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ABSTRACT 
Proposed next-generation muon colliders will require major technical advances to achieve rapid 
muon beam cooling requirements. Parametric-resonance Ionization Cooling (PIC) is proposed as 
the final 6D cooling stage of a high-luminosity muon collider. In PIC, a half-integer parametric 
resonance causes strong focusing of a muon beam at appropriately placed energy absorbers while 
ionization cooling limits the beam’s angular spread. Combining muon ionization cooling with 
parametric resonant dynamics in this way should then allow much smaller final transverse muon 
beam sizes than conventional ionization cooling alone. One of the PIC challenges is 
compensation of beam aberrations over a sufficiently wide parameter range while maintaining 
the dynamical stability with correlated behavior of the horizontal and vertical betatron motion 
and dispersion. We explore use of a coupling resonance to reduce the dimensionality of the 
problem and to shift the dynamics away from non-linear resonances. PIC simulations are 
presented. 
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Motivation 
Bright muon beams have scientific, commercial, and homeland security applications. An 

important discovery machine made possible by such beams is an energy-frontier Muon 
Collider, made affordable by its technological innovations and compact size that allows it to 
sit on the Fermilab site. As a colliding beam particle, the muon offers many advantages to 
make up for its relatively short 2.2 µs lifetime. It is an elementary particle, so that all of its 
energy is available to create new states of matter such that a muon collider storage-ring 
can be ten times more effective than that of a hadron collider with the same diameter. It is 
206.7 times more massive than an electron and therefore suffers little from 
electromagnetic radiation effects, which give an advantage over electron-positron colliders 
in the strength of bending magnets that can be used because of synchrotron radiation or in 
the initial-state energy resolution because of beamstrahlung. 

Experiments at energy-frontier colliders require high luminosities of order 1034 cm-2 
sec-1 or more in order to obtain reasonable rates for events having point-like cross sections. 
High luminosities require intense beams, small transverse emittances, and a small beta 
function at the collision point. For muon colliders, high beam intensities and small 
emittances are difficult and expensive to achieve because muons are produced diffusely 
and must be cooled drastically within their short lifetimes. The muon does not interact by 
the strong interaction, and its high mass relative to the electron means that it can pass 
through matter without hadronic or electromagnetic showers. Thus, it is the perfect 
candidate for ionization cooling, in which muons lose energy by passing through a low-Z 
material and only the longitudinal component is replaced by an RF cavity. This technique 
allows the angular spread of a beam of muons to be reduced in a very short time down to 
the limit determined by multiple scattering.  

Background 
Ionization cooling as it is presently envisioned will not cool the beam sizes sufficiently 

well to provide adequate luminosity without large muon intensities. For example, a muon-
collider s-channel Higgs factory, a logical prerequisite to an energy frontier muon collider, 
would be compelling if the luminosity were high enough. The 4 MeV energy resolution 
needed to directly study the Higgs width is only possible with such a machine and the 
mass-dependent muon-Higgs coupling gives a factor of over 40,000 cross-section 
advantage relative to an electron collider. Numerical simulations of muon cooling channels 
based on technical innovations made and experimentally tested in this millennium have 
shown 6-d emittance reductions of almost 6 orders of magnitude. Parametric-resonance 
Ionization Cooling (PIC) can achieve an additional two orders of emittance reduction for an 
additional factor of 10 in luminosity [Appendices I-XV]. 

In addition, to the extent that the transverse emittances can be reduced further than 
with conventional ionization cooling, several problems can be alleviated. Lower transverse 
emittance allows reduced muon current for a given luminosity, which implies: 

• a proton driver with reduced demands to produce enough proton power to create 
the muons, 

• reduced site boundary radiation limits from muons decaying into neutrinos that 
interact with the earth, 

• reduced detector background due to electrons from muon decay, 
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• reduced proton target heat deposition and radiation levels, 
• reduced heating of the ionization cooling energy absorber, 
• less beam loading and wake field effects in the accelerating RF cavities. 

Smaller transverse emittance has virtues beyond reducing the required beam currents, 
namely: 

• smaller higher-frequency RF cavities with higher gradient can be used for 
acceleration, 

• beam transport is easier with smaller-aperture magnetic and vacuum systems, 
• stronger collider interaction point (IP) focusing can be used, since that is limited by 

the maximum achievable beam extension prior to the IP. 

Technical Approach 
The limit on the minimum achievable emittances in muon ionization cooling comes from 
the equilibrium between the cooling process and multiple Coulomb scattering in the 
absorber material. The concept of Parametric-resonance Ionization Cooling (PIC) is to push 
this limit by an order of magnitude in each transverse dimension [Appendix XIV] by 
focusing the muon beam very strongly in both planes at thin absorber plates. This creates a 
large angular spread of the beam at the absorber locations, which is then cooled to its 
equilibrium value resulting in greatly reduced transverse emittances. Achieving adequately 
strong focusing using conventional magnetic optics would require unrealistically strong 
magnetic fields. Instead, PIC relies on a resonant process to provide the necessary focusing. 
A half-integer parametric resonance is induced in a cooling channel, causing focusing of the 
beam with the period of the channel’s free oscillations.  

The resonant perturbation changes the particles’ phase-space trajectories at periodic 
locations along the channel from their normal elliptical shapes to hyperbolic ones as shown 
in Fig. 1. Thus, at certain periodic focal positions, the beam becomes progressively 
narrower in x and wider in x' as it passes down the channel. Without damping, the beam 
dynamics is not stable because the beam envelope grows with every period as illustrated in 
Fig. 2. Placing energy absorbers at the focal points stabilizes the beam motion by limiting 
the beam’s angular divergence at those points through the usual ionization cooling 
mechanism. This dynamics then results in a strong reduction of the beam spot size at the 
absorber locations leading to transverse beam emittances that are an order of magnitude 
smaller than without the resonance. The longitudinal emittance is maintained constant by 
emittance exchange occurring due to dispersion at the absorber locations. 

The normalized equilibrium transverse emittance achievable in PIC is given by 
[Appendix XIV] 

 

3 ( 1)
4

n emZ w
mµ

ε
β⊥ = +

  
where β = υ / c is the relativistic factor, Z is the absorber material’s atomic number, me and 
mµ are the electron and muon masses, respectively, and w is the average absorber 
thickness in the beam direction. 
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Fig. 1: Transformation of a particle’s phase space motion by a half-integer parametric 
resonance: elliptical phase-space trajectories become hyperbolic. The trajectories are 
illustrated at the focal points. 
 

 
Fig. 2: Stabilizing effect of ionization cooling energy absorbers in a channel with a half-
integer resonance. 
 

The equilibrium beam size σa and angular spread θa at the absorber and the equilibrium 
momentum spread ∆p/p are given by [Appendix XIV] 
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where γ is the muon relativistic energy factor and log is the Coulomb logarithm of 
ionization energy loss for fast particles. The expected PIC parameters for a 250 MeV/c 
muon beam are summarized in Table 1. Note that the absorbers are thicker at the 
beginning of the channel in order to produce a higher cooling rate of an initially large-
emittance beam. As the beam cools propagating down the channel, the absorber thickness 
is gradually reduced in order to reach the minimum practical transverse emittance. Since 
the cooling rate gets lower for thinner absorbers, the minimum practical absorber 
thickness is determined by the practically acceptable beam loss due to muon decay. 
 

TABLE 1.  Expected PIC parameters. 
Parameter Unit Initial Final 
Muon beam momentum, p MeV/c 250 250 
Number of particles per bunch, Nb 1010 1 1 
Be (Z = 4) absorber thickness, w mm 20 2 
Normalized transverse emittance (rms), εx = εy µm 230 23 
Beam size at absorbers (rms), σa = σx = σy mm 0.7 0.1 
Angular spread at absorbers (rms), θa = θx = θy mrad 130 130 
Momentum spread (rms), ∆p/p % 2 2 
Bunch length (rms), σz mm 10 10 
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To attain simultaneous focusing in both planes at regular locations, the horizontal and 
vertical betatron oscillation periods must be commensurate with each other and with the 
channel’s period, e.g. as illustrated in Fig. 3. A magnetic channel possessing such optical 
properties, called a twin-helix channel, has been successfully developed and simulated 
[Appendices I-XI]. In a twin-helix channel, two equal-strength helical dipole harmonics 
with equal periods but opposite helicities are superimposed. Analogously to how 
combining two circularly-polarized waves produces a linearly-polarized one, the magnetic 
field in the midplane of this configuration is transverse to the plane. This means that the 
periodic orbit is flat and lies in the midplane. The horizontal and vertical motions are stable 
and uncoupled. A continuous straight quadrupole is added to the system in order to 
redistribute focusing between the horizontal and vertical dimensions. 

Conceptually, the required magnetic field configuration can be obtained by winding two 
separate coaxial layers of helical conductors and coaxially superimposing a straight 
quadrupole as shown in Fig. 4(a). The helical conductors constituting the two layers have 
the same special periods and opposite helicities. Within each layer, the currents in the 
helical conductors vary azimuthally as cos(φ). Note that the two layers do not have to have 
the same radius. The difference in the radii can be accounted for by adjusting the layers’ 
currents. Another approach to producing the desired magnetic field is to combine two 
coaxial layers consisting of a series of tilted current loops overlaid with a coaxial straight 
quadrupole as shown in Fig. 4(b). The inclined loops comprising the two different layers 
are tilted in opposite directions. The current in the loops of each layer varies longitudinally 
as cos(kz). Such a technology, without longitudinal current variation, is used to make 
constant-field dipoles. Perhaps, a more practical approach to the channel’s engineering 
design is to develop a conductor configuration that is centered on and follows the beam’s 
periodic orbit. 

 

 
 

Fig. 3: Particle horizontal x and vertical y betatron trajectories and horizontal dispersion Dx 
for the case of correlated optics. 
 

 
 
Fig. 4: Conceptual diagrams of possible practical implementations of the twin-helix channel. 
The color represents current variation in the conductors. 
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Fig. 5: Evolution of the horizontal εx, vertical εy, and longitudinal εz 2D emittances along a 
twin-helix channel ignoring stochastic effects. 
 

Figure 5 shows the evolution of the three 2D emittances along a twin-helix channel 
obtained in a PIC simulation without stochastic effects using G4beamline that has been 
extended for this purpose. The initial emittance values were intentionally chosen relatively 
small in order to stay close to the linear regime. Since the stochastic effects are off, the 
emittances cool virtually to zero. An important condition necessary for implementation of 
PIC including stochastic effects is compensation of the beam smear from one focal point to 
another, to a degree where it is small compared to the focused beam size. Since the angular 
spread at the focal point is on the order of 100 mrad rms while the beam size is a fraction of 
a mm, this can be quite challenging.  

Significant progress has been made on compensation of aberrations using helical 
multipole fields [Appendices IX, X] as illustrated in Fig. 6. A more systematic approach to 
aberration compensation is to use COSY Infinity, a matrix-based code, which works by 
expanding a particle’s trajectory around a reference orbit to an arbitrary order in the 6D 
phase-space coordinates. Therefore, it can be used to unfold and analyze individual 
aberrations, which is well-suited for our purpose. COSY Infinity has been extended to 
include helical harmonics and to calculate the reference orbit in a twin helix. Work on 
compensating aberration using COSY Infinity has made a lot of progress [Appendices V, VI, 
VIII, XI, XV]. 
 

 
 
Fig. 6: Demonstration of aberration compensation in a twin helix up to a polar angle of 220 
mrad; 250 MeV/c muon tracks are shown from one focal point to the next before (a) and 
after (b) aberration compensation using field harmonics up to decapole. 
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However, multipole fields in combination with correlated optics introduce another 

serious problem, namely, non-linear resonances causing loss of dynamical stability 
[Appendix XIII]. To illustrate this problem, consider the Hamiltonian term of a continuous 
harmonically-varying octupole field Hoct = noct (6x2y2 – x4 – y4)/4 where noct ~ cos(2πmz/L) 
is the normalized octupole strength, m is an integer, z is the longitudinal coordinate, L is the 
channel period length, x ~ cos(2πνxz/L) and y ~ cos(2πνyz/L) are the horizontal and 
vertical transverse betatron coordinates, respectively, and νx and νy are the horizontal and 
vertical betatron tunes, respectively. Multiple octupole harmonics are needed in a cooling 
channel to compensate spherical aberrations. However, as can be clearly seen from the 
Hamiltonian, with our choice of betatron tunes of νx = 0.25 and νy = 0.5, any octupole 
harmonic m causes resonances in both planes. Dispersion further complicates the 
resonance structure. Selecting different betatron tunes does not help; as long as the 
betatron periods are integer multiples of the channel period as required by PIC, multipole 
fields will tend to cause non-linear resonance. This makes it difficult to find a set of 
multipoles sufficient for aberration compensation that does not cause beam instabilities.  

To overcome this problem, we developed the concept of Skew PIC [Appendices XIII, 
XIV]. We introduce coupling in a cooling channel in such a way that the point to point 
focusing needed for PIC is preserved but the canonical betatron tunes are shifted from their 
resonant values, i.e. the canonical phase advances in the two planes are shifted from mπ 
values. A simple way to think of it is that the beam is azimuthally rotated between 
consecutive focal points. This moves the dispersion and betatron motion away from non-
linear resonances. It also offers a number of other benefits: (a) it allows for control of the 
dispersion size for chromatic compensation; (b) it reduces the dimensionality of the 
aberration compensation problem to just the radial dimension and therefore reduces the 
number of required compensating multipoles; (c) it equates the parametric resonance 
rates in the two planes, and therefore only one resonance harmonic is needed; (d) it 
equates the two cooling decrements in the two transverse dimensions. 

Reports of Studies Supported by This Grant 
The progress of the studies related to this grant was documented in contributions to the 

International and North American Particle Accelerator Conferences in 2010, 2011, 2012, 
and 2015, Workshops on Advanced Accelerator Concepts 2010 and 2012 and International 
Workshop on Neutrino Factories, Super Beams and Beta Beams 2012. These reprints are 
attached below as appendices.  

Conclusions 
PIC combines muon ionization cooling with parametric resonant dynamics to allow 

final equilibrium transverse beam emittances that are an order of magnitude smaller than 
those achievable with conventional ionization cooling alone. The 4 MeV energy resolution 
and the order of magnitude increased luminosity due to PIC will make a muon collider 
Higgs factory compelling.  
     Applying the same dynamics for Reverse Emittance Exchange (REMEX) will likewise 
make a compelling energy frontier muon collider.  REMEX uses beryllium wedge absorbers 
to exchange longitudinal with transverse emittances. Smaller transverse emittances create 
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larger luminosity while the longitudinal emittance grows up to the point that the bunch 
length starts to reduce the luminosity due to the hourglass effect. Thus, PIC and REMEX 
together can provide two orders of magnitude luminosity increase of a muon collider. 

A special continuous-field twin-helix magnetic channel with correlated behavior of the 
horizontal and vertical betatron motions and dispersion was developed for PIC. A basic 
model of a PIC channel with absorbers and RF cavities was setup in G4beamline. The 
model’s validity was confirmed by PIC simulations with stochastic effects off. 
Compensation of beam aberrations is required for a complete demonstration of PIC with 
stochastic effects on. Difficulties with aberration corrections have stymied the development 
of a practical PIC channel. However, recent development of a fully transversely-coupled 
optical solution (Skew PIC) shows great promise. 

Publications Supported by this grant 
Publications supported by this grant are reproduced in the appendices.  Particularly 

noteworthy are: 
[1] Ya. S. Derbenev et al., arXiv:1205.3476v1 [physics. acc-ph]. [Appendix IX] 
[2] J.A. Maloney, “parametric-resonance ionization cooling for muon beams in the twin 

helix channel”, Ph.D. dissertation. 
http://www.niu.edu/physics/academic/grad/theses/JamesMaloney_PhD2013.pdf 

[3] J.A. Maloney et al., submitted to PRST-AB. [Appendix XV] 
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Abstract 
Parametric-resonance Ionization Cooling (PIC) [1-3] is 

envisioned as the final 6D cooling stage of a high-
luminosity muon collider. Implementing PIC imposes 
stringent constraints on the cooling channel’s magnetic 
optics design. This paper presents a linear optics solution 
compatible with PIC. Our solution consists of a 
superposition of two opposite-helicity equal-period and 
equal-strength helical dipole harmonics and a straight 
normal quadrupole. We demonstrate that such a system 
can be adjusted to meet all of the PIC linear optics 
requirements while retaining large acceptance. 

INTRODUCTION 
Combining muon ionization cooling with parametric 

resonant dynamics should allow much smaller final 
transverse muon beam sizes than ionization cooling alone 
[1-3]. Thus, high luminosity would be achieved in a 
collider with fewer muons. Parametric ionization cooling 
is accomplished by inducing a parametric resonance in a 
muon cooling channel. The beam is then naturally 
focused with a period of the channel’s free oscillations. 
Absorber plates for ionization cooling together with 
energy-restoring rf cavities are placed at the beam focal 
points. At the absorbers, ionization cooling maintains the 
angular spread constant while the parametric resonance 
causes a strong reduction of the beam spot size. This 
resonant cooling scheme should provide equilibrium 
transverse emittances that are at least an order of 
magnitude smaller than those achievable with 
conventional ionization cooling.  

TWIN-HELIX CHANNEL 
Correlated Optics Condition 

To ensure the beam’s simultaneous focusing in both 
horizontal and vertical planes, the horizontal oscillations’ 
period λx must be equal to or be a low-integer multiple of 
the vertical oscillations’ period λy. The PIC scheme also 
requires alternating dispersion D such that D is  

• small at the beam focal points to minimize energy 
straggling in the absorber, 

• non-zero at the absorber for emittance exchange, 
• relatively large between the focal points to allow for 

aberration correction to keep the beam size small at 
the absorbers. 

Given the above dispersion requirements, it is clear that 

λx and λy must also be low integer multiples of the 
dispersion period λD. Note that λx and λD should not be 
equal to avoid an unwanted resonance. Thus, the cooling 
channel’s optics must have correlated values of λx, λy and 
λD: 

 x y Dn mλ λ λ= = , (1) 

e.g. λx = 2λy = 4λD or λx = 2λy = 2λD.  

Orbital Dynamics 
The PIC dynamics is very sensitive to magnetic fringe 

fields. One approach to finding a practical fringe-field-
free solution is to use helical harmonics [4, 5]: 
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 (2) 

where Bϕ, Bρ, and Bz are the azimuthal, radial, and 
longitudinal helical magnetic field components, 
respectively, n is the harmonic number (e.g. n = 1 is the 
dipole harmonic), and k = 2π / λh is the helix wave 
number while λh is the helix period. 

One extensively-studied system based on helical field is 
the Helical Cooling Channel (HCC) [4]. However, the 
HCC is not suitable for PIC because it has constant 
dispersion magnitude. It was suggested [2] that 
alternating dispersion could be created by superimposing 
the HCC with an opposite-helicity helical dipole field 
with a commensurate characteristic period. However, with 
this approach, the periodic orbit solution is somewhat 
complicated and producing sufficiently large acceptance 
seems problematic.  

Here we study a somewhat different configuration of 
magnetic fields, however, retaining the principle of  
Ref. [2] of creating an alternating dispersion by 
superimposing two helical-dipole fields with 
commensurate periods. We use a superposition of two 
equal-strength helical dipole harmonics with equal 
periods and opposite helicities (k1 = -k2) as a basis for our 
PIC channel design. Analogously to how combining two 
circularly-polarized waves produces a linearly-polarized 
one, the magnetic field in the mid-(horizontal)-plane of 
this configuration is transverse to the plane. This means 
that the periodic orbit is flat and lies in the mid-plane. The 
horizontal and vertical motions are uncoupled. This is a ___________________________________________  
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more conventional orbital dynamics problem than the one 
with a 3D reference orbit and coupled transverse motion. 

Figure 1(a) shows an example of the periodic orbit 
solutions for 100 MeV/c μ+ and μ- in a twin-helix channel 
with 1 m period and 0.741 T magnetic field strength of 
each helical dipole harmonic. The periodic orbit was 
determined numerically by locating the fixed point in the 
phase space. For this procedure, one only needed to 
consider the x-x’ horizontal phase space and the 
procedure was further simplified by selecting a 
longitudinal position where x’ was zero. Figure 1(b) 
shows the dispersion as a function of the longitudinal 
position for the μ+ solution shown in Fig. 1(a). Note that 
the dispersion has oscillatory behaviour required for PIC. 
Note also that the dispersion period is equal to the helix 
period, i.e. λD = λh. 

 
 (a) (b) 
Figure 1: (a) Periodic orbits of 100 MeV/c μ+ and μ- in a 
twin-helix channel with 1 m period and 0.741 T magnetic 
field strength of each helical dipole harmonic.  
(b) Dispersion behavior as a function of the longitudinal 
position for the μ+ solution in Fig. 1(a). 

The transverse motion in a twin-helix consisting of two 
helical dipole harmonics only is stable around the 
periodic orbit in both dimensions as long as the helical 
dipole strength does not exceed a certain limiting value. 
Figures 2(a) and 2(b) show the periodic orbit’s amplitude 
and the betatron tunes, respectively, vs. the helical dipole 
strength Bd for three different values of the helix period. 
In the calculations shown Figs. 2(a) and 2(b), the strength 
Bd was changed in small steps. On each step, the new 
periodic orbit was obtained as described above using the 
previous step’s solution as the initial guess. The betatron 
tunes were extracted from a single-period linear transfer 
matrix, which was obtained numerically in terms of 
canonical coordinates. The canonical coordinates were 
calculated using an analytic expression for the helical 
magnetic field vector potential [5]. 

Since the dispersion period is determined by the helix 
period λD = λh, the correlated optics condition of Eq. (1) 
imposes the following conditions on the betatron tunes:  
νx = λh/λx = λh/(mλD) = 1/m and νy = λh/λy = λh/(mλD/n) 
= n/m, e.g. νx = 0.5, νy = 1 or νx = 0.25, νy = 0.5. 
Examining Fig. 2(b) shows that it is not possible to satisfy 
these conditions by adjusting λh and Bd. Thus, we 
introduced a straight normal quadrupole to redistribute 

focusing between the horizontal and vertical dimensions. 
One subtlety is that, in addition to changing the focusing 
properties of the lattice, the quadrupole also changes the 
periodic reference orbit. The helical dipole strength Bd 
and the quadrupole gradient ∂By/∂x were iteratively 
adjusted until, at Bd = 1.303 T and ∂By/∂x = 1.153 T/m, 
we achieved the correlated optics condition with νx = 0.25 
and νy = 0.5. Having νx = 0.5 and νy = 1 would be more 
beneficial by allowing shorter spacing between the 
absorbers but it was not possible to adjust these tune 
values because of a strong parametric resonance at νy = 1. 
We also attempted tuning the correlated optics condition 
by using a helical quadrupole pair instead of a straight 
quadrupole but that configuration did not seem 
compatible with the correlated optics requirements. 
Figure 3 shows the dependence of the betatron tunes on 
Bd at ∂By/∂x = 1.153 T/m. The crossing lines indicate the 
correlated optics condition. Note that the straight 
quadrupole introduces an asymmetry into the magnetic 
field so that the correlated optics condition is satisfied for 
one muon charge only. 

 
 (a) (b) 
Figure 2: Periodic orbit’s amplitude (a) and horizontal and 
vertical betatron tunes (b) vs. the helical dipole strength. 

 
Figure 3: Horizontal and vertical betatron tunes vs. the 
helical dipole strength Bd at ∂By/∂x = 1.153 T/m. 

We next studied the dependence of the periodic orbit 
and of the betatron tunes on the muon momentum. We 
found that, with correlated optics, the dispersion 
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amplitude Dx max = p ∂xmax/∂p was 0.098 m and the 
horizontal and vertical chromaticities were ξx = p ∂νx/∂p 
= -0.646 and ξy = -0.798, respectively. The correlated 
optics parameters scale with the muon momentum and 
helix period in the following way: 

 
2

max

/ , / / ,

, , , const.
d y

x x y

B p B x p

x D

λ λ
λ ξ ξ

∝ ∂ ∂ ∝

∝ ∝
 (3) 

G4beamline simulation 
To estimate the dynamic aperture of the correlated 

optics channel, we tracked 105 100 MeV/c muons through 
100 periods of the channel using the GEANT-based 
G4beamline program. The initial muon beam was 
monochromatic, parallel and uniformly distributed within 
a 5 cm × 5 cm square. Figures 4(a) and 4(b) show the 
initial and final transverse muon distributions, 
respectively. The initial positions of the particles that 
were not lost after 100 periods are shown in Fig. 4(a) in 
blue. Figures 4(a) and 4(b) suggest a very large dynamic 
aperture and therefore high transmission efficiency of the 
twin-helix channel. 

