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11 We present a general Global Minimization Algorithm (GMA) to identify basic or thermally coupled distillation configu-
12 rations that require the least vapor duty under minimum reflux conditions for separating any ideal or near-ideal multi-
13 component mixture into a desired number of product streams. In this algorithm, global optimality is guaranteed by
14 modeling the system using Underwood equations and reformulating the resulting constraints to bilinear inequalities.
15 The speed of convergence to the globally optimal solution is increased by using appropriate feasibility and optimality
16 based variable-range reduction techniques and by developing valid inequalities. The GMA can be coupled with already
17 developed techniques that enumerate basic and thermally coupled distillation configurations, to provide for the first
18 time, a global optimization based rank-list of distillation configurations. VC 2016 American Institute of Chemical Engi-
19 neers AIChE J, 00: 000–000, 2016
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23

24 Introduction

25 Several alternative distillation configurations can be used
26 for separating an ideal or near-ideal multicomponent mixture
27 into a desired number of product streams. Many mathematical
28 models have been proposed for systematically synthesizing all
29 these possible distillation configurations.1–5 In these models,
30 the distillation configurations use the same number of distilla-
31 tion columns to separate a given feed mixture into the desired
32 product streams. However, the distillation configurations may
33 or may not have the same number of heat exchangers. As a
34 result, these configurations can differ in installation costs.
35 Moreover, even though they carry out the same separation
36 task, these configurations have been found to differ signifi-
37 cantly in their vapor duty requirements, leading to signifi-
38 cantly different operating costs. It is thus important to identify
39 a distillation configuration for which the total installation and
40 operating costs are minimum.
41 Furthermore, distillation configurations for a given separa-
42 tion task can even have a different number of distillation col-
43 umns. A distillation configuration to separate a mixture into n
44 product streams can be classified as having less than (n2 1)
45 distillation columns or at least (n2 1) distillation columns.
46 The configurations with at least (n2 1) distillation columns
47 can be further classified either as basic or non-basic distillation
48 configurations.6 Basic configurations have exactly (n2 1) dis-

49tillation columns while non-basic distillation configurations
50use more than (n2 1) distillation columns for an n-component
51separation. Configurations with less than (n2 1) columns are
52typically attractive only for limited types of multicomponent
53separation problems as pointed out by Shenvi et al.7, while
54non-basic distillation configurations (that use more than
55(n2 1) columns) have been shown, through extensive compu-
56tations for four component separations, to have higher operat-
57ing costs than optimal basic configurations, as presented by
58Giridhar and Agrawal8. Non-basic configurations are also
59expected to have higher capital costs than basic configurations
60due to additional distillation columns and associated heat
61exchangers. Therefore, in this work, we only include basic
62configurations in our search space.
63The search space is defined as the set of all possible distilla-
64tion configurations that are candidate solutions during the
65search for a globally optimal configuration. Structurally, a dis-
66tillation configuration can be described by a unique set of dis-
67crete binary integer variables. The value of each integer
68variable would indicate the presence or absence of the corre-
69sponding unit in the configuration. For example, an integer
70variable can represent presence or absence of a heat exchanger
71at a specific location in a configuration. In addition to this
72structural description of a configuration, continuous variables
73are also needed to represent internal and external flow rates
74and compositions in a configuration. Therefore, each distilla-
75tion configuration in a search space is mathematically associ-
76ated with a unique set of integer and continuous variables, and
77the search for an optimal configuration involves optimization
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78 over both continuous and discrete integer variables. The
79 search for a globally optimal configuration can be carried out
80 in two ways. The first approach is to formulate the problem as
81 a single mixed-integer nonlinear programming (MINLP) prob-
82 lem4,5 solved by a local optimization solver. In this approach,
83 the distillation configuration search space is defined as a math-
84 ematical superstructure that contains all possible configura-
85 tions. The MINLP approach attempts to find the globally
86 optimal solution without enumerating all the configurations
87 in the search space. As pointed out by Caballero and
88 Grossmann4, this approach faces three important challenges:
89 unless globality can be assured, (1) in most cases, a feasible
90 solution is not found because of singularities that arise with
91 disappearing column sections, (2) Iterations are very time con-
92 suming, and (3) even if a solution is found, it often corre-
93 sponds to a poor local optimum.
94 To address these issues, Caballero and Grossmann4 devel-
95 oped a super structure based model that could be solved
96 through a modified version of a logic-based outer approxima-
97 tion algorithm.9 In this approach the MINLP problem is
98 decomposed into an MILP master problem and an nonlinear
99 programming problem (NLP) sub-problem, with the master

100 problem being formulated by replacing the nonlinear equa-
101 tions with their convex outer-approximations. This makes the
102 master problem less sensitive to column sections that disap-
103 pear in a particular solution, and also provides a better initial
104 guess for the NLP sub-problem. The MILP master problem
105 involves discrete optimization and is solved to generate a fea-
106 sible configuration. The NLP sub-problem involves continu-
107 ous optimization and is solved to optimize the feasible
108 configuration generated by the MILP master problem. This
109 process is repeated iteratively until the NLP solution starts
110 worsening relative to a previous iteration. The configuration
111 associated with current iteration is then selected as the optimal
112 solution. Observe that this procedure does not guarantee the
113 global optimality of the solution it identifies.
114 Subsequently, Caballero and Grossmann5 presented a new
115 iterative procedure to solve an MINLP problem that includes
116 thermally coupled configurations in the search space. This pro-
117 cedure decomposes each problem into a master problem and
118 sub-problem. In this procedure the integer variables associated
119 with transfer-stream heat exchangers are assigned values of
120 zero, that is, they are assumed to be absent during each itera-
121 tion of the master problem. This approach thus identifies a
122 completely thermally coupled (CTC) configuration during
123 each iteration of the master problem. In the sub-problem, the
124 heat exchangers are allowed to be present or absent while
125 freezing the configuration structure to the solution generated
126 by the master problem. These two steps are repeated itera-
127 tively until a stopping criterion is met in two consecutive itera-
128 tions. This procedure also does not guarantee a globally
129 optimal solution. The limitation of both these procedures lies
130 in the decomposition of the original problem into subpro-
131 blems. To guarantee global optimal solution is sought, such a
132 decomposition cannot be performed.
133 The second approach for identifying an optimal distillation
134 configuration is to synthesize the complete search space and to
135 formulate individual NLP problems for each configuration in
136 the search space. We refer to this approach as an enumeration
137 based approach. Until now, the optimization of a distillation
138 configuration was attempted either analytically or by solving a
139 nonlinear programming problem (which may include integer
140 variables as well) using state-of-art local optimization solvers.

141In the first part of this series of articles, we demonstrated that
142the analytical method, referred to as the Sequential Minimiza-
143tion Algorithm (SMA), is not a reliable global optimization
144tool.10 Similarly, other researchers such as Giridhar and
145Agrawal1 found that local optimization solvers were often
146unsuccessful in finding globally optimal solutions because of
147the nonlinear nature of the problem. To overcome this chal-
148lenge, they recommended using multiple randomly generated
149initial guesses, but still could not guarantee global optimality
150while significantly increasing computational burden. Further-
151more, in a few cases, no feasible solutions could be found for
152some NLP problems by this approach.
153In this article, we present a general NLP-based formulation
154that can describe all basic and thermally coupled configura-
155tions, and can be solved to guaranteed global optimality. We
156refer to this formulation as a Global Minimization Algorithm
157(GMA), throughout this article. This algorithm is applied to
158each basic and thermally coupled distillation configuration to
159obtain its corresponding globally minimum vapor duty
160requirement. This algorithm uses a bilinear reformulation of
161the Underwood equations. To use this algorithm, we first gen-
162erate all the configurations in the search space using the
163method of Shah and Agrawal2,3. Subsequently, GMA-based
164optimization of each configuration provides a global optimiza-
165tion based rank-list of distillation configurations. GMA is thus
166the first algorithm to guarantee that all globally optimal distil-
167lation configurations for any ideal or near-ideal multicompo-
168nent separation problem will be identified. Unlike the MINLP
169approach, this approach does involve the computational effort
170of evaluating each individual configuration in the search
171space, but is currently the only approach that is able to solve
172this problem to global optimality; further, this approach adds
173the capability exists to identify all configurations within a pre-
174specified percent of the global optimum. A process flow chart
175illustrating the key steps of the GMA is shown in Figure F11.
176Details about the GMA-based formulation will be described in
177the following sections. Strategies for reducing the computa-
178tional time will also be discussed.

