCF-20 -11.0911(2) [97.3] -11.0945(2) [98.1] -11.0959(2) [98.4]

CASSCF-50 -11.0944(2) [98.1] -11.0995(3) [99.3] -11.0993(1) [99.3]

MP2NO-20 -11.0945(1) [98.1] -11.0980(2) [98.9] -11.0982(3) [99.0]

MP2NO-50 -11.0952(2) [98.3] -11.0990(3) [99.2] -11.0989(1) [99.2]

PBE-20 -11.0911(2) [97.3] -11.0953(2) [98.3] -11.0964(3) [98.6]

PBE-50 -11.0946(1) [98.1] -11.0996(3) [99.3] -11.0998(2) [99.4]

B3LYP-20 -11.0908(2) [97.2] -11.0952(2) [98.3] -11.0961(3) [98.5]

B3LYP-50 -11.0948(2) [98.2] -11.0992(3) [99.2] -11.0997(2) [99.4]

SOCI-20 -11.0957(1) [98.4] -11.1002(2) [99.5] -11.1006(3) [99.6]

SOCI-50 -11.0962(2) [98.5] -11.1005(2) [99.5] -11.1006(1) [99.6]

TABLE III: Extrapolated energies of the carbon dimer at the equilibrium bond length from multi-

determinant DMC calculations using orbitals generated from a selection of methods. All quantities

reported correspond to extrapolations of the DMC energies with the norm of the truncated wave-

function included in the MSD expansion. Refer to the text for a description of the abbreviations.

The percentage of the correlation energy recovered by each method is also presented.

about 1% of the correlation energy.

We now look at the impact of orbital choice on a MSD expansion based on SOCI(8,8) with

50 virtual orbitals. The results are shown in Figure 4. Despite the fact that this is a more

complicated problem, all considered orbital sets recover around 99% of the correlation energy.

Specifically, B3LYP and SOCI orbitals recover almost the same amount of correlation energy

as in the equilibrium case (between 99.3% and 99.6%). Even HF orbitals recover 98.8% of

the correlation energy (though less than the 99.4% in equilibrium). Looking at the rate of

convergence of the fixed-node energy to the full SOCI(8,8) set of determinants, we find that

once again that the SOCI(8,8) orbitals are more rapidly convergent, followed by B3LYP and

HF. Notice how in this case only several hundred determinants are needed to obtain results

that are better than CCSD(T). This is an indicator of the stronger multi-reference character
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FIG. 3: (Color online) DMC energy of the carbon dimer at equilibrium as a function of the

number of CSF’s (top) and norm of the MSD wavefunction (bottom) using HF orbitals (first

column), B3LYP orbitals (second column), and SOCI orbitals (last column). The different colors

represent the different quantum chemistry methods used for choosing the excited determinants.

The CCSD(T)-CBS energy is shown for comparison. Error bars are smaller than the markers.

of the electronic state.

Figure 5 shows the convergence of the fixed-node energy with respect to both the number

of CSF’s (top row) and the norm of the CI wavefunction (bottom row) for HF orbitals (first

column), B3LYP orbitals (second column), and SOCI orbitals (last column). Table III B

shows a summary of the extrapolated DMC energies. As expected, selecting configurations

using SOCI leads to noticeably lower energies in all orbital sets. They also lead to similar

rates of convergence with respect to the number of CSF’s included in the wavefunction and to

similar extrapolated energies. On the other hand, there is a strong variation on the amount

of correlation energy recovered when less aggressive configuration selection algorithms are

chosen. This is very pronounced when HF and B3LYP orbital sets are used.

IV. DISCUSSION

Several important observations can be made from the two examples presented above.
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Method Total Energy (Ha) % CE

SD-DMC-HF -10.9407(2) 87.5

SD-DMC-B3LYP -10.9440(2) 88.5

SD-DMC-SOCI -10.9439(2) 88.4

CCSD(T)-CBS -10.97725 98.0

Estimated-Exact -10.9841 100.0

TABLE IV: Summary of energies of the carbon dimer at a stretched configuration from DMC

calculations using orbitals generated from a selection of methods. Refer to the text for a description

of the abbreviations. The percentage of the correlation energy recovered by each method is also

presented.
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FIG. 4: (Color online) DMC energy of the carbon dimer in the stretched configuration as a function

of the norm of the truncated trial wave function (left) and as a function of the number of CSFs

(right). Results are shown for HF, B3LYP and SOCI orbital sets. CCSD(T)-CBS and estimated

exact results are also when for comparison. Error bars are smaller than the markers.

First, the inclusion of several hundred configurations leads to large improvements in

the percentage of correlation energy recovered relative to single Slater Jastrow wavefunc-

tions. This allows us to recover at least 95% of the correlation for both the equilibrium

and stretched geometries for all methods we considered, in contrast to the 89% recovered

correlation energy we saw with single determinant wavefunctions. In trying to recover the

remaining 5% however, we observed that the fixed-node energy from the MSD wavefunction

was sensitive to both the choice of orbitals and method used to generate the CSF’s. Both
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Method CISD CISDTQ SOCI

HF-20 -10.9680(2) [95.4] -10.9719(4) [96.5] -10.9738(4) [97.0]

HF-50 -10.9740(2) [97.1] - -10.9799(3) [98.8]

B3LYP-20 -10.9708(2) [96.2] -10.9756(2) [97.6] -10.9769(3) [97.9]