Possible Practical Implementation 
In practice, the required magnetic field configuration 

can be obtained by installing two separate helical dipoles 
producing equal field strengths within the channel’s 
aperture [5] and then superimposing a straight 
quadrupole. The helical dipoles should be aligned along 
the symmetry axis and should have the same spatial 
periods and opposite helicities. Alternatively, the desired 
magnetic fields can be obtained by combining two series 
of tilted current loops with their currents varied along the 
symmetry axis. 

Next steps 
We will next consider compensation of chromatic and 

spherical aberrations. It has been demonstrated in [3] that 
chromatic terms can be compensated using two sextupole 
harmonics ns(s) = ns1 sin(ks) + ns2 sin(2ks) where k is the 
helix wave number. The spherical aberrations can be 
compensated [3] using three octupole harmonics no(s) = 
no1 + no2 cos(ks) + no3 cos(2ks). Thus, we will next study 
the non-linear optics effects of these sextupole and 
octupole parameters. 

PIC requires x-y coupling for equalization of the 
cooling decrements [3]. Coupling can be introduced in the 
twin-helix channel by inducing an x-y coupling resonance 
or by slightly offsetting the spatial period of one of the 
helical harmonics in the harmonics pair. 

CONCLUSION 
We designed a muon beam “twin-helix” channel with 

linear optics suitable for parametric ionization cooling. 
The channel is a superposition of two opposite-helicity 
equal-period equal-strength helical dipole harmonics and 
a straight normal quadrupole. We demonstrated that such 

a system can be adjusted to meet all of the PIC linear 
optics requirements. Our tracking simulations suggest that 
the twin-helix channel has very large dynamics aperture. 
There is a straightforward practical implementation of 
such a channel. 

(a) 

 

(b) 

 
Figure 4: Initial (a) and final (b) transverse muon beam 
distributions in a G4beamline tracking study. 
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Abstract. Parametric-resonance Ionization Cooling (PIC) [1-3] is envisioned as the final 6D cooling stage of a high-
luminosity muon collider. Implementing PIC imposes stringent constraints on the cooling channel’s magnetic optics 
design. This paper presents a linear optics solution compatible with PIC. Our solution consists of a superposition of two 
opposite-helicity equal-period and equal-strength helical dipole harmonics and a straight normal quadrupole. We 
demonstrate that such a system can be adjusted to meet all of the PIC linear optics requirements while retaining large 
acceptance. 

Keywords: parametric resonance ionization cooling. 
PACS: 29.27.-a, 29.20.-c, 14.60.Ef, 41.85.Lc 

INTRODUCTION 

Combining muon ionization cooling with parametric resonant dynamics should allow much smaller final 
transverse muon beam sizes than ionization cooling alone [1-3]. Thus, high luminosity would be achieved in a 
collider with fewer muons. The Parametric-resonance Ionization Cooling (PIC) concept is illustrated in Fig. 1(a). 
PIC is accomplished by inducing a parametric resonance in a muon cooling channel. The beam is then naturally 
focused with a period of the channel’s free oscillations. Absorber plates for ionization cooling together with energy-
restoring rf cavities are placed at the beam focal points. At the absorbers, ionization cooling maintains the angular 
spread constant while the parametric resonance causes a strong reduction of the beam spot size as illustrated in  
Fig. 1(b). This resonant cooling scheme should provide equilibrium transverse emittances that are at least an order of 
magnitude smaller than those achievable with conventional ionization cooling [3]. 

 

  
 (a) (b) 

 
FIGURE 1.  (a) Conceptual diagram of a PIC channel showing particle’s horizontal (x) and vertical (y) betatron trajectories 
along with horizontal dispersion Dx. (b) Beam envelope in a PIC channel illustrating stabilizing absorber effect and beam spot 
size reduction at the focal points. 
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TWIN-HELIX CHANNEL 

Correlated Optics Condition 

To ensure the beam’s simultaneous focusing in both horizontal and vertical planes, the horizontal oscillation 
period λx must be equal to or be a low-integer multiple of the vertical oscillation period λy. The PIC scheme also 
requires alternating dispersion D such that D is 

• small at the beam focal points to minimize energy straggling in the absorber, 
• non-zero at the absorber for emittance exchange to maintain constant longitudinal emittance, 
• relatively large between the focal points to allow for aberration correction to keep the beam size small at the 

absorbers. 
Given the above dispersion requirements, it is clear that λx and λy must also be low integer multiples of the 
dispersion period λD. Note that λx and λD should not be equal to avoid an unwanted resonance. Thus, the cooling 
channel optics must have correlated values of λx, λy and λD: 

 
 x y Dn mλ λ λ= =  (1) 

 
e.g. λx = 2λy = 4λD or λx = 2λy = 2λD. 

Orbital Dynamics 

The PIC dynamics is very sensitive to magnetic fringe fields. One approach to finding a practical fringe-field-
free solution is to use helical harmonics [4, 5]: 
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 (2) 

 
where Bϕ, Bρ, and Bz are the azimuthal, radial, and longitudinal helical magnetic field components, respectively, n is 
the harmonic number (e.g. n = 1 is the dipole harmonic), and k = 2π / λh is the helix wave number while λh is the 
helix period. 

One extensively-studied system based on helical field is the Helical Cooling Channel (HCC) [4]. However, the 
HCC is not suitable for PIC because it has constant dispersion magnitude. It was suggested [2] that alternating 
dispersion could be created by superimposing the HCC with an opposite-helicity helical dipole field with a 
commensurate characteristic period. However, with this approach, the periodic orbit solution is somewhat 
complicated and producing sufficiently large acceptance seems problematic. 

Here we study a somewhat different configuration of magnetic fields, however, retaining the principle of Ref. [2] 
of creating an alternating dispersion by superimposing two helical-dipole fields with commensurate periods. We use 
a superposition of two equal-strength helical dipole harmonics with equal periods and opposite helicities (k1 = -k2) as 
a basis for our PIC channel design. Analogously to how combining two circularly-polarized waves produces a 
linearly-polarized one, the magnetic field in the mid-(horizontal)-plane of this configuration is transverse to the 
plane. This means that the periodic orbit is flat and lies in the mid-plane. The horizontal and vertical motions are 
uncoupled. This is a more conventional orbital dynamics problem than the one with a 3D reference orbit and 
coupled transverse motion. 

Figure 2(a) shows an example of the periodic orbit solutions for 100 MeV/c μ+ and μ- in a twin-helix channel 
with 1 m period and 0.741 T magnetic field strength of each helical dipole harmonic. The periodic orbit was 
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determined numerically by locating the fixed point in the phase space. For this procedure, one only needed to 
consider the x-x’ horizontal phase space and the procedure was further simplified by selecting a longitudinal 
position where x’ was zero. Figure 2(b) shows the dispersion as a function of the longitudinal position for the μ+ 
solution shown in Fig. 2(a). Note that the dispersion has oscillatory behavior required for PIC. Note also that the 
dispersion period is equal to the helix period, i.e. λD = λh. 

 

   
 (a) (b) 

 
FIGURE 2.  (a) Periodic orbits of 100 MeV/c μ+ and μ- in a twin-helix channel with 1 m period and 0.741 T magnetic field 
strength of each helical dipole harmonic. (b) Dispersion behavior as a function of the longitudinal position for the μ+ solution in 
Fig. 2(a). 

 
The transverse motion in a twin-helix consisting of two helical dipole harmonics only is stable around the 

periodic orbit in both dimensions as long as the helical dipole strength does not exceed a certain limiting value. 
Figures 3(a) and 3(b) show the periodic orbit amplitude and the betatron tunes, respectively, vs. the helical dipole 
strength Bd for three different values of the helix period. In the calculations shown in Figs. 3(a) and 3(b), the 
strength Bd was changed in small steps. On each step, the new periodic orbit was obtained as described above using 
the previous step’s solution as the initial guess. The betatron tunes were extracted from a single-period linear 
transfer matrix, which was obtained numerically in terms of canonical coordinates. The canonical coordinates were 
calculated using an analytic expression for the helical magnetic field vector potential [5]. 

 

   
 (a) (b) 

 
FIGURE 3.  Periodic orbit amplitude (a) and horizontal and vertical betatron tunes (b) vs. the helical dipole strength. 

 
Since the dispersion period is determined by the helix period λD = λh, the correlated optics condition of Eq. (1) 

imposes the following conditions on the betatron tunes: νx = λh/λx = λh/(mλD) = 1/m and νy = λh/λy = λh/(mλD/n) = 
n/m, e.g. νx = 0.5, νy = 1 or νx = 0.25, νy = 0.5. Examining Fig. 3(b) shows that it is not possible to satisfy these 
conditions by adjusting λh and Bd. Thus, we introduced a straight normal quadrupole to redistribute focusing 
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between the horizontal and vertical dimensions. One subtlety is that, in addition to changing the focusing properties 
of the lattice, the quadrupole also changes the periodic reference orbit. The helical dipole strength Bd and the 
quadrupole gradient ∂By/∂x were iteratively adjusted until, at Bd = 1.303 T and ∂By/∂x = 1.153 T/m, we achieved the 
correlated optics condition with νx = 0.25 and νy = 0.5. Having νx = 0.5 and νy = 1 would be more beneficial by 
allowing shorter spacing between the absorbers but it was not possible to adjust these tune values because of a 
strong parametric resonance at νy = 1. We also attempted tuning the correlated optics condition by using a helical 
quadrupole pair instead of a straight quadrupole but that configuration did not seem compatible with the correlated 
optics requirements. Figures 4(a) and 4(b) show the dependence of the betatron tunes on Bd at ∂By/∂x = 1.153 T/m 
and on ∂By/∂x at Bd = 1.303 T, respectively. The crossing lines indicate the correlated optics condition. Note that the 
straight quadrupole introduces an asymmetry into the magnetic field so that the correlated optics condition is 
satisfied for one muon charge only. 

 

   
 (a) (b) 

 
FIGURE 4.  Horizontal and vertical betatron tunes vs. the helical dipole strength Bd at ∂By/∂x = 1.153 T/m (a) and the straight 
quadrupole gradient ∂By/∂x at Bd = 1.303 T (b). 

 
We next studied the dependence of the periodic orbit and of the betatron tunes on the muon momentum as shown 

in Figs. 5(a) and 5(b). These studies demonstrated large momentum acceptance of the twin-helix channel. We found 
that, with correlated optics, the dispersion amplitude Dx max = p ∂xmax/∂p was 0.098 m and the horizontal and vertical 
chromaticities were ξx = p ∂νx/∂p = -0.646 and ξy = -0.798, respectively. The correlated optics parameters scale with 
the muon momentum and helix period in the following way: 

 
 2

max/ ; / / ; , ; , const.d y x x yB p B x p x Dλ λ λ ξ ξ∝ ∂ ∂ ∝ ∝ ∝  (3) 
 

   
 (a) (b) 

 
FIGURE 5.  Periodic orbit amplitude (a) and betatron tunes (b) vs. the muon momentum with correlated optics. 
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G4beamline Simulation 

To estimate the dynamic aperture of the correlated optics channel, we tracked 105 100 MeV/c muons through 100 
periods of the channel using the GEANT-based G4beamline program [6]. The initial muon beam was 
monochromatic, parallel and uniformly distributed within a 10 cm × 10 cm square. Figures 6(a) and 6(b) show the 
initial and final transverse muon distributions, respectively. The initial positions of the particles that were not lost 
after 100 periods are shown in Fig. 6(a) in blue. Figures 6(a) and 6(b) suggest a very large dynamic aperture and 
therefore high transmission efficiency of the twin-helix channel. 

 

   
 (a) (b) 

 
FIGURE 6.  Initial (a) and final (b) transverse muon beam distributions in a G4beamline tracking study. 

Possible Practical Implementation 

In practice, the required magnetic field configuration can be obtained by winding two separate coaxial layers of 
helical conductors and coaxially superimposing a straight quadrupole as shown in Fig. 7(a). The helical conductors 
constituting the two layers have the same special periods and opposite helicities. Within each layer, the currents in 
the helical conductors vary azimuthally as cos(φ). Note that the two layers do not have to have the same radius. The 
difference in the radii can be accounted for by adjusting the layers’ currents. Another approach to producing the 
desired magnetic field is to combine two coaxial layers consisting of series of tilted current loops and overlay a 
coaxial straight quadrupole as shown in Fig. 7(b). The inclined loops comprising the two different layers are tilted in 
opposite directions. The current in the loops of each layer varies longitudinally as cos(kz). Such a technology, 
without longitudinal current variation, is used for making constant-field dipoles. 

 

  
 (a) (b) 

 
FIGURE 7.  Conceptual diagrams of possible practical implementations of the twin-helix channel (a) using a combination of two 
helical conductor layers and a straight quadrupole and (b) using a combination of two layers of tilted current loops and a straight 
quadrupole. The colors represent current variation in the conductiors. 
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Next Steps 

We next plan to introduce wedge absorbers and rf cavities in the simulations. We will first demonstrate cooling 
without a parametric resonance, which should produce a result similar to the conventional ionization cooling. We 
will then introduce a parametric resonance and investigate its effect on cooling. We expect to show improvement in 
the equilibrium emittances due to the parametric resonance even prior to aberration compensation. 

We will then consider compensation of chromatic and spherical aberrations. We plan to reduce the number of 
aberration compensation condition by taking advantage of the orbital motion symmetries naturally occurring in the 
correlated optics. Figure 1(a) shows that the particle’s horizontal betatron trajectory is symmetric with respect to the 
point located half-way between two adjacent absorbers while the vertical betatron trajectory and dispersion are anti-
symmetric with respect to the same point. These symmetry properties automatically eliminate many of the 
aberrations. It has been demonstrated in [3] that chromatic terms can be compensated using two sextupole harmonics 
ns(s) = ns1 sin(ks) + ns2 sin(2ks) where k is the helix wave number. The spherical aberrations can be compensated [3] 
using three octupole harmonics no(s) = no1 + no2 cos(ks) + no3 cos(2ks). Thus, we will next study the non-linear optics 
effects of these sextupole and octupole parameters. 

PIC requires x-y coupling for equalization of the cooling decrements [3]. Coupling can be later introduced in the 
twin-helix channel by inducing an x-y coupling resonance or by slightly offsetting the spatial period of one of the 
helical harmonics in the harmonics pair. 

CONCLUSION 

We designed a muon beam “twin-helix” channel with linear optics suitable for parametric ionization cooling. The 
channel is a superposition of two opposite-helicity equal-period equal-strength helical dipole harmonics and a 
straight normal quadrupole. We demonstrated that such a system can be adjusted to meet all of the PIC linear optics 
requirements. Our tracking simulations suggest that the twin-helix channel has very large dynamic aperture. There is 
a straightforward practical implementation of such a channel. 
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Abstract 
Parametric-resonance Ionization Cooling (PIC) is 

proposed as the final 6D cooling stage of a high-
luminosity muon collider. For the implementation of PIC, 
we developed an epicyclic twin-helix channel with 
correlated optics. Wedge-shaped absorbers immediately 
followed by short rf cavities are placed into the twin-helix 
channel. Parametric resonances are induced in both planes 
using helical quadrupole harmonics. We demonstrate 
resonant dynamics and cooling with stochastic effects off 
using GEANT4/�G4beamline. We illustrate compensation 
of spherical aberrations and benchmark COSY Infinity, a 
powerful tool for aberration analysis and compensation. 

INTRODUCTION 
Combining muon ionization cooling with parametric 

resonant dynamics should allow much smaller final 
transverse muon beam sizes than conventional ionization 
cooling alone�[1-2]. Thus, high luminosity would be 
achieved in a collider with fewer muons. Parametric-
resonance Ionization Cooling (PIC) is accomplished by 
inducing a half-integer parametric resonance in a muon 
cooling channel. The beam is then naturally focused with 
a period of the channel’s free oscillations. The channel is 
designed [3-5] with correlated values of the horizontal 
and vertical betatron periods so that focusing occurs in 
both planes simultaneously. Absorber plates for ionization 
cooling followed by energy-restoring RF cavities are 
placed at the beam focal points. At the absorbers, 
ionization cooling limits the angular spread while the 
parametric resonance causes a strong reduction of the 
beam spot size. The normalized equilibrium transverse 
emittance achievable in this resonant cooling scheme is 
given by [2] 

 3 ( 1)
4

n em
Z w

m�
�

�� � � , (1) 

where � = 	 / c is the relativistic velocity factor, Z is the 
absorber material’s atomic number, me and m� are the 
electron and muon masses, respectively, and w is the 
average absorber thickness in the beam direction. 
Compared to the conventional ionization cooling, the 
emittance of Eq. (1) is reduced by at least an order of 

magnitude by a factor [2] 
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where �x is the period of the horizontal betatron 
oscillations and 

acc and 

abs are the RF acceleration and 
intrinsic absorber energy loss rates, respectively. The 
equilibrium beam size �a and angular spread �a at the 
absorber and the equilibrium momentum spread �p/p are 
given by [2] 
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where 
 is the muon relativistic energy factor and log is 
the Coulomb logarithm of ionization energy loss for fast 
particles. For instance, for 250 MeV/c muons in a cooling 
channel with 5 mm thick Be absorbers, Eqs. (1) and  
(3)-(5) give ��

n � 60 �m�rad, �a � 0.2 mm, �a � 130 mrad, 
and �p/p � 0.02. 

PARAMETRIC RESONANCE 
To induce a half-integer parametric resonance, we 

earlier [5] used short lumped quadrupole magnets. That 
scheme, however, was primarily used for demonstration 
purposes. Its practical implementation would be difficult 
and the quadrupole fringe fields could potentially drive 
beam resonances and produce aberrations. Moreover, 
inducing a resonance in one plane was causing a dynamic 
instability in the other plane [5]. This simple model 
helped to gain a qualitative understanding of the 
parametric resonance driving scheme. We then used a pair 
of opposite-helicity but otherwise identical helical 
quadrupoles [6,�7] to excite a parametric resonance in 
each plane. The periodicity of the helical quadrupole pair 
was twice shorter than the respective betatron period [5]. 
Locations of the focal points were set with respect to the 
main twin helix by adjusting the parametric quadrupole 
phases using the fact that the focal point is located 1/8 of 
the respective betatron period from the maximum of the 
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quadrupole field [5]. Using this approach, we were able to 
independently induce a parametric resonance in each 
plane without causing instability in the other plane. 

The horizontal and vertical phase-space trajectories of a 
250 MeV/c ��- at the desired absorber location with half-
integer parametric resonances excited in both planes are 
shown by the red dots in the top and bottom parts of 
Fig.�1, respectively. The hyperbolic shape of the 
horizontal phase-space trajectory near the graph’s center 
is indicative of a half-integer parametric resonance. The 
vertical phase-space motion is a little more complicated 
because it is strongly coupled to the horizontal motion. 
Regions of hyperbolic motion in the vertical phase space 
suggest that the particle goes in and out of the vertical 
parametric resonance depending on the particle’s 
horizontal position. Tracking in this and later studies 
presented in this paper was done using the GEANT-based 
G4beamline program [8]. 

 

 

 
Figure 1: Horizontal (top) and vertical (bottom) phase-
space trajectories with half-integer parametric resonances 
excited in both planes without (red) and with (blue) 
absorbers/RF. Stochastic effects are off. 

COOLING SIMULATION 
We next placed 2 cm thick Be wedge absorbers with a 

thickness gradient of 0.3 at the resonance focal points. 
Locations of the focal points were chosen at the places in 
the twin helix with 3 cm dispersion [5]. This dispersion 
value combined with the absorber thickness gradient 
should provide sufficient longitudinal cooling to maintain 
the momentum spread at a constant level [5]. The wedge 

absorbers were immediately followed by short 201 MHz 
RF cavities, which completely restored the absorber 
energy loss. At this level of study, the cavities were made 
unrealistically short to avoid large energy perturbations 
and to decouple from the transit time effects.  

A 250�MeV/c ��- was tracked through the system with 
stochastic effects turned off. The resulting horizontal and 
vertical phase-space trajectories at the absorber location 
are shown by the blue dots in Fig.�1 and compared to 
those without the absorbers/RF. Note an overall reduction 
of the size at an increase of the angular spread 
characteristic to PIC. Figure 2 shows evolution of the 
horizontal phase space along the cooling channel. Note 
the two distinct branches in the phase-space trajectory due 
to the half-integer parametric resonance. 

 

 

Figure 2: Evolution of the horizontal phase space along 
the cooling channel with absorbers/RF under the 
parametric resonance condition. Stochastic effects are off. 

ABERRATION COMPENSATION 
Horizontal Spherical Aberration 

When the stochastic effects are turned on in the cooling 
simulation described above, the particle motion becomes 
unstable. This is due to aberration impact between 
consecutive focal points. Both chromatic and spherical 
aberrations must be compensated to a degree where they 
are small compared to the beam size at the absorber. 
Since, according to Eq. (4), the equilibrium angular 
spread in on the order of a hundred milliradians, the 
spherical aberrations must be precisely compensated over 
an angular range of a few hundred milliradians. This is a 
challenging task. However, some of the intrinsic 
symmetries of the correlated optics reduce the number of 
the aberration compensation conditions. The number of 
conditions can be further reduced by using a coupling 
resonance [2]. 

The conventional approach to aberration compensation 
is to correct aberrations sequentially from lower to higher 
order by successively introducing appropriate higher-
order multipoles. However, it cannot be done in such a 
straightforward way in a twin helix since the reference 
orbit does not pass through the center of the magnetic 
system. Introducing a higher-order multipole in a twin 
helix feeds-down lower-order multipole components 
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along the orbit. Aberration compensation has to be done 
by adjusting different-order multipole components 
simultaneously. Here we demonstrate compensation of the 
horizontal spherical aberration using a straight octupole 
and a pair of helical decapoles. Their strengths were tuned 
using a generic fitting algorithm to minimize the smear of 
a monochromatic point-source beam with �200 mrad 
horizontal angular spread after 2 helix periods. The ��- 
tracks over 2 helix periods from one absorber location to 
another are shown before and after the compensation in 
Fig. 3. Figure 4 illustrates impact of the compensation on 
the channel’s dynamic acceptance shown in terms of the 
initial horizontal and vertical momentum components, for 
which the particle later remains dynamically stable. 

 

 

 

Figure 3: ��- tracks distributed over �200�mrad in the 
horizontal plane before (top) and after (bottom) 
compensation of the horizontal spherical aberration. 

 

 

Figure 4: Dynamic acceptance in terms of the stable 
initial horizontal and vertical momentum components of a 
monochromatic point-source beam. The green and blue 
lines show the boundaries of the dynamic acceptance 
before and after the compensation, respectively. 

 

COSY Infinity Benchmark 
To systematically approach aberration correction, we 

plan on using COSY Infinity [9,10], a well-known code 
for aberration analysis and compensation. COSY works 
by expanding a particle’s trajectory around a reference 
orbit to an arbitrary order in the 6D phase-space 
coordinates. Therefore, COSY is well-suited for our 
purpose. It has been extended to include helical 
harmonics and to calculate the reference orbit in a twin 
helix. The results of applying various orders of COSY to 
calculate the smear of a �160 mrad monochromatic point-
source beam after 2 helix periods are compared to a 
G4beamline simulation in Fig. 5 with a good agreement. 

 

 

Figure 5: Beam smear due to spherical aberrations after 2 
helix periods. G4beamline simulation is compared to 
various-order COSY Infinity calculations. 
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EPICYCLIC TWIN-HELIX IONIZATION COOLING SIMULATIONS* 

V.S. Morozov#, Y.S. Derbenev, Jefferson Lab, Newport News, VA, USA 
A. Afanasev, Hampton University, Hampton, VA, USA 

R.P. Johnson, Muons, Inc., Batavia, IL, USA

Abstract 
Parametric-resonance Ionization Cooling (PIC) is 

proposed as the final 6D cooling stage of a high-
luminosity muon collider. For the implementation of PIC, 
we earlier developed an epicyclic twin-helix channel with 
correlated behavior of the horizontal and vertical betatron 
motions and dispersion. We now insert absorber plates 
with short energy-recovering units located next to them at 
the appropriate locations in the twin-helix channel. We 
first demonstrate conventional ionization cooling in such 
a system with the optics uncorrelated. We then adjust the 
correlated optics state and induce a parametric resonance 
to study ionization cooling under the resonant condition. 

INTRODUCTION 
Combining muon ionization cooling with parametric 

resonant dynamics should allow much smaller final 
transverse muon beam sizes than ionization cooling 
alone [1-2]. Thus, high luminosity would be achieved in a 
collider with fewer muons. Parametric-resonance 
Ionization Cooling (PIC) is accomplished by inducing a 
parametric ½-integer resonance in a muon cooling 
channel. The beam is then naturally focused with a period 
of the channel’s free oscillations. Absorber plates for 
ionization cooling together with energy-restoring RF 
cavities are placed at the beam focal points. At the 
absorbers, ionization cooling limits the angular spread 
while the parametric resonance causes a strong reduction 
of the beam spot size. This resonant cooling scheme 
should provide equilibrium transverse emittances that are 
at least an order of magnitude smaller than those 
achievable with conventional ionization cooling [2]. 

