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and is replaced by one in the low-energy state (ISET ¼ 0
again) thereafter. The data in Fig. 2were taken in the absence
of magnetic field (B ¼ 0 T). Therefore, the observed
splitting cannot be the Zeeman energy EZ ¼ hγeB
(γe ≈ 28 GHz=T is the electron gyromagnetic ratio) of
a single spin [30]. We postulate that the measurement in
Fig. 2(a) constitutes the observation of the jSi and jTi states
of a pair of 31P donors split by an exchange interaction
J ¼ μT − μS, where μT and μS are the jTi and jSi electro-
chemical potentials at B ¼ 0. To extract the value of J, we
first convertVDG to a shift in μ by fitting a Fermi distribution
function to the shape of ISETðVDGÞ for 0.25 < VDG <
0.35 V in the read phase after the decay of the tail
and using the electron temperature Tel ¼ 125$ 25 mK
(measured separately) to calibrate the energy scale. Then,
the length of the readout tail ΔVDG ¼ 0.6$ 0.1 V can be

converted into the value of J ¼ 345$ 100 μeV. This value
of J is expected to correspond to donors < 8 nm apart
[22,23,25].
Tuning the device to the region indicated by the dashed

line in Fig. 2(a), the single-shot readout traces reveal two
distinct tunnel-out processes [shown in Fig. 2(c)]: a slow
process with a tunnel time ≈0.9 ms and a faster process for
which the tunnel time is shorter than the rise time ≈35 μs of
the amplifier [see Fig. 2(b) for sample traces]. The
observation of two very distinct tunnel rates reinforces
the interpretation that we are observing the spin states of a
J-coupled donor pair. The jTi state must correspond to an
excited two-electron orbital, with a more extended wave
function [32] that results in stronger tunnel coupling to the
nearby SET island.
The f1sg orbital of a single 31P donor in Si has a valley-

orbit ground state A1 (onefold degenerate) and excited
states T2 (threefold degenerate) and E (twofold degenerate)
[33]. In particular, the threefold degeneracy of T2 arises
from it being an antisymmetric combination of pairs of
valleys $x, $y, $z, where all valleys have the same
energy. The A1 to T2 splitting is ≈11.7 meV making the
excited valley-orbit states unimportant for most aspects of
single-qubit physics. However, in a donor pair with strong
exchange interaction, the hybridization of the valley-orbit
states results in “bonding” and “antibonding” eigenstates,
whose energy is split according to the wave function
overlap. The Bohr radius of the T2 states is about twice
that of A1, resulting in a much larger splitting of the coupled
states. It has been estimated [34] that for interdonor
separation ≲6 nm, there is an inversion in the hierarchy
of states that originate from single-donor A1 and T2. The
energy of the bonding combination of T2 states (τg) crosses
below that of the antibonding A1 (αu), whereas the overall
ground state always remains the bonding A1 combination
(αg) [see Fig. 1(b)]. Therefore, in this configuration, the
spin-singlet state occupies the αg valley-orbit eigenstate,
while the spin triplets can occupy any of the three τx;y;zg

states distinguished by their valley composition. We denote
all the available triplet states as jTþ;0;−ix;y;z ¼ jαgτx;y;zg j ⊗
jTþ;0;−i, where j…j stands for the Slater determinant.
Two crucial aspects of the physics of donors and dots