179Search Space of Distillation Configurations

180For general multicomponent distillation problems, the
181search space is limited to distillation configurations that use
182exactly n2 1 distillation columns to separate an ideal or near-
183ideal multicomponent mixture into n product streams. This
184search space can be synthesized using the method of Shah and
185Agrawal2,3, where every feasible distillation configuration for
186an n-component separation is represented as an n 3 n upper
187triangular matrix. The upper triangular elements correspond to
188streams in a configuration and can take values of either zero or
189one. A value of zero indicates that the corresponding stream is
190absent in the configuration, while a value of one indicates
191presence of the corresponding stream. For example, for a four
192component separation, all possible streams that may be present
193in a configuration are ABCD, ABC, BCD, AB, BC, CD, A, B,
194C, and D (see Figure F22a). The corresponding upper triangular
195matrix with possible 0/1 values is shown in Figure 2b. Note
196that the main feed stream (element (1,1)) and the final product
197streams (elements in the final column) always have values of
198one in this matrix. The remaining streams are necessarily
199transferred between distillation columns and can take values
200of either zero or one. Figure F33 shows a feasible configuration
201for a four-component separation. The streams ABC, BCD, and
202BC are absent in this particular configuration. The
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203 corresponding stream matrix and 0–1 upper triangular matrix
204 is shown in FigureF4 4. Any feasible basic distillation configura-
205 tion is thus represented by a unique 0–1 upper triangular
206 matrix in the matrix method.
207 Shah and Agrawal2,3 provide mathematical constraints to
208 ensure that only matrices corresponding to feasible basic dis-
209 tillation configurations are included in the search space. A pro-
210 cedure is also given to convert a feasible 0–1 upper triangular
211 matrix into a distillation configuration as shown in FiguresF5 5a–c.
212 A feasible configuration for a five-component separation is rep-
213 resented by the 0–1 upper triangular matrix shown in Figure 5a.
214 The corresponding stream matrix is shown in Figure 5b. This
215 stream matrix is used to enumerate the splits by starting with the
216 main feed stream followed by each of the transfer streams pres-
217 ent in the matrix. For any stream in the matrix, horizontal move-
218 ment to its right identifies its top product and diagonal
219 movement to its right identifies its bottom product. Therefore,
220 the splits for the matrix shown in Figure 5b are ABCDE to
221 ABC/BCDE, ABC to A/BC, BCDE to BC/CDE, BC to B/C,
222 CDE to CD/E, and CD to C/D. Next each split is assigned to a
223 distillation column, with splits producing the same streams being
224 assigned to the same distillation column. Therefore, split

225ABCDE ! ABC/BCDE is assigned to distillation column 1,
226splits ABC to A/BC and BCDE to BC/CDE are assigned to
227distillation column 2 from which the common product stream
228BC is obtained as a sidedraw, split CDE to CD/E is assigned
229to distillation column 3 and splits BC to B/C and CD to C/D
230are assigned to distillation column 4 from which the common
231product stream C is obtained as a sidedraw. This information
232is used to draw the basic distillation configuration shown in
233Figure 5c. Additional thermally coupled distillation configura-
234tions can be derived from a basic configuration by considering
235all possible instances of the presence or absence of heat
236exchangers associated with transfer streams. Figure 5d shows
237a thermally coupled configuration derived from the basic con-
238figuration shown in Figure 5c.
239To implement the procedure of converting a 0–1 upper trian-
240gular matrix to a distillation configuration in a computer pro-
241gram, we assign a numerical identity to each stream. For
242instance, for a five component separation, Figure F66a shows the
243convention used by us to assign numerical identities. Therefore,
244the matrix shown in Figure 5b can be represented mathemati-
245cally by the matrix shown in Figure 6b. In this article, we refer
246to this type of matrix as a topology matrix or Zmat matrix. A
247topology matrix corresponds uniquely to each feasible 0/1
248matrix and allows easy enumeration of the splits and subsequent
249assignment to distillation columns in an automated fashion. The
250main advantage is that the space of 0–1 variables is now signifi-
251cantly smaller than that of super-structure based methods which
252introduce a binary variable for each type of split possible. For
253instance, the information summarized in Figure 6c can be
254obtained from the matrix shown in Figure 6b using a computer
255program. In Figure 6c, the first column of this matrix is the split
256number, the second column is the feed to the corresponding split
257represented by its topology matrix, the third and fourth columns

Figure 2. Stream and 0–1 upper triangular matrices for
a four component separation.

Figure 3. A feasible configuration for a four component
separation.

Figure 4. Stream and 0–1 upper triangular matrices
corresponding to the feasible configuration
shown in Figure 2.

Figure 1. Process flow chart of GMA method.
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258 are the top and bottom products of the corresponding split, and
259 the fifth column represents the distillation column number to
260 which the split is assigned. Because of the information it con-
261 tains, this type of matrix is referred to as a connectivity matrix.
262 We can thus algorithmically generate a connectivity matrix for
263 each feasible 0–1 upper triangular matrix. The connectivity mat-
264 rices then allow us to algorithmically formulate an NLP problem
265 for each distillation configuration in our search space.

266 NLP Formulation

267 Any optimization problem is described by: (1) the decision
268 variables, (2) the objective function, and (3) the constraints. In
269 the following sections, we present equations for the objective

270function and the constraints. The parameters, subscripts, varia-
271bles, and variable sets that we have used in writing these equa-
272tions are defined in Appendix A. In all these equations, the
273components are numbered as 1, 2, . . ., n in the decreasing
274order of their volatilities. We shall also discuss how these
275equations can be automatically derived using the connectivity
276matrix. In Appendix B, we provide an example detailing the
277equations needed to formulate the nonlinear program for con-
278figuration in Figure 5d.

279Objective Function

280The objective function is a mathematical expression of the
281desired optimization goal. Since we have only considered

Figure 5. (a) A 0–1 upper triangular matrix corresponding to a feasible distillation configuration for a five compo-
nent separation. (b) Stream matrix corresponding to the upper triangular matrix shown in Figure 4a. (c)
Basic distillation configuration corresponding to the matrix shown in Figures 4a, b. Heat exchangers
associated with transfer stream BCDE and CD are replaced by thermal coupling links. (d) One possible
thermally coupled configuration derived from the basic configuration shown in Figure 4c.

Figure 6. (a) Assigning numerical identities to the streams. (b) Topology matrix or Zmat matrix corresponding to
the stream matrix shown in Figure 4b. (c) Connectivity matrix for the distillation configuration corre-
sponding to the feasible configuration represented by 0–1 matrix in Figure 4a.
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282 basic and thermally coupled distillation configurations in our
283 search space, the capital costs of these configurations are not
284 expected to be drastically different from each other. For many
285 applications, the operating costs of these configurations can
286 differ by significant amounts. Here we assume, as is reasona-
287 ble, that the operating cost of a configuration is proportional to
288 the sum of the vapor flows generated at each reboiler of the
289 configuration.11 A more detailed treatment of the relation
290 between minimum vapor flow and capital cost will be dis-
291 cussed in a later manuscript.
292 The sum of the vapor flows generated at each reboiler in a
293 configuration is referred to as the total vapor duty requirement
294 of the configuration. The minimum total vapor duty require-
295 ment of a configuration is simply the total vapor duty require-
296 ment of the configuration calculated under minimum reflux
297 conditions. The minimum total vapor duty requirement
298 assumes infinite stages, which despite being a theoretical sim-
299 plification, produces a reasonable benchmark for comparing
300 the operating cost of the configurations. The main advantage
301 of this simplification is that it makes the computation more
302 tractable. While this approach will not give an exact value of
303 actual cost for a configuration, it can be used to rank-list and
304 compare different arrangements. Therefore, we use the mini-
305 mum vapor duty requirement as the objective function for
306 each distillation configuration. A general representation for
307 the objective function is: X

s2COLR
Vbot
s

308 COLR is the set of all the splits which both occur as the bot-
309 tom split within a column and have a reboiler at their bottom
310 product withdrawal location. The optimization solver is tasked
311 with minimizing this objective function. If the assumption of
312 minimum reflux is relaxed, the vapor duty requirement of a
313 distillation configuration can be estimated by optimizing a rig-
314 orous tray-by-tray model. Such a procedure would be equiva-
315 lent to optimizing a rigorous ASPEN Plus RADFRAC
316 simulation for each configuration and can be relatively time
317 consuming. Since the number of feasible configurations in the
318 search space is very large, we recommend using the minimum
319 reflux assumption since it avoids tray-by-tray computations.
320 Our approach thus provides a quick screening tool to do a first
321 level screening of the large number of configurations and iden-
322 tifies a handful of attractive candidates which can then be stud-
323 ied using a computationally intensive tray-by-tray model. We
324 use the classical equations derived by Underwood12 to esti-
325 mate the minimum total vapor duty requirement. These equa-
326 tions provide a distillation column section based calculation
327 method, that is, they do not involve tray-by-tray computations
328 of compositions, temperatures, and flows to estimate the vapor
329 duty requirement. The equations assume ideal liquid and vapor
330 phase behaviors, constant relative volatilities of components,
331 and constant and equal latent heats of vaporization for all com-
332 ponents in the mixture. These assumptions are thus implicit in
333 our model.