IONIZATION COOLING SIMULATIONS 

Twin-Helix Channel with Correlated Optics 

The PIC concept requires [1-4] that, in the cooling 
channel, the horizontal free oscillation period λx is a low-
integer multiple of the vertical free oscillation period λy 
while both λx and λy are low integer multiples of the 

dispersion oscillation period λD. We earlier developed the 
twin-helix channel [3, 4], which is compatible with the 
PIC requirements and can provide the following 
correlated values of λx, λy and λD: 

 . (1) 

The twin-helix channel is a superposition of two 
opposite-helicity equal-period and equal-strength helical 

dipole harmonics [5, 6] and a straight normal quadrupole. 
The magnetic field strength at the center of each dipole 
harmonic Bd and the quadrupole field gradient  
corresponding to the correlated optics are given by 

  (2) 

where p is the muon momentum in MeV/c and λ is the 
helix period in m. The optical properties of the twin-helix 
channel are well-understood  [3, 4]. The periodic orbit 
amplitude xmax, dispersion amplitude Dx max and horizontal 

and vertical chromaticities ξx and ξy corresponding to the 
correlated optics are given by 

  (3) 

Equations (2) and (3) are used to obtain the twin helix 
correlated optics parameters for given muon momentum 
and helix period. Note that the twin-helix channel was 
earlier demonstrated  [3, 4] to posses a large dynamic 
aperture even under the correlated optics state. 

Simulation Setup 

In a system with equally distributed partial cooling 
decrements of the three emittances and equal damping 
decrements of the beam size and angle spread at the 
absorber plates, the dispersion value at the absorber 
locations is given by [2] 

  (4) 

where  is the energy loss in the absorber, 
 is the energy loss gradient due to the absorber 

thickness gradient, and β is the muon relativistic factor. 
For instance, for a 2 cm thick Be wedge with a thickness 
gradient of 0.3, Eq. (4) gives a dispersion value of 3 cm. 

The absorbers are placed every two periods of the twin 
helix, which is the shortest possible separation 
corresponding to a half of the period of the horizontal 
betatron oscillations and one period of the vertical 
betatron oscillations. The absorbers are centered on the 
reference trajectory and their axes are aligned with the 
reference momentum. 

In the initial simulations without an induced parametric 
resonance, we used the parameters given above, where 
each absorber was immediately followed by a 2 cm long 
energy recovery region centered on and aligned with the 

____________________________________________ 
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absorber axis. First, to avoid having to time RF cavities, 
we modeled energy recovery using regions of static 
electric field. We later replaced them with same-length 
RF cavities. The strength of the static electric field and 
the voltage gradient of the RF cavities were adjusted to 
completely compensate energy loss in the absorbers. The 
length of the energy recovery region was chosen to be 
short compared to the helix period in order to reduce the 
area where the muon momentum is different from its 
reference value and thus minimize perturbation of the 
reference orbit. Having short RF cavities also allows one 
to decouple from transit time effects. However, about  
6.5 MeV energy loss from a 200 MeV/c muon in 2 cm of 
Be can be compensated with a realistic RF cavity. 
Optimizing the length of the cooling channel is not one of 
the goals of this conceptual study but, in a realistic 
channel, as large a fraction of the channel space as 
practically possible would be filled with absorbers and RF 
cavities. 
 

 

 

Figure 1: G4beamline event display showing an energy 
absorber, RF cavities, resonance driving quads, and 
octupole aberration correction magnets. 

The half-integer parametric resonances in the later 
simulations were induced in the two planes by two sets of 
2 cm long quadrupoles placed with half the periodicity of 
the horizontal and vertical betatron oscillations every  
λx/2 = 2λ and λy/2 = λ along the channel. The horizontal 
and vertical resonance driving lenses were positioned at 
the λx/8 and λy/8 distances in front of the focal point at the 
absorber for the x and y resonances, respectively. Each set 
consisted of alternating positive and negative polarity 
quadrupoles to compensate their betatron tune shift. In 
order to further reduce the energy modulation caused by 
the absorbers and energy recovery, each absorber was 
closely surrounded by two RF cavities. We also reduced 
the absorber thickness to 2 mm to first better understand 
the resonant dynamics. The horizontal resonance driving 
lenses included an octupole field harmonic for the study 
of non-linear effect compensation. The resulting system 
configuration is illustrated in Fig. 1. 

Study without Induced Parametric Resonance 
We used the GEANT-based G4beamline program [7] to 

track 103 200 MeV/c muons through 500 helix periods of 
the cooling channel containing the wedge absorbers and 
static electric field regions. The resulting phase-space 
diagrams at different distances along the channel are 
shown in Fig. 2. Note that introduction of the absorbers 
and energy recovery changes the periodic orbit and 
periodic momentum. This leads to a mismatch between 
the initial beam and the new periodic trajectory causing 
the initial increase of the horizontal phase space in Fig. 2 
due to filamentation. 

We next tuned the periodic momentum to correspond to 
the correlated optics value. Both with the static field and 
RF and at both 200 MeV/c and 250 MeV/c, we observed 
stable oscillations with two rather than one attractor 
points in the horizontal phase space. Our interpretation of 
this effect is that it is a manifestation of a parasitic 
parametric resonance caused by energy kicks from the 
absorbers and electric field every λx/2. 

 

           

Figure 2: Horizontal (left) and vertical (middle) phase-space distributions and momentum distribution histogram (right) 
at different distances along the cooling channel containing the wedge absorbers and static electric field regions. The 
initial beam had uniform spatial , angular  and momentum  
distributions and was launched along the reference orbit. The stochastic processes and muon decay were off. 
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Study with Induced Parametric Resonance 
We induced a parametric resonance in the horizontal 

plane using the resonance driving quadrupole lenses 
discussed above. Figure 3 illustrates the particle 
horizontal phase-space trajectory at the absorber. The 
trajectory demonstrates the expected hyperbolic behavior 
corresponding to a half-integer resonance where the angle 
increases as the amplitude shrinks. The hyperbolic 
dependence becomes distorted for large amplitudes and 
angles due to aberrations. We introduced an octupole 
magnetic field harmonic in the horizontal resonance 
driving lenses to study its effect on the non-linear 
dynamics as shown in Fig. 3.  

 

Figure 3: G4beamline simulations of half-integer 
parametric resonant dynamics in horizontal phase space 
without absorbers and RF. A first attempt to adjust the 
distortion of the separatrix using octupoles is shown. 

Note that introduction of the parametric resonance in 
the horizontal plane causes an instability in the vertical 
plane because the resonance driving quadrupoles are 
placed with the periodicity of the vertical betatron 
oscillations. We believe that it can be either compensated 
by appropriate optics or the parametric lens system can be 
modified so that a single quadrupole set drives the 
required parametric resonances in both planes taking 
advantage of the correlated optics design.  

 

Figure 4: G4beamline simulations of half-integer 
parametric resonant dynamics in horizontal phase space 
without and with absorbers and RF. Ionization cooling 
limits the angular spread while the resonance reduces the 
beam size. Stochastic processes are not included. 

Thin 2 mm absorber plates closely surrounded by two 
energy-restoring RF cavities were then installed at the 
focal points. The RF cavities were synchronized using an 
unperturbed reference particle, which ignored ionization 
energy loss and electric fields. The synchronous phase 
was set at 30°. The average beam energy in this case is 
determined by the timing of the RF cavities rather than 
their voltage gradient and is equal to the reference particle 
energy. The stabilizing effect of the absorbers and RF is 
illustrated in Fig. 4. The absorbers and RF prevent the 
angle from growing while the size shrinks.  

We next tracked a beam of fifty 250 MeV/c muons in 
the horizontal plane under the parametric resonant 
condition through 1000 helix periods of the cooling 
channel containing absorber plates and RF cavities. 
Figure 5 shows the resulting phase-space diagrams at the 
absorbers at different distances along the channel. Note 
that the beam evolves into a state with a large angular 
spread and a small size, which is consistent with the 
parametric resonant picture. 

 

Figure 5: Horizontal phase-space distribution in the 
middle of the absorbers at different distances along the 
cooling channel with parametric resonance. The 
stochastic processes and muon decay were off. 
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CORRECTING ABERRATIONS IN COMPLEX MAGNET SYSTEMS FOR 
MUON COOLING CHANNELS* 

James Anthony Maloney, Bela Erdelyi, Northern Illinois University, DeKalb, Illinois, U.S.A. 
Yaroslav Serg Derbenev, JLAB, Newport News, Virginia, U.S.A. 

Andrei Afanasev, Rolland Paul Johnson, Muons, Inc, Batavia, Illinois, U.S.A. 
Vasiliy Morozov, ODU, Norfolk, Virginia, U.S.A.

Abstract 
Designing and simulating complex magnet systems 

needed for cooling channels in both neutrino factories and 
muon colliders requires innovative techniques to correct 
for both chromatic and spherical aberrations. Optimizing 
complex systems, such as helical magnets for example, is 
also difficult but essential. By using COSY INFINITY, a 
differential algebra based code, the transfer and aberration 
maps can be examined to discover what critical terms 
have the greatest influence on these aberrations. 

INTRODUCTION 
The challenging emittance size needed to implement a 

neutrino factory or muon collider has motiviates searches 
for innovating techniques in beam cooling [1, 2].  For 
example, the use of Parametric-resonance Ionization 
Cooling (PIC) has been proposed for the final stage of 6D 
cooling of a high-luminosity muon collider [3].  In this 
system, an induced resonance is used to cause periodic 
beam size reductions, and ionization cooling is then 
achieved via wedges of absorbing materials.  An epicyclic  
twin helical channel offers to achieve the goals of PIC, 
correlating the dispersion and betatron functions of the 
beam [4].  The critical challenges of this system include 
correcting chromatic and spherical aberrations induced in 
the channel.  

USING COSY INFINITY TO STUDY 
ABERRATIONS IN A SYSTEM 

COSY INFINITY (COSY) is a DA-based code 
allowing simulation of beam transfer and aberration maps 
to arbitrary order [5].  With modification of the base code, 
the twin helix channel was implemented and simulated in 
COSY [6].  In these simulations, COSY takes a reference 
particle defined as: 

   kkkkkkk tbyaxr ,,,,,    (1) 

Where a and b are the dimensionless horizontal and 
vertical momentum, t is time of flight and δ is the change 
in total energy of the particle.  COSY calculates the 
function, M, known the transfer map (or taylor map) for 
the system, which described the evolution of particles in 
the system.  The linear terms of the transfer map function 
comprise the matrix M, often referred to as the linear map 
or transfer matrix of the system [5], that satisfies the 
relation: 
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The non-linear terms, N, remaining in the transfer map 

can be expressed separately: 
 
M = M + N     (3) 
 
In terms of the component of the transfer map, each of 

the final vector components for a particle can be 
expressed in form: 

 

    iiiiiiiiiiii
f

tbyaxtbyax tbyaxtbyaxxx | (4) 

 
Where the terms are summed over (ix,ia,iy,ib,it,iδ) for 

each component. The terms in the transfer map of 2nd or 
higher order are commonly referred to as aberrations.  
COSY calculated these aberrations and generates output, 
referred to as an aberration map.  The aberration map is in 
a format similar to the transfer map. 

Examination of the transfer and aberration maps 
provides important clues in improving a beam system.  If, 
for example, the input suffers from large variation in 
initial angle and final horizontal position needs 
minimization to fit a particular aperture in the beamline, 
then aberrations in (xf) dependent on initial angle (ai) may 
be particularly important to minimize.  We would want to 
pay particular attention to terms in the aberration map 
involving higher orders of a, such as (x|aa) or (x|aaa).  If 
those terms are not minimized, variations in initial angle 
threaten to blow up the horizontal position of the final 
beam.   Similarly, if we know that initial position is small, 
we can put less emphasis on minimizing aberrations that 
depend on (xi), particularly higher order terms involving 2 
or more powers of x, such as (x|axx), where initial 
position may dominate initial angular spread. 

To minimize these aberrations, it is also important to 
recognize how magnetic systems contribute to the transfer 
map.  The linear terms of the transfer map are determined 
by the dipole and quadrupole moments of magnetic 
elements.  Correction for higher order aberrations requires 
use of higher order multipoles.  Thus, sextupoles are used 
to correct 2nd order aberrations, and octupoles are used for 
3rd order aberrations. 

Using various symmetries of the beam system can also 
be an effective technique for aberration correction [7].  

 ____________________________________________ 
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 HELICAL COOLING CHANNEL DEVELOPMENTS* 
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Abstract 

Several beam phase space manipulation and cooling 
stages are required to provide the extraordinary reduction 
of emittances required for an energy-frontier muon 
collider. From the pion production target, the pions and 
their decay muons must be collected into RF bunches, 
rotated in phase space to reduce momentum spread, 
cooled in 6 dimensions by 6 orders of magnitude, cooled 
in each transverse plane by another order of magnitude, 
and accelerated and matched to the RF system used to 
accelerate the muons to the final collider energy. Many of 
these stages have Helical Cooling Channel (HCC) [1] 
solutions based on superimposed solenoid, helical dipole, 
and helical quadrupole magnetic fields. The HCC was 
invented to achieve efficient ionization cooling with 
continuous emittance exchange.  We first describe the 
essential HCC equations and describe how they can be 
applied for longitudinal and transverse emittance 
matching. We then describe simulations of HCC segments 
with a continuous gaseous hydrogen energy absorber 
suitable for basic 6d cooling as well as new results of 
related pressurized RF cavity beam tests. We then 
describe a new and creative application of the theory and 
use of the HCC that has been developed for Parametric-
resonance Ionization Cooling (PIC), and the phase space 
matching needed for transitions between various cooling 
channel subsystems 

INTRODUCTION 
Considerable progress has been made in developing 

promising subsystems for muon beam cooling channels to 
provide the extraordinary reduction of emittances 
required for an energy-frontier muon collider. A high-
performance front end from the target to the cooling 
systems has been designed and simulated [2], and many 
advances in theory, simulation codes, and hardware 
development have been achieved, especially regarding the 
6d HCC described below. However, the HCC theory is 
not necessarily restricted to channels having solenoid 
fields.  For example, the Twin Helix [3], which is also 
described below, does not possess a solenoid field 
component.  The HCC theory and its extensions can 
describe a wide variety of beam dynamics and is thus well 
suited to provide the platform from which matching 
sections can be designed.  We now review the theory of 
the HCC and examine how it can be used for emittance 
matching between cooling segments that have been 
independently developed. 

Basic Helical Cooling Channel 
In the HCC, a solenoid field is augmented with a 

transverse helical field that provides a constant dispersion 

along the channel as necessary for the emittance exchange 
that allows longitudinal cooling.  The Hamiltonian that 
describes motion in this magnetic configuration is easily 
solved by a transform into the frame of the rotating 
helical magnet, where it is seen that the addition of a 
helical quadrupole field provides beam stability over a 
very large acceptance. 

The helical dipole magnet creates an outward radial 
force due to the longitudinal momentum of the particle 
while the solenoid magnet creates an inward radial force 
due to the transverse momentum of the particle: 

; ; ;h dipole z solenoid zF p b b B F p B B B− ⊥ ⊥≈ × ≡ ≈ − × ≡ ,
 

where B is the field of the solenoid, the axis of which 
defines the z axis and b is the field of the transverse 
helical dipole.  By moving to the rotating frame of the 
helical fields, a time- and z-independent Hamiltonian can 
be formed to derive the beam stability and cooling 
behaviour [1].  The motion of particles around the 
equilibrium orbit is shown schematically in Figure 1. 

 
Figure 1: Schematic of beam motion in a HCC. 

      
The equilibrium orbit shown in red follows the 

equation that is the Hamiltonian solution:  
2 21 1

( )p a B b
k

κ κ
κ

⎡ ⎤+ += −⎢ ⎥
⎣ ⎦                      

 
(1)

 

The dispersion factor D̂  can be expressed in terms of 
the field components B, b, and the transverse magnetic 
field radial gradient b a∂ ∂  on the particle’s orbit: 

1 2 2 2 3 2
1

2 2

(1 ) (1 )ˆ ˆ; ;
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where g is the effective field index at the periodic orbit. 
The magnetic field ratio on the equilibrium trajectory 

satisfies the condition 

2 2
1

1 1 1c

b k q

B k q

κ κ
κ κ
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, where 1ck
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For stability, the following condition has to be satisfied 

22
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1ˆ0 ( ) 1
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q
G q g D R

κ
− ⎛ ⎞
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(2)
 

Use of a continuous homogeneous absorber takes 
advantage of a positive dispersion along the entire cooling 
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path, a condition that has been shown to exist for an 
appropriately designed helical dipole channel.  We have 
also shown that this condition is compatible with stable 
periodic orbits.   

HCC LONGITUDINAL TRANSITIONS  
Longitudinal emittance matching in transition sections 

can be facilitated, subject to simultaneously satisfying 
stability criterion (2), by continuously varying the RF 
bucket area to match RF parameters from one cooling 
section to the next.  The RF bucket area is given by: 

      
          (3) 

 
Where the term in brackets is an approximation for the 

moving-bucket factor, rfw is the RF frequency in 

radians/second, V’max is the maximum E-field voltage 
gradient, λrf is the RF wavelength, mμ is the mass of the 
muon, φs is the synchronous particle RF  phase, and ηH is 
the translational mobility or slip factor, derived in [1] for 
the HCC as: 

⎟
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where ( )( )DT
ˆ11 222 κκγ +=  and the dispersion 

factor D̂ relates to apparatus quantities and design 
momentum via: 
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(5)

 
where p is the reference momentum; a reference radius, 
κ = pt/pz = helix pitch, B the solenoid Bz, k = 2π/λ; λ is the 
helix period, and b a∂ ∂  the quadrupole component. 

Thus, in matching between sections with different 
longitudinal dynamics, the RF bucket area can be 
continually manipulated by varying any of the following: 
the gradient of the dipole field ( b a∂ ∂ ), the reference 
momentum (p), the accelerating phase (φs), the transition 
energy γt, or the maximum gradient (V’max). 

HCC TRANSVERSE TRANSITIONS 
In the case of transverse matching, equation (1) would 

be used to compute the evolution of the solenoid B and 
helical dipole b fields between cooling segments, where 

b a∂ ∂  is subject to constraint (2).   

G4beamline HCC 6d Cooling Simulations  
The analytic relationships above have been used to guide 
GEANT [4] simulations using G4beamline [5] and 
ICOOL [6].  Simulation results [7] show a 190,000-fold 
6d emittance reduction for a series of eight 250 MeV/c 
HCC segments, where the reference orbit radii are 
decreased and fields are increased as the beam cools.  
Longitudinal and transverse emittances at the end of each 
HCC segment are shown in Table 1 and are also plotted as 
red dots in Figure 2.  The peak RF field is 27 MV/m and 
60 μm Be windows make the cavities true pillboxes.  The 

hydrogen gas pressure is 160 atm at 300 K. Forty per cent 
of the beam is lost in the 303 m long channel.  About 22% 
of the beam is lost due to muon decay while the rest of the 
loss is due to emittance mismatches, which can be 
improved. A new Helical Solenoid (HS) magnet design 
[8] that uses simple offset coils to generate the required 
solenoid, dipole and quadrupole field components, was 
invented and superconducting prototypes are being tested.  
 
Table 1: The parameters of the 8 HCC cooling channel 
segments used by Yonehara [7].   

 

 
Figure 2: Fernow-Neuffer plot of the G4beamline 
simulated emittance evolution shown in Table 1. 

RF BEAM TESTS 
The simple idea that emittance exchange can occur in a 

practical homogeneous absorber without shaped edges 
followed from the observation that RF cavities 
pressurized with a low Z gas are possible [9].  Recent 
experiments with the proton beam at the Fermilab 
MuCool Test Area have verified that such cavities will not 
suffer RF breakdown in a beam.  Other parameters have 
been measured that verify many features of models of the 
cavities as well.  The recombination rate of the ionized 
electrons produced by the beam is fast enough that the RF 
amplitude is likely to be adequate for the muon beam that 
will be less than 100 ns long.  Figure 3 shows the first 
tests of a pressurized RF cavity being hit by a charged 
particle beam.  The voltage drops due to the absorption of 
energy by the ionized electrons and to the change in 
impedance of the cavity due to the plasma causing the 
power from the klystron to be reflected.  

The use of a 1 part in 10,000 SF6 dopant has been 
shown to largely mitigate the drop in RF voltage caused 
by the motion of ionized electrons in the RF field that 

# Z b b’ bz λ ν εT εL ε6D ε 

 m T T/m T m GHz μm mm mm3  

1 0 1.3 -0.5 -4.2 1.0 0.325 20.4 42.8 12900 1.0 
2 40 1.3 -0.5 -4.2 1.0 0.325 5.97 19.7 415.9 0.92 
3 49 1.4 -0.6 -4.8 0.9 0.325 4.01 15.0 10.8 0.86 
4 129 1.7 -0.8 -5.2 0.8 0.325 1.02 4.8 2.0 0.73 
5 219 2.6 -2.0 -8.5 0.5 0.65 0.58 2.1 3.2 0.66 
6 243 3.2 -3.1 -9.8 0.4 0.65 0.42 1.3 0.14 0.64 
7 273 4.3 -5.6 -14.1 0.3 0.65 0.32 1.0 0.08 0.62 
8 303 4.3 -5.6 -14.1 0.3 1.3 0.32 1.0 0.07 0.60 
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heat the gas.  Namely, the electrons attach to the SF6 and 
the large mass of the resulting ion inhibits its motion in 
the RF field and its energy transfer to the hydrogen gas.  
Figure 3 shows the influence of a proton beam in a high 
pressure gas filled cavity without the aid of SF6 to inhibit 
the effect of electrons, while Figure 4 illustrates the 
improvement by addition of the SF6 dopant. Preliminary 
models indicate that for short bunch trains (< 100 ns), the 
doped RF cavity stability allows HCC use as in Figure 2. 

 
Figure 3: Beam influence on 950 psi hydrogen-filled RF 
test cell. Red is the 802 MHz RF envelope which rises to 
E0~20 MV/m. Blue is the toroid signal from the beam 
from the 400 MeV H- Linac to the MTA.   
 

           
Figure 4: Beam influence on 950 psi hydrogen-filled RF 
test cell with a 0.01% dopant addition of SF6. The 
gradient drops by about 30% during the 8 μs beam pulse, 
where some of that is due to the impedance mismatch 
caused by the plasma that in turn causes most of the 
klystron power to be reflected.   

OTHER HCC SEGMENT EXAMPLES 
In all cases we can imagine, the pions are produced in a 

strong solenoid that becomes weaker along the channel so 
that transverse momenta are folded forward.  The decay 
muon phase space must be matched to the acceptance of 
the HCC for 6d cooling, a matching that goes from 
solenoid with no helical dipole to an HCC.   

At the end of a 6d HCC segment as shown in Figure 2, 
you could either match into a strong field solenoid 
channel for extreme cooling or to a PIC channel.  While 
the former is an example of HCC to solenoid transition, 
the PIC channel being discussed is even more of a 
challenge in that it is made up of two helical magnets with 
no solenoid field component. 

PIC and the Twin-Helix Example  
Parametric-resonance Ionization Cooling (PIC) requires 

a half integer resonance to be induced in a ring or beam- 
line such that the normal elliptical motion of particles in 
x-x’ phase space becomes hyperbolic, with particles 
moving to smaller x and larger x’ as they pass down the 
beamline.  (This is almost identical to the technique used 
for half integer extraction from a synchrotron where the 
hyperbolic trajectories go to small x’ and larger x to pass 
the wires of an extraction septum.)  Thin absorbers placed 
at the focal points of the channel then cool the angular 
divergence of the beam by the usual ionization cooling 
mechanism, where each absorber is followed by RF 
cavities.  Thus, in PIC the phase space area is reduced in x 
due to the dynamics of the parametric resonance and x’ is 
reduced or constrained by ionization cooling.   

The main constraint in parametric-resonance ionization 
cooling channel design is the requirement to combine low 
dispersion at the wedge absorber plates (for emittance 
exchange to compensate energy straggling) with large 
dispersion in the space between plates (where sextupoles 
can be placed to compensate for chromatic aberration).  
The desired large angular divergence of + 200 mr at the 
absorber plates also implies significant corrections for 
spherical aberrations and the next step in the development 
of this channel is to compensate for aberrations.  The 
horizontal and vertical optics also have to be correlated 
such that there must be places where each plane has a 
focus at the absorber plates. 

z 
y 

x 

μ
+ 

μ
– 

 
Figure 5: G4beamline display of planar trajectories of 
muons of both signs in the Twin Helix magnet system.   
 