B3LYP-50 -10.9748(1) [97.3] -10.9816(4) [99.3] -10.9818(4) [99.3]

SOCI-20 -10.9747(2) [97.3] -10.9803(3) [98.9] -10.9819(3) [99.4]

SOCI-50 -10.9755(2) [97.5] -10.9813(3) [99.2] -10.9824(3) [99.5]

TABLE V: Summary of energies of the carbon dimer at the stretched configuration from DMC

calculations using orbitals generated from several different methods. Refer to the text and the

caption of figure III A for a description of the abbreviations. The percentage of the correlation

energy recovered by each method is also presented.

examples led to qualitatively similar results: SOCI orbitals produced the lowest energies,

followed by B3LYP, with HF orbitals producing the worst energies. This is expected given

the level of sophistication of each method and the level at which each method treats corre-

lation. The speed of convergence of the energy with the number of configurations included

in the MSD expansion also varied significantly depending on the orbital set and the configu-

ration selection algorithm. On the other hand, regardless of the quality of the orbitals used,

the extrapolated DMC energies were very similar and quite accurate when an aggressive

configuration selection scheme (SOCI) was used. The existence of stronger multi-reference

character in the stretched configuration did not led to any significant differences in the over-

all dependence of the energy with orbital set and configuration selection. Even at the single

determinant level both configurations resulted in quantitatively similar results.

Second, we observed another obvious benefit of using “good” orbitals in QMC calculations

other than obtaining lower energies. We observed that convergence of the fixed-node energy

to the full truncated CI space limit was far more smooth and linear in the case of good

orbitals than with poor orbitals. This is of extreme importance, because not only can we

get away with using fewer CSF’s to achieve a given fixed-node error in a QMC calculation,

but we can save a lot of computer time by being able to meaningfully extrapolate to large

determinant set limits with just a few CSF’s.
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FIG. 5: (Color online) DMC energy of the carbon dimer at the stretched configuration as a func-

tion of the number of CSF’s (top) and the norm of the MSD wavefunction (bottom) using HF

orbitals (first column), B3LYP orbitals (second column), and SOCI orbitals (last column). The

different colors represent the different quantum chemistry methods used for choosing the excited

determinants. The CCSD(T)-CBS and estimated exact energies are shown for comparison. Error

bars are smaller than the markers.

From this analysis it is clear that both orbital optimization and configuration selection

are important aspects in the construction of accurate MSD wavefunctions in QMC. While we

can rely on high level quantum chemistry methods for both tasks in small molecular systems,

this is clearly not possible for larger molecules and bulk systems. In this case, we must rely

on alternative methods to perform these tasks, ideally using methods based entirely on

QMC. There are two simple alternatives for orbital set generation. The simplest approach

is to perform an optimization of the orbital set at the VMC level using a multideterminant

trial wave function. This is typically restricted to MSD expansions over small active space

[18, 30, 31], since the choice of configurations is frozen throughout the process. The second

approach involves the use of natural orbitals obtained from QMC calculations. While the

calculation of natural orbitals requires the calculation of the one-particle reduced density

matrix, which can be computationally expensive, the resulting orbitals can be very accurate

and the calculation can be performed self-consistently with increasingly more complicated

19



trial wave-functions at each step. We are currently investigating both alternatives. The

results will be presented in a future publication.

The selection of determinant configurations using QMC, given some orbital set, has re-

ceived considerably less attention in the community so far. In principle, it is straightforward

to use VMC optimization to select important configurations. The main disadvantage is the

need to perform an optimization process including all possible configurations simultaneously,

which given the negligibly small number of important configurations in an otherwise expo-

nentially large configuration space leads to both inefficiency and a low chance of success in

practice. Algorithms that perform this task perturbatively, without the need to explicitly

optimize all the configurations simultaneously, have recently shown quite a deal of promise

[43]. The recently introduced self-healing algorithm [44, 45] offers another alternative for

both the configuration selection and the optimization of the resulting linear parameters at

the DMC level. Unfortunately, the method suffers from the same problem as a direct VMC

optimization of needing to explicitly treat all possible configurations directly in the DMC

calculation. Nonetheless, the method offers important insight into the optimization of wave-

functions at the DMC level, which we believe will be influential in the development of new

configuration selection algorithms in the future.

V. CONCLUSIONS

In this paper, we have analyzed the effects that various combinations of orbital set choice,

configuration selection method, and number of included configurations have on the fixed-

node energy. Specifically, we found that convergence of the trial wavefunction with respect to

added configurations can be dramatically improved through the joint choices of orbital sets

that take into account electronic correlation and through select inclusion of highly excited

determinants through methods like SOCI.

Given the gains we see at this level, we believe it is necessary to be able to jointly

optimize orbital sets and intelligently choose configurations without the aid of high-level

quantum chemistry calculations, especially since much larger molecules and solids are cur-

rently beyond the scope of most quantum chemistry methods. We believe that reasonable

modifications of currently extant methods like VMC optimization with many parameters

and perturbative configuration selection or self-healing, as well as self-consistent hybrid
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approaches described in our previous discussion, are the most promising avenues towards

accomplishing this goal. Eventually, it is hoped that algorithmic advancements will render

large scale multideterminant calculations as robust and far more accurate than a routine

Slater-Jastrow QMC calculation.
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