‘ ! ! . LLNL-JRNL-667942

LAWRENCE
LIVERM ORE
NATIONAL

womron | AN @Nalysis of methods of determining
the effective eddy viscosity of an Implicit
LES for mixing simulations

Y. Zhou, B. Thornber

March 3, 2015

ASME J Fluids Engineering




Disclaimer

This document was prepared as an account of work sponsored by an agency of the United States
government. Neither the United States government nor Lawrence Livermore National Security, LLC,
nor any of their employees makes any warranty, expressed or implied, or assumes any legal liability or
responsibility for the accuracy, completeness, or usefulness of any information, apparatus, product, or
process disclosed, or represents that its use would not infringe privately owned rights. Reference herein
to any specific commercial product, process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States government or Lawrence Livermore National Security, LLC. The views and opinions of
authors expressed herein do not necessarily state or reflect those of the United States government or
Lawrence Livermore National Security, LLC, and shall not be used for advertising or product
endorsement purposes.



ASME J Fluids Engineering

An analysis of methods of determining the effective eddy viscosity of an Implicit

LES for mixing simulations

Ye Zhou
Lawrence Livermore National Laboratory

Livermore, CA 94550, USA

Ben Thornber
School of Aerospace, Mechanical and Mechatronic Engineering

The University of Sydney
NSW 2006, Sydney, Australia

ABSTRACT

The Implicit large-eddy simulations (ILES) have been utilized as an effective approach
for calculating many complex flows at high Reynolds number flows. Richtmyer—
Meshkov (RM) instability induced flow can be viewed as a homogeneous decaying
turbulence (HDT) after the passage of the shock. In this article, a critical evaluation of
three methods for estimating the effective Reynolds number and the effective kinematic
viscosity is undertaken utilizing high resolution ILES data. Effective Reynolds numbers
based on the vorticity and kinetic energy decay rate, or the integral length and dissipation
scale are found to be the most self-consistent when compared to the expected

phenomenology and wind tunnel experiments.
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1. Introduction

The Richtmyer—Meshkov instability (RMI) [1,2] induced turbulent fluids have important
scientific and engineering applications. These instability driven fluids have found
applications [3-6] in astrophysical flows and inertial confinement fusion. Recently,
Implicit large-eddy simulations (ILES) [7] have demonstrated as an effective approach
for calculating high Reynolds number flows one frequent encountered in scientific and

engineering applications.

Because the subgrid scale modeling is provided implicitly by the numerics, the ILES
methodology posed a challenge [8] when one is interested in the Reynolds number (Re)

of the flows,

Re = UL/vo. (1)

In the ILES framework, the effective kinematic viscosity, vo, is not available. U and L are
the characteristic velocity field and length scale, respectively, and both quantities are
dominated by the large-scale properties and are readily obtained from the simulated data.
It should be noted that in large-eddy simulations (LES), a subgrid model is employed

instead [9]. We will come back to this point later.

The RMI induced turbulent flow can be viewed as a freely decaying, incompressible one
after the passage of the planar shock wave [10] (see also, references [11-12]). Without
other energy deposition, the energy balance equation is reduced to a decaying one.
Freeing from the external agencies (see for example, references [13-14]), homogeneous
decaying turbulence (HDT) offered a clean platform to study issues of concerns for the

RMI flows.
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This paper will explore three schemes for evaluating the effective eddy viscosity which
gives an important guide to the fidelity of mixing simulations, utilizing an ILES
algorithm [31-34,38-40] which has been employed previously for RM calculations. We

will inspect three proposed methods of computing Re.

2. Effective viscosity and Reynolds number

As noted in Ref. [8], the strength of LES is its potential for capturing the high Re
turbulent flows. Therefore, there is no need at all to pay attention to these flows where the
values of Re are clearly low. These low Re flows should be handled accurately with
direct numerical simulations (DNS) [16] and can be identified easily by their lacking of a
scale separation between the energy containing and dissipation regions [17,18].
Therefore, this paper will only focus on the applications where an extended inertial range

can be illustrated using the simulation datasets.

Recall that the dynamics of the turbulent flows is governed by the time-dependent
evolution of large-scale, energy-containing scales [17, 18]. In the Kolmogorov theory, the
constant energy flux across a scale £ is the only link between the energetic and
dissipation scales [19, 20]. A suitable analogy [see Fig. 17, Ref. 20] for an extended
inertial range is a long “pipe” without leaks. We can “cut” a finite section from this

“pipe” and view its inflow and outflow.

