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Part 1:
Quantum Information
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Qubits and Qudits
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Quantum Bit
& the Bloch Sphere
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The Bloch Sphere
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Pure quantum states (state vectors) 
are like classical definite states --
e.g. “on” or “off” or “0” or “1”.
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Mixed quantum states (density matrices) 
are like classical probability distributions.
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Quantum Logic Gates
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Noisy Quantum Operations
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Measurements & Born’s Rule

• States exist solely to predict outcomes of observations.

• Measurements (observations) are sets of possible events.
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M = {Ek : k = 1 . . .K}

Simple (“pure” measurement)
M = {h�1| , h�2| . . .}

Pr(k| ) = | h�k| i |2

= Tr
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General (“POVM” measurement)

M = {E1, E2 . . . EK}
Pr(k|⇢) = Tr
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Quantum Circuits

• Quantum logic experiment on qubits = quantum circuit.

• Circuit on 1 qubit = gate sequence
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• We care deeply about very small errors (0.01%) in gates.  
These are very hard to detect in a single use of the gate.

• By using the unknown gate many times in an 
experimental test circuit, we can amplify errors

• We developed sequences that can amplify all errors.

GFk Fj

GFk FjG G G G G G G G G G

GFk FjG G G G G G G G G G

Pr(•) =
⌦
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Part 2:
Quantum Statistical Inference

(okay, tomography)
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State Tomography
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Goal:  determine (estimate) a quantum
state that can be parameterized like this:

Sol’n:  estimate each of the parameters
by estimating observable probabilities:

...etc, etc, for y and z.
(and many more if the system is bigger
than a single qubit...)



Process Tomography

• Quantum processes (a.k.a. operations or logic gates) can be 
characterized in a very similar way to states.
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B. Why does MLE produce zero eigenvalues?

The zero eigenvalues in ρ̂MLE are connected to the
negativity of tomographic estimates. What I will show
in this section is that, for a given dataset, if ρ̂tomo

is not positive, then ρ̂MLE is rank-deficient. On
the other hand, if the tomographic estimate is positive,
then ρ̂MLE = ρ̂tomo. MLE is thus a sort of “corrected
tomography”[28].

The valid state-set, comprising all positive density ma-
trices, is a convex subset of Hilbert-Schmidt space, the
(d2 − 1)-dimensional vector space of Hermitian, trace-
1 matrices. Its boundary comprises the rank-deficient
states. Whenever ρ̂tomo lies outside this boundary, MLE
squashes it down onto the boundary, producing a rank-
deficient estimate. To demonstrate the connection, we
begin by reviewing tomography.

1. How tomography works

Quantum state tomography is based on inverting
Born’s Rule: If a POVM measurement P =
{E1 . . . EN} is performed on a system in state
ρ, then the probability of observing Ei is pi =
Tr(Eiρ). The probabilities for d2 linearly independent
outcomes single out a unique ρ̂tomo consistent with those
probabilities. Several projective measurements (at least
d + 1) can, in aggregate, form a quorum – i.e., provide
sufficient information to identify ρ̂tomo.

Note, however, that no measurement can reveal the
probability of an event. Repeated measurements yield
frequencies, from which the tomographic estimator infers
probabilities. The measurement is repeated N times, and
if outcome Ei appears ni times, we estimate p̂i = ni/N .
If the measurements form a quorum, then the equations

Tr (ρ̂tomoEi) =
ni

N
(3)

can be solved to yield a unique ρ̂tomo.
Tomography thus seeks a density matrix whose predic-

tions agree exactly with the observed frequencies. Unfor-
tunately, this matrix is not always a state. Suppose that
an experimentalist, estimating the state of a single qubit,
measures σx, σy, and σz – but only one time each! Hav-
ing observed the +1 result in each case, she seeks a ρ̂tomo

satisfying 〈σx〉 = 〈σy〉 = 〈σz〉 = 1. Such a matrix exists,

ρ̂tomo =

(

1 1+i
2

1−i
2

0

)

, (4)

but it has a negative eigenvalue λ = 1−
√

2
2

≈ −0.207.
Moreover, this “state” implies that all three spin mea-
surements would be perfectly predictable, which is im-
possible.