334 Decision Variables

335 We define the decision variables in a general manner,
336 thereby ensuring that they are capable of describing each fea-
337 sible distillation configuration in the search space. Conversely,
338 the constraints, the objective function and variable sets are

339uniquely tailored to each distillation configuration based on
340the corresponding connectivity matrix.
3411. Stream flow rates (Xm): Any distillation column must
342satisfy material balances. To write these constraints we need
343total molar flow rates of each stream. There are n3ðn11Þ=2
344upper triangular elements (or streams) in an n 3 n matrix
345corresponding to an n-component separation. We thus
346declare n3ðn11Þ=2 optimization variables for the total
347molar flows of these streams. These variables are represented
348as Xm in this article, and describe the total molar flow of
349stream m. For a five component separation, 15 Xm variables,
350one for each stream will be created.
3512. Component flow rates (Xm;k): Underwood’s equations
352are solved for each split in the configuration. To estimate the
353vapor duty requirement of a split using Underwood’s equa-
354tions, we need the compositions and flow rates of the feed
355stream and the top product stream for each split. If the flow
356rates of each component in these streams are available, then
357the total flow rate of each stream and its composition can be
358calculated. Therefore, we declare the molar flow rate of each
359component in each stream as a decision variable. These vari-
360ables are manipulated by the optimization solver as it tries
361to minimize our objective function. For n3ðn11Þ=2 possible
362streams, we thus declare n3ðn11Þ=23n optimization varia-
363bles for the molar flow of each component in each stream.
364These variables are denoted as Xm;k, and describe the flow of
365component k in each stream m. For a five component separa-
366tion, 75 Xm;k variables, one for each stream-component pair,
367will be created.
3683. Liquid and vapor flow rates (Lm andVm): The thermal
369quality or thermodynamic state of a stream is the fraction
370of the feed flow that is in the liquid phase. To solve Under-
371wood’s equations, we need to know the thermal qualities of
372the feed streams of each split in a configuration. Since the
373n final product streams cannot be feed streams to a split,
374we declare 23½n3ðn11Þ=22n� optimization variables that
375correspond to vapor and liquid flows associated with each
376possible feed stream. For each stream m, these variables are
377referred to as Lmand Vm, respectively. For a five component
378separation, there are a total of ten such stream flows and
379for each feed streamLm and Vm variables are created to
380account for flows in both directions. The thermal quality of
381each stream can be easily calculated from these Lm and Vm

382variables. In the first part of this series of articles,10 we
383have defined the thermal quality for various types of
384streams including streams that act as thermal coupling links
385and streams that are side-draws. The same convention is
386used in this article.
3874. Minimum vapor duty requirements for splits (Vmin

s )
388and Underwood roots (hs;r): The Xm;k, Lm, andVmvariables
389can be used to formulate Underwood’s equations. These
390equations are defined as constraints that relate the minimum
391vapor duty requirement, Vmin

s variables to variables Xm;k and
392hs;r . The hs;r variables are referred to in the literature as the
393“Underwood roots.” If the feed stream to a split s has p
394components, the corresponding Underwood’s equation has
395p2 1 Underwood roots. For each split these are defined as
396decision variables and will be referred to using the symbol h
397in this article.
3985. Actual split vapor flow at top (Vs

top) and bottom
399(Vs

bot): Vs
top and Vs

bot, respectively, are the vapor flows in
400the rectifying and stripping section associated with split s.
401We thus require that Vs

top be no less than Vs
min, and Vs

top is
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402 related to Vs
bot through a material balance on vapor flow.

403 When multiple splits (e.g., s and s0) are present in the same
404 column—where we assume s is right above s0—a material
405 balance on vapor also links Vs0

top of a lower section with
406 Vs

bot of the section immediately above it, and hence Vs0
top is

407 related to Vs
top. Since the vapor flow in the rectifying section

408 of one split is related to the vapor flow in the rectifying sec-
409 tion of another split in the same column, that is, in our
410 example, since Vs

top is related to Vs0
top, the minimum vapor

411 flow of a particular split (say Vs
min for split s) can influence

412 the vapor flow in every other section of the column contain-
413 ing multiple splits. For each split, Vs0

top and Vs
bot are thus

414 defined as decision variables.
415 6. Split-specific distillate component flow rates ( �Xs;k):
416 When a stream is produced by two splits, it acts as the bottom
417 product for one split and the top product for the other split. In
418 such a case, the feed streams of both the splits can contribute
419 to the compositions of the common product stream (see
420 Appendix C). Therefore, one or more of the component flow
421 rates may not be representative of the separation of each split
422 and cannot be used directly in Underwood’s equations for the
423 split. For minimum vapor duty requirement calculations, we
424 thus need to estimate the portion of the component flows that
425 are contributed only by the split under consideration. These
426 component flows are split-specific component flows and we
427 need separate variables to represent them. Thus, if there are ns
428 splits in a configuration that separates a feed mixture into n
429 product streams, we declare ns3n optimization variables for
430 the split-specific distillate component flow rates. For a five
431 component separation using the configuration shown in Figure
432 5c, the number of splits is 6 and the number of local distillate
433 component flow rate variables will be 30.

434 Constraints

435 A distillation configuration has to satisfy phase equilibrium
436 and mass balance rules. A mathematical expression of these
437 rules gives rise to constraints. The following sign convention
438 is used for writing these constraints.
439 1. For all splits in a configuration, the order of the splits
440 is determined by the Zmat number corresponding to their
441 feed stream. A split fed by a stream with Zmat5 10 will
442 have a higher split number than a split fed by a stream with
443 Zmat5 4.
444 2. Every flow leaving a lower-numbered split as a product
445 is either a pure final product or a feed to a higher-numbered
446 split. In either case, a flow is considered positive when leav-
447 ing the column containing the lower-numbered split that pro-
448 duces it. The net flow of such streams will always be
449 positive. Liquid (or vapor) flow variables can be negative;
450 that is, they can return to the column in a stream that has a
451 net flow leaving the column, given the presence of a larger
452 opposing flow of vapor (or liquid), respectively.
453 3. In any molar balance around a particular envelope,
454 terms associated with any stream whose net flow is entering
455 the envelope are added to the left hand side of the balance;
456 terms associated with any stream whose net flow is leaving
457 the envelope are subtracted from the left hand side of the
458 balance. The right hand side of the balance contains only
459 accumulation terms and is always zero.
460 With this convention, we can list the physical rules and
461 the type of constraints they give rise to. It will be clear that
462 the constraints corresponding to some rules will be different
463 for each configuration.

4641. Material balance across columns: In the absence of
465chemical reactions, non-condensables, and leaks, the total
466molar flow entering a distillation column must equal that leav-
467ing the column. Similarly the total molar flow of any compo-
468nent entering a distillation column must equal that leaving the
469column. These rules give rise to the following two types of
470linear equality constraintsX

m2FEEDCc

Xm5
X

m02PRODCc

Xm0 8c51; . . .; n21 (1)

X
m2FEEDCc

Xm;k5
X

m02PRODCc

Xm0;k 8c51; . . .; n21;

8k51; . . .; n21

(2)

Here the FEEDCc variable set contains all the feed streams
471entering the distillation column c, and the PRODCc variable
472set contains all the product streams leaving distillation column
473c. The connectivity matrix corresponding to the configuration
474under consideration contains this information.
4752. Total stream flow constraints: The total flow of any
476stream is equal to the sum of the flows of each component
477in the stream, and results in linear equality constraints.

Xm5
Xn
k51

Xm;k 8m51; . . .; n3ðn11Þ=2 (3)

478

4793. Feed definition constraints: The flow rate Fk of each
480component k in the main feed stream F is specified by the
481user as a part of the problem definition. These values are
482assigned to the corresponding decision variables via n linear
483equality constraints. One of the requirements for a feed spec-
484ification is the feed quality qf . This must also be defined in
485an equation.

X1;k5Fk 8k51; . . .; n (4)

V15
Xn
k51

Fkð12qf Þ; L15
Xn
k51

Fkðqf Þ (5)

486

4874. Constraints for streams that do not exist: In a given
488configuration some streams may be absent. For such streams,
489if we retain the variables in the formulation, we must set the
490total stream flow and the component flows as 0. This gives
491rise to two types of linear equality constraints.