in silicon need to be considered here. First, the two-
electron τx;y;zg states are not degenerate. Consider, for
example, a donor pair oriented along z, as in Fig. 1(a).
Since the transverse effective mass in Si is smaller than
the longitudinal one [35], states composed of valleys
perpendicular to the orientation of the pair have stronger
tunnel coupling, hence, τx;yg are lowered in energy further
than the τzg state [Fig. 1(b)]. Similarly, αg is not an equal-
weight combination of all six valleys but has a predomi-
nant component of valleys perpendicular to the dimer
axis. Second, the spin state of the donor pair is read out
through electron tunneling into the island of a SET
formed at a [001] interface, where the electron states
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FIG. 2 (color online). (a) Three-phase pulse sequence and
averaged SET current hISETi used to estimate the exchange
coupling J, at B ¼ 0. The dashed line identifies the appropriate
read-phase voltage for TR RO. (b) Diagrams of the electro-
chemical potentials μS; μTx;y ; μTz relative to the SET Fermi energy
EF with examples of readout traces identifying each of the states.
Because of the valley configuration of the SET island, jTi is only
allowed to tunnel if it occupies the τzg state. (c) TR RO fidelity:
histograms of the detection times of a pulse in ISET during the
read phase used to extract the readout fidelities [31].
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FIG. 1 (color online). (a) Scanning electron microscope image
of a device similar to the one used in the experiments. The gates
TG, LB, RB along with the S, D diffusion regions make up the
single electron transistor. A static magnetic field B can be applied
in the plane of the device, along the [110] Si crystal axis. Inset:
Sketch of the two 31P donors aligned along the z axis. (b) Diagram
showing the expected modification of the valley-orbit states for
coupled 31P donors ≲6 nm apart.
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and is replaced by one in the low-energy state (ISET ¼ 0
again) thereafter. The data in Fig. 2were taken in the absence
of magnetic field (B ¼ 0 T). Therefore, the observed
splitting cannot be the Zeeman energy EZ ¼ hγeB
(γe ≈ 28 GHz=T is the electron gyromagnetic ratio) of
a single spin [30]. We postulate that the measurement in
Fig. 2(a) constitutes the observation of the jSi and jTi states
of a pair of 31P donors split by an exchange interaction
J ¼ μT − μS, where μT and μS are the jTi and jSi electro-
chemical potentials at B ¼ 0. To extract the value of J, we
first convertVDG to a shift in μ by fitting a Fermi distribution
function to the shape of ISETðVDGÞ for 0.25 < VDG <
0.35 V in the read phase after the decay of the tail
and using the electron temperature Tel ¼ 125$ 25 mK
(measured separately) to calibrate the energy scale. Then,
the length of the readout tail ΔVDG ¼ 0.6$ 0.1 V can be

converted into the value of J ¼ 345$ 100 μeV. This value
of J is expected to correspond to donors < 8 nm apart
[22,23,25].
Tuning the device to the region indicated by the dashed

line in Fig. 2(a), the single-shot readout traces reveal two
distinct tunnel-out processes [shown in Fig. 2(c)]: a slow
process with a tunnel time ≈0.9 ms and a faster process for
which the tunnel time is shorter than the rise time ≈35 μs of
the amplifier [see Fig. 2(b) for sample traces]. The
observation of two very distinct tunnel rates reinforces
the interpretation that we are observing the spin states of a
J-coupled donor pair. The jTi state must correspond to an
excited two-electron orbital, with a more extended wave
function [32] that results in stronger tunnel coupling to the
nearby SET island.
The f1sg orbital of a single 31P donor in Si has a valley-

orbit ground state A1 (onefold degenerate) and excited
states T2 (threefold degenerate) and E (twofold degenerate)
[33]. In particular, the threefold degeneracy of T2 arises
from it being an antisymmetric combination of pairs of
valleys $x, $y, $z, where all valleys have the same
energy. The A1 to T2 splitting is ≈11.7 meV making the
excited valley-orbit states unimportant for most aspects of
single-qubit physics. However, in a donor pair with strong
exchange interaction, the hybridization of the valley-orbit
states results in “bonding” and “antibonding” eigenstates,
whose energy is split according to the wave function
overlap. The Bohr radius of the T2 states is about twice
that of A1, resulting in a much larger splitting of the coupled
states. It has been estimated [34] that for interdonor
separation ≲6 nm, there is an inversion in the hierarchy
of states that originate from single-donor A1 and T2. The
energy of the bonding combination of T2 states (τg) crosses
below that of the antibonding A1 (αu), whereas the overall
ground state always remains the bonding A1 combination
(αg) [see Fig. 1(b)]. Therefore, in this configuration, the
spin-singlet state occupies the αg valley-orbit eigenstate,
while the spin triplets can occupy any of the three τx;y;zg

states distinguished by their valley composition. We denote
all the available triplet states as jTþ;0;−ix;y;z ¼ jαgτx;y;zg j ⊗
jTþ;0;−i, where j…j stands for the Slater determinant.
Two crucial aspects of the physics of donors and dots