Estimating the state from a single measurement of each
basis is a rather extreme example. However, it illus-
trates a point. Tomography, in a single-minded quest
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FIG. 1: A cross-section of the “Bloch cube”, which contains
all the possible tomographic estimates, and circumscribes the
Bloch sphere containing all positive estimates. The points
shown are possible tomographic estimates for N = 11 mea-
surements each of σx and σz, with 〈σy〉 set to zero for sim-
plicity’s sake. Of the 144 ρ̂tomo shown, 54 are non-positive
(keep in mind that the σy dimension is ignored). Depending
on the state, some ρ̂tomo will of course be more likely than
others; this figure merely illustrates the array of possible non-
positive estimates.

to match Born’s Rule to observed frequencies, pays no
attention to positivity. As the number of measurements
(N) increases, the possible tomographic estimates form
an N × N × N grid. They fill a “Bloch cube,” defined
by 〈σx,y,z〉 ∈ [−1 . . .1], which circumscribes the Bloch
sphere and contains a lot of negative states (see Fig. 1).
If the true state is sufficiently pure, then the probability
of obtaining a negative estimate can remain as high as
50% for arbitrarily large N , since the true state is very
close to the boundary between physical and unphysical
states.

In larger Hilbert spaces, the problem gets worse for
two reasons. First, the state-set’s dimensionality (and
therefore the number of independent parameters in ρ)
grows as d2 − 1. In order to keep the RMS error (∆2 =
√

Tr [(ρ̂tomo − ρ)2]) fixed, N must grow proportional to d.
Second, ρ̂tomo has more eigenvalues, so the probability of
at least one negative eigenvalue grows with d (for fixed
∆2). Together, these scalings ensure that tomographic
estimates of large systems are rarely non-negative.

The problems with tomography are well known – neg-
ative eigenvalues were precisely the embarrassing feature
that motivated MLE. As we shall see, however, MLE’s
implausible zero eigenvalues are closely related to tomog-
raphy’s negative ones.
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2. How MLE works

MLE, though sometimes complex in implementation, is
very simple in theory. Given a measurement record M =
{M1, M2, M3 . . .MN} (where Mi is a positive operator
representing the ith observation), the estimator seeks the
maximum of the likelihood function,

L(ρ̂) = p(M|ρ̂) =
∏

i

(Tr[Miρ̂]). (5)

M can be compactly represented as a list of frequen-
cies. Define a set P = {E1 . . . Em} containing all possible
outcomes, and let ni be the number of times that Ei ap-
pears in M. Then M ∼ {n1 . . . nm}. As N increases,
the frequency representation of M remains short.

Finding ρ̂MLE is feasible because L(ρ̂) has two conve-
nient properties. First, it is non-negative, so we can
maximize log(L(ρ̂)). Second, log(L(ρ̂)) is convex. The
proof is quite simple: we observe that log(L(ρ̂)) =
∑

i log Tr[Miρ̂]; that Tr[Miρ̂] is a non-negative, linear
function of ρ̂; that the logarithm of a linear function is
convex; and that the sum of convex functions is convex.
Among other things, this means that L(ρ̂) has a unique
local maximum.

3. The relationship between tomography and MLE

The likelihood function has another elegant property:
If there is a state ρ̂tomo, such that the probability
predicted for every outcome is equal to its ob-
served frequency, then ρ̂tomo is the maximum of
L(ρ̂). To prove this, let us write logL(ρ̂) in terms of (a)
the observed frequencies (fj = nj

N
), and (b) the predicted

probabilities (p̂j = Tr[Ej ρ̂]) for all the Ej :

L(ρ̂) =
∏

i

(Tr[Miρ̂]) =
∏

j

Tr[Ej ρ̂]nj (6)

log(L(ρ̂)) =
∑

j

nj log (Tr[Ej ρ̂]) (7)

= N
∑

j

fj log p̂j (8)

= N
∑

j

[fj log fj − (fj log fj − fj log p̂j)]

= −N [H(f) + D(f ||p̂)] . (9)

The last line invokes two information-theoretic quanti-
ties, entropy H(·) and relative entropy D(·||·). H(f)
doesn’t depend on p̂, so it is irrelevant for maximization.
The relevant quantity is D(f ||p̂), which is always non-
negative, and uniquely zero when p̂ = f . Thus, log(L(ρ))
is uniquely maximized when p̂ = f .