Perhaps one of the more interesting recent cooling 
channel developments follows from the realization that 
two helical dipole magnetic fields of opposite helicity can 
be superimposed to create a purely vertical magnetic field 
that varies sinusoidally in amplitude along the magnet 
axis. This magnet system, called the Twin-Helix [10], 
produces muon orbits as shown in Figure 5, with a 
possible coil configuration shown in Figure 6. Here the 
horizontal and vertical betatron wavelengths differ by a 
factor of two so energy loss wedge absorbers are placed at 
every focal point in one plane where the same position 
corresponds to every other focal point in the other plane.  
The dispersion is also correlated in that it is small but not 
zero at the focal points and RF cavities, but large between 
absorbers where aberration correction magnets can be 
located. 
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Layer of positive-tilted loops 
with cos z  longitudinal current 
dependence  

Layer of negatively-
tilted loops 

Normal quad 

 
Figure 6: Possible coil configuration for the Twin Helix 
magnet system. 

Space Charge  
At some points in the muon cooling channel, the 

bunching could be extreme, where some estimates are as 
high as 1013 muons in an RF bucket, and the energy low 
enough to anticipate that space charge effects can be 
problematic.  Through a project supported by the SBIR-
STTR program, space charge calculation capability has 
been added to G4beamline.  The transitions between 
cooling channel segments will incorporate the appropriate 
criteria to manage any space charge tune shifts. 

Gas, Vacuum, and Liquid transitions  
Transitions between cooling channel segments may 

also involve windows or pressure barriers to separate 
vacuum, pressurized gas, or liquid hydrogen regions. It is 
quite likely that the beam sizes or beta functions at the 
window locations will have to be included in the 
constraints for the matching regions in order to reduce 
emittance growth from multiple scattering or to help solve 
engineering problems. 

 
 

Figure 7: Adiabatic turn-on of the secondary helical 
dipole.  The cyclotron wave number is kc = qB/cpz.  The 
wave numbers k1 and k2 refer to the primary and 
secondary dipole fields, respectively. 
 

As for creating the matching sections, one approach is 
an adiabatic turn-on of various components of an HCC.  A 
demonstration of this is shown in Figure 7, where a 
particle is initially in an HCC that consists of a single 
helical dipole component.  The desire here is to match 
into another HCC that consists of two helical dipoles, the 
second of which has a magnetic strength of -1/9 of the 
primary dipole, and what is shown is an adiabatic turn on 

of that second helical dipole component.   Note how the 
initially circular orbit transforms into an elliptical 
trajectory.  

Since a solenoid may be thought of as a special case of 
an HCC with the dipole component turned off, this 
adiabatic approach seems promising to match between a 
solenoid and any type of helical channel.  Furthermore, 
the HCC theory may be extended to segments without 
solenoid field components such as the Twin-Helix.   

CONCLUSIONS 
The HCC theory and its extensions can be used to solve 

a wide variety of emittance manipulation and beam 
cooling problems that are needed to create intense muon 
beams suitable for a collider.  A new use under 
development is to provide the emittance matching 
sections between cooling section segments which have 
very different parameters. Helical solenoid engineering 
solutions for HCC fields and recent proof of principle 
hydrogen pressurized RF cavity experiments with intense 
beams give confidence that practical, complete muon 
cooling designs will enable an energy frontier collider.  
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STUDIES OF THE TWIN HELIX PARAMETRIC-RESONANCE 
IONIZATION COOLING CHANNEL WITH COSY INFINITY* 

J.A. Maloney#, B. Erdelyi (Northern Illinois University, DeKalb, IL, USA), S.A. Bogacz, Y. S. 
Derbenev, V.S. Morozov (JLAB, Newport News, VA, USA), A. Afanasev (George Washington 
University, Washington, D.C., USA) K.B. Beard, R. P. Johnson (Muons, Inc., Batavia, IL, USA) 

Abstract 
A primary technical challenge to the design of a high 

luminosity muon collider is an effective beam cooling 
system.  An epicyclic twin-helix channel utilizing 
parametric-resonance ionization cooling (EPIC) has been 
proposed for the final 6D cooling stage.  A proposed 
design of this twin-helix channel is presented that utilizes 
correlated optics between the horizontal and vertical 
betatron periods to simultaneously focus transverse 
motion of the beam in both planes.  Parametric resonance 
is induced in both planes via a system of helical 
quadrupole harmonics.  Ionization cooling is achieved via 
periodically placed wedges of absorbing material, with bi-
periodic rf cavities restoring longitudinal momentum 
necessary to maintain stable orbit of the beam.  COSY 
INFINITY is utilized to simulate the theory at first order.  
The motion of particles around a hyperbolic fixed point is 
tracked.   Comparison is made between the EPIC cooling 
channel and standard ionization cooling effects.  Cooling 
effects are measured, after including stochastic effects, for 
both a single particle and a distribution of particles. 

INTRODUCTION 
A proposed next-generation muon collider will require 

major technical advances to achieve the rapid beam 
cooling requirements [1].  A twin-helix cooling channel 
design has been proposed for the final 6-D cooling stage 
[2].  This channel utilized pairs of helical harmonic 
magnetic fields with matching field strengths and phase 
shifts, but equal and opposite helicities.  Continuous 
multipole fields are also superimposed on the channel.  
This channel maintains a condition of correlated optics 
where the horizontal and vertical betatron tunes are 
integer multiples of each other and of the dispersion 
function [3].  Using the correlated optics condition, 
wedge absorbers are placed at locations of small, but 
nonzero, dispersion.  RF cavities are also used to maintain 
the momentum of the reference particle [4].  Using 
additional pairs of helical harmonic magnets, a parametric 
resonance is induced inside the channel’s absorbers to 
achieve parametric resonance ionization cooling (PIC) 
[5].  PIC offers the potential to increase cooling by a 
factor of 10 over standard ionization cooling [6].  The 
twin helix channel is simulated using COSY Infinity, a 
DA-based code that allows for calculation of non-linear 
effects to arbitrary order [7].  This paper details a linear 
simulation of this channel, with and without stochastic 

effects, and studies cooling efficiency with and without 
the effects of PIC.  The linear simulation provides a 
baseline for ideal cooling in the channel if nonlinear 
aberrations in the channel have been fully corrected. 

SIMULATION PARAMETERS 
Table 1 details the parameters used in this linear 

simulation.  The basic cell consists of a continuous 
straight quadrupole field superimposed upon a pair of 
helical harmonic dipole fields to establish the correlated 
optics condition.  Wedge absorbers, made of beryllium 
with a central thickness of 2 cm and a gradient of 30%, 
are placed every 4 meters in the channel at a location of 
small but non-zero dispersion.  Idealized RF cavities are 
placed 3 cm after the center of each wedge.  COSY 
INFINITY calculates the transfer map for a 4-meter long 
cell (from the center of a wedge absorber through the 
center of the next wedge absorber).  Figure 1 illustrates 
the geometry of this cell.  

 

 
Figure 1.  Schematic of single twin helix cell. 

 
The total transfer map for the twin helix channel is 

obtained by composing the maps for each of the cells that 
make up the channel upon one another.  The orbit of the 
reference particle (a 250 MeV/c muon) is periodic from 
the beginning to end of each cell. 

Table 1: Four Meter Cell Parameters 

H. Dipole Field 1.63 T 

H. Dipole wavelength 1 meter 

Continuous Quadrupole Field .72 T/m 

H. Quadrupole Field (Horizontal Lenses) .02 T/m 

H. Quadrupole wavelength 2 meters 

H. Quadrupole Field (Vertical Lenses) .04 T/m 

H. Quadrupole wavelength 1 meter 

RF Voltage -12.5 MeV 

RF Frequency 201.25 MHz 

RF Phase 30 Degrees 

 
 ____________________________________________  

* Work supported by in part by DOE STTR Grant DE-SC00005589 
# physics_maloney@yahoo.com 
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SIMULATION OF THE PARAMETRIC 
RESONANCE CONDITION IN THE TWIN 

HELIX CHANNEL 
To induce the resonance condition for PIC in the twin 

helix channel, two independent pairs of helical harmonic 
quadrupole fields (parametric lenses) are used; one pair 
induces resonance in the horizontal plane, the other in the 
vertical plane.  The resonances induced by these fields 
create a hyperbolic fixed point; i.e., motion of particles 
relative to the reference orbit at the center of the wedge 
absorber becomes hyperbolic rather than elliptical.  
Figures 2a-b show this condition in the basic cell (without 
wedge absorber or RF) when a test particle that is offset 
both horizontally and vertically in both position and angle 
relative to the reference orbit by 2 cm and 130 mrads 
respectively.  With the parametric lenses, the position 
offset is quickly minimized at the expense of a rapid 
blowup in the angle offset. 
 

  

 

Figures 2a-b.  Single particle launched with a horizontal 
and vertical offsets of 2 cm and .130 radians from the 
reference orbit and tracked for 200 cells. 

SIMULATION OF IONIZATION 
COOLING IN THE TWIN HELIX 

CHANNEL 
The next stage in the simulations adds wedge absorbers 

and RF every 4 meters.  Figures 3a-b show simulations 
with and without the parametric lenses to demonstrate the 
effects of ionization cooling with and without the PIC 
condition.  The simulations demonstrate the expected 
results.  With only ionization cooling, initial cooling 
effects are primarily to angle, and only later to the 
positional offset.   With PIC the cooling effects are 
primarily to position offset, i.e., spot size of the beam.  
The increase in angle offset is minimized thru the 
ionization cooling effects of the wedge absorber. 

 

 

 
Figures 3a-b.  Single particle tracked thru 1000 cells with 
PIC condition and with ionization cooling only. 

SIMULATION OF STOCHASTIC 
EFFECTS IN THE TWIN HELIX 

CHANNEL 
Stochastic effects of multiple scattering and energy 

straggling within the wedge absorber were then added to 
the simulations.  Figures 4a-b show the results of 
combining ionization cooling with stochastic effects on a 
single particle initially offset both horizontally and 
vertically in both position and angle relative to the 
reference orbit by 2 cm and 130 mrads respectively.  

 

 

 
Figures 4a-b.  Single particle tracked showing cooling 
thru 350 cells with and without stochastic effects. 

As expected, the test particle is cooled until equilibrium is 
reached when cooling has been balanced with the effects 
of multiple scattering and energy straggling [8].  
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A distribution of test particles was also used to test 
cooling effects in the full simulation of the linear channel.  
The initial distribution uses a sigma of 2 cm in positions, 
130 mrad in angles, and 1% spread in energy from the 
reference particle.  The distribution is also spread over a 
bunch length of ± 3 cms relative to the reference particle. 
Figure 5 shows the 2D emittance change in the system 
calculated from the distribution.   The horizontal and 
vertical 2D emittances are both reduced until equilibrium 
is reached.  Longitudinal emittance is determined from 
deviation in path length and energy from the reference 
particle. Once the transverse emittance has reached 
equilibrium, the increases in longitudinal emittance 
contribute to heating in the beam distribution. Total 6D 
emittance for the distribution is plotted in Figure 6 with 
and without parametric lenses to induce the PIC 
condition.  Figure 7 shows the cooling factor for the 
channel with and without the PIC condition. 

 
Figure 5:  Emittance reduction for a distribution of 1000 
particles tracked thru the twin-helix channel with the PIC 
condition and stochastic effects. 

 
Figure 6:  Comparison of 6D emittance reduction with 
and without the PIC condition. 

 
Figure 7:  Comparison of cooling factor (ratio of initial to 
final 6D emittance) with and without the PIC condition. 

The determinant of the transfer map for the cell, a 6x6 
matrix in the linear case, can also be used to show 
transverse and 6D cooling in the system [9].   The 
determinant for the transfer matrix for this test channel is 

0.945372.  The determinant of the transverse 4x4 
quadrant of the transfer matrix is 0.986054.  

CONCLUSIONS AND FUTURE WORK 
Current simulations in COSY INFINITY have 

demonstrated that the linear model with stochastic effects 
of the twin helix channel achieves the resonance 
condition for PIC, as well as 6D cooling.  Future 
simulations will determine the optimal parameters for this 
linear model, including cell length, magnet strengths, 
helicity and phase shifts for the helical harmonic magnets.  
Wedge gradients and thickness, as well as RF placement 
and parameters, will also be optimized.  Next, studies will 
determine the largest nonlinear aberrations affecting this 
optimized twin-helix channel and the dependence these 
aberrations have on higher order helical harmonic and 
continuous multipole fields of differing strength, helicity 
and phase.  The cooling efficiency of a system with 
corrected higher order effects can then be measured and 
compared with competing 6D cooling methods.  
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PROGRESS ON MUON PARAMETRIC-RESONANCE IONIZATION 
COOLING CHANNEL DEVELOPMENT* 

V.S. Morozov#, Ya.S. Derbenev, Jefferson Lab, Newport News, VA, USA 
A. Afanasev, George Washington University, Washington, DC, USA 

K.B. Beard, R.P. Johnson, Muons, Inc., Batavia, IL, USA 
B. Erdelyi, J.A. Maloney, Northern Illinois University, DeKalb, IL, USA

Abstract 
Parametric-resonance Ionization Cooling (PIC) is 

intended as the final 6D cooling stage of a high-
luminosity muon collider. To implement PIC, a 
continuous-field twin-helix magnetic channel with a 
correlated behavior of the horizontal and vertical betatron 
motions and dispersion was developed. A 6D cooling 
with stochastic effects off is demonstrated in a 
GEANT4/ G4beamline model of a system where wedge-
shaped Be absorbers are placed at the appropriate 
dispersion points in the twin-helix channel and are 
followed by short rf cavities. To proceed to cooling 
simulations with stochastics on, compensation of the 
beam aberrations from one absorber to another is 
required. Initial results on aberration compensation using 
a set of various-order continuous multipole fields are 
presented. As another avenue to mitigate the aberration 
effect, we optimize the cooling channel’s period length. 
We observe a parasitic parametric resonance naturally 
occurring in the channel’s horizontal plane due to the 
periodic beam energy modulation caused by the absorbers 
and rf. We discuss options for compensating this 
resonance and/or properly combining it with the induced 
half-integer parametric resonance needed for PIC. 

INTRODUCTION 
Combining muon ionization cooling with parametric 

resonant dynamics should allow much smaller final 
transverse muon beam sizes than conventional ionization 
cooling alone [1, 2]. In the PIC concept, a half-integer 
parametric resonance is induced in a muon cooling 
channel. The beam is then naturally focused with the 
period of the channel’s free oscillations. The horizontal 
and vertical betatron periods must be correlated in such a 
channel so that, at certain locations, focusing occurs in 
both planes simultaneously. Absorber plates for ionization 
cooling are placed at the focal points and are followed by 
energy-restoring RF cavities. At the absorbers, ionization 
cooling limits the angular spread while the parametric 
resonance causes a strong reduction of the beam spot size. 
The final equilibrium transverse emittances in this scheme 
should be at least an order of magnitude smaller than 
those achievable with conventional ionization cooling [2]. 
An emittance exchange to maintain the longitudinal 

emittance is introduced by tapering the absorber and 
having a proper dispersion at its location. 

SIMULATIONS IN A TWIN HELIX  
A continuous-field twin-helix magnetic channel was 

proposed for the implementation of PIC [3-8]. The 
channel is a combination of two helical dipole harmonics 
pitched in opposite directions but otherwise identical. 
Additionally, a continuous straight quadrupole is 
superimposed on top of the helical fields [3]. Such a 
system is adjusted to meet the correlated optics 
requirements. Half-integer parametric resonances are 
induced in both planes using a pair of opposite-helicity 
but otherwise matching continuous helical quadrupole 
harmonics per plane [7]. Locations of the focal points are 
set by the phases of the helical quadrupole pairs. 

Figure 1 shows 250 MeV/c muon tracks in a twin-helix 
channel with 1 m helix period. 2 cm thick Be absorbers 
with 0.3 thickness gradient are placed every two helix 
periods where the beam can be simultaneously focused in 
both the horizontal and vertical planes. The absorber 
location within a period is chosen at a point with 3 cm 
dispersion providing the necessary emittance exchange. 

 

Figure 1: 250 MeV/c muon tracks in a 1 m period twin 
helix with wedge absorbers and rf cavities. 

We used the system shown in Fig. 1 to demonstrate 6D 
cooling without parametric resonances and with 
stochastic effects switched off. The simulation was done 
using a GEANT4-based G4beamline code [9]. The 
obtained evolution of the three 2D emittances along the 
channel is shown in Fig. 2. We intentionally chose 
relatively small initial emittance values to stay close to 
the linear regime to be able to compare this result to the 
first-order simulations in [8]. The initial emittance 
oscillations are caused by a phase-space mismatch 
because the initial bunch was generated using 
independent Gaussian distributions for the 6D phase-
space coordinates without taking into account proper 
correlations between them. The later oscillations are 
probably due to a finite number (only 1000) of particles in 
the bunch. Since the stochastic effects are off, the 
emittances cool virtually to zero. This confirms that our 
basic system is setup correctly. 

___________________________________________  

* Supported in part by DOE SBIR grant DE-SC0005589. 
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Figure 2: Horizontal x, vertical y, and longitudinal z 
emittances along the cooling channel plotted vs. the 
number of 2-period cells (equal to the number of passed 
absorbers). 

To proceed to cooling simulations with stochastics on, 
compensation of beam aberrations is required. This was 
verified by running a first-order simulation with 
stochastics on [8]. One approach to aberration 
compensation [7] is the following. Since in PIC regime 
the beam has a small size and a large angular spread at the 
absorber, a set of particles with systematically-arranged 
initial angles is started from a focal point on the reference 
trajectory and tracked to the next focal point to determine 
the aberration-induced beam smear at that location. A 
general optimization procedure is used to minimize the 
beam smear by introducing various-order continuous 
multipole fields.  

Figure 3 shows an example of such optimization. The 
particles’ initial angles were distributed on a grid of 
azimuthal angles from 0 to 2  in /4 steps and polar 
angles from 20 to 220 mrad in 40 mrad steps. Straight 
sextupole and octupole harmonics as well as helical 
quadrupole and decapole pairs were added to the system. 
The aberrations were minimized by varying the strengths 
of the straight field components and both strengths and 
phases of the helical harmonic pairs.  

A more systematic approach to aberration 
compensation is to use COSY Infinity [10], a matrix-
based code, which works by expanding a particle’s 
trajectory around a reference orbit to an arbitrary order in 
the 6D phase-space coordinates. Therefore, it can be used 
to unfold and analyze individual aberrations [5]. 

Another avenue to mitigate the aberration effect is to 
optimize the cooling channel’s period length. The helix 
period is an important parameter for a number of reasons. 
From the engineering point of view, it determines the 
channel’s total length and sets the requirements on the 
magnet and rf cavity parameters. From the performance 
point of view, it determines the cooling rate per unit 
length and muon loss due to decay. It also determines the 
channel’s optical properties, such as its focusing strength, 
periodic orbit amplitude, and values of the beta functions 
and dispersion.  

The helix period was optimized by minimizing the 
particle loss after an initially zero-emittance muon beam 
passed through a large number of 1 mm absorbers and 

short rf cavities in a twin-helix channel. For long helix 
periods, the particles were getting lost due to large 
absolute aberration sizes. For short helix periods, the loss 
was apparently due to reduction of the dynamic aperture. 
A balance between these effects seemed to be established 
for a helix period of about 20 cm, which is also 
reasonable from a practical point of view. 

We also determined that the main mechanism for the 
particle loss is apparently the longitudinal dynamics. 
Figure 4 shows the beam’s longitudinal phase space after 
900 absorbers. Shown in red are the particles that are lost 
after 100 more absorbers. There is a clear loss pattern in 
the longitudinal phase space, which is not observed in the 
other dimensions. 

 

 
 

 
 

Figure 3: 250 MeV/c muon tracks from one focal point to 
the next before (top) and after (bottom) aberration 
compensation using field harmonics up to decapole. 

 

Figure 4: Longitudinal phase space after an initially zero-
emittance bunch passes through 900 thin absorbers. 
Shown in red are the particles that are lost after 100 more 
absorbers. 
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Figure 5: Muon tracks in a 0.2 m period twin helix. 

 

 

 

Figure 6: Horizontal phase space trajectory of a single 
muon at the absorber locations in a 0.2 m period twin 
helix without induced parametric resonances (top), with 
horizontal and vertical resonances induced with the 
nominal phases (middle), and with the phase of the 
induced horizontal resonance shifted by 200 mrad 
(bottom). 

 

To address this issue, we introduced more longitudinal 
cooling. We again used high thickness-gradient 2 cm 
absorbers as in Fig. 1. Since the dispersion scales together 
with the helix period, we accounted for its reduction in 
the now 20 cm period twin helix by moving the absorbers 
to the maximum dispersion points corresponding to the 
points of maximum reference orbit offset as illustrated in 
Fig. 5. 

Tracking in the shorter-period system showed a strong 
parasitic parametric resonance [6]. The resonance is 
excited in the horizontal plane due to the periodic beam 
energy modulation caused by the absorbers and rf, which 
happens at twice the frequency of the horizontal betatron 
oscillations. Its effect is more pronounced for shorter 
helix periods because relative impact of the absorbers and 
rf cavities is greater. This effect is now well understood. 
Symmetric positioning of the rf cavities should help 
correct the parasitic resonance. One can also account for 
the parasitic resonance by adjusting the phase of the 
induced horizontal resonance so that the net effect of the 
two resonances is what is needed for PIC. 

Figure 6 (top) shows a muon’s horizontal phase space 
trajectory at the absorber locations in a system without 
induced parametric resonances. The two stability islands 
in the phase space are an indication of a half-integer 
resonance. Figure 6 (middle) is the phase space trajectory 
of the same particle when horizontal and vertical 
parametric resonances are induced in the twin helix with 
their nominal phases. The parasitic and induced 
horizontal resonances interfere together resulting in a 
change of the stability island locations; however, their 
orientation is not suitable for PIC. Adjusting the phase of 
the induced horizontal resonance by 200 mrad gives the 
picture shown in Fig. 6 (bottom). The particle cools to a 
single point in the phase space. These results are 
preliminary but they demonstrate the general approach to 
treating the parasitic resonance when setting up PIC. 
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Abstract. Parametric-resonance Ionization Cooling (PIC) is proposed as the final 6D cooling stage of a high-luminosity 
muon collider. Combining muon ionization cooling with parametric resonant dynamics should allow an order of 
magnitude smaller final equilibrium transverse beam emittances than conventional ionization cooling alone. In this 
scheme, a half-integer parametric resonance is induced in a cooling channel causing the beam to be naturally focused 
with the period of the channel’s free oscillations. Thin absorbers placed at the focal points then cool the beam’s angular 
divergence through the usual ionization cooling mechanism where each absorber is followed by RF cavities. A special 
continuous-field twin-helix magnetic channel with correlated behavior of the horizontal and vertical betatron motions and 
dispersion was developed for PIC. We present the results of modeling PIC in such a channel using GEANT4/ 
G4beamline. We discuss the challenge of precise beam aberration control from one absorber to another over a wide 
angular spread. 

Keywords: parametric resonance ionization cooling. 
PACS: 29.27.-a, 29.20.-c, 14.60.Ef, 41.85.Lc 

INTRODUCTION 

The principle of ionization cooling is well known [1]: as a particle passes through an energy-absorbing material, 
its momentum components are reduced in all three dimensions and only the longitudinal component is restored by 
RF fields. The angular divergence x' of the particle is thereby diminished until it reaches equilibrium with multiple 
Coulomb scattering in the material. Employing a parametric resonance at twice the betatron oscillation frequency in 
a periodic magnetic channel overcomes this equilibrium in the following way [2]. The resonant perturbation changes 
the particles’ phase-space trajectories at periodic locations along the channel from their normal elliptical shapes to 
hyperbolic as shown in Fig. 1(a). At certain periodic focal positions, the beam becomes progressively narrower in x 
and wider in x' as it passes down the channel. Without damping, the beam dynamics is not stable because the beam 
envelope grows with every period as illustrated in Fig. 1(b). Placing energy absorbers at the focal points stabilizes 
the beam motion by limiting the beam’s angular divergence at those points through the usual ionization cooling 
mechanism. The resonant dynamics then causes a strong reduction of the beam spot size at the absorber locations 
leading to transverse beam emittances that are an order of magnitude smaller than without the resonance. The 
longitudinal emittance is maintained constant using emittance exchange introduced by tapering the absorbers and 
placing them at points with appropriate dispersion. Another way to interpret the PIC mechanism is that a parametric 
resonance focuses the beam with the period of the channel’s free oscillations. Being a resonant process, this focusing 
can effectively be very strong without involving large magnetic fields. 

The normalized equilibrium transverse emittance achievable in PIC is given by [2, 3] 

3 ( 1)
4

n emZ w
mμ

ε
β⊥ = + (1)
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where γ is the muon relativistic energy factor and log is the Coulomb logarithm of ionization energy loss for fast 
particles. The expected PIC parameters following from Eqs. (1) and (2) for a 250 MeV/c muon beam are 
summarized in Table 1. Note that the absorbers are thicker at the beginning of the channel in order to produce a 
higher cooling rate of an initially large-emittance beam. As the beam cools propagating down the channel, the 
absorber thickness is gradually reduced in order to reach the minimum practical transverse emittance. Since the 
cooling rate gets lower for thinner absorbers, the minimum practical absorber thickness is determined by the 
practically acceptable beam loss due to muon decay. 