Within the ILES framework, the energy flux, €, can be evaluated from the energetic
scales of the flows as the energy input into the upper bound of the inertial range. For
forced turbulent flow, for example, the inflow of the energy can be simply obtained by
the forcing correlation functions at the large scales [8, 21]. For complex flows, the

energy inflow may be modeled from [18]

=D, U’/L. )
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The coefficient approaches a constant value of D, ~ 0.5 for the high Reynolds number

flow where an internal range has been established [22,23].

The outflow of the energy from the lower bound of the inertial range would correspond to

the dissipation [18]. In direct numerical simulations, the energy flux is defined as

£= fo 2v k*E(k)dk )

3/4/8 Va

Here K; = 2n/n is the Kolmogorov wavenumber, where ng=vy is the Kolmogorov

length scale.

In ILES calculations of high Reynolds number flows, the Kolmogorov wavenumber can’t
be resolved. Yet, the highest resolvable wavenumber of ILES, saying £* (k*<ky), is

known. The effective viscosity, vefr, can then be defined as

k* kd k*
e=| [+ vk E®dk= [ 20, KBGOk = v, 9 @

where the enstrophy, €, is given in ILES by

o+
Q= [ 2k°E(k)dk. 5)
In this fashion, we are attempting to partition the energy outflow (which equals to the
energy flux) into two distinctive elements. First, the enstrophy contains the contributions
from all of the eddies of the ILES resolvable scales. On the other hand, for those eddies
with their scales smaller than n*=2n/k*, the effective viscosity defined above
incorporates the collective dissipative effects of those unresolvable scales. Of course, the
influences of the numerical dissipations are expected, but as k* — kg, the value of the

effective viscosity decreases (Vefr = Vo).

In the physical space, the smallest length scale that one should employ should be #*, and

Ve can be written as [12],

Veff — e/Q (6)
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where Q=w"/2, in the physical space, where the vorticity, m, can be readily evaluated

based on the simulated velocity data.

Restricting to HDT, the energy balance equation takes its simplest form (Eqn. (106) of
Ref. 24)

di ! ()

or

dK (k)
Ver =T @

(8)

The decay energy equation can be non-dimensionalized using

1 =t(=),
(%a)
and
K = 52
v (9b)

The effective Reesr is then obtained from the definition
Regy = -Q* /(dK*/dt*). (10)

The above procedure can also be justified from the LES perspective. For simplicity, the

classical Heisenberg model (see, for example, [25] and [26])

e=2v, [ KE(k)dk (11)
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is an earliest spectral subgrid model for large-eddy simulations, where £ is the cutoff
wavenumber of the LES and v; is the turbulent viscosity. As noted in [26], the
Heisenberg model has an assumption which effectively gives an average of the effect of
both local and non-local interactions but with more weight given to the non-local
interactions. Therefore, the effective viscosity estimation for an ILES summarized in this
section can be interpreted as a method of reverse engineering, which allows us to
reconstruct what would be Heisenberg turbulent viscosity of a LES, if the cutoff
wavenumber k; is always dynamically chosen at the highest resolved ILES wavenumber,
k*. Also, the above discussion is also relevant with the previous evaluation [15] of the
spectral eddy viscosity of Chollet [27] for a HDT flow (for a detailed review on using

statistical approaches to deriving the formulations of spectral eddy viscosity, see [14]).

3. Three proposed models

In this section, we will restrict ourselves to the cases where an inertial range has been
achieved in an ILES. It is reasonable to assume that the extent of the inertial range

corresponds to how high the Reynolds number has been achieved.

The existence of an extended inertial range would provide some opportunities to estimate
the effective kinematic viscosity [8]. It also made it possible to argue that the energy-
containing scale is free from the numerical dissipation scale, which is grid dependent.
This section addresses the following question: For a flow field computed from a highest
resolution ILES, what is the best estimation of the corresponding Reynolds number from
either a DNS or experiment that would be able to produce the same energy-containing
scale dynamics or the extent of the inertial range? Once this Reynolds number can be

obtained, the effective kinematic viscosity is followed.

The first method of computing the effective Reynolds utilizes the enstrophy and decay
rate as detailed in Eqn. (11). The second proposed method utilizes our knowledge of the
lower boundary of the inertial range (assuming a dissipative scheme), the inner viscous

length scale [9,20], is given by
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Ay=508 Re™. (12)

which can be easily rearranged to give the Reynolds number.