So, if ρ̂tomo is a valid state, then ρ̂MLE = ρ̂tomo. What
if ρ̂tomo exists, but is not a valid state? It must still
be Hermitian and have unit trace. Furthermore, it pre-
dicts non-negative probability for each Mi observed, so

ρ̂MLE

ρ̂tomo

positive states

negative tomographic
estimates

FIG. 2: An example of a likelihood function (for a sin-
gle qubit) whose unconstrained maximum lies outside the
state-set, and whose constrained maximum therefore lies on
its boundary. The domain shown here is a cross section
of the Bloch sphere, with 〈σy〉 = 0. This particular like-
lihood function is obtained from 16 measurements each of
σx and σz, comprising 14 |1〉 and |+〉 results, and 2 |0〉
and |−〉 results. The unconstrained maximum of L(ρ) is
at ρ̂tomo = 1

2

`

1l + 3

4
σx + 3

4
σz

´

, which has a negative eigen-
value. The constrained maximum is at ρ̂MLE = |ψ〉〈ψ|, where
|ψ〉 = 1√

2+
√

2
(|1〉 + |+〉).

Tr[Eiρ̂tomo] ≥ 0 for all i. The hyperplanes Tr[Eiρ̂] = 0
define a polytope in Hilbert-Schmidt space – a simple ex-
ample is the “Bloch cube” referred to previously – which
contains ρ̂tomo.

If we extend the domain of L(ρ̂) to this polytope and
its interior, then its maximum must coincide with ρ̂tomo,
since ρ̂tomo predicts the correct frequencies. Tomography,
in other words, is essentially unconstrained MLE.

Because L(ρ̂) has a unique local maximum at ρ̂tomo, its
maximum over a closed region which does not contain
ρ̂tomo must lie on the boundary of that region (see Fig.
2). The set of non-negative density matrices is precisely
such a closed region, so whenever ρ̂tomo is not a valid state,
ρ̂MLE must lie on the boundary of the state-set. That is,
it will be rank-deficient.

MLE and tomography are thus variants of the same
procedure, distinguished only by the positivity constraint
[29]. MLE is a sort of minimal fix for tomography, return-
ing the non-negative state that is in some sense “closest”
to ρ̂tomo. Actually computing the number of zero eigen-
values in ρ̂MLE seems difficult, but numerical exploration
for 1, 2, 3, and 4 qubit problems [10] suggests that ρ̂MLE

usually has at least as many zero eigenvalues as ρ̂tomo has
negative ones. In conjunction with the observation that
large-system tomography tends to yield many negative
eigenvalues, this explains the many zero eigenvalues in
experimental applications of MLE.

Why quantum is different:
Boundaries

9/10



Why quantum is different:
Choice of measurements
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around the true probability as

p̂k = pk ±
⇤

3
N

�
pk(1� pk) (2)

⇧ ⌥⇧k�estimated = ⌥⇧k�true ±
⇤

3
2N

⇥
1� ⌥⇧k�2. (3)

So when ⌥⇧k� is small, its estimated value fluctuates by
rather a lot – but when it is close to ±1, the estimate
is much more accurate. As a result, the variance of ⌅̂
around ⌅ is anisotropic and ⌅-dependent (see Fig. 1a).