(a) (b)

FIGURE 1.  (a) Transformation of a particle’s phase space motion by a half-integer parametric resonance: elliptical phase-space 
trajectories become hyperbolic. The trajectories are illustrated at the focal points. (b) Stabilizing effect of ionization cooling 
energy absorbers in a channel with a half-integer resonance. 

PIC CHANNEL 

To provide focusing of the beam in both horizontal and vertical planes simultaneously, the horizontal oscillation 
period λx must be equal to or be a low-integer multiple of the vertical oscillation period λy. The PIC scheme also 
requires alternating dispersion D such that it is 

• small at the beam focal points to minimize energy straggling in the absorber,
• non-zero at the absorber for emittance exchange to maintain constant longitudinal emittance,
• relatively large between the focal points to allow for correction of momentum-dependent aberrations.

From the above dispersion requirements, it follows that λx and λy must also be low integer multiples of the 
dispersion period λD. Note that λx and λD should not be equal to each other in order to avoid an unwanted resonance. 
Thus, the cooling channel optics must have correlated values of λx, λy and λD: 

x y Dn mλ λ λ= = , (3)

where n and m are integers. An optics example satisfying Eq. (3) with λx = 2λy = 4λD is illustrated in Fig. 2. 
The same type of cooling channel with correlated optics can be used for Reverse EMittance EXchange 

(REMEX). The only difference is that in REMEX the angles of the wedge absorbers are reversed to provide 

a a

where β = υ / c is the relativistic factor, Z is the absorber material’s atomic number, me and mμ are the electron and 
muon masses, respectively, and w is the average absorber thickness in the beam direction. The equilibrium beam 
size σ and angular spread θ at the absorber and the equilibrium momentum spread Δp/p are given by [3] 

TABLE 1.  Expected PIC parameters. 
Parameter Unit Initial Final 

MeV/c 250 250
1010 1 1
mm 20 2

x yε μm 230 23
a x y mm 0.7 0.1

a x yθ mrad 130 130
% 2 2

z

Muon beam momentum, p
Number of particles per bunch, Nb
Be (Z = 4) absorber thickness, w
Normalized transverse emittance (rms), ε  = 
Beam size at absorbers (rms), σ  = σ  = σ  
Angular spread at absorbers (rms), θ  = θ  = 
Momentum spread (rms), Δp/p 
Bunch length (rms), σ  mm 10 10
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FIGURE 2.  Particle’s horizontal x and vertical y betatron trajectories and horizontal dispersion Dx for the λx = 2λy = 4λD case of 
correlated optics. 

The PIC dynamics is very sensitive to magnetic fringe fields, which produce numerous beam aberrations. One 
approach to finding a practical fringe-field-free solution is to use helical harmonics [4, 5]. In order to create 
alternating dispersion required for PIC, two equal-strength helical dipole harmonics with equal periods but opposite 
helicities are superimposed leading to the name “twin helix” channel. Analogously to how combining two circularly-
polarized waves produces a linearly-polarized one, the magnetic field in the midplane of this configuration is 
transverse to the plane. This means that the periodic orbit is flat and lies in the midplane. The horizontal and vertical 
motions are stable and uncoupled. A continuous straight quadrupole is added to the system in order to redistribute 
focusing between the horizontal and vertical dimensions. The resulting field configuration is continuous and free of 
fringe fields as desired for PIC. It was demonstrated [6] that a twin-helix channel can be adjusted to meet all of the 
above correlated optics requirements while offering large dynamic aperture and momentum acceptance. 

The magnetic field strength at the center of each dipole harmonic Bd and the quadrupole field gradient ∂By/∂x 
corresponding to the correlated optics shown in Fig. 2 are given by [6, 7] 

3 3 26.515 10 [Tm/(MeV/c)] / , / 2.883 10 [Tm/(MeV/c)] / ,d yB p B x pλ λ− −= ⋅ ∂ ∂ = ⋅

 (4) 

where p is the muon momentum and λ is the helix period. The optical properties of the twin-helix channel are well-
understood  [6]. The periodic orbit amplitude xmax, dispersion amplitude Dx max and horizontal and vertical 
chromaticities ξx and ξy corresponding to the correlated optics are given by [6, 7] 

max max0.121 , 0.196 , 0.646, 0.798.x x yx Dλ λ ξ ξ= = = − = −  (5)

Equations (4) and (5) are used to obtain the twin helix correlated optics parameters for a given muon momentum and 
helix period. 

(a) (b)

FIGURE 3.  Conceptual diagrams of possible practical implementations of the twin-helix channel. The color represents current 
variation in the conductors. 

Conceptually, the required magnetic field configuration can be obtained by winding two separate coaxial layers 
of helical conductors and coaxially superimposing a straight quadrupole as shown in Fig. 3(a). The helical 
conductors constituting the two layers have the same special periods and opposite helicities. Within each layer, the 
currents in the helical conductors vary azimuthally as cos(φ). Note that the two layers do not have to have the same 
radius. The difference in the radii can be accounted for by adjusting the layers’ currents. Another approach 
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������ overlaid with a coaxial straight quadrupole as shown in Fig. 3(b). The inclined loops comprising the two 
different layers are tilted in opposite directions. The current in the loops of each layer varies longitudinally as 
cos(kz). Such a technology, without longitudinal current variation, is used to make constant-field dipoles [8]. 
Perhaps, a more practical approach to the channel’s engineering design is to develop a conductor configuration 
that is centered on and follows the beam’s periodic orbit similarly to [9]. 

PIC SIMULATIONS 

We used GEANT4-based G4beamline code [10] to simulate PIC in a twin-helix channel. The simulation setup is 
shown in Fig. 4. An important simulation parameter is the helix period. From the engineering point of view, it 
determines the channel’s total length and sets the requirements on the magnet and rf cavity parameters. From the 
performance point of view, it determines the cooling rate per unit length and muon loss due to decay. It also 
determines the channel’s optical properties, such as its focusing strength, periodic orbit amplitude, and values of the 
beta functions and dispersion. Simulations suggest [11] that a helix period of about 20 cm provides an optimal 
balance between the channel’s focusing strength and the magnitude of its non-linear effects. Such a channel length is 
perhaps also reasonable from the practical point of view. 

Be wedge absorbers with an average thickness of 2 cm and a thickness gradient of 0.3 are placed every two 
periods of the twin helix, which is the shortest possible separation corresponding to a half period of the horizontal 
betatron oscillations and a full period of the vertical betatron oscillations. The absorbers are centered on the 
reference trajectory and their axes are aligned with the reference momentum. In order to provide the necessary 
emittance exchange, the absorbers are placed at the maximum dispersion points corresponding to the points of 
maximum reference orbit offset as shown in Fig. 4. 

FIGURE 4.  Simulation setup of the twin-helix channel in G4beamline. 

Short 201 MHz RF cavities are placed half way between the absorbers. Such a symmetric arrangement of the 
absorbers and RF cavities allows one to easily compensate a parasitic parametric resonance caused by period energy 
modulation as discussed below. The RF cavities were modeled as unrealistically short in order to initially decouple 
from the transit time effect. However, a 250 MeV/c muon energy loss in 2 cm of Be can be compensated by a 
realistic RF cavity. 

A pair of opposite-helicity but otherwise identical helical quadrupoles is used to excite a parametric resonance in 
each plane [12]. The periodicity of the helical quadrupole pair has to be half the respective betatron period [7]. 
Locations of the parametric-resonance focal points are set to coincide with the absorber locations by adjusting the 
parametric quadrupole phases using the fact that the focal point is located 1/8 of the respective betatron period from 
the maximum of the quadrupole field [7]. Using this approach, we are able to independently induce a parametric 
resonance in each plane. 

Figure 5 shows the horizontal phase-space trajectories of a sample particle for a few different strengths of the 
parametric-resonance-inducing quadrupoles. The simulation in Fig. 5(a) with zero strength of the induced resonance 
indicates that there is a parasitic parametric resonance. This can be seen from the two fixed points in the upper left 
and lower right quadrants of the phase space. This parasitic resonance is excited in the horizontal plane due to the 
periodic beam energy modulation caused by the absorbers and RF, which happens at twice the frequency of the 
horizontal betatron oscillations [7]. This effect is well understood. Symmetric positioning of the absorbers and RF 
cavities puts the parasitic resonance exactly out of phase with the induced resonance, which makes it easy to 
compensate the parasitic resonance by simply increasing the strength of the induced resonance. Such compensation 
is illustrated in Fig. 5. As the induced resonance’s strength is increased, the fixed points first become closer, then a 
balance is established between the resonant excitation and ionization cooling, i.e. PIC. Finally, the induced 
resonance overcomes the cooling process, and two fixed points appear in the upper right and lower left quadrants of 
the phase space. Based on these studies, a quadrupole strength of 1 T/m is chosen to generate a parametric resonance 
in each of the horizontal and vertical planes. 
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(a) (b) (c)

FIGURE 5.  Horizontal phase-space trajectories of a sample particle for different strengths of an induced half-integer parametric 
resonance. The indicated field gradient is the strength amplitude of each quadrupole in the resonance-inducing pair. 

Figure 6 shows evolution of the three 2D emittances along a twin-helix channel obtained in a PIC simulation 
using the above setup. The initial emittance values were intentionally chosen relatively small in order to stay close to 
the linear regime to allow comparisons with the first-order simulations in [13]. The initial emittance oscillations are 
caused by a phase-space mismatch due to the initial bunch being generated using independent Gaussian distributions 
for the 6D phase-space coordinates without taking into account proper correlations between them. The later 
oscillations are probably due to a finite number (only 1000) of particles in the bunch. Since the stochastic effects are 
off, the emittances cool virtually to zero. This confirms that our basic system is setup correctly. 

FIGURE 6.  Evolution of the horizontal εx, vertical εy, and longitudinal εz 2D emittances along a twin-helix channel ignoring 
stochastic effects. 

To proceed to cooling simulations including stochastic effects, compensation of beam aberrations is required. 
This was verified by running a first-order simulation with stochastics on [13]. Aberrations from one absorber to 
another must be compensated to a degree where they are small compared to the beam size at the absorber. Since the 
equilibrium angular spread in Table 1 is on the order of a hundred milliradians, the angle-dependent aberrations 
must be precisely compensated over the angular range of a few hundred milliradians. This is a challenging task. 
However, some of the intrinsic symmetries of the correlated optics reduce the number of aberration compensation 
conditions. The number of conditions can be further reduced by using a coupling resonance [3]. 

Here we demonstrate one approach to aberration compensation [11, 12]. Since in PIC regime the beam has a 
small size and a large angular spread at the absorber, a set of particles with systematically-arranged initial angles is 
started from a focal point on the reference trajectory and tracked to the next focal point to determine the aberration-
induced beam smear at that location. A general optimization procedure is used to minimize the beam smear by 
introducing various-order continuous multipole fields.  

Figure 7 shows an example of such optimization. The particles’ initial angles were distributed on a grid of 
azimuthal angles from 0 to 2π in π/4 steps and polar angles from 20 to 220 mrad in 40 mrad steps. Straight sextupole 
and octupole harmonics as well as helical quadrupole and decapole pairs were added to the system. The aberrations 
were minimized by varying the strengths of the straight field components and both strengths and phases of the 
helical harmonic pairs. 
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FIGURE 7.  Demonstration of aberration compensation in a twin helix up to a polar angle of 220 mrad: 250 MeV/c muon tracks 
are shown from one focal point to the next before (a) and after (b) aberration compensation using field harmonics up to decapole. 

A more systematic approach to aberration compensation is to use COSY Infinity [14], a matrix-based code, 
which works by expanding a particle’s trajectory around a reference orbit to an arbitrary order in the 6D phase-space 
coordinates. Therefore, it can be used to unfold and analyze individual aberrations, which is well-suited for our 
purpose. COSY Infinity has been extended to include helical harmonics and to calculate the reference orbit in a twin 
helix [13]. Work on compensating aberration using COSY Infinity is in progress with promising results [15]. 

CONCLUSIONS AND FUTURE PLANS 

PIC combines muon ionization cooling with parametric resonant dynamics to allow final equilibrium transverse 
beam emittances that are an order of magnitude smaller than those achievable with conventional ionization cooling 
alone. Applying the same dynamics for REMEX should reduce the transverse emittances by another factor of ten. 
Thus, PIC and REMEX together can provide two orders of magnitude luminosity increase of a muon collider. 

A special continuous-field twin-helix magnetic channel with correlated behavior of the horizontal and vertical 
betatron motions and dispersion was developed for PIC. A basic model of a PIC channel with absorbers and RF 
cavities was setup in G4beamline. The model’s validity was confirmed by PIC simulations with stochastic effects 
off. Compensation of beam aberrations is required for a complete demonstration of PIC with stochastic effects on. A 
lot of progress has been made on this problem already, and it is going to remain a focus of our near-future studies. 
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Abstract. Parametric-resonance Ionization Cooling (PIC) is proposed as the final 6D cooling stage of a high-luminosity 
muon collider. Combining muon ionization cooling with parametric resonant dynamics could allow an order of 
magnitude smaller final equilibrium transverse emittance than conventional ionization cooling alone. The same type of 
cooling channel can be used for Reverse EMittance EXchange (REMEX) to reduce the transverse emittance by another 
factor of ten. Together, PIC and REMEX can provide two orders of magnitude luminosity increase for a muon collider. 

Keywords: parametric resonance ionization cooling. 
PACS: 29.27.-a, 29.20.-c, 14.60.Ef, 41.85.Lc  

OVERVIEW OF PARAMETRIC-
RESONANCE IONIZATION COOLING  

 Cooling presents a key challenge for the successful 
development of both a Higgs factory and muon 
collider.  Because muons are produced as tertiary 
particles, a beam of a statistically acceptable number 
of muons will be produced with a large phase space 
volume.   Cooling is required for acceptance into 
acceleration and storage structures in the machine, and 
reducing emittance improves luminosity from 
collisions.  Longitudinal cooling is particular 
important for a Higgs factory.  The need for muon 
cooling is complicated by the short lifetime of the 
muons, and non-linear effects from the complex 
magnetic fields of the cooling and transport channels.  
Ionization cooling techniques offer the best way to 
accomplish the substantial cooling needed within the 
limited muon lifetime.  Parametric-resonance 
Ionization Cooling (PIC) is a proposed method for 
final stage 6D muon cooling that leverages resonance-
driven strong focusing with ionization cooling to 
minimize angular divergence of muons in the beam.   

Ionization cooling [1] is achieved by passing a 
particle through an energy-absorbing material, 
reducing the particle’s momentum in all dimensions 
while RF fields restore longitudinal momentum. The 
angular divergence and energy spread are reduced 

                                                
  * Supported in part by U.S. DOE SBIR Grant DE-SC0005589.  
 # physics_maloney@yahoo.com 
 

until they reach equilibrium with the stochastic effects 
of multiple Coulomb scattering and energy straggling. 
In PIC, a resonance is introduced in a period magnetic 
channel based on multiples of the betatron oscillation 
frequency.  This allows the channel to reach a new 
equilibrium [2, 3]. The resonance perturbs the phase-
space trajectories of particles at periodic locations 
along the channel changing their normal elliptical 
shapes to hyperbolic. At certain periodic focal points, 
muons in the beam become progressively narrower in 
position while diverging in angle as they pass down 
the channel. Without damping, the beam dynamics are 
not stable and the angular divergence of particles in 
the beam grows with every period.  Placing energy 
absorbers followed by RF cavities at these focal points 
allows ionization cooling to limit the growth in 
angular divergence while maintaining total particle 
momentum and this stabilizes the beam motion. This 
resonance also causes a strong reduction of the beam 
spot size at the absorber locations leading to transverse 
beam emittance that is about an order of magnitude 
smaller than without the resonance. The longitudinal 
emittance is maintained through emittance exchange 
and shaped wedge absorbers.  The absorber locations 
must be at points of small, but non-zero dispersion. A 
magnetic channel meeting the requirements for PIC 
could also be used for Reverse EMittance EXchange 
(REMEX) [4] by reversing the orientation of the 
wedge absorbers.  This offers the potential of an 
additional reduction in transverse emittance by about 
another factor of 10 at the expense of longitudinal 
emittance. 
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One of the key principles for PIC is the correlated 
optics condition.  Under this condition, a stable orbit 
for particles is maintained with betatron tunes in both 
the horizontal (λx) and vertical (λy) planes being low-
integer multiples of the period of the dispersion 
function (λD) for the system. The PIC also requires 
dispersion D such that is small, but non-zero, at the 
absorber to minimize energy straggling while allowing 
for emittance exchange to maintain constant 
longitudinal emittance.  Thus, the optics must have 
correlated values such that aλx = bλy = cλD where a, b 
and c are integers.  

Because the PIC dynamics are very sensitive to 
non-linear aberrations from magnetic fringe fields, a 
solution using helical harmonics [5, 6, 7] has been 
proposed. To create dispersion in the channel two 
helical dipole harmonics having equal field strength 
and equal periods but opposite helicities are 
superimposed onto each other.  Under this 
configuration, a reference muon maintains a stable 
orbit within the x-z midplane.  A continuous straight 
quadrupole is superimposed to establish the correlated 
optics condition. It was demonstrated [6, 7] that a 
twin-helix channel could meet the correlated optics 
requirements while offering large dynamic aperture 
and momentum acceptance. 

Beryllium wedge absorbers are added at every 
other periodic focal point in the channel for ionization 
cooling, followed shortly by RF cavities to restore and 
maintain the reference particle momentum.  To induce 
resonances, two uncoupled pairs of helical quadrupole 
harmonics with very low field strength perturb the 
orbit at the focal points.  For each pair of harmonics, 
like the primary helical dipole pair, the field strengths 
and periods are the same, but the harmonics in each 
pair have opposite helicities.  One such pair is used to 
induce the resonance in the horizontal plane, while a 
second pair induces the resonance in the vertical plane.  

LINEAR MODELING IN COSY 

Simulations for PIC have been performed with two 
different simulation codes [6, 7].  One set of 
simulations was performed using G4Beamline [8] 
(G4BL), a Geant-4 toolkit.  The other used COSY 
Infinity [9] (COSY), a differential algebra based code 
that allow calculation of transfer and aberration maps 
for particles in the channel to arbitrary order.  Because 
of its ability to turn on non-linear effects of various 
orders one at a time, COSY offers particular 
advantages for optimization and aberration correction.  
Additions to the basic beam physics package used with 
COSY had to be made to facilitate these simulations.  
These modifications included: 

• Implementation of the magnetic field element for a 
helical harmonic pair of arbitrary harmonic order 
with potential for superposition of continuous 
straight magnetic multipoles of arbitrary order, 

• Implementation of a fitting routine to determine the 
stable reference orbit for muon of a particular 
energy within the channel 

• Implementation of the stochastic processes of 
multiple scattering and energy straggling in 
material 

• Implementation of a particle tracking method for 
single particles and basic particle distributions. 
 
Benchmarking was performed with G4BL to verify 

consistency of results between the two codes despite 
differences in the simulation methods [10].  With these 
modifications, simulation of the linear (first order) 
model of the channel was performed to verify that the 
simulation results were consistent with theory.  The 
preliminary simulations were done without stochastic 
effects.    A µ- with momentum of 250 MeV/c was 
chosen as the reference particle.  The period of the 
helical dipole harmonic was arbitrarily set at 1 meter, 
and the field strengths for the harmonics and the 
straight quadrupole were scaled to achieve the 
correlated optics condition.  Resonances were induced 
with a helical quadrupole harmonic pair (parametric 
lenses) for each plane that satisfied the correlated 
optics condition: λx = 2λy = 4λD.  Simulation, shown in 
Fig. 2, verified that a test particle offset from the 
reference orbit in initial position and angle followed a 
hyperbolic trajectory as it travels down the channel.  

 

 

FIGURE 1.  The basic twin-helix channel simulated in 
COSY with parametric lenses.  Trajectory of a 250 MeV/c µ- 
launched offset in both planes from the reference orbit by 2 
cm and 130 mrad is tracked every at every other focal point 
in the horizontal plane. 

 
Next, beryllium wedge absorbers with a central 

thickness of 2 cm and a 30% thickness gradient were 
added at every other focal point.  An idealized RF 
cavity was place 3 cm after each absorber and tuned to 
restore momentum for the reference particle to 
maintain its stable orbit.  Simulations for the same test 
particle, Fig. 3, show the effects of ionization cooling 
with and without using harmonics to induce the PIC 
resonance condition.  With PIC resonances induced, 
strong focusing causes more reduction in the position 
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offset, and a much greater reduction in total offset 
after the same number of wedge absorbers. 

 

 

FIGURE 3.  The full twin-helix channel simulated in 
COSY with and without PIC resonance.  Trajectory of a 250 
MeV/c µ- launched offset in both planes from the reference 
orbit by 2 cm and 130 mrad is tracked at the center of each 
wedge absorber in the horizontal plane. 

The stochastic effects of multiple scattering and 
energy straggling were added to the simulations to 
verify the equilibrium emittance and improved 
reduction in spot size predicted by theory.  To 
implement multiple scattering, COSY calculates the 
path length each individual particle takes through the 
wedge absorber.  This parameter, z, as well as the 
other parameters for that same particle and the 
absorber, are used to determine standard deviation for 
the “kick” to particle angle using the PDG formula 
RMS98 [11] modeling method (1). A random number 
generated from Gaussian distribution is used to 
determine the exact kick for the particle, and the result 
is split via polar angle between the horizontal and 
vertical plane.  The calculated result is then applied to 
modify particle’s coordinates in the tracking 
subroutine.  For energy straggling, a similar approach 
is used, with the Bohr approximation (2), determining 
standard deviation for the change in energy [12]. 
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2 KeV 2"# $%= .26ZabsorberzNt 10

18atoms / cm2"# $%.  (2) 

Where χ0 represents the radiation length of the 
absorber material, Zabsorber is the absorber material’s 
atomic number, Nt is the atomic density of the 
absorber.  Both processes are repeated for each 
individual particle every time the particle encounters 
an absorber in the channel.  The results of these 
simulations for the horizontal plane are shown in Fig. 
4 with and without the stochastic effects being 
included in the simulation.  Even with the inclusion of 
these two important stochastic effects, cooling as 
predicted by the theory is observed [3, 7]. 

Simulations were also performed using an 
uncorrelated distribution of 1000 muons with the 
following standard deviations from the reference orbit:  
(1) offset in each plane: 2 cm.; (2) offset in angle in 
each plane: 130 mrad; (3) energy spread: 1%; and (4) 

bunch length: 3 cm.  The 6D emittance for total 
distribution was tracked as it travelled through the 
channel with and without inducing the PIC resonance 
condition.  Fig. 5 shows the cooling factor, a figure of 
merit determined by dividing the final 6D emittance of 
the surviving particles in the beam by their initial 
emittance.  

 

 

FIGURE 4.  The full twin-helix channel simulated in 
COSY with and without the stochastic effects of multiple 
scattering and energy straggling.  Trajectory of a 250 MeV/c 
µ- launched offset in both planes from the reference orbit by 
2 cm and 130 mrad is tracked at the center of each wedge in 
the horizontal plane. 

 
FIGURE 5.  Comparison of cooling factor (ratio of initial to 
final 6D emittance) with and without PIC resonance. 

 
As predicted by theory, 6D cooling with the PIC 

resonance condition reaches an equilibrium state that 
beyond that of ionization cooling alone by about a 
factor of 10. 

PROGRESS TOWARDS ABERRATION 
CORRECTION AND OPTIMIZATION 

The baseline simulations described above provide 
an important tool for optimizing the PIC cooling 
channel.  This linear model simulates the efficiency of 
the cooling channel where all aberrations have been 
perfectly corrected.  Since muon beams can have a 
very large initial angular and energy spread, 
aberrations in the system dependent on these 
parameters can dramatically impact the final spot size 
of the beam. 

To illustrate this, consider the progress towards 
aberration correction and optimization of the twin-
helix channel.  Through separate simulations, a 
preferred helical dipole harmonic period (λD) of 20 cm 
was chosen for a reference momentum of 250 MeV/c, 
and the magnetic field strengths of the helical dipole 
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and straight quadrupole components scaled 
accordingly [4].  With COSY, the largest nonlinear 
aberrations in the system can be identified order by 
order, as well as their effects given a specified range in 
initial particle coordinates.  This allows determination 
of a sensitivity of a system’s optic to a range of initial 
beam parameters.  For the twin-helix channel, Table 1 
lists the largest 2nd and 3rd order aberrations affecting 
final spot size at the period focal points in the channel.  
The aberration (x|aa), for example, shows how final 
horizontal position of the particle changes as a 
function of the square of its initial angle (px/p0) in the 
horizontal plane.  Similarly b refers to initial angle 
(py/p0) in the vertical plane.  
 

TABLE 1. Largest 2nd and 3rd order aberrations affecting 
spot size for the λD=20 cm twin-helix. 