in silicon need to be considered here. First, the two-
electron τx;y;zg states are not degenerate. Consider, for
example, a donor pair oriented along z, as in Fig. 1(a).
Since the transverse effective mass in Si is smaller than
the longitudinal one [35], states composed of valleys
perpendicular to the orientation of the pair have stronger
tunnel coupling, hence, τx;yg are lowered in energy further
than the τzg state [Fig. 1(b)]. Similarly, αg is not an equal-
weight combination of all six valleys but has a predomi-
nant component of valleys perpendicular to the dimer
axis. Second, the spin state of the donor pair is read out
through electron tunneling into the island of a SET
formed at a [001] interface, where the electron states
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FIG. 2 (color online). (a) Three-phase pulse sequence and
averaged SET current hISETi used to estimate the exchange
coupling J, at B ¼ 0. The dashed line identifies the appropriate
read-phase voltage for TR RO. (b) Diagrams of the electro-
chemical potentials μS; μTx;y ; μTz relative to the SET Fermi energy
EF with examples of readout traces identifying each of the states.
Because of the valley configuration of the SET island, jTi is only
allowed to tunnel if it occupies the τzg state. (c) TR RO fidelity:
histograms of the detection times of a pulse in ISET during the
read phase used to extract the readout fidelities [31].
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FIG. 1 (color online). (a) Scanning electron microscope image
of a device similar to the one used in the experiments. The gates
TG, LB, RB along with the S, D diffusion regions make up the
single electron transistor. A static magnetic field B can be applied
in the plane of the device, along the [110] Si crystal axis. Inset:
Sketch of the two 31P donors aligned along the z axis. (b) Diagram
showing the expected modification of the valley-orbit states for
coupled 31P donors ≲6 nm apart.
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and is replaced by one in the low-energy state (ISET ¼ 0
again) thereafter. The data in Fig. 2were taken in the absence
of magnetic field (B ¼ 0 T). Therefore, the observed
splitting cannot be the Zeeman energy EZ ¼ hγeB
(γe ≈ 28 GHz=T is the electron gyromagnetic ratio) of
a single spin [30]. We postulate that the measurement in
Fig. 2(a) constitutes the observation of the jSi and jTi states
of a pair of 31P donors split by an exchange interaction
J ¼ μT − μS, where μT and μS are the jTi and jSi electro-
chemical potentials at B ¼ 0. To extract the value of J, we
first convertVDG to a shift in μ by fitting a Fermi distribution
function to the shape of ISETðVDGÞ for 0.25 < VDG <
0.35 V in the read phase after the decay of the tail
and using the electron temperature Tel ¼ 125$ 25 mK
(measured separately) to calibrate the energy scale. Then,
the length of the readout tail ΔVDG ¼ 0.6$ 0.1 V can be

converted into the value of J ¼ 345$ 100 μeV. This value
of J is expected to correspond to donors < 8 nm apart
[22,23,25].
Tuning the device to the region indicated by the dashed

line in Fig. 2(a), the single-shot readout traces reveal two
distinct tunnel-out processes [shown in Fig. 2(c)]: a slow
process with a tunnel time ≈0.9 ms and a faster process for
which the tunnel time is shorter than the rise time ≈35 μs of
the amplifier [see Fig. 2(b) for sample traces]. The
observation of two very distinct tunnel rates reinforces
the interpretation that we are observing the spin states of a
J-coupled donor pair. The jTi state must correspond to an
excited two-electron orbital, with a more extended wave
function [32] that results in stronger tunnel coupling to the
nearby SET island.
The f1sg orbital of a single 31P donor in Si has a valley-

orbit ground state A1 (onefold degenerate) and excited
states T2 (threefold degenerate) and E (twofold degenerate)
[33]. In particular, the threefold degeneracy of T2 arises
from it being an antisymmetric combination of pairs of
valleys $x, $y, $z, where all valleys have the same
energy. The A1 to T2 splitting is ≈11.7 meV making the
excited valley-orbit states unimportant for most aspects of
single-qubit physics. However, in a donor pair with strong
exchange interaction, the hybridization of the valley-orbit
states results in “bonding” and “antibonding” eigenstates,
whose energy is split according to the wave function
overlap. The Bohr radius of the T2 states is about twice
that of A1, resulting in a much larger splitting of the coupled
states. It has been estimated [34] that for interdonor
separation ≲6 nm, there is an inversion in the hierarchy
of states that originate from single-donor A1 and T2. The
energy of the bonding combination of T2 states (τg) crosses
below that of the antibonding A1 (αu), whereas the overall
ground state always remains the bonding A1 combination
(αg) [see Fig. 1(b)]. Therefore, in this configuration, the
spin-singlet state occupies the αg valley-orbit eigenstate,
while the spin triplets can occupy any of the three τx;y;zg