Second, the dependence of infidelity on the error, � =
⌅̂ � ⌅, also varies with ⌅. F (⌅̂, ⌅) = 1 uniquely when
⌅̂ = ⌅, so F (�) ⇥ F (⌅ + �, ⌅) has a local maximum
at � = 0. When ⌅ has full rank (i.e., it lies in the in-
terior of the Bloch sphere), this implies that the gradi-
ent of F (�) vanishes at � = 0 – and therefore that for
small �, 1 � F (�) = O(|�|2). Small errors contribute
quadratically to the infidelity. But when some eigenvalue
⇤ of ⌅ is zero (i.e., ⌅ lies on the boundary of the Bloch
sphere), the gradient of F (�) need not vanish at � = 0,
and indeed, if � is positive on the null space of ⌅, then
1 � F (�) = O(|�|). More generally, infidelity is very
sensitive to errors in the estimation of small eigenval-
ues. If we consider only errors � that commute with ⌅,
a straightforward Taylor expansion of fidelity gives

1� F =
Tr(�2⌅�1)

8
, (4)

which is quadratic in |�|, but with a prefactor that di-
verges as ⇤�1.

So to minimize infidelity, we should not strive to esti-
mate every parameter of ⌅ with identical accuracy. In-
stead, we should focus on accurately estimating the small
eigenvalues of ⌅ – especially those that are (or appear
to be) zero. If ⌅ has no small eigenvalues (i.e., it lies
deep within the Bloch sphere), then standard tomogra-
phy does relatively well. That is, it achieves typical infi-
delity O(1/N) as N ⌅ ⌃ [1, 5]. Why? Because typical
errors scale as |�| = O(1/

 
N) (Eq. 3), and infidelity

scales as 1 � F = O(|�|2). But for states with zero
eigenvalues, this scaling breaks. Typical errors almost
always scale as O(1/

 
N), but infidelity can be linear

in |�|, and for these states infidelity scales as O(1/
 

N).
This behavior extends to states with eigenvalues less than
O(1/

 
N), which cannot be distinguished from zero us-

ing the data. And since pure and nearly-pure states are
precisely the states of greatest interest for quantum infor-
mation purposes, the rule that 1�F scales as O(1/

 
N)

for pure states is a serious problem.
Its solution lies in the one exception to the rule. When

⌅ is diagonal in one of the measured bases (e.g., ⇧z), infi-
delity always scales as O(1/N) – no matter what the val-
ues of ⌅’s eigenvalues {⇤i}. Why? Because the increased
sensitivity of 1 � F to error in small ⇤i (Eq. 4) is pre-
cisely canceled by the decrease in error that accompanies

⇥� ⌅�x⇧ �⇤

�
⇤�z⌅
⇥

(a) (b)

FIG. 1: Schematic illustration of: (a) how the variance of
the estimate �̂ depends on the true state �, and (b) how
the expected infidelity between �̂ and � varies with �. Both
figures show an equatorial cross-section of the Bloch sphere.
Inside the Bloch sphere, the average fidelity scales like 1 �
O (1/N), but in a thin shell of nearly-pure states, of thickness

O
“
1/
⇥

N
”
, it scales like 1 � O

“
1/
⇥

N
”

– except when � is

aligned with a measurement axis.

a highly biased measurement-outcome distribution (Eq.
3). This is no coincidence (see concluding discussion). It
suggests an obvious (if näıve) solution: we should simply
choose one of our measurement bases to be the diagonal
basis of ⌅!

Of course, this is impossible – knowing ⌅ would ren-
der tomography pointless. But we can perform standard
tomography on N0 < N samples, get a preliminary esti-
mate ⌅̂0, and measure the remaining N �N0 samples in
a frame where one basis diagonalizes ⌅̂0. This measure-
ment will not quite exactly diagonalize ⌅, but if N0 ⇤ 1
it will be fairly close. The angle ⇥ between the eigenbases
of ⌅ and ⌅̂0 is O(|�|) = O(1/

 
N0). This implies that if

⌅ has an eigenvector |⌥k� with eigenvalue ⇤k = 0, then
the probability of the corresponding measurement out-
come |⌃k�⌥⌃k| will be at most pk = ⇥2 = O(1/N0). Since
we make this measurement on O(N � N0) copies [12],
the final error in the estimated p̂k (and therefore in the
eigenvalue ⇤k) is O(1/

�
N0(N �N0)). So using a con-

stant fraction N0 = �N of the available samples for the
preliminary estimation should yield O(1/N) infidelity for
all states.