Xm50 8m 2 ABSENTS (6)

Xm;k50 8m 2 ABSENTS; 8k51; . . .; n (7)

Here, the ABSENTS variable set contains all the feed
492streams that are absent in a given distillation configuration.
493The connectivity matrix corresponding to the configuration
494under consideration contains this information.
4955. Constraints for definite absence of components in
496streams: All the streams except the main feed stream have
497some components absent. For instance, for a four component
498separation, the main feed stream is denoted as ABCD since
499it has some flow of each of the four components. In our
500model, any other stream such as BC is assumed to have no
501flow of some components such as A and D. In an actual dis-
502tillation, all the components will be present in all the
503streams, in at least trace amounts. However, because of
504assumption of infinite theoretical stages in our model,
505streams with trace amounts of components may be treated as
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506 not containing those components. The variables associated
507 with the corresponding component flow rates are set to zero:

Xms ;k50 8j51; . . .; n; 8i51; . . .; j; 8k51; . . .; i21 (8)

Xms;k50 8j51; . . .; n; 8i51; . . .; j; 8k5n1i2j11; . . .; n

(9)

508

509 6. Net stream flow constraints: For each stream, the sum
510 of its liquid and vapor portions must equal its net flow.
511 Also, the final product streams are liquid-only streams in our
512 model. Furthermore, transfer streams associated with con-
513 densers are vapor-only streams, while transfer streams asso-
514 ciated with reboilers are liquid-only streams in our model.
515 These lead to four types of linear equality constraints.

Xm5Lm1Vm 8m51; . . .;
nðn11Þ

2
(10)

Xm5Lm

Vm50

)
8m5 nðn21Þ

2
11; . . .;

nðn11Þ
2

(11)

Xm5Lm

Vm50

)
8m 2 REBOILERS (12)

Xm5Vm

Lm50

)
8m 2 CONDENSERS (13)

516 Here, the CONDENSERS and REBOILERS variable set
517 contains the stream numbers of streams that originate from
518 condensers or reboilers excluding the final product streams.
519 7. Distillation constraints: Based on the Zmat matrix dem-
520 onstrated in Figure 6, it is clear that for any i; jð Þ < n the
521 stream number corresponding to Zmat i; jð Þ is given by

522 Zmat5
j
2

� �
1i5 j j21ð Þ

2
1i. Likewise for any stream m the ROW

523 and COL variables uniquely identify the values of i and j

524 which satisfy m5 j
2

� �
1i; n � j � i; in other words, ROW and

525 COL read the location of stream m in the Zmat matrix.
526 In non-azeotropic distillation processes, the top product of a
527 split must get enriched in at least one of the light components
528 and the bottom product of a split must get enriched in at least
529 one of the heavy components, relative to the feed stream. For
530 instance, for the split of ABCD to ABC/BCD, we must ensure
531 the following inequality constraint in our model.

532
xB;dist
xC;dist

� xB;feed
xC;feed

, where xj;stream is the mole fraction of compo-

533 nent j in the stream.
534 A similar constraint is created for each pair of consecutive
535 overlapping components (where applicable) in the product
536 streams of each split. Each side of the constraint equation
537 involves a ratio of component mole fractions belonging to the
538 same stream. Therefore, these mole fraction terms can be
539 replaced by the corresponding component flow rate terms. A
540 rearrangement of terms then converts the constraint to a bilin-
541 ear inequality constraint.

Xm;k213Xm0;k � Xm;k3Xm0;k21;

8s 2 DISTC

m5FEEDSs;m
05DISTSs

i5ROWðmÞ; i05ROWðm0Þ
j5COLðmÞ; j05COLðm0Þ
8k53; . . .; n2j1i

(14)542

543These distillation constraints are applicable only when the
544product streams of a split have at least two overlapping com-
545ponents. The DISTC variable set contains all the splits which
546meet this criterion, and can be generated in a computer pro-
547gram by using the information in the corresponding connec-
548tivity matrix. In Eq. 14, i and j represent the row and column
549number corresponding to the distillate stream under considera-
550tion in the n 3 n matrix. The term n – j1 i corresponds to
551the last component in a stream at the location (i, j) in the
552matrix. FEEDS and DISTS give the stream number of the
553feed and distillate streams. When coupled with the molar bal-
554ance, Eq. 14 ensures that the bottom stream of a split is also
555enriched in at least one heavy component.
5568. Thermal coupling constraints: For streams that serve
557as thermal coupling links, the vapor portions of their flows
558must match the vapor flow entering or exiting the appropri-
559ate corresponding distillation column. Therefore, for a ther-
560mal coupling link connected to the top of a distillation
561column, the vapor portion of the flow must be set equal to
562the actual vapor flow above the feed of the top split of the
563distillation column. Similarly, for a thermal coupling link
564connected to the bottom of a distillation column, the vapor
565portion of the flow must be set equal to the actual vapor
566flow below the feed of the bottom split of the distillation
567column. These result in two types of linear equality
568constraints.

Vbot
s 52Vm 8m 2 TCBOTT; c5CVECTðmÞ; s5SBOTc

(15)

Vtop
s 5Vm 8m 2 TCTOP; c5CVECTðmÞ; s5STOPc

(16)

569The TCBOTT variable set contains the stream numbers for
570the streams which serve as thermally coupled links at the
571bottom of a distillation column. Similarly the TCTOP vari-
572able set contains the stream numbers for the streams which
573serve as thermally coupled links at the top of a distillation
574column. The CVECT variable set contains information
575about which distillation column number produces stream m.
576SBOTc and STOPc give the splits that produce (respec-
577tively) the bottom and top produt of column c.
5789. Underwood’s equations as constraints: For every split
579in the configuration, we have to ensure two types of con-
580straints that represent Underwood’s equations. The first con-
581straint is referred to as the Underwood feed constraint and is
582given by Eq. 17. It can be seen that this constraint is an (n –
583j1 1)th order polynomial in h (where j is the column number
584of the feed stream according to Zmat). Basically, this equa-
585tion is applied for each feed stream in the distillation config-
586uration and the order of the polynomial in h is the number
587of components in the corresponding feed stream. For a feed
588with p components, the constraint can be written as a pth

589order polynomial in h. Let these roots be h1� . . .� hp.
590Then, Underwood showed that for ai1k � hk � ai1k21 for
591k51; . . .; p21. The active root is further used to estimate the
592vapor duty requirement in the second Underwood constraint
593equation as shown in Eq. 18a. In Eq. 18a, Vmin

s represents
594the minimum vapor duty requirement in the rectifying sec-
595tion of the split under consideration.
596We have observed that it is not necessary to be able to
597identify this active root of a split (ha). We can instead esti-
598mate Vmin

s for not just the active Underwood root, but instead
599for all other Underwood roots as well. The Underwood
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600 root(s) that results in the largest Vmin
s value has always been

601 observed to be the active root. The largest value of Vmin
s thus

602 corresponds to the minimum vapor duty requirement in the
603 rectifying section of the split under consideration. Therefore,
604 to avoid the difficulty of algorithmically identifying the
605 active root (ha) of a split, we use the abovementioned obser-
606 vation and replace the Underwood vapor flow constraint by
607 the equivalent inequality constraint as given by Eq. 18b.

Xn2j1i

k5i

akXm;k

ak2hs;r
5Vm

8s51; . . .; ns; 8r51; . . .; n2j1i;

m5FEEDSs; i5ROWðmÞ; j5COLðmÞ
(17)

Xn2j1i

k5i

ak �Xs;k

ak2hs;r
5Vmin

s

8s51; . . .; ns; 8r5i; . . .; n2j1i;

i5ROWðDISTSsÞ; j5COLðDISTSsÞ
(18a)

Xn2j1i

k5i

ak �Xs;k

ak2hs;r
� Vmin

s

8s51; . . .; ns; 8r5i; . . .; n2j1i;

i5ROWðDISTSsÞ; j5COLðDISTSsÞ

(18b)

608 In these equations i corresponds to the first component of the
609 stream under consideration and the term “n – j1 i” corre-
610 sponds to the last component of the stream under considera-
611 tion. The variables �Xs;kare split-specific distillate component
612 flow rates.
613 Two separate cases are encountered in the course of the
614 algorithm. When a split is such that components r and r1 1
615 are found in both the top and bottom products of the split,
616 Eq. 18a applies. When r and r1 1 are not found in both top
617 and bottom product, Eq. 18b will be used. Equation 18b can
618 be thought of as more general; the applicability of Eq. 18a in
619 the previously described cases has been demonstrated in
620 literature.13

621 10. Split-specific distillate component flow estimation
622 constraints: These constraints are essentially mass balance
623 calculations across an envelope that covers the top of a dis-
624 tillation column and extends below until it includes the top
625 product of the split under consideration. For example, the
626 envelope for split CD to C/D in the distillation configuration
627 of Figure 5d is shown in FigureF7 7. The calculations estimate
628 the portions of the component flow rates ( �Xs;k) in the top
629 product of the split under consideration that originate only

630from the feed of the split under consideration. This ensures
631that we do not include flow contributions from other splits
632while estimating the vapor duty requirement of the split
633under consideration using the Eq. 18b.

