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  nonlinearity	
  and	
  dispersion.	
  	
  

3.	
  Soliton	
  bearing	
  systems	
  and	
  equaKons:	
  NLS,	
  KdV,	
  sine-­‐Gordon.	
  	
  	
  
	
  	
  
4.	
  	
  Nonlinear	
  Dirac	
  solitons:	
  scalar	
  &	
  vector	
  interacKon.	
  	
  	
  
	
  
5.	
  	
  Stability	
  criteria	
  and	
  simulaKons.	
  	
  	
  	
  
	
  
6.	
  	
  Conclusions	
  (and	
  comments	
  on	
  quantum	
  elasKcity).	
  	
  
	
  

Avadh	
  Saxena	
  (Los	
  Alamos	
  NaKonal	
  Lab)	
  	
  





DIRAC	
  MATERIALS	
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JOHN	
  SCOTT	
  RUSSELL	
  (1808-­‐1882)	
  

1834:	
  First	
  observaKon	
  
	
  of	
  solitons	
  (Edinburgh).	
  	
  
	
  
“Report	
  on	
  Waves”:	
  1844	
  	
  

1895:	
  Korteweg-­‐de	
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(numerics,	
  FPU)	
  





Great	
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  (storm)	
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NONLINEARITY	
  DISPERSION	
  



SOLITONS	
  GO	
  THROUGH	
  EACH	
  OTHER	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  WITHOUT	
  SHAPE	
  CHANGE	
  



I. SOLITON BEARING 
EQUATIONS  



QUADRATURE	
  



Sine-­‐Gordon	
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�(x, t) = 4 arctan exp[�(x� vt)]

�2 = 1/(1� v2)

V (�) = 1� cos�



NONLINEAR	
  PENDULUM	
  

KINK	
  SOLUTION:	
  



Sine-­‐Gordon	
  breather	
  



BREATHERS,	
  ILMs	
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DOUBLE	
  WELL	
  (	
  	
  	
  	
  	
  )	
  POTENTIAL	
  

V (�) = �2(�2 � a2)

�(x) = �0 tanh(x/⇠)
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SOLITON	
  (second	
  order	
  transiKon):	
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V (�) = a�2 + b�4 + c�6



Model	
  Soliton	
  SoluKons	
  

HALF-­‐KINK:	
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Nonlinear	
  Schrodinger	
  EquaKon	
  (NLS)	
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Nonlinear	
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Korteweg-­‐de	
  Vries	
  (KdV)	
  EquaKon	
  

Soliton:	
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DISCRETE	
  SOLITON	
  EQUATIONS	
  

•  Discrete	
  sine-­‐Gordon	
  (Frenkel-­‐Kontorova)	
  	
  
•  Discrete	
  nonlinear	
  Schrodinger	
  (DNLS)	
  	
  
•  Discrete	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  models.	
  	
  

•  Peierls-­‐Nabarro	
  barrier	
  	
  
•  ExcepKonal	
  discreKzaKon	
  	
  
•  Conserved	
  quanKKes;	
  ILMs.	
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The	
  Toda	
  Lahce:	
  Discrete	
  Solitons	
  

pt(n, t) = exp�[q(n, t)� q(n� 1, t)]� exp�[q(n+ 1, t)� q(n, t)]

qt(n, t) = p(n, t)

SOLITON:	
  



II. NONLINEAR DIRAC 
EQUATION (NLD)  



NONLINEAR	
  DIRAC	
  EQUATION:	
  SOLITONS:	
  	
  





Nonlinear	
  Dirac	
  EquaAon:	
  	
  



































Conclusions	
  
•  Solitons:	
  balance	
  of	
  dispersion	
  with	
  nonlinearity.	
  	
  
	
  
•  Breathers:	
  dynamical	
  localizaKon	
  (ILMs).	
  	
  	
  

•  Integrability:	
  inverse	
  scaiering	
  and	
  conserved	
  
quanKKes.	
  	
  	
  	
  

•  NLD	
  systems,	
  soluKons	
  and	
  	
  equaKons.	
  
	
  
•  Stability	
  of	
  NLD	
  solitons	
  nontrivial.	
  	
  	
  

•  External	
  force	
  driving	
  simulaions.	
  	
  
	
  	
  	
  	
  	
  	
  