SIMULATION RESULTS

To confirm the theory, we did numerical simulations of
single-qubit tomography using four di⇥erent protocols:
(1) standard fixed-measurement tomography; (2) adap-
tive tomography with N0 = N2/3 (see concluding discus-
sion for an explanation); (3) adaptive tomography with
N0 = �N (for a range of �); and (4) “known basis” to-
mography, wherein we cheat by adjusting our measure-
ment frame for all N samples to align with ⌅’s eigenbasis.
We considered a variety of true states ⌅, but focus on the

then

Tomography... ...Future observationsBloch Sphere Geometry

Fisher Metric Geometry



• The plot shows results of a 
3-qubit (Toffoli gate) process 
tomography experiment 
(Innsbruck).

• 64 x 64 matrices have a lot 
of numbers in them! -- and 
each number corresponds to 
a different experimental 
configuration.

• Process tomography gets 
impractical very fast as N 
increases.

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

Process tomography is the same for larger systems -- but 
requires O(d4) different settings (16N for N qubits!)

FIG. 2: Comparison between (a) ideal and (b) experimental process �-matrices of the To↵oli

gate. The absolute values of the elements are shown in the operator basis �
c1 ⌦ �

c2 ⌦ �
t

2

{I ⌦ I ⌦ I, I ⌦ I ⌦ X, . . . , Z ⌦ Z ⌦ Z}. Ideal and experimental process matrices show the same

“fingerprint”.

10

Why quantum is different:
Parameter overload!



Why gates are not like states

• There is a famous theorem in QI called the Choi-
Jamiolkowski isomorphism:

• If you think this means that gates are isomorphic to states, 
then you are missing something very important:
        Gates can be repeated sequentially.

• If you realize this, then you can characterize a 
gate with much higher precision (1/N) than the 
corresponding Jamiolkowski state (        ).

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.
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Part 3:
Gate-set Tomography
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The problem with 
tomography
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Standard tomography relies on precalibrated gates...

                           ...but we don’t have any of those in real hardware!



Consequences of bad calibration
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Supplementary Figure 4 | Calibrated vs uncalibrated state tomography: a,
Data taken to calibrate the tomography shows ripples in the length of the Bloch
vector if we assume that the tomography projects the quantum state on to
Cartesian axes (inset). b-c, The paths around the Bloch sphere for the different
evolutions that are used for tomography calibration. If the tomography is
assumed to project on to the Cartesian axes there are points that lay outside
the Bloch sphere, and the pure |Si states are not at the north pole, which is
indicative of flawed state tomography. d, The ripples in the length of the bloch
vector are diminished (compared to panel a) if the axes deduced from state
tomography (inset) are used. e-f, The paths around the Bloch sphere for the
different evolutions that are used for state tomography. When the correct axes
are used, all the points lie inside the Bloch sphere and the pure |Si are at the
north pole.

many different evolutions around the Bloch sphere by evolving
from many different starting points at many values of ≤ (Suppl.
Fig. 4b,c,e,f). We determine the axes on to which we project
our state by finding the axes that minimize the amplitude of
the ripples in the length of the Bloch vectors (Suppl. Fig. 4d).
Based on our measurement procedure, we define the S-T 0 axis
to lie along the z-axis. We allow the y-axis to lie anywhere
on the Bloch sphere because a rotation around the x-axis can
suffer from over/under rotation as well as adiabaticity issues
with switching J on and off instantly. We constrain the x-axis
to lie in the x-z-plane because the only expected error is due
to adiabaticity turning J on and off. The typical tomographic
axes are shown in Suppl. Fig. 4d, and the signs of the errors are
consistent with their origins. The variation from calibration to
calibration is ª1% on the axis lengths and angles.
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Supplementary Figure 5 | Single-qubit rotations: a, The Pauli set for ø=100ns
as measured is complicated by single qubit rotations. b, Numerically rotating
each qubit around the S-T0-axis simplifies presentation and analysis. c, The
expected state for ø=100ns. d, The single qubit rotation angles for both qubits
as a function of ø are smooth and monotonic functions. e-f The entire Pauli set
as a function of ø for the raw and rotated data equation(1). The the y-axes of
adjacent elements in the Pauli set are offset by 1.

