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Adjoint Based Error Estimates
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Trilinos Based, Adjoint Enabled, Multi-physics Simulator: Drekar

Time = 6.32350
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Adjoint problem assuming continuous solutions:
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‘ Error representation:
Flow in Nuclear Reactor Tokamak Equilibrium (MHD) Geodynamo (MHD) Effectivity for WENO Effectivity for DG

RIS SRECER) G(u) — G(up) ~ Z/ (ug — up(x,0)) - ¢(x,0) do
Excellent adjoint-based results for fully-implicit CFD and MHD: uy, H
—Z/ —— - ¢p— F(up) - = | dx— F(up)n - ¢ dx
Time = 50.00000 — P—— r | p E; 8t 0513 OF;
A\Jfﬁ 5 | For discontinuous solutions, the adjoint has an internal boundary e .
3 ssoeae s | . * Quantities of interest may have
orear Qo Bravg 01 i condition at the shock: ) ek
3.250g-02 |  DxactQol: Bravg [0,1] : \ Emg . dlSCO nl'anItIeS
N R e I %, at the shock, » Developed adjoint-enhanced
it ; o " g_c;, O] - discontinuity detection
Convergence of error estimate Adjoint-enhanced uQ . ou ° Uses bOth point Va|ueS and
Requires precise knowledge of the location of the shock. gradients
. o . * Leverages ENO/WENO
Starting to investigate conservation laws with shocks Recent V\{ork has shown that the discrete a.djomt, wf.uc.h does not emoothressindicators
have an interval BC, converges to the continuous adjoint. 3  ps=m2 4 g 2
6 = Z ACEQ‘?_l / (@]9(8)) dS,
Can we compute adjoint-based error estimates? Can we discretize the continuous adjoint, without the internal BC, i IcJ>I:1 | =1 f |
and obtain accurate error estimates and sensitivities? e TR @17 S MBlEE
dioint inf . h . * Gradient-enhanced surrogates on
Can we use adjoint information to enhance UQ: Burgers equations with no viscosity: S R
Ou 4 9 (lfu?) =0, Uy = Ly =g * Adaptive resolution of
ot~ Oz \2 0, >0 discontinuity is straightforward
Model Problem and Discretization e Standard approach in literature
— e e Typically very expensive
(s Es s ' 1 ) ' * May not even be necessary
Consider the following system of conservation laws: - depending on the Qol.
ou 9 i . | | A -
| F(u)=0, u(0)=uq. | 2 | - We view the location .Of thg
ot Ox i i discontinuity as an epistemic i
02 . . s \ 5 , , , , . — Best Estimate
Subi : b q diti oo oo uncertainty || Upper Boune
ubject to appropriate boundary conditions P R T + We solve a discrete optimization o B
We focus on 1D for ease of notation, but everything carries over to IR RS RIEIESDES s problem to provide robust bounds |
2D and 3D unless otherwise noted. on probabilistic quantities given
Our quantity of interest is the average value of the solution over our lack of knowledge regarding
Partition the computation domain into a finite set of elements. [0.50.65] att=0.3. the precise location of the
CUL — xl/Q < 333/2 < Ny < QjN_|_1/2 = CER dlscontlnurty. 3 o ’ Respor?éi\falue 1 - j
Bi= [zi1y22imp], 1< N vl 1 o]
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Conclusions

Az; = Tip1/2 — Ti—1/2, h=maxAx;. ol \\/
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Define a discontinuous finite element space:
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V¥ ={v :v|g, € PP(E); 1<i< N} - | _ * Adjoints provide additional information that may be used in
P I R E R | optimization, error estimation, and/or uncertainty
Weak formulation: ’ ; i ) quantification.
Effectivity for WENO Effectivity for DG

oup, * Defining an adjoint for problems for discontinuous solutions

dv -
— 0B = / I bt A F(up)n-v dr =0 Euler equations: can be challenging.
g, Ot B Ox OE; :

- - ! I * High-order numerical approximations can be used to

p pu : : 1%
1
. ; ; . WA, _ b 2 2 approximate the continuous adjoint.
Compute finite volume (k=0) or discontinuous Galerkin approximation u= || Fu)=|ptpeu | p=(-1)(E-5m7), v=14 PP A _ J |
B (E+p)u e Quantities of interest may be discontinuous
All examples use Roe Riemann solver (HLLC gave similar results) « We can account for the epistemic uncertainty regarding the
Higher-order DG requires slope limiting or artificial viscosity 1 2= Oh 9285 & <05 location of the discontinuity.
Sod shock tube: p= A =T =
All examples use explicit 2" or 4t order Runga Kutta LA Al R - "
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