Aberration Magnitude [mm] 
(x|aa) 
(x|aδ)  

 1.5 
 2.1 

(x|aaa) 
(x|abb) 

-17.8 
-6.1 

(y|aab) 
(y|bbb) 

 6.1 
 1.2 

 
Studies are currently ongoing to correct these and 

other significant higher order aberrations in the twin-
helix channel using continuous magnetic fields, 
including higher order helical harmonic pairs and 
straight multipole fields.  In all cases, the correlated 
optics condition must also be maintained, and the 
reference orbit must be recalculated since these higher 
order magnetic fields can modify the orbit of the 
reference particle.  Field strength, phase offset, helicity 
and harmonic number provide a number of variable 
parameters for the system.  

One such correction scheme minimizing all 2nd and 
3rd order aberrations that contribute to deviation in the 
final position of the particle at each wedge absorber 
uses a straight octopole field, two pairs of helical 
sextupole harmonics and two pairs of helical octopole 
harmonics.  Two pairs of helical quadrupole 
harmonics are also are used to maintain the correlated 
optics in the channel. Fig. 6 shows a 3rd order 
simulation of this system after 20 cells.   

 

 

FIGURE 6.  Tracking for concentric cones, with angular 
deviation of up to 120 mrads, of 250 MeV/c muons launched 
on reference orbit in COSY with non-linear effects through 
3rd order and stochastic effects. 

Particles shown in blue survive in the channel 
without corrections, while those shown in red show 
effects of the correcting magnetic fields.  Survivability 
of muons has dramatically increased as well as 
focusing of the beam.  Aberrations beyond 3rd order 
still need to be corrected. 

CONCLUSIONS AND FUTURE WORK 

PIC combines muon ionization cooling with 
parametric-resonance dynamics to allow final 
equilibrium transverse beam emittance that is an order 
of magnitude smaller than those achievable with 
conventional ionization cooling alone. Linear 
simulations including stochastic effects have verified 
the predictions of PIC theory.  Using the same 
magnetic channel, REMEX could allow reduction in 
transverse emittance by another factor of ten. Thus, 
PIC and REMEX together provide the potential to 
increase luminosity by two orders of magnitude. 

A twin-helix magnetic channel with correlated 
optics has been developed for PIC. A basic model of a 
PIC channel with absorbers and RF cavities has been 
simulated in G4BL and COSY.  Linear simulations in 
COSY have confirmed the model’s validity with 
stochastic effects included.  Compensation of beam 
aberrations is a challenging aspect of this channel and 
will be required for complete demonstration of PIC.  
Progress has been made on this problem and ongoing 
efforts continue.  
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Abstract 

Muon beam ionization cooling is a key component for 
the next generation of high-luminosity muon colliders. To 
reach adequately high luminosity without excessively 
large muon intensities, it was proposed previously to 
combine ionization cooling with techniques using a 
parametric resonance (PIC). Practical implementation of 
PIC proposal is a subject of this report. We show that an 
addition of skew quadrupoles to a planar PIC channel 
gives enough flexibility in the design to avoid unwanted 
resonances, while meeting the requirements of radially-
periodic beam focusing at ionization-cooling plates, large 
dynamic aperture and an oscillating dispersion needed for 
aberration corrections. Theoretical arguments are 
corroborated with models and a detailed numerical 
analysis, providing step-by-step guidance for the design 
of Skew-quad PIC (SPIC) beamline.  

INTRODUCTION 
Experiments at energy-frontier colliders require high 

luminosities, of order 1034 cm-2 sec-1 or more, in order to 
obtain reasonable rates for events having point-like cross 
sections.  High luminosities require intense beams, small 
transverse emittances, and a small beta function at the 
collision point. For muon colliders, high beam intensities 
and small emittances are difficult and expensive to 
achieve because muons are produced diffusely and must 
be cooled drastically within their short lifetimes. 
Ionization cooling is a major first step toward providing 
adequate luminosity without large muon intensities, and 
its 6D-implementation with a helical cooling channel was 
described in Ref. [1]. Further reduction of emittances 
requires anomalously large magnetic fields in ionization-
cooling channels, but the use of parametric resonance 
allows relaxing this requirement, while providing 
significant beam cooling effects [2]. 
    

PIC CONCEPT 
In the PIC technique the resonant approach to particle 

focusing can achieve equilibrium transverse emittances 
that are at least an order of magnitude smaller than in 
conventional ionization cooling. The main principle is 
similar to half-integer parametric resonant extraction from 
a synchrotron, except for targeting different variables of 

the phase space [2]. Briefly speaking, parametric 
resonance provides focusing of the muon beam at 
periodic locations down the beamline; the beam angular 
spread is naturally maximized at these locations, therefore 
unw anted angular smearing (or “heating”) due to 
multiple Coulomb scattering in ionization-cooling plates 
has the least effect. 
   While the concept of PIC has been around for a few 
years, its practical implementation faced several 
difficulties that were addressed by an Epicyclic PIC 
proposal [3] and proposed epicyclic twin-helix magnetic 
structure [4]. The latter uses a superposition of two 
opposite-helicity equal-period equal-strength helical 
dipole harmonics and a straight normal quadrupole. Here 
we propose and develop a technique that will help to 
avoid (integer) resonances in such a system that requires 
periodic focusing, making the important step toward its 
engineering design. 

COUPLING RESONANCE IN PIC 
Our proposal is based on inducing a linear betatron 

coupling resonance in PIC transport line between the 
horizontal (x) and vertical (y) planes. Previously 
developed (and described in Ref. [4]) twin-helix magnetic 
system is supplemented with skew quads that generate 
coupling between horizontal and vertical betatron motion.  

   Let us consider the effect of such coupling, first in a 
simplified model. The equations for coupled betatron 
oscillations are 
 

 
 

 
where , , with  and n denoting the 
curvature function and quad strength, respectively. 
Coupling g is provided by -skewed quadrupoles. 
   In the case of constant coefficients, the above system 
has an analytic solution described by superposition of two 
normal-mode oscillations with wave vectors 

.  
 

 

  
where , and s is the 
path length along the reference trajectory.  The constants 
are obtained from initial conditions at s=0: 

 ___________________________________________  
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Note that  Inverse relation 
between the oscillation wave vectors with and without 
coupling has a form: 

 

This expression is useful for finding parameters K2 and 
n for the desired wavelengths of normal modes. It also 
sets an upper limit for |g| for given values of k1,2: 

     
In the limit  we also have  and the solution 

is separated into two plane waves with wave vectors  
and , respectively.   For any nonzero value of g the 
solution for x and y is a superposition of two plane waves 
with wave vectors k1 and k2. One can identify normal 
modes, each described by the wave vector k1 or k2, by 
constructing linear combinations:  and 

. Introducing a parameter θ defined as G=tan(θ), 
transformation into normal coordinates (Xb,Yb) may be 
represented as rotation by an angle θ: 

 

 
 

For each normal mode Xb, Yb, the oscillation is 
described by a single wave vector k1 and k2, respectively.  

The following relation relates the rotation angle θ  and the coupling strength:   
 

 
   If coupling g is piece-wise constant, we can still use the 
above solutions for xb and yb, but with re-defined 
coefficients C1,2 and C1,2’ for the corresponding intervals 
of s. 
Example 1: , and g(s) a periodic step-like 
function with a period , as shown in Fig. 1. 

 

 
 

Figure 1: Step-like periodic coupling function g(s). 

Prior to constructing a general solution, we obtain an 
expression for R-matrix that transforms the state vector 
(xb,yb,xb’,yb’) over a period :  

The matrix is a product of two matrices, each for the 
corresponding section of constant g: 

  
To find the matrix elements of R-matrix we use the above 
analytic solution for xb, yb to get: 

 

 

 

 
 
Using the previously introduced parameterization 
G=tan(θ) we find: 

 
 
with R-matrix taking the form: 

 
 

We see that for both the coordinates (xb, yb) and the 
derivatives (xb’,yb’) the corresponding transformation 
corresponds to rotation by angle θ in xy-plane and 
reflection with respect to xz-plane. Such a transformation 
is known as an improper rotation or rotary reflection, 
with detM1=detN1=-1. 
   The matrix  is obtained from 

 by a replacement : 
 

 
 
and the resulting R-matrix per period is obtained from 
their product:  
 

 
    

We recognize that R-matrix describes rotation by an 
angle 4θ for both the coordinates and derivatives per one 
period of function g. Note that R(s=1 3) is obtained from 
R(s=0 2) by switching the sign of .  
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The conventional transfer matrix MT that maps the state 
vector (xb,xb’,yb,yb’) over a period  has a form: 
 

 

 
with two non-identical eigenvalues equal  and , 
where one may recognize a betatron tune that equals 4θ. 
This is the main result we achieved: skewed quads induce 
coupling that results in radially-periodic beam motion, 
while the betatron tune is controlled by the coupling 
strength and allows to avoid integer resonances in such a 
transport channel. 

NUMERICAL ANALYSIS 
The results of the above calculations are illustrated in 

Fig. 2, where the value of g was chosen arbitrarily such 
that θ=1/4 radian. 
 

 
Figure 2: Particle positions calculated at the end of each 
period of function g (s=0, 2, 4,...) for 300 periods. One 
dot corresponds to one position. The magnitude of g is 
such that θ=1/4 rad (value chosen for illustration only). 
For other choices of initial position s the (x,y) locations 
follow an ellipse. 

For small values of rotation angle  that correspond to 
weak coupling g we can see from above analysis that after 
each period particle positions in (x,y) plane undergoes 
rotation, defining piece-wise constant coefficients of the 
solution for xb(s), yb(s).  As a result, the magnitude of the 
oscillations effectively becomes modulated with factors 
cos(2θs) and sin(2θs), making an appearance of “beating” 
coming from a coupling resonance in the oscillator. This 
is illustrated in Fig. 3. 

   Formally the effect may be viewed as superposition 
of two oscillations with close frequencies, but actually it 
originates from beam rotation induced by the alternating-
sign coupling function. Other functional forms for the 
periodic coupling have been studied and showed similar 
effects, with the difference that circular beam rotation 

becomes elliptic. We also obtained required alternating-
sign behavior of the dispersion function in both planes. 
 
 

 

 
Figure 3: Beating effect in the coupled betatron 
oscillations. (a) =0.1rad, (b) =0.5rad. 

SUMMARY 
We have demonstrated that inducing a linear betatron 

coupling resonance in PIC transport line between the 
horizontal (x) and vertical (y) planes results in a transport 
line suitable for PIC implementation that allows to avoid 
integer resonances. Further simulations aimed at 
engineering design of this system are being performed 
using MAD-X software, as reported in Ref. [5]. 
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Abstract 

Skew Parametric-resonance Ionization Cooling (SPIC) is 

an extension of the Parametric-resonance Ionization 

Cooling (PIC) framework that has previously been 

explored as the final 6D cooling stage of a high-

luminosity muon collider.  The addition of skew 

quadrupoles to the PIC magnetic focusing channel 

induces coupled dynamic behavior of the beam that is 

radially periodic.  The periodicity of the radial motion 

allows for the avoidance of unwanted resonances in the 

horizontal and vertical transverse planes, while still 

providing periodic locations at which ionization cooling 

components can be implemented.  A first practical 

implementation of the magnetic field components 

required in the SPIC channel is modeled in MADX.  

Dynamic features of the coupled correlated optics with 

and without induced parametric resonance are presented 

and discussed. 

INTRODUCTION 

The limit on the minimum achievable emittance in 

muon ionization cooling comes from the equilibrium 

between the cooling process and multiple Coulomb 

scattering in the absorber material. The concept of 

Parametric-resonance Ionization Cooling (PIC) is to push 

this limit by an order of magnitude in each transverse 

dimension by focusing the muon beam very strongly in 

both planes at thin absorber plates. This creates a large 

angular spread of the beam at the absorber locations, 

which is then cooled to its equilibrium value resulting in 

greatly reduced transverse emittances. Achieving 

adequately strong focusing using conventional magnetic 

optics would require unrealistically strong magnetic 

fields. Instead, PIC relies on a resonant process to provide 

the necessary focusing. A parametric resonance is 

induced in a cooling channel, causing focusing of the 

beam with the period of the channel’s free oscillations. To 
attain simultaneous focusing in both planes at regular 

locations, the horizontal and vertical betatron oscillation 

periods must be commensurate with each other and with 

the channel’s period. A magnetic channel possessing such 
optical properties, called a Twin helix channel, has been 

successfully developed and simulated [1]. 

Another important condition necessary for 

implementation of PIC is compensation of the beam 

smear from one focal point to another, to a degree where 

it is small compared to the focused beam size. Since the 

angular spread at the focal point is on the order of 100 

mrad rms while the beam size is a fraction of a mm, this 

can be quite challenging. To mitigate this problem, the 

Twin helix channel was designed using continuous helical 

fields eliminating fringe-field effects. Significant progress 

has been made on compensation of aberrations using 

helical multipole fields [1]. However, multipole fields in 

combination with correlated optics introduce another 

serious problem, namely, non-linear resonances causing 

loss of dynamical stability.  

To illustrate this problem, consider the Hamiltonian 

term of a continuous harmonically-varying octupole field 

Hoct = noct (6x
2
y

2
 – x

4
 – y

4
)/4 where noct ~ cos(2mz/L) is 

the normalized octupole strength, m is an integer, z is the 

longitudinal coordinate, L is the channel period length, x 

~ cos(2xz/L) and y ~ cos(2yz/L) are the horizontal and 

vertical transverse betatron coordinates, respectively, and x and y are the horizontal and vertical betatron tunes, 

respectively. Multiple octupole harmonics are needed in a 

cooling channel to compensate spherical aberrations. 

However, as can be clearly seen from the Hamiltonian, 

with our choice of betatron tunes of x = 0.25 and y = 

0.5, any octupole harmonic m causes resonances in both 

planes. Dispersion further complicates the resonance 

structure. Selecting different betatron tunes does not help; 

as long as the betatron periods are integer multiples of the 

channel period as required by PIC, multipole fields will 

tend to cause non-linear resonance. This makes it difficult 

to find a set of multipoles sufficient for aberration 

compensation that does not cause beam instabilities.  

To overcome this problem, we developed the concept 

of Skew PIC (SPIC). We introduce coupling in a cooling 

channel in such a way that the point to point focusing 

needed for PIC is preserved but the canonical betatron 

tunes are shifted from their resonant values, i.e. the 

canonical phase advances in the two planes are shifted 

from m values. A simple way to think of it is that the 

beam is azimuthally rotated between consecutive focal 

points. This moves the dispersion and betatron motion 

away from non-linear resonances. It also offers a number 

of other benefits: (a) it allows for control of the dispersion 

size for chromatic compensation; (b) it reduces the 

dimensionality of the aberration compensation problem to 

just the radial dimension and therefore reduces the 

number of required compensating multipoles; (c) it 

equates the parametric resonance rates in the two planes, 

and therefore only one resonance harmonic is needed; (d) 

it equates the two cooling decrements in the two 

transverse dimensions. In this paper, we present a design 

of a SPIC channel and first results of dynamics studies in 

this channel. 
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SKEW PIC IMPLEMENTATION IN MADX 

A cooling channel compatible with SPIC is initially 

implemented using a lumped elements approach in 

MADX [2] for ease of simulation and to provide a direct 

analog to the numerical simulations studied [3].  A step-

like alternating curvature function K(s) is implemented 

using thin dipoles of equal strength but opposite 

curvature.  A straight quadrupole extends over the length 

of the channel.  A step-like alternating coupling function 

g(s) with relative wavelength λg=2λK is implemented 

using zero-length skew quadrupoles inserted between 

each thin dipole.  Figure 1 demonstrates the phasing and 

periodicity of the curvature and coupling functions 

implemented in the SPIC channel. The horizontal and 

vertical tunes are set to 0.5 and 1.0, respectively, by 

optimizing the dipole strength and straight quadrupole 

strength in the absence of coupling.  Coupling is then 

introduced, and the dipole and straight quadrupole 

strengths are readjusted to reach the SPIC solution.  The 

nonzero coupling shifts the tunes away from their initial 

integer and half-integer values. The SPIC solution is 

obtained by constraining particular values in the transfer 

matrix from one periodic absorber position to the next.  

Figure 2 shows the reference orbit geometry for one 

period of a SPIC-compatible channel. 

 

 

Figure 1: Schematic demonstrating periodicity and 

phasing of curvature and coupling functions. 

 

Figure 2: Reference orbit geometry of a SPIC channel. 

 

Single particles are tracked through the SPIC channel 

to verify the dynamic features of the coupled correlated 

optics induced in the SPIC channel. 

SKEW PIC DYNAMIC FEATURES 

Periodic Rotational Behavior 

The correlated optics of the previously studied PIC 

solution naturally defines periodic positions for the 

absorbers used for ionization cooling due to the periodic 

nature of the x and y transverse motion. The introduction 

of coupling in the SPIC channel results in x and y 

transverse motion that is no longer periodic in each 

respective plane; the transverse motion instead becomes 

radially periodic.  At these periodic positions, the particle 

rotates in x-y phase space as shown in Figure 3.  Because 

the SPIC solution enforces little to no coupling between 

particle coordinates and angles, the angular component 

also rotates in px-py phase space, also shown in Figure 3. 

 

 
(a) 

 
(b) 

 

Figure 3: (a) Particle rotation in x-y phase space at 

periodic points in SPIC channel. (b) Particle rotation in 

px-py phase space at same periodic points in SPIC 

channel.  Note that these plots were generated using two 

separate particles. 

 

Periodic Alternating Dispersion 

The introduction of coupling with skew quadrupoles 

into the PIC channel induces a vertical dispersion 

component that oscillates with a period equal to the 

period of the coupling function.  The magnitude of the 

vertical dispersion function is proportional to the coupling 

strength.  SPIC requires small dispersion at the periodic 

absorber locations to minimize the energy straggle within 

the absorber, and thus the relative phase shift between the 

curvature function K(s) and the coupling function g(s) is 

adjusted to meet these conditions.  We note that the 

vertical dispersion function generally has maxima at the 

intended absorber positions where the horizontal 

dispersion function has negative-going zero crossings, 

and thus the condition of small dispersion at the absorber 

positions can be met with small coupling strength.  Figure 

4 illustrates the horizontal and vertical dispersion 

functions in the SPIC channel. 
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(a) (b) 

 

Figure 4: (a) Horizontal (black) and vertical (red) 

dispersion functions in one periodic cell of SPIC channel. 

(b) Horizontal and vertical dispersion components 

parameterized in s. The vertical dispersion has maxima at 

zeros of the horizontal dispersion. 

 

INDUCING PARAMETRIC RESONANCE 

Parametric resonant behavior was induced in the SPIC 

channel with quadrupoles of sinusoidally-varying 

strength.  As in [1], the resonance focal point was made to 

coincide with the periodic absorber position by adjusting 

the period and phase of the parametric resonance 

quadrupoles.  We note here that while two separate sets of 

quadrupoles were necessary to induce a half-integer 

parametric resonance in each of the transverse planes of 

the PIC channel, only one set is required for the SPIC 

channel due to the coupling between the planes. These 

quadrupoles were implemented in the SPIC channel by 

adding a normal quadrupole component of appropriate 

strength to each of the existing zero-length skew 

quadrupoles.  Figure 5 demonstrates the phasing and 

periodicity of the parametric resonance inducing 

quadrupoles. 

 

 

 

Figure 5: Schematic demonstrating periodicity and 

phasing of parametric resonance inducing quadrupoles 

with respect to curvature and coupling functions. 

A distinctive feature of the parametric resonance is the 

periodic transformation of the transverse phase space 

motion from elliptical orbits to hyperbolic motion.  The 

particle amplitudes are damped over successive periods; 

the corresponding angular growth eventually leads to 

instability and loss in the absence of the intended 

ionization cooling. This hyperbolic transformation is 

demonstrated in Figure 6. 

 

(a) (b) 

 
Figure 6: (a) Elliptical x-px phase space at periodic 

locations in SPIC channel. (b) Hyperbolic x-px phase 

space at same periodic locations in SPIC channel due to 

parametric resonance. 

 

The amplitude damping/angular growth rate varies with 

the strength of the induced parametric resonance.  A 

strong parametric resonance is ideal for fast damping and 

fast ionization cooling, but the motion can become 

unstable quickly and must be controlled. 

SUMMARY 

A first pass at implementation of a channel compatible 

with Skew Parametric-resonance Ionization Cooling 

(SPIC) has been performed using a lumped elements 

approach in MADX.  The coupled correlated optics of the 

channel results in particle motion that is radially periodic 

at positions intended for ionization cooling. Particle 

tracking simulations have demonstrated this dynamic 

behavior as well as the expected phase space 

transformation in the presence of a parametric resonance.  

These initial results are promising and form the basis for 

further SPIC simulation studies. 
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Abstract 
 

 
Cooling of muon beams for the next-generation lepton collider is necessary to achieve its higher 
luminosity with fewer muons. In this paper we present an idea to combine ionization cooling with 
parametric resonances that is expected to lead to muon beams with much smaller transverse sizes. 
We describe a linear magnetic transport channel where a half integer resonance is induced such that 
the normal elliptical motion of particles in x-x' phase space becomes hyperbolic, with particles 
moving to smaller x and larger x' at the channel focal points.  Thin absorbers placed at the focal 
points of the channel then cool the angular divergence of the beam by the usual ionization cooling 
mechanism where each absorber is followed by RF cavities.  We present a theory of Parametric-
resonance Ionization Cooling (PIC), starting with the basic principles in the context of a simple 
quadrupole-focused beam line.  Then we discuss detuning caused by chromatic, spherical, and non-
linear field aberrations and the techniques needed to reduce the detuning. We discuss the 
requirement that PIC be accompanied by emittance exchange in order to keep the momentum spread 
sufficiently small.  Examples of PIC channel are presented, along with computer simulations aimed 
at practical implementation of the described theoretical concept. 
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I. INTRODUCTION 
 

Experiments at energy-frontier colliders require high luminosities, of order 1034 cm-2 sec-1 or 
more, in order to obtain reasonable rates for events having point-like cross sections.  High 
luminosities require intense beams, small transverse emittances, and a small beta function at the 
collision point. For muon colliders, high beam intensities and small emittances are difficult and 
expensive to achieve because muons are produced diffusely and must be cooled drastically within 
their short lifetimes. Ionization cooling as it is presently envisioned will not cool the beam sizes 
sufficiently well to provide adequate luminosity without large muon intensities.  However, to the 
extent that the transverse emittances can be reduced further than with conventional ionization 
cooling, several problems can be alleviated. 

 
Lower transverse emittance allows a reduced muon current for a given luminosity, which implies: 
1) a proton driver with reduced demands to produce enough proton power to create the muons; 
2) reduced site boundary radiation limits from circulating muons that decay into neutrinos that 

interact in the earth; 
3) reduced detector background from the electrons from the decay of circulating muons; 
4) reduced proton target heat deposition and radiation levels; 
5) reduced heating of the ionization cooling energy absorber; 
6) less beam loading and wake field effects in the accelerating RF cavities. 
 
Smaller transverse emittance has virtues beyond reducing the required beam currents, namely: 
1) smaller, higher-frequency RF cavities with higher gradient can be used for acceleration; 
2) beam transport is easier, with smaller aperture magnetic and vacuum systems; 
3) stronger collider interaction point focusing can be used, since that is limited by beam 

extension in the IP quadrupoles. 
 

Ionization cooling of a muon beam involves passing a magnetically focused beam through an 
energy absorber, where the muon transverse and longitudinal momentum components are reduced, 
and through RF cavities, where only the longitudinal component is regenerated.  After some 
distance, the transverse components shrink to the point where they come into equilibrium with the 
heating caused by multiple coulomb scattering.  The equation describing the rate of cooling is a 
balance between these cooling (first term) and heating (second term) effects: 

2

2 3
0

1 1 (0.014)
2

n ndEd
ds v ds E v E m X

µ

µ µ µ

ε ε β
= − + . 

Here εn is the normalized emittance, Eµ is the muon energy in GeV, dEµ /ds and X0 are the energy 
loss and radiation length of the absorber medium, / 2β λ π= is the transverse beta-function of the 
magnetic channel, and v is the particle velocity normalized to light velocity.  
   Setting the heating and cooling terms equal defines the equilibrium emittance, the very smallest 
possible with the given parameters: 

2
( .)

0

(0.014)

2

equ
n dE

vm X
ds

µ
µ

β
ε = . 
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One can see that the figure of merit for a cooling absorber material is the product of the energy loss 
rate times the scattering length.  Up to now, liquid hydrogen has been the energy-absorbing medium 
of choice, with dE/ds= 60 MeV/m and X0 = 8.7 m.  Superconducting solenoidal focusing is used to 
give a small value of β : 10 cm, corresponding to a 100 MeV/c muon in a 6 T field.   