Determining Single Qubit Rotations
During the entangling sequence the two qubits rotate very

rapidly around the S-T0 axis compared to the speed of the
CPHASE gate (J1/2º ª J2/2º ª 300M H z, J12/2º ª 1M H z). These
single qubit rotations are not perfectly canceled out by the º-
pulses in the dynamically decoupled sequence due to pulse
distortions, consistent with pulse rise time effects at short times
and capacitive coupling to RC-filtered DC gates at long times.
Moreover, the angles by which the qubits are rotated change
as a function of the evolution time ø. In order to undo these
rotations, we perform a least-square fit of the data to the ex-
pected form of the Pauli set (see equation(1) below), restricting
the rotation to be around the S-T0 axis because J1, J2 ¿ ¢Bz .
These angles are shown in Fig. 3b, and exhibit a smooth,
monotonic behavior. The angles increase quickly for small ø,
which is consistent with pulse rise time effects, and display
linear behavior for long ø, which is consistent with long time RC
filtering. For comparison, we plot the entire Pauli set for both
the rotated and unrotated data in Suppl. Fig. 5 c-d.
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• A gate set is a complete statistical
model for a quantum device 
(e.g. qubit) treated as a black box.

• The gate set framework explicitly rules out “external” reference 
frames -- the only way to interact with the quantum device is 
by pushing buttons and reading L.E.D.s.

Gate sets

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

p(•) = hhE|Gs1 . . . GsL |⇢ii
Everything we can “measure”
is a probability of this form:

prepare

do'experiments

measure

outcome

n

hhE|, |⇢ii, G1 . . . GN

o



Principles of GST

• A set of m gates has a few parameters (for 1 qubit, 16m+8).

• So we just measure (estimate) that many independent 
experimental probabilities.  In 
principal, those should constraint
                    the gate set.

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.
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Estimate the entire 
gate set at once.



Linear GST

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
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1̃lj,k = hhE|Fj Fk |⇢ii
(G̃i)j,k = hhE|Fj Gi Fk |⇢ii

Ĝi = 1̃l
�1

G̃i, etc. () Ĝi = B�1GiB, hhÊ| = hhE|B, |⇢̂ii = B�1|⇢ii

e.g.

GFk Fj

(1)$$$Choose$a$set$of$fiducial(sequences:

(2)$$$Do$“tomography”$by$measuring:

$$$$$$$$$$$$and

(3)$$$Use$linear$algebra$to$get$the$es>mate:

(4)$$$Transform$the$es>mated$gateset$by$a$gauge(transforma4on$to
$$$$$$$$make$it$as$close$as$possible$to$the$desired$target$gateset:

Fk Fj

Ĝi ! S�1ĜiS and hhÊ| ! hhÊ|S and |⇢̂ii ! S�1|⇢̂ii

Concise(descrip,on(of(Linear(GST



The Gauge

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

• Let T be invertible.
Transform the gateset:

• All observable probabilities are left unchanged!
                => {Gk} and {G’k} are different descriptions
                      of exactly the same physical device.

E! G1 G3G2 G1 G2 G1

E'!' G'1 G'3G'2 G'1 G'2 G'1

P (E) = hhE|G1 . . . G1 |⇢ii
hhE0| = hhE|T

|⇢0ii = T�1 |⇢ii

G0
k = T�1GkT P (E0) = hhE0|G0

1 . . . G
0
1 |⇢0ii

=
⌦
hE|TT�1G1TT

�1 . . . TT�1G1TT
�1 |⇢i

↵

= P (E)



Long circuit GST

• “Traditional” tomography is linear -- observable probabilities 
are linear functions of the parameters (e.g., elements of Gk).

• This no longer holds for GST.  Even in 
LGST, probabilities involve multiple Gk.

• So can we get an advantage from going whole-hog and using 
really nonlinear probabilities (many uses of Gk at once?)

• Yes!  Long circuits can amplify small errors.
     (1)  What long circuit experiments should we perform?
     (2)  How do we fit a gateset to the resulting data?