�Xs;k5
X

m2LPRODAs

Xm;k2
X

m2FEEDAs

Xm;k

8s51; . . .; ns

i 2 ROWðDISTSsÞ
j 2 COLðDISTSsÞ
k5i; . . .; n2j1i

(19)

�Xs;k � Xm;k

8s51; . . .; ns

m5DISTSs
i 2 ROWðDISTSsÞ
j 2 COLðDISTSsÞ
k5i; . . .; n2j1i

(20)

634DISTSs is the distillate product stream of each split s. The
635LPRODAs variable set contains the product streams that are
636above the split s within the same distillation column and the
637distillate product stream of the split s. The FEEDAs variable
638set contains all the feed streams above the split s within the
639same distillation column.
64011. Vapor balance equations within column: Once Vmin

s is
641known for all splits within a column, these minimum vapor
642requirements must be coupled with a series of vapor balan-
643ces to determine how much vapor is required at the column
644reboiler. This is achieved by the following three sets of
645equations:

Vtop
s � Vmin

s 8s51; . . .; ns; (21)

Vtop
s 5Vbot

s 1Vm 8s51; . . .; ns; 8m 2 FEEDSs; (22)

Vtop
j 5Vbot

i 1Vm 8i 2 TOPc; j 2 BOTi;m 2 SDi;j (23)

646

647Equation 21 dictates that the actual top vapor flow must
648always exceed the minimum vapor requirement as calcu-
649lated by Underwood’s method. Equation 22 sets the differ-
650ence between the top and bottom flows of vapor within a
651split equal to the amount of vapor added or withdrawn by
652the feed. In Eq. 23, TOPc is a list of all splits in column c
653excluding the bottom split, while the BOTi variable set
654returns the split j which is immediately below any split i.
655This equation enforces the mass balance of vapor at the
656boundary of two splits using variable set SDi,j which is the
657stream number corresponding to the side draw stream
658between split i and split j.
659This completes the description of the objective function and
660the constraints of our optimization formulation for any given
661distillation configuration. It can be seen that the objective
662function is a linear function and all the constraints are linear
663except Constraints 14, 17, and 18b. The nonlinearity arises in
664constraint (14) because of the bilinear terms involved in it.
665The nonlinearity in constraint (17) arises from the fact that it
666is a polynomial in h. The nonlinearity in constraint (18b) is
667because it involves fractional terms. Our optimization problem
668thus has a linear objective function with linear and nonlinear
669constraints, making it a NLP problem.
670For each distillation configuration, a unique NLP problem
671can be algorithmically generated as described above. The for-
672mulation works with any non-azeotropic n-component

Figure 7. Example distillate component balance con-
straint boundary for split CD to C/D.

J_ID: AIC Customer A_ID: AIC15204 Cadmus Art: AIC15204 Ed. Ref. No.: AICHE-15-17560.R1 Date: 20-February-16 Stage: Page: 8

ID: nagarajulum Time: 20:39 I Path: //chenas03/Cenpro/ApplicationFiles/Journals/Wiley/AIC#/Vol00000/160054/Comp/APPFile/JW-AIC#160054

8 DOI 10.1002/aic Published on behalf of the AIChE 2016 Vol. 00, No. 00 AIChE Journal



673 separation problem using n2 1 columns and includes configu-
674 rations with and without thermal coupling. We automatically
675 generate an NLP problem for each configuration on the fly and
676 solve it to global optimality, with current state-of-the-art solv-
677 ers. Solving these NLP problems to global optimality is signif-
678 icantly easier than solving a single MINLP problem to global
679 optimality. Our approach then provides a global optimization
680 based rank-list of all possible basic and thermally coupled dis-
681 tillation configurations with respect to their total minimum
682 vapor duty requirements.

683 Ensuring Global Optimality

684 NLP optimization solvers such as GAMS/BARON14 guar-
685 antee global optimality as long as the formulation uses nonlin-
686 ear functions such as bilinear, fractional, or logarithmic
687 functions and the search space is compact. In our experience,
688 the polynomial inequality (17) can pose a challenge to these
689 solvers. We have therefore reformulated the equation to a
690 more tractable form.
691 As mentioned before, Underwood showed that all the p2 1
692 Underwood roots of a pth order polynomial lie in between con-
693 secutive volatilities of the p feed components. Mathematically,
694 this results for feed m with i5Row(m):

ak � hs;k � ak11 (24)

695 GAMS/BARON solver has well defined convex relaxations
696 for standard bilinear/fractional nonlinear functions.15 These
697 convex relaxations are used in the solver to arrive at the global
698 minimum solution of the NLP through standard branch and
699 bound method16,17 based global optimization techniques.
700 One of the disadvantages of using branch and bound techni-
701 ques is that the convergence can be quite slow. The GAMS/
702 BARON optimization solver overcomes this limitation by
703 using optimality and feasibility based range reduction techni-
704 ques18 to speed up the convergence.

705 Feasible Initial Guesses

706 The optimization solver benefits from a feasible and pref-
707 erably good quality initial guess solution for each configura-
708 tion’s NLP problem. This is particularly true because of the
709 singularity when hk approaches one of the relative volatilities.
710 We ensure this by obtaining an initial guess using the SMA
711 algorithm that was presented in detail in the first part of this
712 series of articles.10 The SMA involves analytical calculations
713 only. Therefore, it quickly provides a feasible initial guess
714 solution to the optimization solver. In fact, for some configura-
715 tions, this solution also turns out to be the optimal solution.10

716 Improving the Speed of Convergence

717 The speed of convergence for Branch and Bound based
718 techniques can be improved significantly by providing upper
719 and lower bounds as close as possible to the global optimal
720 solution, for all the optimization variables. In this section, we
721 present some physical insights that can be used to generate
722 good bounds for some key decision variables. For all other
723 decision variables, basic insights from mass and material bal-
724 ance can be used to arrive at the appropriate best bounds.
725 1. The configuration with highest vapor duty requirement
726 in the search space has to be a sharp split configuration with-
727 out thermal coupling.8

728 In a sharp split configuration, all splits involved are sharp

729splits (i.e., each split does not have any components distrib-
730uting between its distillate and bottom streams). The sharp
731split configurations without thermal coupling constitute a
732very small fraction of search space, and can be solved to
733global optimality analytically without any optimization itera-
734tions.10 The sharp split configuration without thermal cou-
735pling and having the highest vapor duty requirement can
736thus be easily identified. Let us refer to this vapor duty
737requirement as Worst of sharp split (WSS) vapor duty. This
738vapor duty requirement provides an upper bound for the total
739minimum vapor duty requirement for all the configurations
740in the search space, and thus provides an upper bound to the
741objective function in our formulation. It also provides a
742loose upper bound for the minimum vapor duty requirement
743for each split of each configuration (Vmin

s ) in the search
744space.
7452. The maximum vapor flow that can occur anywhere in a
746configuration equals the sum of the WSS vapor duty and the
747vapor flow in the main feed stream.
748We know that the upper bound of the minimum vapor
749duty requirement for any configuration is the WSS vapor
750duty requirement. Since apart from the vapor produced in
751the reboilers, the only point at which additional vapor can
752enter a configuration is the main feed point in the first distil-
753lation column, the maximum vapor flow that can occur in
754any section of the configuration is given by the sum of WSS

755and the vapor flow in the feed stream. Let us refer to this
756vapor flow as WSS1 F. This vapor flow value can be used as
757the upper bound for vapor flow in sidedraw streams and
758thermal coupling links.
7593. The configuration with the lowest vapor duty require-
760ment in the search space has to be the fully thermally
761coupled configuration (FTC).
762The FTC is one in which all possible streams of the n-
763component separation are present; it has thermal coupling
764links at all the transfer streams. The global minimum vapor
765duty for this configuration can be calculated by the SMA
766method.10 This configuration has the lowest vapor duty in
767the search space.13,19,20 Observe that this configuration may
768not be practical to operate due to the presence of so many
769thermal couplings. Regardless, its vapor flow requirement is
770a mathematical lower bound for the total minimum vapor
771duty requirement for any configurations in the search space.
772This also provides a lower bound to the objective function in
773our formulation.
7744. The vapor duty requirement of any split in a distillation
775configuration is greater or equal to its analytical transition
776split solution.
777While this is true for any split in any configuration, we
778can exploit this fact only for the first split. This is because
779the feed to this split is the main feed stream which is com-
780pletely defined a priori. The other splits in the configuration
781have feeds which may take many different values. The tran-
782sition split solution for the minimum vapor duty requirement
783of the first split is easily calculated using the SMA algo-
784rithm.10 This value is used as the lower bound for the corre-
785sponding vapor duty variable (Vmin