Finally, the third method explores the use of the Liepmann-Taylor length scale to
determine the effective Re. The Liepmann-Taylor length scale, A;.r, is the boundary

between the energy-containing and inertial ranges is given by the (see for example, [29]

and [30])

ALr =58 Re’? (13)

where 9 is the outer length scale of the flow. For a given ILES, it is reasonable to expect
that such a boundary can be located and the value of At should automatically reflect the
dynamics of the energy-containing scales and length of the inertial range. In theory, Ap 1
could be determined by inspecting either the compensated energy spectra or the energy
flux function. In practice, however, the visual inspection process of this value is a
challenge, and it is actually easier to compute it indirectly from the Taylor microscale, Ar.

Using the jet experimental data [29],

Ar~2.17 Ar. (14)

The coefficient on the right hand side of Eqn. (14) might not be universal and it is highly
desirable to calibrate it using other experimental datasets. If the outer scale 0 is available,
the Reynolds number can be simply determined with two large-scale length scales,
Re=[58/h1]% (15)

Hence, the third method explored which is based on the inertial range information only is

to determine the Reynolds number, from the following
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Re=[10A1/A]". (16)

For both Eqns. (12) and (16), the effective kinematic viscosity could be simply obtained
by

Veff — UL/RG, (1 7)

where once again, U, L are large-scale measurements.

4. Numerical testing

The proposed methods of computing an effective Reynolds number have been tested
numerically. Simulations of homogeneous decaying turbulence were undertaken using a
high order accurate Implicit LES algorithm [15, 31-34] at grid resolutions up to 1024°.
The simulations utilized the initial conditions previously employed by Thornber et al.
[15], except adapted to initialize the peak of the kinetic energy spectrum k,=32,
permitting a range of large and small length scales. The large scales are initialized with a
k* spectrum and the small scales have an exponential drop-off. The simulations were run
to late non-dimensional time t=t k;, ums(t=0)=1000 to allow the turbulent flow field to

develop.
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Fig. 1
a. Time variation of integral length (left),
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b. turbulent kinetic energy (middle)
c. enstrophy (right)

First of all, Fig. 1 shows the time variation of the key properties of the flow field, namely
the integral length L, the turbulent kinetic energy and the enstrophy. In classical scaling
L~ t*7 and this scaling is shown to hold well at late times (Fig. la), where the virtual
origin should have a reduced impact. The turbulent kinetic energy scales ~t'”, here we

find a close fit to a slightly smaller exponent of t'-*° (Fig. 1b).

For the evolution of enstrophy, a simple model can hint at the expected time variation.

kg, ky
N = j E(k < k,)k*dk +j E(k > k,)k?*dk
0 Ky,

Assuming k* at the low wavenumbers and k™" at the high wavenumbers, joining at

k;=2mn/L, and noting that k; ~ 27

and that in the case presented here k,/k; ~10 leads to
the result that Q~t'*”. Any k* component at low wavenumber would modify this to be
t*7In Fig. 1c the enstrophy scales as ~t">> which is marginally lower than -12/7~-1.71.
Finally, the skewness of the velocity derivative structure function is -0.38 (not shown),

indicative of a non-Gaussian turbulent field [35].

Fig. 2 shows the spectra from the current simulations at several different time instants.
Two comments must be made here, the first is that the apparent sub-inertial range
exhibits a bottle-neck as would be expected in decaying homogeneous cases, or moderate
Reynolds number grid generated turbulence. This leads to an inertial exponent
approximately k™ which is the same as measured in recent active grid experiments by
Thormann and Meneveau [36] (Fig. 17) at Re, approximately the same as reported here.
Their results also have a similar length of the sub-inertial range. The results shown here

indicate that a sensible choice of A, is at k~100, where rapid viscous decay begins.
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Fig 2 Turbulent kinetic energy spectra and compensated spectra as a function of time

This high resolution data was then employed to calculate the Reynolds number based on
Eqgn. (11), Eqgn. (12) and Eqn (16). Based on the previous expected time dependencies,
the Reynolds number dependence on time during the simulation can be predicted.