states distinguished by their valley composition. We denote
all the available triplet states as jTþ;0;−ix;y;z ¼ jαgτx;y;zg j ⊗
jTþ;0;−i, where j…j stands for the Slater determinant.
Two crucial aspects of the physics of donors and dots

in silicon need to be considered here. First, the two-
electron τx;y;zg states are not degenerate. Consider, for
example, a donor pair oriented along z, as in Fig. 1(a).
Since the transverse effective mass in Si is smaller than
the longitudinal one [35], states composed of valleys
perpendicular to the orientation of the pair have stronger
tunnel coupling, hence, τx;yg are lowered in energy further
than the τzg state [Fig. 1(b)]. Similarly, αg is not an equal-
weight combination of all six valleys but has a predomi-
nant component of valleys perpendicular to the dimer
axis. Second, the spin state of the donor pair is read out
through electron tunneling into the island of a SET
formed at a [001] interface, where the electron states
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FIG. 2 (color online). (a) Three-phase pulse sequence and
averaged SET current hISETi used to estimate the exchange
coupling J, at B ¼ 0. The dashed line identifies the appropriate
read-phase voltage for TR RO. (b) Diagrams of the electro-
chemical potentials μS; μTx;y ; μTz relative to the SET Fermi energy
EF with examples of readout traces identifying each of the states.
Because of the valley configuration of the SET island, jTi is only
allowed to tunnel if it occupies the τzg state. (c) TR RO fidelity:
histograms of the detection times of a pulse in ISET during the
read phase used to extract the readout fidelities [31].
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FIG. 1 (color online). (a) Scanning electron microscope image
of a device similar to the one used in the experiments. The gates
TG, LB, RB along with the S, D diffusion regions make up the
single electron transistor. A static magnetic field B can be applied
in the plane of the device, along the [110] Si crystal axis. Inset:
Sketch of the two 31P donors aligned along the z axis. (b) Diagram
showing the expected modification of the valley-orbit states for
coupled 31P donors ≲6 nm apart.
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and is replaced by one in the low-energy state (ISET ¼ 0
again) thereafter. The data in Fig. 2were taken in the absence
of magnetic field (B ¼ 0 T). Therefore, the observed
splitting cannot be the Zeeman energy EZ ¼ hγeB
(γe ≈ 28 GHz=T is the electron gyromagnetic ratio) of
a single spin [30]. We postulate that the measurement in
Fig. 2(a) constitutes the observation of the jSi and jTi states
of a pair of 31P donors split by an exchange interaction
J ¼ μT − μS, where μT and μS are the jTi and jSi electro-
chemical potentials at B ¼ 0. To extract the value of J, we
first convertVDG to a shift in μ by fitting a Fermi distribution
function to the shape of ISETðVDGÞ for 0.25 < VDG <
0.35 V in the read phase after the decay of the tail
and using the electron temperature Tel ¼ 125$ 25 mK
(measured separately) to calibrate the energy scale. Then,
the length of the readout tail ΔVDG ¼ 0.6$ 0.1 V can be

converted into the value of J ¼ 345$ 100 μeV. This value
of J is expected to correspond to donors < 8 nm apart
[22,23,25].
Tuning the device to the region indicated by the dashed

line in Fig. 2(a), the single-shot readout traces reveal two
distinct tunnel-out processes [shown in Fig. 2(c)]: a slow
process with a tunnel time ≈0.9 ms and a faster process for
which the tunnel time is shorter than the rise time ≈35 μs of
the amplifier [see Fig. 2(b) for sample traces]. The
observation of two very distinct tunnel rates reinforces
the interpretation that we are observing the spin states of a
J-coupled donor pair. The jTi state must correspond to an
excited two-electron orbital, with a more extended wave
function [32] that results in stronger tunnel coupling to the
nearby SET island.
The f1sg orbital of a single 31P donor in Si has a valley-