In the PIC technique described below, the resonant approach to particle focusing can achieve 
equilibrium transverse emittances that are at least an order of magnitude smaller than in 
conventional ionization cooling.  That is, the beam cooling in a conventional ionization cooling 
channel would require an unrealistically high magnetic field for an equilibrium transverse emittance 
as small as PIC can achieve.  Another advantage to PIC is that a beryllium energy absorber is more 
effective than hydrogen, since the ratio of the absorber thickness to the betatron wavelength is a 
measure of its effectiveness.  That is, the density of beryllium relative to hydrogen is more 
important than the product of energy loss rate times Coulomb scattering length in a channel that is 
required to be as short as possible to reduce losses by muon decay.  The practical advantage of 
beryllium is that the required energy absorber geometry and refrigeration have straightforward 
engineering solutions. 
 

 
II. BASIC PIC CONCEPTS 

 
A. Hyperbolic dynamics of PIC 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1: Comparison of particle motion at periodic locations along the beam trajectory in transverse phase 
space for: LEFT ordinary oscillations and RIGHT hyperbolic motion induced by perturbations at a harmonic 
of the betatron frequency. 

In general, a parametric resonance is induced in an oscillating system by using a perturbing 
frequency that is the same as or a harmonic of a parameter of the system.  Physicists are often first 
introduced to this phenomenon in the study of a rigid pendulum, where a periodic perturbation of 
the pivot point can lead to stable motion with the pendulum upside down.  Half-integer resonant 
extraction from a synchrotron is another example familiar to accelerator physicists, where larger and 
larger radial excursions of particle orbits at successive turns are induced by properly placed 
quadrupole magnets that perturb the beam at a harmonic of the betatron frequency.  In this case, the 
normal elliptical motion of a particle’s horizontal coordinate in phase space at the extraction septum 

xx constʹ′ =  
 
 

xʹ′
 

x
 

xʹ′  

x
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position becomes hyperbolic, xx constʹ′ = , leading to a beam emittance which has a wide spread in x  
and narrow spread in xʹ′ . 

In PIC, the same principle is used but the perturbation generates hyperbolic motion such that the 
emittance becomes narrow in x and wide in xʹ′ at certain positions as the beam passes down a line or 
circulates in a ring.  Ionization cooling is then used to damp the angular spread of the beam.  Figure 
1 shows how the motion is altered by the perturbation.  The principle of ionization cooling [1] is 
well known, where a particle loses momentum in all three coordinates as it passes through some 
energy absorbing material and only the longitudinal component is replaced by RF fields. The 
angular divergence xʹ′  of the particle is thereby reduced until it reaches equilibrium with multiple 
Coulomb scattering in the material.  The concept of ionization cooling is shown in Figure 2. 

 

 

 

 

 

 

Figure 2: Principle of transverse ionization cooling. A particle loses momentum in all three coordinates as it 
passes through an energy absorbing plate.  Only the longitudinal component is replaced by RF fields, thereby 
reducing the angular divergence of the particle, xϑ ʹ′= . 

 
 

 

 

 

 
 
Figure 3: Conceptual diagram of a beam cooling channel in which hyperbolic trajectories are generated in 
transverse phase space by perturbing the beam at the betatron frequency, a parameter of the beam oscillatory 
behavior.  Neither the focusing magnets that generate the betatron oscillations nor the RF cavities that replace 
the energy lost in the absorbers are shown in the diagram. The blue trajectories indicate the betatron motion 
of particles that define the beam envelope. 

Thus in PIC the phase space area is reduced in x  due to the dynamics of the parametric resonance 
and xʹ′  is reduced or constrained by ionization cooling.  For PIC to work, however, the beam must 
be cooled first by other means.  For this analysis the initial conditions for PIC are assumed to be 
those as might be attained using a helical cooling channel [2] as shown in the table below. 

 
 
 

w  

/ 8λ  
λ  

Absorber plates Parametric resonance lenses 

z
 

RFpΔ
 

inp
 

cool out RFp p p= +Δ
 

abspΔ
 

inp
 

 

 
 
a 

Absorber Plate 
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                   Parameter     Unit equilibrium 
rms value 

Beam momentum, p      
MeV/c 100 

Synchrotron emittance, sε       mµ  300 
Relative momentum spread       % 2 

Beam width due to /p pΔ       mm 1.5 
Bunch length      mm 11 

Transverse emittances, /ε ε+ −   mm-mr  100/300 

Beam widths, 1 2/σ σ       mm 4.5/2.8 

 
Table1: Beam parameters at the output of a proposed 6D helical cooling channel [2]. 

 
   Let there be a periodic focusing lattice of period λ  along the beam path with coordinate z .  
Particle tracking or mapping is based on a single period transformation matrix, M (between two 
selected points, 0z and 0z λ+ ), for particle transverse coordinate and angle, 

0 0

x
z z

x x
M

x x
λ+

⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟ʹ′ ʹ′⎝ ⎠ ⎝ ⎠

, 

with a similar expression for the y coordinate. 
The matrices 

xM  and yM  are symplectic or canonical, which means each has determinant equal to 
one.  Otherwise, the matrix elements are arbitrary in general. Thus, each can be represented in a 
general form convenient for later discussions as follows:  

 
cos sin

1 sin cos

d

d

e g
M

e
g

λ

λ

ψ ψ

ψ ψ

− Λ

Λ

⎛ ⎞
⎜ ⎟= ⎜ ⎟−⎜ ⎟
⎝ ⎠

                                                          (1) 

In particular, the optical period can be designed such that, for sin 0ψ =  (i.e. ψ π=  or 2ψ π= ), the 
evolving particle coordinate and angle (or momentum) appear uncoupled: 

( ) ( )
0 0

d
z z

x e xλ
λ

− Λ

+
= ± and ( ) ( )

0 0

d
z zx e xλ

λ
Λ

+
ʹ′ ʹ′= ± . 

Thus, if the particle angle at point 0z  grows ( 0dΛ > ), then the transverse position experiences 
damping, and vice versa.  Liouville’s theorem is not violated, but particle trajectories in phase space 
are hyperbolic ( xx constʹ′ = ); this is an example of a parametric resonance.  Exactly between the two 
resonance focal points the opposite situation occurs where the transverse particle position grows 
from period to period, while the angle damps.  

 
 B. Stabilizing absorber effect 

 
If we now introduce an energy absorber plate of thickness w  at each of the resonance focal points 

as shown in Figure 3, ionization cooling damps the angle spread with a rate cΛ . Here we assume 
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balanced 6D ionization cooling, where the three partial cooling decrements have been equalized 
using emittance exchange techniques as described in reference [2]: 

1 , 2 2 , 2 / ,
3

abs acc
c abs abs w

γ γ
γ γ λ

γ γ

ʹ′ ʹ′
ʹ′ ʹ′Λ = Λ Λ = = =  

where absγ ʹ′  and accγ ʹ′ are the intrinsic absorber energy loss and the RF acceleration rates, respectively.  

If / 2d cΛ = Λ then the angle spread and beam size are damped with decrement / 2cΛ :  

0 0

/ 2c

z z

x x
e

x x
λ

λ

− Λ

+

⎛ ⎞ ⎛ ⎞
=⎜ ⎟ ⎜ ⎟ʹ′ ʹ′⎝ ⎠ ⎝ ⎠ . 

 C. Reduction of phase diffusion and equilibrium emittance 
 

The rms angular spread is increased by scattering and decreased by cooling,  

( ) ( ) ( )2 2
2

1
2

e
c

Z md x x
dz v mµγ

+
ʹ′ ʹ′= Λ −Λ , 

which leads to the equilibrium angular spread at the focal point: 

 
( ) ( ) ( )

0

2 2
2

11 3
2

e
eq z

c

Z mdx x
dz v mµγ

+
ʹ′ ʹ′= = ⋅

Λ
 

(2)
 

The rms product 
0

1
22 2( ) ( )
z

x x⎡ ⎤ʹ′⋅
⎣ ⎦

determines the effective 2D beam phase space volume, or emittance.  

Taking into account the continuity of x in collisions, the diffusion rate of particle position at the 
focus is a function of 0s z z= − , the local position of the beam within the absorber: 

0
( ) , ,

2 2z
w wx s x sδ δ ʹ′= − − ≤ ≤

 

 
( ) ( )

0

2
2 2

12z

d w dx x
dz dz

δ δ ʹ′= .
 

(3) 

 
Thus, in our cooling channel with resonance optics and correlated absorber plates, the equilibrium 

beam size at the plates is determined not by the characteristic focal parameter of the optics, / 2λ π , 
but by the thickness of absorber plates,w .  Hence, the equilibrium emittance is equal to 

( ) ( ) ( )
0

0

1
222 2 3( ) ( ) 1

42 3
e

x eq zz

mwv x x v x Z w
v mµ

ε γ γ⎡ ⎤ʹ′ ʹ′= ⋅ = = +
⎣ ⎦

.
 

The emittance reduction by PIC is improved compared to a conventional cooling channel by a 
factor 

3 2 3
acc

abs

w γπ π
λ γ

ʹ′
=

ʹ′
. 

 
Using the well-known formula for the instantaneous energy loss rate in an absorber, we find an 

explicit expression for the transverse equilibrium emittance that can be achieved using PIC:  

2

3 1 ( / 2 )1
16 logx acc

e

v
Z nr

λ π
ε γ⎛ ⎞ ʹ′= +⎜ ⎟

⎝ ⎠
. 
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Here Z and n are the absorber atomic number and concentration, er  the classical electron radius, 
andv is the muon velocity.  Here log is a symbol for the Coulomb logarithm of ionization energy 
loss for fast particles:  

2
22log ln p v

h mµν

⎛ ⎞
≡ −⎜ ⎟⎜ ⎟

⎝ ⎠
, 

with mµ  the muon mass and hν the effective ionization potential [3].  A typical magnitude of the 
log is about 12 for our conditions.  The equilibrium emittance in the resonance channel is primarily 
determined by the absorber atomic concentration, and it decreases with beam energy in the non-
relativistic region.  

 
 III. COMBINING PIC WITH EMITTANCE EXCHANGE  

 
Longitudinal cooling must be used with PIC in order to maintain the energy spread at the level 

achieved by the basic 6D cooling from the helical cooling channel.  Emittance exchange must 
therefore be used for longitudinal cooling, which requires the introduction of bends and dispersion.  
Since the beam has already undergone basic 6D cooling, its transverse sizes are so small that the 
absorber plates can have a large wedge angle to provide balanced 6D cooling even with small 
dispersion. Since the beam size at the absorber plates decreases as it cools, the wedge angle can 
increase along the beam path while the dispersion decreases.  In this way, longitudinal cooling is 
maintained while the straggling impact on transverse emittance is negligible.  Thus there is no 
conceptual contradiction to have simultaneous maximum transverse PIC with optimum longitudinal 
cooling.  
 

 
 
 
 
 

 

 

 

 

 

 

Figure 4: Geometry of a wedge-shaped absorber.  The average thickness of the absorber in the beam (s) 
direction is w .  In this diagram, the magnetic field of the dipoles of the channel is along the y axis such that 
the dispersion is in the x direction, where h is the horizontal size of the absorber in the x direction.  The 
wedge angle α  is determined by the requirement that emittance exchange and longitudinal cooling must 
accompany PIC to keep the energy spread small to control chromatic detuning.   

 

h  

α  

x  

w  

y  

s  
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 A. Emittance exchange using wedge absorbers 
 

In order to prevent energy spread growth in the beam due to energy straggling in the absorber, one 
can use wedge absorber plates and introduce dispersion, i.e. make the beam orbit energy-dependent. 
Such dependence results from a beam bend by a dipole field (alternating along the beam line). As 
usual, the particle coordinate relative to a reference orbit can be represented as a superposition 

 
2 bx D x
v
γ

γ
Δ

= +

 
(4)

 where the dispersion D and bx  do not interfere on the particle trajectory. The absorber wedge 
orientation (i.e. the gradient of the plate width) must alternate coherently with the D oscillation.  
Considering only the effects of energy loss in the wedge absorber plates, we find a systematic 
change of particle energy and position bx at the plates: 

2 2

2( )
2

aDx
x v h

γ γ
γ γ γ

γ γ
ʹ′ ʹ′∂ ∂ Λ

ʹ′Δ = Δ + = − Δ
∂ ∂

 

2 2
0 02( ) 2( ) .

2
a

b d b
Dx x

v h
Λ

ʹ′ = − Λ −  

Here we introduced the parameter h as an effective height of the absorber wedge as indicated in 
figure 4: 

1 1h
x
γ

γ
− ʹ′∂
=

ʹ′ ∂
, 

and aD , the dispersion at the absorber plates.  Thus, if the ratio /aD h  is positive, there is damping 
of the energy spread while the phase cooling decrement decreases.  Let us assume an arrangement 
that makes the decrements of the three emittances equal to / 3Λ  yet leaves equal the damping 
decrements of beam size and angle spread at the absorber plates. This assumption leads to the 
following relationships: 

    222 (1 )
3a oD h v D= − ≡ .                                                                   (5) 

 
 

 
 IV. PIC FOR AN IDEALLY TUNED BEAM 

 
 
 A. Transverse equilibrium 
 

The dispersion introduced for longitudinal cooling will also cause transverse emittance growth 
because of straggling, the stochastic change of particle energy due to scattering off of electrons in 
the absorber [4].  The related change of the particle ‘free’ coordinate bx  after scattering in a plate 
can be found simply taking again into account the continuity of the total coordinate x:    

0 2 0.bD x
v
δγ

δ
γ

+ =  

Thus we find the betatron coordinate diffusion rate due to energy straggling: 
 

2 2
2 2 2

2 4 2

1 1( ) ( )
2 8 log

e
b str a

md D dx D
ds v ds v mµ

γ
δ δγ

γ γ
Λ +

= = . 
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Combining this with the angle scattering in equation (3), we obtain the total rate of betatron 
coordinate diffusion and the associated beam size at the absorber plate and the emittance: 

 
2

2 2 2 2 2
2

1 1 2( ) 4 (1 )
8 3 log 3

e
b

m Zx w h v
mµ

γ
γβ

⎡ ⎤Λ + +
ʹ′ = + −⎢ ⎥

⎣ ⎦
 

 

2
2 2 2 2 2

2

1 1 2[( 1) 12 (1 ) ]
8 log 3

e
b

m Z w h v
v mµ

γ
σ

γ
+

= + + −

 
(6)

 
0 0 0eq vε ε γ ϑ σ= ≡  

 
The contribution of straggling to transverse emittance growth can be minimized by reducing the 
wedge absorber horizontal size h .  However h  must be large compared to bσ .  Let us 
introduce /h b hχ σ= , then equation (6) can be written: 
 

2 2
22

2 2
2 2

1 1
3 1 28 1 (1 )

2 log 3

e
b

e

mZ w
mv m v

v m
µ

µ

σ
γγ

χ γ

+
=

+
− −

 

 
The condition for straggling not to be important is 
 

2
2 1/2

2

2 3 11 (1 )[ ]
3 2 log

emv
v mµ

γ
χ

γ
+

>> >> −  

 
B. Optimum cooling and PIC equilibrium 
 

We define optimum cooling by equating the three emittance cooling rates (thus, making each of 
them equal to 3/Λ ) to obtain the following relationships: 

 

 

2
2

4 1 12 ;
3 2 6

dD v
h v

Λ
= − = −

Λ
  

(7)
   

Then the balance equations lead to equilibrium as follows: 

 

2
2 2

2

3 1( 1 )
2 4log

em Z D
v mµ

γ
θ

γ
+

ʹ′= + +

 
(8)

 

 

2
2 2 2

2

3 1 1( )
2 12 4log

em Z w D
v mµ

γ
σ

γ
+ +

= +

 
(9)

 
2

2
2

3 1( )
8 log

emp
p v mµ

γ
γ

Δ +
= ⋅ . 

For the conditions that follow from equations (8) and (9),  
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1/ 2

2

12 log
1

ZD
γ
⎛ ⎞+

ʹ′ << ⎜ ⎟+⎝ ⎠
and 

1/2

2
2

( 1) log
2 12( 1)(1 )
3

w Zh
v γ

⎡ ⎤+
⎢ ⎥+⎣ ⎦−

= , 

 
the equilibrium normalized transverse emittance and beam size σ  will be close to minimum values: 

 
0

3 ( 1) ,
4 2 3

em wZ w
v mµ

θ
ε ε σ⊥ ⊥⇒ = + =

. 
(10)

 
  
 C. PIC potential 
 

The equilibrium emittance (5) can be expressed as function of the intrinsic energy loss in the 
absorber, iE ʹ′ and the average energy loss or accelerating field using the 
relationships >ʹ′>=<ʹ′=<ʹ′ accii EEEw )/2( λ :   

0
3 ( 1)
8

e i

i

m E Z
v m Eµ

ε λ⊥

ʹ′< >
= +

ʹ′
. 

The emittance that can be achieved after an “ordinary” (non-resonance) 6D cooling [1] in hydrogen 
absorber is (3 / 2 )ord em vmµε λ π= ; so PIC results in the reduction of transverse emittance by a 

factor )1(
34

+
ʹ′
>ʹ′< Z

E
E

i

iπ
. As a function ofZ , the factor )1/( +ʹ′ ZEi is about (60/ 2v ) MeV/m in case 

of beryllium (compare with (15/ 2v ) MeV/m in case of liquid hydrogen) and does not change 
significantly with Z  for heavier elements. Note that use of absorbers with large atomic number is 
disadvantageous because of the small thickness of the plates, which makes it difficult to tune to 
resonance.  Note also that the equilibrium emittance can be decreased by decreasing the plate 
thickness and lowering the accelerating field, which makes the beam line longer.  Thus the cooling 
rate and equilibrium emittance are limited by beam loss due to muon decay. For an optimal PIC 
design, the plate thickness w should diminish along the cooling channel, starting from a maximum 
determined by the available accelerating voltage.  Table 2 illustrates the PIC effect. 
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Table 2:  Potential PIC effect 

Parameter Unit Initial Final 

Beam momentum, p  MeV/c     100      100 

Distance between plates, / 2λ  cm      19       19 

Plate thickness, w  mm      6.4       1.6 

Intrinsic energy loss rate (Be) MeV/m     600      600 

Average energy loss MeV/m       20       5 

Angle spread at plates, rms, θx = θy,    
 mr     150      200 

Beam transverse size at plates, rms, x yσ σ=  mm      2.0          0.1 

Transverse rms emittance, norm.  
yx εε =  µm     300       20 

Momentum spread , pp /Δ , rms %      2.7       2.7 

Bunch length zσ , rms cm       1        1 

Longitudinal emittance mcpz /Δσ  cm 2.7x10-2 2.7x10-2 

PIC channel length m              100 

Integrated energy loss     GeV               0.7 

Beam loss due to muon decay        %               15 

Number of particles/bunch               1110  

Tune spread due to space charge*, λλ /Δ       .001              0.75 

*To overcome the space charge impact on tuning, one can implement a beam recombining scheme, 
namely,  generate a low charge/bunch beam and recombine bunches after cooling and acceleration 
to sufficiently relativistic energy (under investigation).  
 
 

  V. TUNING DEMANDS OF PIC 
 

For PIC to work at all, the relative spread in betatron function must be much smaller than the ratio 
of the betatron function to the cooling length, 2 /cl mc Eγ ʹ′= < >: 

cl
β β
β
Δ

<< . 

The phase advance accumulated along a single cooling decrement length must be smaller than the 
absorber thickness divided by the beta function in order for PIC to work with full efficiency: 

2

( )

cl

s wdsδβ
δψ

β β
= <<∫ ., 

i.e.                   
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The precision required to control elements for compensating tune spread  is  

c

w
l

β
βΔ

. 

 
Random linear optics errors lead to a requirement for beta function control:   
 

c

c

lw
l

β
β β
Δ

<< . 

 
 

VI.  PIC IN A SNAKE CHANNEL    
 

A. Alternating dispersion and linear optics design 
 

The main constraint of parametric resonance ionization cooling channel design is to combine low 
dispersion at the wedge absorber plates (for emittance exchange to compensate energy straggling) 
with large dispersion in the space between plates (where sextupoles can be placed to compensate for 
chromatic aberration).  This constraint can be achieved in a channel created by an alternating dipole 
field as indicated in figure 5.  
 

 
Figure 5: Lattice functions of a beam cooling channel suitable for PIC showing D, the dispersion (blue), the 
horizontal betatron amplitude ux (red), and two possible solutions for the vertical betatron amplitude, uy1 and 
uy1 (green). The triangles represent the wedge absorbers.  The dipoles and quadrupoles are not shown.  

 
In such a channel, the dispersion alternates with the orbit displacement. The absorber plates then are 
positioned near zero dispersion points. Obviously, the betatron (i.e. focusing) wave length in 
horizontal plane must not be the same as the bend and dispersion periods, but it should be two  
times longer.  Thus one should design the alternating bend, non-coupled linear optics channel such 
that the dispersion and wedges maintain the minimum momentum spread (~2.5%) and that the 
dispersion is small enough at the absorbers to prevent a straggling impact on the horizontal 
emittance, but large in between to compensate for chromatic detuning. 

 
The notation for the following discussion follows the normal conventions: 
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Three possible cases suitable for PIC are: 

 
 
 
 
 
 
 

 
To avoid resonance between the dispersion and horizontal betatron motion, the dispersion period 
0λ must be half or one quarter of xλ . The third option seems preferred due to large horizontal 

aperture. 
   It is convenient to use a symmetric lattice to simplify the linear optics design and the addition of 
aberration correction elements. The symmetry relative to the absorbers can be chosen naturally with 
K and D antisymmetric and K2 and n symmetric.  Note that D is not exactly antisymmetric since 
some small dispersion is needed at the absorbers in order to create the emittance exchange required 
for longitudinal cooling. 

Since the lattice we need is designed with correlated dispersion and betatron motion, we are 
sensitive to unwanted strong linear structure parametric resonances that must be avoided.   
The desired driving parametric resonance can be arranged in two planes by modulation of B and n, 
but preferably by specific weak lenses. 

 
                                                     B.  Parametric resonance in a horizontal plane 

  
Here we derive the equations for a perfectly tune snake channel with no tune spread.  Consider 

motion in  two planes: 
                                           
 

 
 

where  are constant detunes in two planes from exact correlated optics, while 
is frequency modulation parameter due to introduced alternated quadrupole field. 

yx λλ = )( 2 nnK ≈−

yx λλ 2= )
4

( 2 nnK ≈−

xy λλ 2= )4( 2 nnK =−
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Let us represent the oscillator motion in terms of “slow” variables )(),( zbza that would be constant 
at detunes and modulation      
 

 
 

                                   
 

 
                                                          
Here, a and kb represent particle coordinate and angle in the x-plane, respectively, at points of the 
beam orbit where 0sin =kz , while at points where 0cos =kz  the coordinate and angle are 
correspondently represented by b and ka. Let us rewrite above relationships using the variables 
a andb as functions of x and :xʹ′  
 

 

 
 

 

 
 
 

                                           
 

 
 
Then, we can easily find the derivatives aʹ′ and bʹ′  by taking into account the equation of motion:  
 

 
 

 
 
 

 
      Thus, we derived the equations of motion in terms of slow variables a andb . The coefficients of 
these equations are periodic with period / kπ . Assuming that both parameters ζ andν are small, we 
can approximate the change of a andb during a single period by simply integrating the equations 
over one period at a =const, b = const on the right side of the equations. Then we find:     
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   Let us assume 0ζ > . According to these equations the beam experiences an exponential 

shrinkage at points where sin 0kz = , where we can put absorbers.  The angle spread would grow 
exponentially if it were not constrained by the ionization cooling due to the absorber.  
Correspondently, the beam size grows while angle spread damps at points cos 0kz = . Thus, at the 
exact parametric resonance we observe the hyperbolic dynamics identical to that described in 
section II above.   
      At a finite detune,  

 
 

 
 
      By complementing the lattice with skew quadrupole harmonic  it is possible to have 
the parametric resonance condition also in the vertical plane, to reach the beam focused 
simultaneously at the same point in both planes.   
 
C. Two-dimensional parametric resonance by introducing a coupling resonance 
 
     Another possibility that could be more convenient would be to introduce a coupling resonance as 
a way to equalize the cooling rates in each transverse plane and to simplify the parametric resonance 
design by using skew-quads.  
     Other important attribute of the coupling resonance is that it also can be effectively used to 
reduce the number of compensation conditions for detuning due to numerous chromatic, 
geometrical, and non-linear aberrations in the optics of the PIC channel.  This reduction becomes 
critical while approaching equilibrium at the end of the PIC process. 
 
Coupling resonance in correlated optics channel 
 
      It is critically important to design the two betatron periods to be different by a factor of 2 so that 
the coupling resonance causes beam rotation in space at the absorber, while keeping the horizontal 
and vertical beam sizes small and maintaining the PIC condition. The skew gradient field should 
alternate with a frequency equal to the difference of the two betatron frequencies. 