1 ).
7865. The Underwood roots can be bounded more tightly
787using the bounds on corresponding component flows and
788vapor flows.
789From Eq. 17, it can be seen that the Underwood root (h)
790depends on the component flows in the feed to the split and
791the amount of vapor in the feed stream. Also, these roots lie
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792 between consecutive relative volatilities of the feed compo-
793 nents. However, we can get tighter lower and upper bounds
794 for these roots by analyzing the bounds of the variables in
795 Eq. 17 itself. The term (Vm) on the right hand side of Eq. 17
796 represents the vapor flow portion of the feed stream. The fol-
797 lowing two cases are considered for getting good bounds on
798 this vapor flow.
799 Case 1: The feed stream is associated with a heat
800 exchanger. A stream associated with a reboiler is a saturated
801 liquid (thermal quality5 1) and a stream associated with a
802 condenser is a saturated vapor (thermal quality5 0). This
803 information can be used with the upper and lower bounds of
804 the stream’s individual component flows to estimate the
805 upper and lower bounds for the variable, Vm.
806 Case 2: The feed stream is a thermal coupling link or a
807 sidedraw stream. In this case, the vapor flow can be changed
808 during each optimization iteration. Therefore, we use WSS1 F

809 as the upper bound for this vapor flow.
810 Equation 17 relates the vapor flow entering a split with
811 the variables X and hs,r. Since f(X,hs,r), the function given by
812 the left hand side of Eq. 17, is increasing in hs,r, it follows
813 that the lower bound of the variable hs,r can be calculated by
814 replacing the vapor flow term in Eq. 17 by its lower bound.
815 Similarly, the upper bound of hs,r can be calculated by
816 replacing the vapor flow term in Eq. 17 by its upper bound.
817 For a fixed right hand side value in Eq. 17, hs,r will be low-
818 est when each variable X is at its the upper bound in terms
819 within the summation which are known to be positive, and
820 at its the lower bound in terms within the summation which
821 are known to be negative. Therefore we get:

Xr

k5i

akXU
s;k

ak2hLs;r
1

Xn2j1i

k5r

akXL
s;k

ak2hLs;r
5VL

s (25)

822 A similar argument can be used to derive Eq. 28 for the
823 upper bound of hs,r:

Xr

k5i

akXL
s;k

ak2hUs;r

1
Xn2j1i

k5r

akXU
s;k

ak2hUs;r

� VU
s (26)

824 For example, consider a split with feed stream AB, we can
825 find lower and upper bounds of Underwood root h1 that lies
826 between aA and aB using the bounds of the component flow
827 variables and the vapor flow variables in the Underwood
828 feed equation as shown in Eqs. 27 and 28.

aAXU
AB;A

aA2hL1
2

aBXL
AB;B

hL12aB
5VL

AB (27)

aAXL
AB;A

aA2hU1
2

aBXU
AB;B

hU1 2aB
5VU

AB (28)

829 Following this procedure, we obtain tighter bounds of the
830 Underwood roots for all splits in the configuration. This vari-
831 able bound tightening is important because it avoids the sin-
832 gularities associated with hs,k becoming equal to one of the
833 volatilities.
834 6. The minimum vapor duty of a split can be bounded
835 more tightly using the bounds on the corresponding distillate
836 component flows and Underwood roots.
837 It can be seen that the minimum vapor duty of a split
838 depends on the distillate component flows and the Under-
839 wood roots. Since we already know how to calculate tighter

840bounds on Underwood roots, we can now get tighter bounds
841on the minimum vapor duty requirement. For example, for a
842split s with feed stream ABC to AB/BC, we can find lower
843and upper bounds of the minimum vapor flow variable using
844the bounds of the distillate component flow variables and the
845bounds on each active Underwood root. Equations 29 and 30
846give the first set of limiting values on minimum vapor flow
847if active Underwood root is h1. In the same way, we can get
848a second set of limiting values on minimum vapor flow
849assuming h2 is the active Underwood root. The maximum of
850these limiting values gives the upper bound and the mini-
851mum of these limiting values gives the lower bound on the
852minimum vapor flow requirement for this split.

aAX
U
s;A

aA2hLs;1
2

aBX
L
s;B

hLs;12aB
2

aCX
L
s;C

hLs;12aC
5VU

s (29)

aAX
L
1;A

aA2hU1
2

aBX
U
1;B

hU1 2aB
2

aCX
U
1;C

hU1 2aC
5VL

s (30)

853Results

854To demonstrate the use of our GMA, we apply it to the
855problem of petroleum crude distillation. Petroleum crude oil is
856typically separated into the following five fractions: Naphtha
857(A), Kerosene (B), Diesel (C), Gas Oil (D), and Residue (E).
858In this article, we consider the heavy crude oil feed parameters
859that were used by Shah and Agrawal2. The relative volatility
860of each component A, B, C, and D, with respect to E is
861assumed to be 45.3, 14.4, 4.7, and 2.0, respectively. The feed
862mixture is assumed to contain 14.4% A, 9.3% B, 10.1% C,
8633.9% D, and 62.3% E on a molar basis. The feed is a two
864phase mixture, with the flow corresponding to 90% of the
865heaviest component (E) being in the liquid phase and the
866remainder of the flow being in the vapor phase.
867For this five component separation, the method of Shah and
868Agrawal2,3 is used to enumerate the complete search space of
869basic and thermally coupled distillation configurations. We
870thus obtain 203 basic configurations and 5925 additional con-
871figurations that range from partial to complete thermal cou-
872pling, resulting in a total of 6128 candidate configurations.
873Throughout this section, the configurations are drawn in fully
874operable arrangements by the method of Agrawal21,22 these
875arrangements are completely equivalent in terms of vapor to
876those such as the configuration drawn in Figure 7. We formu-
877late the optimization problem in MATLAB and call the
878GAMS/BARON optimization solver through the GAMS/
879MATLAB interface provided by Ferris et al.23.
880To demonstrate the need for GMA algorithm, we run the
881optimization problem in the following three scenarios:

882Scenario 1

883Here, we solve our NLP optimization problem using the
884NLP solver GAMS/MINOS, without any inputs like feasible
885initial guesses from our SMA algorithm and without our
886tighter bounds. An NLP problem is generated and solved for
887all the 6128 candidate configurations. The following are the
888key observations from the results of this run.
8891. MINOS could get globally optimal solutions only for
8902378 candidate configurations out of the search space of
8916128 configurations.
8922. MINOS concludes that the problem is infeasible for
8931625 candidate configurations.
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894 3. MINOS gets locally optimal solutions (i.e., those for
895 which a superior solution can be identified using GMA) for
896 2125 candidate solutions. FigureF8 8a shows a configuration
897 from this set. For this configuration MINOS gets only an
898 intermediate local solution of 1.3678 moles of vapor duty
899 requirement per mole of feed flow, which is higher than the
900 true optimal solution of 0.7452 moles per mole of feed flow
901 for this configuration by 83.5%. Figure 8b shows another
902 configuration for which MINOS gets only a locally optimal
903 solution of 1.3678 moles of vapor per mole of feed flow,
904 which is higher than the globally optimal solution of 0.6996
905 moles per mole of feed flow for this configuration by 95.5%.
906 4. Of the 2125 locally optimal solutions, the maximum
907 percentage by which the NLP solution is higher than the
908 globally optimal solution is 95.5%.

909 Scenario 2:

910 Here we solve each of the 6128 NLP optimization problems
911 using the NLP solver GAMS/MINOS with initial guesses
912 from our SMA algorithm and with tighter bounds on the
913 variables.
914 1. MINOS now could obtain the optimal solutions for
915 4447 configurations. It terminates infeasible solutions for
916 345 configurations and gets only locally optimal solutions
917 for 1336 configurations.
918 2. In this run MINOS finds the optimal solution for the
919 configuration shown in Figure 8a. For the configuration
920 shown (Figure 8b), it gets only a slightly improved interme-
921 diate solution of 1.2224 moles per mole of feed flow, which
922 is still higher than the globally optimal solution by 64.3%.
923 The reason for this is, that as seen in Figure 8b, this configu-
924 ration is a “satellite” configuration with streams transferred
925 in opposite directions between two columns. Thus the initial
926 guess from the SMA solution is not a very good starting
927 point for the optimization solver.

928 Scenario 3

929 Here, we solve each of the 6128 NLP optimization prob-
930 lems using the global solver GAMS/BARON with initial
931 guesses from our SMA method and with tighter bounds on
932 variables.
933 1. The global optimization solver could get a locally opti-
934 mal solution as good as that in scenario 2 for all 6128 con-

935figurations. 5640 of these configurations were solved to
936global optimality that was certifiably within 2% optimality
937tolerance in just 100 s of computational time per configura-
938tion on a Dell Precision T5500. Feasible local optima were
939reached for all remaining configurations and further exami-
940nation revealed the majority of these could also be solved
941globally with additional time.
942All of the above results clearly demonstrate the importance
943of the GMA method and a global optimization solver like
944BARON to obtain a reliable and guaranteed true rank-list of
945distillation configurations. We have found our GMA algorithm
946to be robust to different feed conditions and different number
947of components; in contrast to local solution methods, all con-
948figurations tested returned feasible answers.