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

• We care deeply about very small errors (0.01%) in gates.  
These are very hard to detect in a single use of the gate.

• By using the unknown gate many times in an 
experimental test circuit, we can amplify errors

• We developed sequences that can amplify all errors.

GFk Fj

GFk FjG G G G G G G G G G

GFk FjG G G G G G G G G G



Part 4:
Hyperaccuracy

&
Error-amplifying circuits

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.
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Basics of Error Amplification

• Simple toy example:
Goal:  estimate 𝜃.

• N observations of               yield                         .

• But N observations of                 yield

• Problem:  branch cuts.  We only observe rotations
modulo 2π, so if 8𝜃=π/2, is 𝜃 equal to π/16 or 5π/16?

• Solution:  gather data at many scales:  L=1,2,4,8,...

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

G = ei✓ ✓

hhE|G |⇢ii ✓̂ = ✓ ±O(1/
p
N) ✓̂

hhE|GL |⇢ii

cL✓ = L✓ ±O(1/
p
N) =) ✓̂ = cL✓/L = ✓ ±O(1/L

p
N)

✓̂

cL✓



Germs and Germ-powers

• If gates were scalars (e.g.             ) we could just estimate 
sequences GkL for L=1,2,4,8... and infer the Gk from them.

• But the Gk are matrices... which make things more complex!

• Repeating Gk (i.e., GkL) only amplifies 
eigenvalues of Gk.

• In early experiments, we got great precision
in rotation angles... but inaccurate rotation axes.

• Solution:  we do many repetitions not just of single gates 
but of short germs -- e.g. G1G2 -- that generate long 
sequences like (G1G2)L.  We call these germ power sequences.

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

Gk = ei✓k



Completeness

• A set of experiments is informationally complete (IC) if its 
observable results constrain every parameter of the model
(for gatesets, “every non-gauge parameter”).

• We want not just IC -- even LGST is IC.  We want every 
parameter amplified proportional to L (sequence length).

• Designing IC germ sets is something of a black art right now 
(it’s a condition on the rank of a Jacobian), but we can do it 
for any given gate set.  Example:

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.

{G
x

, G
y

, G
z

, G1l, G
x

G
y

, G
x

G
z

,

G
y

G
z

, G
x

G
x

G
y

, G
x

G
x

G
z

, G
x

G
y

G
z

, G
y

G
y

G
z

}



eLGST and LSGST

• We need to fit a gateset {𝜌, E, Gk} to long-sequence data.

• Extended LGST:  fast, simple, reasonably accurate
1.  Do LGST using short sequences to get a rough estimate.
2.  Use long sequences of the form Fi(germ)LFj to get LGST estimates 
of the quantum operation for (germ)L.
3.  Iteratively tweak the rough estimate to agree with estimated germ-
powers of length L=2, 4, 8, ... Lmax.

• Least-squares GST:   most accurate & statistically justified
1.  Do LGST using short sequences to get a rough estimate.
2.  Iteratively improve the rough estimate by doing a weighted least-
squares fit (minimize χ2) to the same sequences used for eLGST.

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.



Hyperaccuracy:  Simulations
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Efficiency:  counting clicks
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Part 4:
Experimental Results
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Extracting Error Rates
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Self-consistency:  χ2
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Non-Markovian noise
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Debugging:  Improved Gates

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly 
owned subsidiary of Lockheed Martin Corporation, for the U.S. Department of Energy’s National Nuclear Security
Administration under contract DE-AC04-94AL85000.



Debugging:  Improved χ2
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Conclusions & Future

• There’s no excuse for doing the “old” tomography any more -- 
assuming precalibrated gates is unsafe and unnecessary.

• GST can achieve unprecedented accuracy & efficiency by leveraging 
long circuits that amplify gate errors.

• Every (?) qubit has significant non-Markovian noise.

• Serious statistical techniques are becoming more and more 
important for quantum device characterization.  We rely critically 
on goodness-of-fit, and model selection is rapidly becoming an 
essential concept.

• Quantum statistical inference is (after all) just another application 
of statistics... but with some near-unique caveats and challenges!
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