Assuming that A, is fixed by the grid spacing, as will be verified later, then:

Re (Q) _ urL Q « t_5/7 t2/7¢-1277 « t2/7 (18)
€ t—-17/7

—4/3
= (2 821 (19
Re (L ) (5%) ot (19)

Re(A,_;) = Re (A7) = (10_:11:4)4 _ (21771:1[)4 «tz (20)

The first two relations give reasonably close time dependence of Re, however the latter is

1/2

very difference thanks to the strong scaling of At ~t'*. These time dependencies give a

useful sanity check to the performance of the numerical schemes.

10
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Fig 3. Effective Reynolds number

Figure 3 plots both the Reynolds number based on the Taylor micro-scale (average over
the three directions) and the integral length, where the integral length is calculated from
the intercept of the kinetic energy spectrum. At the latest time Re ~250 and Re~1600.
There is a reasonable level of consistency between the two approaches, despite the
theoretically predicted small difference in the time exponent. In the simulation the scaling
of Reynolds based on Eqn. (12) with time is as predicted, but for the method based on
enstrophy it is marginally higher at t**°. This is due to the slight differences in time

scaling of enstrophy and kinetic energy compared to the idealized Kolmogorov model.

A common assumption is that Re; = C (Re;)? [29, 30, 8] (where C is a constant), however
at these grid resolutions this clearly does not hold. Fig 4 plots the two length scales,
normalized by the box width. The relationship is clearly nonlinear, where L~3 Ar at early
time and L~7 At at the final time, however it is not yet sufficiently non-linear to justify
the above relationship, hence such an estimation is optimistic at low separation

lengthscales (the constant in front of the proportionality must be employed).

11



ASME J Fluids Engineering

0.045}

0.04

0.035|

-

0.03|

0.025

0.02f

0'015:_ N E T T B I B
0.0045 0.005 0.0055 0.006 0.0065 0.007

Fig. 4 Integral length plotted against the Taylor microscale for the duration of the simulation

The two eddy viscosities are plotted in Fig 5. As expected from the Reynolds number
plots, the eddy viscosities also agree well taking a value of ~2.5 x 10™ at late times. The
ideal expected time variation of effective viscosities are t'”*! for the method based on the
inner viscous scale, and t°'7 for the enstrophy based effective viscosity. The results match

these predictions closely, accounting for the observed scaling of kinetic energy.

10° -

>10°

10-7 . . . P R |
500 1000

Fig. 5. Eddy viscosities computed using Eqn (11) and (12)+(17) respectively.

12
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Finally an assessment of Reynolds number was made using Eqn. (16). From the
functional form it is very sensitive to the ratio of the length scales. However, determining
AL- accurately from the spectra alone is not simple. For example, assuming that A, r
k=20 at the final grid resolution gives a Reynolds number of 7x10°, significantly higher
than any of the estimates from the previous equations. Raising the ratio of the length
scales to the fourth power means that an accurate determination is required which is
perhaps beyond simple eye-balling. Assuming that the correlation Ap.t ~2.17 Ar from
turbulent jet data holds here, the computation of the Reynolds number can be automated.
The results of this are shown in Figure 6. Again, the predictions are substantially higher

than the previous two methods.

g —=—— Re(L), %,
i - == = Re(;)
103 I R |
500 1000

T

Fig 6 Effective Reynolds number based on the Taylor micro-scale and inner viscous

scale.

5. Summary

The goal of this work is to further develop and evaluate the methodologies for obtaining
the effective Reynolds number and viscosity, both of these measurements are important
guide to the fidelity of mixing computations using implicit large-eddy simulations

(ILES). Recently, this task takes a greater urgency as ILES has demonstrated its utility

13
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for computing complex flows of interest; such as the Richtmyer-Meshkov (RM) as well
as the Rayleigh-Taylor instabilities' induced flows. Focusing on high Reynolds number
turbulent flows, we have formulated three schemes for achieving this objective. These
proposals have been test numerically in order to determine their performance in an ILES
setting. Simulated flow fields of the homogeneous decaying turbulence (HDT), computed
with an ILES code which has been employed previously for RM calculations, have been
employed. It should be noted that the RMI induced turbulent flow can be viewed as a

freely decaying, incompressible one after the passage of the planar shock wave.

Based on our observations, it can only be concluded that if high Reynolds number effects,
such as increased intermittency and mixing transitions at the grid scale, are important
then the most reliable approach and most widespread is the calculation of the effective
Reynolds based on the enstrophy or on the inner viscous scale and the integral length.
These measures of Reynolds appear the most consistent with the observed behavior of the

flow field.
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