949Advantages of the Enumeration Strategy

950For the heavy crude oil distillation example, we obtained a
951global optimization based rank-list of all configurations with
952respect to their minimum total vapor duty requirements. The
953lowest vapor duty requirement for this separation is found to
954be 0.6996 moles per mole of feed flow. Since we have access
955to a complete rank-list, we could observe that 175 configura-
956tions have this same minimum vapor duty requirement. There-
957fore, any of these configurations is the globally optimal
958configuration for this separation with respect to our objective
959function of total minimum total vapor duty requirement.
960These 175 configurations of course include the FTC shown in
961Figure F99. This configuration involves all transfer streams and
962has no transfer stream exchanger. However, several of the
963other configurations have significantly fewer transfer streams
964and significantly fewer thermal coupling links while having
965the same minimum total vapor duty requirement. For instance,
966five such configurations are shown in Figure F1010. Therefore,
967having access to a global optimization based rank-list can sig-
968nificantly help process engineers to identify efficient distilla-
969tion configurations that might be more suitable in other
970dimensions which are not easily quantified in a mathematical
971model, such as process safety and controllability.
972If maximum ease of operability and controllability is known
973to be important, the tools described in this article can be easily
974tailored to produce solutions strong in these aspects with mini-
975mum computing time. For instance, consider another example

Figure 8. A/B: Fully operable arrangement of two distillation example configurations for which GAMS/MINOS gets
only a locally optimal solution.
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976 using a general five-component liquid equimolar mixture with
977 relative volatilities of components A, B, C, and D with respect
978 to E being 39.0625, 15.625, 6.25, and 2.5, respectively. We
979 know that the configuration with the minimum total vapor
980 requirement will be the FTC, but the fact that this configura-
981 tion contains six thermal coupling links can create difficulty in
982 constructing and operating it. This ranklist tool can be adapted
983 to synthesize alternatives with a vapor requirement within 5%
984 of the FTC configuration via the following steps:

9851. For a feed flow rate of 100 kmol/h, the minimum total
986vapor duty requirement of the FTC is 105.156 kmol/h. This
987value is set as the global lower bound.
9882. The global upper bound is set as 1.05 times the global
989lower bound. This will ensure that we only capture those
990solutions which fall within 5% of the FTC configuration. We
991avoid solving every possible configuration in our search
992space to optimality, saving significant computing time.
9933. The 203 CTC arrangements in the search space are first
994solved to global optimality. CTC arrangements are those
995with each transfer stream reboiler and condenser replaced by
996a thermal coupling link. The FTC configuration is the CTC
997configuration that contains all possible transfer streams.24

9984. Twenty-six CTC configurations had a vapor require-
999ment within 5% of the global optimum. For a basic configu-

1000ration, conversion of a condenser or a reboiler to a thermal
1001coupling link is known to generally lead to a decrease but
1002never an increase in the overall heat duty of the configura-
1003tion.13,19,20 Therefore, for any configuration that does not
1004belong to the set of 26 CTC configurations, if a thermal cou-
1005pling were to be replaced with the corresponding reboiler or
1006the condenser, the overall vapor requirement will never fall
1007within 5% of the FTC vapor requirement. However, there are
1008several thermal coupling links within the set of 26 CTC con-
1009figurations noted above, which when replaced will either not
1010contribute to an increase in the overall vapor requirement or,
1011even with the increase, the overall vapor requirement may still
1012be within 5% of the FTC vapor requirement.25,26 Thus, for
1013these 26 configurations, all partially thermally coupled var-
1014iants with the same topology matrix were optimized using the
1015same global upper and lower bounds. This approach yielded a
1016total of 340 configurations with a minimum vapor requirement
1017within 5% of the globally optimal vapor requirement. Solving

Figure 9. Fully operable arrangement of fully thermally
coupled configuration.

Figure 10. A/E: Fully operable arrangement of five distillation configurations from the list of the top 175 configura-
tions that have the same global minimum total vapor duty requirement.
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1018 only 340 configurations out of 6128 configurations in our
1019 search space to global optimality results in a significant reduc-
1020 tion in computing time.
1021 After following this method, it was found that for this case
1022 338 configurations converged to within 2% optimality toler-
1023 ance, and the remaining two configurations converged to
1024 within 4.6% optimality tolerance within 100 s. Of these 338
1025 configurations, 82 have the same vapor requirement as the
1026 FTC configuration (105.156 kmol/h), but use fewer thermal
1027 couplings. Of these 82 configurations, we can identify ten con-
1028 figurations which use only three thermal coupling links (plus
1029 one two-way side draw stream), compared to the six thermally
1030 coupled links (plus three sidedraw streams) used by the FTC
1031 configuration. One of these configurations is pictured in Figure

F111032 11. There also exist multiple configurations with only two
1033 thermally coupled links (plus one two-way sidedraw stream),
1034 which are within 5% of the globally optimal vapor duty. Fig-
1035 ureF12 12 shows one such configuration with two thermal cou-
1036 pling links, which has a minimum vapor duty requirement of
1037 107.948 kmol/h. This has 2.7% more vapor duty than the
1038 global minimum. Thus a practicing engineer can evaluate the
1039 trade-off between energy savings and reduced complexity
1040 from the point of easy operation and stability and make an
1041 informed decision that best suits the design needs of the
1042 application.
1043 This example illustrates how the use of a ranklist with the
1044 GMA method and BARON solver helps identify the right con-
1045 figuration by considering the design and operability in tandem
1046 with the energy efficiency of the system in a reasonable com-
1047 puting time. We have also developed a visual tool that simpli-
1048 fies such a selection process. The tool allows quick selection
1049 of a subset of configurations by specifying constraints such as
1050 heat duty range of interest, number of acceptable thermal cou-
1051 pling links, and presence or absence of specific splits. By spec-
1052 ifying such filters, one can quickly and visually observe
1053 flowsheets fulfilling these requirements. This allows an engi-
1054 neer to narrow the choice from thousands of available configu-
1055 rations to a select few on the fly.
1056 In some situations, there may be significant uncertainty in
1057 the composition and flow rate of the feed mixture. In such a

1058situation, one can generate global optimization based rank-
1059lists for some representative feed conditions, and then identify
1060a configuration that is close to optimal for many of these dif-
1061ferent feed conditions.

1062Conclusions

1063Previous work has demonstrated the need for a GMA due to
1064the lack of optimality guarantee from sequential methods.10

1065We have presented a general GMA that utilizes a reformula-
1066tion of Underwood’s equation to obtain a global optimization
1067based rank-list of basic and thermally coupled configurations.
1068We have used the minimum total vapor duty requirement as
1069the objective function in our analysis. Our approach provides
1070for the first time, a global optimization framework to identify
1071optimal and near-optimal distillation configurations for ideal
1072or near-ideal multicomponent separations. Our results demon-
1073strate the limitations of using local optimization based NLP
1074solvers. We also presented strategies based on fundamental
1075and physical insights to improve the robustness and the speed
1076of convergence of the distillation sequencing algorithm. Our
1077approach relies on the enumeration of all the configurations in
1078the search space, and allows practicing engineers to select
1079optimal or near-optimal configurations while also taking into
1080account difficult-to-quantify aspects such as control, operabil-
1081ity, safety, and feed fluctuations.
1082Our general framework can be easily tailored to include
1083capital cost and utility costs for specific distillation applica-
1084tions. We shall detail such enhancements in a subsequent
1085paper.
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1162 Appendix A

1163 In this section, we define the input parameters, subscripts,
1164 variables and variable sets that have been used in the
1165 formulation.

1166 Input Parameters
1167

1169 qf1170 =1171 thermal quality (or liquid fraction) in the main feed stream
1172 Fk1173 =1174 molar flow rate of component k in the main feed stream
1175 n1176 =1177 number of components in the main feed stream

1178akZ 1179= 1180relative volatility of component k with respect to the heaviest
1181component

1182Subscripts Used in the Model Definition
1183

1185c 1186= 1187distillation column number: 1,. . ., n2 1
1188i 1189= 1190row number in n 3 n matrix: 1,. . ., n
1191j 1192= 1193column number in n 3 n matrix: 1,. . ., n
1194k 1195= 1196component number: 1,. . ., n
1197ns 1198= 1199number of splits in a given configuration
1200m 1201= 1202stream number: 1,. . ., n3ðn11Þ=2
1203r 1204= 1205underwood root number
1206s 1207= 1208split number

1209Variables
1210

1212Lm 1213= 1214liquid portion of the flow of stream m
1215Xm 1216= 1217total flow of a stream m
1218Xm;k 1219= 1220flow of component k in stream m
1221�Xs;k 1222= 1223flow of distillate component k contributed by split s
1224Vm 1225= 1226vapor portion of the flow of stream m
1227Vbot

s
1228= 1229actual vapor flow below the feed of split s
1230Vmin

s
1231= 1232minimum vapor duty requirement for the split s
1233Vtop

s
1234= 1235actual vapor flow above the feed of split s
1236ha 1237= 1238active Underwood root for a split
1239hs;r 1240= 1241underwood root r of the split s