orbit ground state A1 (onefold degenerate) and excited
states T2 (threefold degenerate) and E (twofold degenerate)
[33]. In particular, the threefold degeneracy of T2 arises
from it being an antisymmetric combination of pairs of
valleys $x, $y, $z, where all valleys have the same
energy. The A1 to T2 splitting is ≈11.7 meV making the
excited valley-orbit states unimportant for most aspects of
single-qubit physics. However, in a donor pair with strong
exchange interaction, the hybridization of the valley-orbit
states results in “bonding” and “antibonding” eigenstates,
whose energy is split according to the wave function
overlap. The Bohr radius of the T2 states is about twice
that of A1, resulting in a much larger splitting of the coupled
states. It has been estimated [34] that for interdonor
separation ≲6 nm, there is an inversion in the hierarchy
of states that originate from single-donor A1 and T2. The
energy of the bonding combination of T2 states (τg) crosses
below that of the antibonding A1 (αu), whereas the overall
ground state always remains the bonding A1 combination
(αg) [see Fig. 1(b)]. Therefore, in this configuration, the
spin-singlet state occupies the αg valley-orbit eigenstate,
while the spin triplets can occupy any of the three τx;y;zg

states distinguished by their valley composition. We denote
all the available triplet states as jTþ;0;−ix;y;z ¼ jαgτx;y;zg j ⊗
jTþ;0;−i, where j…j stands for the Slater determinant.
Two crucial aspects of the physics of donors and dots

in silicon need to be considered here. First, the two-
electron τx;y;zg states are not degenerate. Consider, for
example, a donor pair oriented along z, as in Fig. 1(a).
Since the transverse effective mass in Si is smaller than
the longitudinal one [35], states composed of valleys
perpendicular to the orientation of the pair have stronger
tunnel coupling, hence, τx;yg are lowered in energy further
than the τzg state [Fig. 1(b)]. Similarly, αg is not an equal-
weight combination of all six valleys but has a predomi-
nant component of valleys perpendicular to the dimer
axis. Second, the spin state of the donor pair is read out
through electron tunneling into the island of a SET
formed at a [001] interface, where the electron states
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FIG. 2 (color online). (a) Three-phase pulse sequence and
averaged SET current hISETi used to estimate the exchange
coupling J, at B ¼ 0. The dashed line identifies the appropriate
read-phase voltage for TR RO. (b) Diagrams of the electro-
chemical potentials μS; μTx;y ; μTz relative to the SET Fermi energy
EF with examples of readout traces identifying each of the states.
Because of the valley configuration of the SET island, jTi is only
allowed to tunnel if it occupies the τzg state. (c) TR RO fidelity:
histograms of the detection times of a pulse in ISET during the
read phase used to extract the readout fidelities [31].
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FIG. 1 (color online). (a) Scanning electron microscope image
of a device similar to the one used in the experiments. The gates
TG, LB, RB along with the S, D diffusion regions make up the
single electron transistor. A static magnetic field B can be applied
in the plane of the device, along the [110] Si crystal axis. Inset:
Sketch of the two 31P donors aligned along the z axis. (b) Diagram
showing the expected modification of the valley-orbit states for
coupled 31P donors ≲6 nm apart.
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Use a Gaussian grid non-perturbative approach

z ε(z)
1. Lay down a (3D) grid of Gaussians 
2. Construct (local) overlaps with potential 
3. Build generalized eigenvalue problem

,ψ = )7ψ

We’ll use anisotropic gaussians on an  
example problem: valley splitting in a  
quantum dot

potential +  
valley orbit coupling

overlap matrix
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Valley splitting in silicon - full-scope approach

Ramping the voltage leads to both 
increased confinement and increased 
valley splitting - not separable.
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Summary & future work

+

Full scope modeling

• Multiple electrons 
• More realistic structures (including disorder) 
• Dynamical modeling (optimal control?) 
• Spin physics

gaussian grid
device-level simulation 
with full valley physics
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