1242Variable Sets

1243Note: The examples given here for each variable set corre-
1244sponds to the distillation configuration in Figure 5d.
1245ABSENTS {Streams that are absent in the configuration}
1246e.g., {2, 5, 7, 10}
1247BOTs {Split located directly below split s in a column}
1248e.g., {6} for s 5 5

1249BOTTSs {Bottom product stream of a split s}
1250e.g., {6} for s 5 2

1251COL {Matrix column locations of streams}
1252e.g., {1, 2, 2, 3, 3, 3, 4, 4, 4, 4, 5, 5, 5, 5, 5}
1253COLR {Split numbers which are the bottom split in their
1254respective column AND contain a reboiler at their bottom
1255product}
1256e.g., {1, 2, 4, 6}
1257CONDENSERS {Streams associated with condensers except
1258the final product streams}
1259e.g., {4}
1260CVECT {Distillation column number that produces the given
1261stream}
1262e.g., {0, 0, 1, 1, 0, 2, 0, 2, 3, 0, 2, 4, 4, 4, 3}
1263DISTC {Splits for which distillation constraints are
1264applicable}
1265e.g., {1}
1266DISTSs {Distillate product stream of a split s}
1267e.g., {8} for s 5 2

1268FEEDAs {Feed streams above split s within the same column}
1269e.g., {8} for s 5 6

1270FEEDCc {Feed streams entering the distillation column c}
1271e.g., {3, 4} for c 5 2

1272FEEDSs {Feed stream of a split s}
1273e.g., {3} for s 5 2

1274LPRODAs {Product streams above split s within the same
1275column including the split’s top product}
1276e.g., {11, 8} for s 5 2

1277PRODCc {Product streams exiting the column c}
1278e.g., {6, 8, 11} for c 5 2

1279REBOILERS {Streams associated with reboilers except the
1280final product streams}
1281e.g., {6}
1282ROW {Matrix row locations of streams}
1283e.g., {1, 1, 2, 1, 2, 3, 1, 2, 3, 4, 1, 2, 3, 4, 5}
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1284 STOPc {Split that produces thermally coupled top product of

1285 column c}
1286 e.g., {4} for c 5 3

1287 SBOTc {Split that produces thermally coupled bottom product

1288 of column c}
1289 e.g., {1} for c 5 1

1290 SDi,j {Stream number of the side draw stream between split i
1291 and split j}
1292 e.g., {8} for i 5 3 & j 5 2

1293 TCBOTT {Thermal coupling links replacing reboilers in the

1294 configuration}
1295 e.g., {3}

1296 TCTOP {Thermal coupling links replacing condensers in the

1297 configuration}
1298 e.g., {9}

1299 TOPc {List of splits in column c, excluding the bottom split

1300 in c}
1301 e.g., {5} for c 5 4

1302 Appendix B

1303 We provide the objective function equation and all the con-

1304 straint equations for the configuration shown in Figure 5d.

1305 Objective Function

1306

min ðVbot
2 1Vbot

4 1Vbot
6 Þ

1307 Constraints

1308

1309 1. Material balance across columns
1310 Molar flow balance for distillation column 1:

X15X31X4 (B1)

1311 The component molar flow balance for component 1 for col-

1312 umn 1:

X1;15X3;11X4;1 (B2)

1313 Where X1 represents molar flow of stream ABCDE and X1;1

1314 represents the molar flow of component A in the stream

1315 ABCDE and so on.

1316 2. Total stream flow constraints
1317 For the stream ABC:

X45X4;11X4;21X4;3 (B3)

1318 3. Feed definition constraints
1319 For component 1:

X1;15F1 (B4)

V15ð12qFÞ
X5
j51

Fj;L15ðqFÞ
X5
j51

Fj (B5)

1320 4. Constraints for streams that do not exist

Xm50 8m 2 f2; 5; 7; 10g (B6)

Xm:k50 8m5f2; 5; 7; 10g; 8k51; . . .; 5 (B7)1321

13225. Constraints for definite absence of components in
1323streams
1324Constraints for stream 8, that is, stream BC:

X8;k50; k51 (B8)

X8;k50; k54; 5 (B9)

13256. Net stream flow constraints
1326For feed stream 8, product stream 11, reboiler stream 6 and
1327condenser stream 4:

X85L81V8 (B10)

X115L11; V1150 (B11)

X65L6; V650 (B12)

X45V4; L450 (B13)

13287. Distillation constraints
1329For overlapping component B and C in split 1 (ABCDE to
1330ABC/BCDE):

X1;23X4;3 � X1;33X4;2 (B14)

13318. Thermal coupling constraints
1332For stream BCDE and stream CD:

Vbot
1 52V3 (B15)

Vtop
3 5V9 (B16)

13339. Underwood’s equation as constraints
1334For split 2 (BCDE to BC/CDE):

a2X3;2

a22h2;r
1

a3X3;3

a32h2;r
1

a4X3;4

a42h2;r
1

a5X3;5

a52h2;r
5V3 8r51; 2; 3

(B17)

a2 �X2;2

a22h2;r
1

a3 �X2;3

a32h2;r
� Vmin

2 8r51; 2; 3 (B18)

133510. Local distillate component flow estimation constraints
1336For split 2 (BCDE to BC/CDE), for component B:

�X2;25X11;21X8;22X4;2 (B19)

�X2;2 � X8;2 (B20)

133711. Vapor flow balance throughout column
1338For column 2:

Vtop
2 � Vmin

2 ;Vtop
3 � Vmin

3 (B21)

Vtop
2 5Vbot

2 1V3;V
top
3 5Vbot

3 1V4 (B22)

Vbot
3 5Vtop

2 2V8; (B23)

1339Appendix C

1340All calculations in this manuscript are performed under the
1341following assumption:

1342When multiple splits share a column, the minimum vapor
1343flow for each split can be found by solving the Underwood feed
1344and distillate equations corresponding to each split, and then
1345assuming a “mixing section” connecting the two splits; out of this
1346mixing section a single stream is drawn with a composition calcu-
1347lated by completely mixing the products calculated individually
1348for each split. The total vapor flow required by the column is
1349equal to the greater of the two individual vapor flow requirements.
1350This arrangement is assumed to be identical to a system that uses
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1351 heat integration to arrive at the same total vapor requirement for
1352 performing two separate splits, followed by mixing.
1353

1354 Assume two quaternary splits, S1 and S2, in a system with
1355 five components; each is treated separately. Each split produces

1356a product we call BCD; however, when allowed to assume their
1357minimum vapor flows, the compositions of the two BCD
1358streams may differ (we will refer to them generally as composi-
1359tions BCD* and BCD**).
1360Figure F1313 shows some possible example heat integration
1361arrangements (which assume constant latent heat) that would
1362allow operation of both splits independently at their own vapor
1363duty requirements using only the larger of the two individual
1364vapor requirements as the total vapor requirement. In the case
1365where V1 (the top split’s vapor flow) is higher than V2 (the bot-
1366tom split’s vapor flow), the heat from the first column can pro-
1367vide part of the second column’s duty through heat exchange,
1368resulting in a total vapor requirement from utility of only V1

1369rather than V11V2 (Figure 13a).
1370If V2>V1 and the condensation done in the column is asso-
1371ciated with cold utility, Figure 13b demonstrates an arrange-
1372ment which uses part of the heat available in V2 to vaporize
1373V1, and uses cold utility only for the condensation of V2. Once
1374again, this requires only a total of V2 to be generated by hot
1375utility, rather than V11V2. Thus, it has been demonstrated
1376that there are many arrangements capable of operating two
1377splits at a vapor duty of only max(V1,V2). In choosing instead
1378to use the arrangement of directly transferring vapor within the
1379column to operate at a vapor duty of max(V1,V2) we can be
1380sure that the vapor duty could be duplicated through some
1381form of heat exchange. Throughout this article, we assume that
1382an arrangement such as Figure 13 could be designed for any
1383two splits sharing the same column to achieve the vapor duty
1384achieved by taking the maximum of the two. Due to this
1385assumption, we do not optimize configurations by considering
1386these different heat transfer arrangements. Instead, our model
1387uses the simpler calculation of treating the maximum vapor
1388requirement of all stacked splits (adjusted for feed and product
1389streams as described in the Constraints section) as the col-
1390umn’s vapor requirement.

1391
1392Manuscript received Nov. 29, 2015, and revision received Feb. 5, 2016.

1393

Figure 13. A/B: Possible heat exchange options for
operating both splits using [amount of
vapor5max(V1,V2)]. A: If V1>V2, using
heat from V2 to create part of V1 leads to a
total of only V1 vapor requirement from util-
ity. B/C: If V2>V1, all of V1 can be gener-
ated by heat exchange with V2; the
remainder of V2 is condensed using either
cool utility or the liquid stream of a nearby
thermal coupling.
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