 
                                                        
 

 
 
                                                              
 

 

DE-SC0005589 EPICYCLIC HELICAL CHANNELS FOR PIC Muons, Inc.

Page 72 of 130



 16 

 
                                                               

 
 
                                                  
                                                
  
 
    By applying the averaging method to the equations of x and y motion in terms of slow variables a 
and b as above used in the case of the parametric resonance, we obtain the coupled x-y dynamics 
with equations as follows:    

 
               

 

 
 

                            
  

                            
 

 
 

 
 

 
;   ;    

;   ;                      

 
 

    The equations show that the coupling resonance causes beam rotation at the absorbers (where the 
beam is focused by the parametric resonance), while it does not change the sum of the Courant-
Snyder actions.  

 
 

 
PIC  channel  with  parametric  and  coupling  resonance  
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If the coupling parameter g is large enough compared to the rates of the parametric resonance and 
ionization cooling, the coupling resonance will effectively equalize the PIC dynamics and cooling 
rates of the two planes.   
 

 
 

 
 
 
                                     D. 2d PIC in snake channel with coupling resonance 
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                                                    →   
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at 
                      , 
 
 
                     
 
so, it should be: 

 
 
An example of a particular implementation of the snake channel is presented in Appendix B. 

 

VII.   COMPENSATION FOR ABERRATIONS IN SNAKE CHANNEL 
 

The realization of Parametric-resonance Ionization Cooling requires compensation for tunes 
spreads caused by numerous aberrations: chromatic, spherical, and non-linear field effects. Our 
analysis of the compensation is based on the expansion of Hamiltonian function for a plane snake 
type beam transport derived in the Appendix A.     

 
A.  Compensation for the chromatic effects 

 
The 3d power Hamiltonian terms  
 
The 3d order terms to be compensated are seen in the expansion of the Hamiltonian presented in  
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Appendix: 
 

2 2 2 3 2
3

3 2 3 2
3

1 1( )( ) [( ) ]
2 2

1( 3 ) ( 3 )
3

x y

y sext

H p p q Kx K K n x nxy

x xy K xyp n x xyα

= − + − − + −

ʹ′− + − − −

 

3
3

1 ( 3 )
12
K K Knα ʹ′ʹ′≡ − −  

 
where the parameter sextn  is the field index of the introduced sextupole components. 
 
 Chromatic Hamiltonian 
 
     The chromatic terms in the initial general form are defined as linear on particle momentum 
deviation from the reference particle: 

 
here 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 
Rate of change of amplitudes  and  is given by the canonical equations: 
 

 
 

 
 

and similar for the  plane. 
     In our correlated optics PIC channel, all the coefficient functions of the Hamiltonian are periodic 
on the longitudinal coordinate  with period of lattice or twice of it. Therefore, compensation for 
aberrations due to chromatic and non-linear effects are equivalent to demand that change of 
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amplitudes   and  over a period should be equal to zero or small enough in order not to disturb 
significantly the ionization cooling process compared to the case of an ideal linear optics tuned to 
the parametric resonance. Change for a period can be found by integration of equations for the 
amplitudes a and b over a single period, using the iteration method. In the first order approximation, 
the change is given by integration of the right sides over a period at constant amplitudes  and ; so 
the compensation requirement can be express in terms of averaging over a period: 

 
 

 
Compensation for chromatic tune spread 
 
Let us first consider the dynamics in absence of absorber and RF field, i.e. . 

 
 

  
 

 
 

 
The compensation for chromaticity problem is simplified for a lattice which is symmetric about the 
mid-point between absorbers; this conditioning can be naturally arranged. Taking this symmetry 
into account, we find: 
 

  
 
and similar for  and , while: 
 

  
 
So we have 

 
 
Then, the averaged Hamiltonian function  is reduced to the following expression: 
 

 
 
and the correspondent averaged equations for the amplitudes are as follows: 
 

 
 

 
 
Complete compensation for the linear chromaticity 
 

There are four equations for complete linear compensation of chromatic tunes :  
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Sufficient compensation 
 
In practice, it might be enough to satisfy only two requirements 
 

 
 
thus removing excitation of the -modes of particle trajectories by the chromatic detunes. In this 
way, the introduced parametric resonance will provide beam focusing at the absorbers, consequently 
reducing the scattering effect. Estimates for typical momentum spreads show that, perturbation of 
the -modes according to equation for the amplitude a (i.e. increase of angle spread at absorbers) is 
relatively small.  
 
 Design of compensating sextupoles  
 
      To satisfy compensation conditions, the compensating sextupole field should be designed for 
case reflecting the field behavior along the beam path by two harmonics as 
follows:  
 

       
 
 
Parasitic parametric resonance and its compensation 
 
      With absorbers and RF field in the channel, particle energy in a single period varies with 
coordinate . Considering integration of equations for the amplitudes inside a single cell, one can 
represent variable  as  

 
 
where  is constant inside a period, but is experiences a change (“jump”) over every period  with 
particle synchrotron phase   (in linear approximation): 
 

 
 

      The alternate part    is phase dependent together with : 
 

 
 

      The average Hamilton function now has a “parasitic” parametric resonance addition, due to that 
 oscillates with a period twice (and four times) shorter compared to the periods of  the  and  

betatron oscillation, respectively: 
 

. 
Note that,  

 
 
due to the odd symmetry of  
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     The change in rates of  and  are given by the canonical equations: 
 
 
 
 

 
 

 
here 
 

 
 
   Strength of this parasitic resonance is of the order of value of cooling decrement, hence about 

same strength as of the induced, the driving parametric resonance. The phase independent part of 
the parasitic resonance can be compensated by a simple correction of the resonance driving force. 
Effect of the phase dependent part is relatively small due to the two factors. One is that phases   
particles are small. Other is that  are experiencing the synchrotron oscillations, frequency of which 
is large compared to the cooling and parametric resonance decrements. After all, phase dependent 
part can also be compensated by a specific RF arrangement, if needed; however, such sophistication 
seems not required. 
 

B.   Compensation for spherical and other 4th order aberrations 
 

The 4th order Hamiltonian terms 
 
The spherical and some other geometrical terms to be compensated are seen in the fourth power 
terms of the expansion of the Hamiltonian:   

2 2 2 2 4 2 2 4 4
4 3 4

2 2 4 2 2 4 4 2 2
4

1 1( ) ( ) ( 3 ) ( )
8 2

1 1( 3 ) ( 6 )
3 4

x y

sext oct

H p p K xy K x x y x y

x y Kn x x y n x y x y

α α

β

ʹ′= + + − + − −

− − − − + −

 

Here we use the following notation:
  

                                                                
3

3
1 ( 3 )
12
K K Knα ʹ′ʹ′≡ − −  

)(
24
1 2

4 δα +ʹ′ʹ′−= nnK  

4 3
3 1
2 4
Kβ α δ= − +  

KKKnKK ʹ′ʹ′−ʹ′−+= 32
2
9 224δ , 

and octn is the field index of the introduced octupole components. 
 
Compensation for the 4th order effects 
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The main compensation conditions that are connected to the 4th power of oscillation mode are 
antisymmetric about the absorber points of the snake orbit. (Note that the symmetric oscillation 
components damp!)  These conditions are: 

 
4 4

3 4

4 4
4

2 2
3 4

1 18 ( )
3 4

18 ( )
4

34 (3 )( ) ( )
2

sext oct x x

oct y y

sext oct x y x y

K Kn n u u

n u u

K Kn n u u u u

α α

α

α β

ʹ′< + + + >=< >

ʹ′< − >=< >

ʹ′ ʹ′< + − − >=< >

 

The compensating octupole field design for the case that 
== yx λλ 2

02 4x yλ λ λ= =  should include a constant 

component and the two lowest harmonics of the lattice period: 
 

0 1 0 2 0cos cos2oct oct ont octn n n k s n k s= + + . 
 

• Typical magnitudes of the spherical and non-linear detunes  
• Coupling resonance and non-linear instabilities in a channel with correlated optics 
• Required precision control of the compensating magnets 

 
 
Compensation for Higher Order Aberrations 

 
Other 4th power terms result from the second order effect of the 3d power Hamiltonian as shown 

in the Appendix. Finally, there are several higher power terms in the expansion of the Hamiltonian 
function which may also require compensation.  Compensation for all these terms can be greatly 
simplified by the use of a coupling resonance, as discussed above.  The relevant compensation tools 
(related multipole field components, beam simulations, and experimental diagnostics) are subject of 
further study.  One example involves simulation software COSY INFINITY [9] that is a highly 
efficient tool for aberration corrections (Appendix C). 

 
VIII. TUNE SPREAD DUE TO MUON SPACE CHARGE IN THE PIC CHANNEL 

 
The tune spread due to the space charge of muon bunch under PIC can be estimated from first 
principles based on: 

 

2
xx k x fʹ′ʹ′+ =

 
(11)

 
2

2 1
β

≡k  

with space charge transverse force, xf . The maximum tune shift is produced for particles near the 
beam center, while for large amplitude particles (beam tails) the shift tends to zero. Therefore, the 
absolute tune spread value can be found by calculating the tune shift for the center particles. Here, 
assuming bunch longitudinal size large compared to the transverse beam size (round beam), the 
transverse space charge force can be approximated by linear behavior as follows:  

x
v
rsn

ffx 23
0

0

)(2
γ

π µ≡⇒ , 
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where the density factor 0 ( )n s is controlled by the beam envelope developed in the PIC process.  
For a Gaussian charge distribution in the bunch, the density factor is found equal to  

0 3/2 2( )
(2 ) ( ) s

Nn s
sπ σ σ⊥

=
 

with ( )sσ⊥ and s constσ = for beam rms size in transverse and longitudinal direction, respectively. 
Since the tune spread due to space charge is supposed to be small (as for any source of tune spread), 
the effect can be calculated by the perturbation method. For this, we transform the description of 
transverse dynamics to variables a and ψ , according to the representation      

 
sinx a ψ=

 
(12)

 
 

cosx ka ψʹ′ =

 
(13)

 For unperturbed motion in a focusing lattice, we have a const= and ks constψ = + . Our aim is to 
calculate the average change of phase advance per betatron period due to the space charge force. For 
this, we express the phase ψ  as a function of x  and xʹ′using equations (12) and (13): 

.
x
kxtg
ʹ′

=ψ     

By taking the derivative of this equation along “time” s , we find a relationship 

;
cos 22 x

xkxk
ʹ′
ʹ′ʹ′

−=
ʹ′

ψ
ψ  

By substituting ψcos according to equation (11)  and x ʹ′ʹ′ according to equation (13) we find: 

2ka
fxk −=ʹ′ψ . 

Now, we will integrate this equation along the unperturbed oscillation trajectorya const= , ,ks=ψ  
for a particle near the beam center: 

2

2

23
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2
0

0

2
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π
ψδ µ−=−=ʹ′  

or 

)(
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2
)( 2

2

230 sv
Nr

z ⊥

−=ʹ′
σ

ψ
σπγ

β
ψδ µ . 

 
In the PIC process, particle trajectories tend to focus at absorber points, then there is a full spread in 
amplitudes *

0 βθσ ⇒=Δa determined by the angle spread at the absorbers  
                                                               

 

*2
2

3( 1)
2

eZ m
v mµ

θ
γ
+

=

. 
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Thus, the beam envelope at the end of the PIC process is described by 
                                              2 2 2 *2

0( ) sins ksσ σ σ⊥ ⇒ + , 2 *2
0σ σ>>  .   

Then, 
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Note, that the moment of crossing the minimum transverse size (at the absorber) does not bring a 
dominating contribution to the space charge phase advance. In fact, the instantaneous tune shift is 
almost constant along the beam envelope. Then we find an accurate estimation for phase advance 
per period of betatron oscillation and tune shift for center particles, and tune spread:  
 

(!")0 = (! !" )ds " 2!"(! !" )0!#  
 

πσθγσ
β

πσγπ
δψ

δνν µµ

222
)(

2*232
0

2

23
0

0
zz v

Nr
v
Nr

=≈−≡−=Δ  

 
 Finally, by taking into account relationship (14), we find: 

.
2)1(3

2
2 πσγ

ν
z

e

Z
Nr

+
=Δ  

This formula was used for the numerical estimate of tune spread due to the space charge at PIC 
equilibrium shown in Table 2. 

It should be noted that the tune spread due to space charge is determined in PIC not by the beam 
transverse phase space (true emittance reduced by PIC), but by the beam characteristic size between 
absorbers and beam optics along the PIC channel. Remarkably, the tune spread is determined, in 
fact, simply by the angle spread at the absorbers, which is not function of beam optics at all.  
Finally, the resulting expression for tune spread depends only on the absorber atomic number Z.   
The beam transverse phase space (true emittance) after PIC will be transformed by matching optics 
to a conventionally defined beam emittance.  
 

IX. AN OPTIMIZED PIC DESIGN 
 

In order to approach a practical PIC design, the cooling channel parameters can be modified as the 
beam is cooled.    

First of all and in general, PIC may start with reasonably thick absorbers in order to minimize the 
beam path while developing the parametric resonance beam envelope.  

The maximum initial cooling rate may be limited by the available accelerating RF power. To 
alleviate this limitation, the initial cooling sections can be effectively isochronous, without RF, 
where the lattice magnet strengths scale with the decreasing beam momentum.  The beam energy 
could then be restored by RF cavities installed between cooling sections.   

Also note that at the beginning and during the middle PIC stages, high precision compensation for 
aberrations is not required since the beam is not so well focused.  Thus the design of the PIC 
channel for the initial stages can be relatively easy compared to the final stage. 

X. CONCLUSIONS 
 
In this paper we have introduced the basic theory of ionization cooling using parametric 

resonances and discussed the requirements that must be satisfied to achieve significant beam 
cooling using this technique.  We have derived the effects of chromatic, spherical, and non-linear 
field aberrations and described how these aberrations can be compensated.  That PIC must be 
accompanied by emittance exchange and that these two techniques are compatible has been 
demonstrated.  We have suggested a particular transport scheme using alternating bends to achieve 
the two requirements of small dispersion at absorbers and large dispersion where aberrations can be 
compensated.  In addition, the use of a conservative coupling resonance is proposed with the 
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purpose of providing equal parametric resonance and cooling rates in the two planes of the beam 
transport line, and of simplifying the aberration compensation design and control.  

We are developing RF schemes to provide regeneration of the energy lost in the absorbers and to 
use synchrotron motion as an additional correction to chromatic effects [5], to include wedge 
engineering limitations, and to use realistic aberration correction magnets to provide guidance for 
simulations. 
 
             APPENDIX A: HAMILTONIAN FRAMEWORK FOR PLANE BEAM BEND 
 
Hamilton’s method in dynamics provides a convenient and effective analytical technique of 
formulating, reducing and solving the equation of particle motion in an external field. A particular 
feature of this method is that it allows one to immediately recognize and utilize the dynamical 
invariants and canonical relationships between the invariants and some important characteristics of 
particle motion, such as orbital tunes, dispersions and others. The method is based on introduction 
of the Hamilton function of particle coordinates and canonical momenta in a chosen coordinate 
frame. 
   In classical dynamic theory, a conventional way of Hamilton’s formulation is based on 
transformation from Lagrange-Euler equations to Hamilton’s equations, either explicitly or through 
Hamilton-Jacobi method. Meanwhile, there exists a possibility to obtain the classical Hamilton 
function and canonical equations, starting with the Schrödinger or Klein-Gordon equation of 
quantum mechanics. In this way, the Hamilton formulation appears immediately as an initial or 
fundamental in classical mechanics (viewed as an asymptotic limit of the quantum description); the 
Lagrange-Euler formulation then is not inquired. 
    An ordinary Hamilton form is the energy function 

 

Ht (
!
P, !r ) = p2 +m2 + At = (

!
P !
!
A)2 +m2 + At ,  

 
with equations of motion 

d
dt
!
P = ! "

"
!r
Ht ;           

d!r
dt
=
!
!
!
P
Ht  

 
 

A. Hamilton function in s-representation of the reference orbit 

    In the case of a particle beam transported along a curved but plane reference orbit, it is 
convenient to consider beam path coordinate s as a time argument, while the time can be treated as 
one of three independent coordinates , , .x y t  As usual, we introduce Frenet frame with variables 
, , ,x y s t : 

!
r =
!
r0 (s)+ x

!
ex + y

!
ey ;     !!r0 =

!es;    
!
!ex = K

!es;    
!
!es = "K

!
ex    

0 0Kp B=  
The Hamiltonian function and equations of motion in this representation can be quickly derived 
using the covariant equation for the wave function !(!r ,t),or the relativistic Schrödinger equation  
 
                                                0),(])()ˆ[( 222 =Ψ−−−− trmAPAP tt


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where   
t

iHt ∂
∂

≡ ˆ      and  ∇≡
∂
∂

−≡





r
iP̂         

          
are the time and space components of four-vector momentum as a quantum operator. In Frenet 
frame differential operator 

!
!  is written as  

                                                      
!
! =
!ex
"
"x
+
!es

1+Kx
"
"s
+
!ey
"
"y

 

In the quasi-classical limit, the Schrödinger equation can be rewritten, optionally, in two equivalent 
forms: 

 
A) 

                                     Ψ≡Ψ++−=Ψ
∂
∂

tt HAmAP
t

i ˆ])ˆ([ 22


 , 

with corresponding classical equations of motion 

d
!̂
P
dt

= !
1
i!
[Ĥt ,

!̂
P]" d

!
P
dt

={Ht ,
!
P}= ! #

#
!r
Ht

d!r
dt
= !

1
i!
[Ĥt ,
!r ]" d!r

dt
={Ht ,

!r}= #
#
!
P
Ht

 

where 
tH is the conventional form of the Hamilton function (t-representation):  

 

                                        
tt AmAPH ++−≡ 22)ˆ(


; 

B) 
 

i! !
!s
" = #(1+ Kx)[ (Ĥt # At )

2 # (
!̂
P
$
#
!
A
$
)2 #m2 + As ]"% Hs",  

 
 
with equations of motion (in a classical limit) 

x sP H
x
∂

ʹ′ = −
∂

;   s
x

x H
P
∂

ʹ′ =
∂

;   ;y sP H
y
∂

ʹ′ = −
∂

   s
y

y H
P
∂

ʹ′ =
∂

 

 

;t sH H
t
∂

ʹ′ =
∂

     st H
s
∂

ʹ′ =
∂

 

 
where 

sH is the Hamilton function in s-representation: 
 

                                     
Hs ! "(1+ Kx)[ (Ht ! At )

2 ! (
!
P
!
"
!
A
!
)2 "m2 + As ]

= !(1+ Kx)( p2 ! p
!
2 + As )

 

     
    Thus, in s-representation the Hamiltonian coincides with the canonical momentum (with a 
reversed sign) 

(1 )( )s s sP Kx p A= + +  
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taken as a function of energy and transverse momentum according to the covariant equation 
222 mpE =− : 

2 2(1 )( ) (1 )( )s s s sH Kx p A Kx p p A⊥= − + + = − + − +
r

; 

!p
!
=
!
P
!
"
!
A
!

;           ;x x xp P A= −     y y yp P A= −  

t tH E A= +           2 2 2p E m= −  

2 2 2 2(1 )[ ( ) ( ) ( ) ]s t t x x y y sH Kx H A m P A P A A= − + − − − − − − +  

 
  B. Equations for vector potential of the magnetic field 

 
We use the standard definition of vector potential of static magnetic field in vacuum: 
 !

B =
!
!"
!
A  

 !
A = As

!es + Ax
!ex + Ay

!ey  
 !

!
!
A= 0,

!
!2
!
A= 0     

!
!
!
A = 0

 
!
!2
!
A = 0;

    
!
!
!
A = 0

 
In Frenet frame we have the following equations: 

!
!2
!
A= [ 1

1+ Kx
"
"x
(1+ Kx) "

"x
+
"2

"y2
+

1
1+ Kx

"
"s

1
1+ Kx

"
"s
]
!
A= 0  

 

(1 ) (1 ) 0s
x y

A
Kx A Kx A

s x y
∂ ∂ ∂

+ + + + =
∂ ∂ ∂

 

 
Let us introduce the transverse part of the Laplace operator as 

2

2

1 (1 )
1

Kx
y Kx x x⊥

∂ ∂ ∂
Δ ≡ + +

∂ + ∂ ∂
; 

 
Then we rewrite equations for vector components as follows: 

2

2

1 1[(1 ) ( ) ( )] 0
(1 ) 1
1 1[(1 ) ( ) ( )] 0

(1 ) 1

s x
s x s

x s
x s x

A AA Kx KA K KA
Kx s Kx s s

A AA Kx KA K KA
Kx s Kx s s

⊥

⊥

∂ ∂∂
Δ + + + + − =

+ ∂ + ∂ ∂

∂ ∂∂
Δ + + − − + =

+ ∂ + ∂ ∂

 

 
1 1 0

1 1y yA A
Kx s Kx s⊥

∂ ∂
Δ + =

+ ∂ + ∂
 

 
 
C. Expansion of the s-Hamiltonian 
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Below we will expand the vector potential and s-Hamiltonian in powers of deviations of particle 
momentum and transverse coordinates relatively the reference trajectory, in terms of the Frenet 
frame, including all terms up to the 4th power.  
   Expansion of s-Hamiltonian on momentum vector 
 

2 4
2

0 3
0 0 0 0

(1 ){ [1 ( ) ] }
2 8s s
p pp pH Kx p p A
p p p p
⊥ ⊥Δ Δ

≈ − + +Δ − − + − +  

!p
!
=
!
P
!
"
!
A
!

 
 

Expansion of the vector potential of magnetic field 
 

1 2 3 4;s s s s sA A A A A≈ + + +  
 !

A
!
"
!
A
!1 +
!
A
!2 +
!
A
!3  

 
 
The first and second order terms of vector potential 
 
Longitudinal component: 
 

xsBAs )(01 −=  
 

As2 = !
1
2
(!x2 + ny2 );  

 
!"(As1 + As2 )0 # 0$! = %n%K 2  

 

As2 =
1
2
[(K 2 + n)x2 ! ny2 ]  

 
Transverse components: 

;02 =xA

!
A
!1 = 0  

 
2 0;xA =        2 2y yA xyγ=  

 
2 2 20y y yx K x K A K xyγ γʹ′ ʹ′ ʹ′− = → = → =  

The third order terms of vector potential  
 
   Longitudinal component: 
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2
2 31

1 2 3 12

2 2
2 3

3 2 12 2

( ) ( )

( ) ( )

s
s s s s

s s s

A
A A A K A K K x

s

A K A K A K K x
x y x

⊥

∂
ʹ′ʹ′Δ + + = − + = −

∂
∂ ∂ ∂

ʹ′ʹ′+ + − = −
∂ ∂ ∂

 

 
3 2 3 2

3 3 3ˆ( 3 ) ( 3 )s s sA x xy x xyα α= − + +  
 

3
3

1ˆ ( 3 )
12s K K Knα ʹ′ʹ′= − −  

 
Transverse components of the third order: 
 

( !
2

!x2
+
!2

!y2
)Ax3 =

!
!s
KAs1 + K

!
!s
As1  

3 3 2 2 0x y y sA A Kx A A
x y y s
∂ ∂ ∂ ∂

+ + + =
∂ ∂ ∂ ∂

 

2 2

3 22 2( ) 0y yA K A
x y x
∂ ∂ ∂

+ + =
∂ ∂ ∂

 

 
3 2 3 2

3 3 3ˆ( 3 ) ( 3 )x x xA x xy x xyα α= − + +  
 

3 2
3 3

ˆ ( 3 )y yA y x yβ= +  
 

KKx ʹ′−=
4
1ˆ 3α

3
1 1( )
3 2x KK nα ʹ′ ʹ′= − +  

3 2 3 2
3

1 1(2 )( 3 ) ( 3 )
6 4xA KK n x xy KK x xyʹ′ ʹ′ ʹ′= − + − − +  

3 2
3

1 ( 3 )
12yA K xy KK y x yʹ′ ʹ′= − +  

The fourth order terms of vector potential (longitudinal component only) 
 

( !
2

!x2
+
!2

!y2
)As4 = !K

"As3
!x

+ K 2x
!As2
!x

" K 3x2
!As1
!x

" ( !
2

!s2
! K 2 )As2 +

2Kx( !
2

!s2
! K 2 )As1 + K ' x

!As1
!s

 

 
As4 =!s4 (x

4 + y4 !6x2 y2 )+!s4 (x
4 ! y4 )+! s4x

2 y2  
 

4 3
3 1ˆ
2 4s sK aγ α= − +  
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2
4 3

1 1 1( )
4 24 24s sK K n n aβ α ʹ′ʹ′= − + − +  

4 2 29 2 3
2

a K K n K KKʹ′ ʹ′ʹ′≡ + − −  

 
Expansion of the s-Hamiltonian on vector potential    

 
1 0 0( ) ;H Kp B x p p= − − −Δ ⇒−Δ

   

H2 = !Kx!p+
P
!
2

2p0
! KxAs1 ! As2  

 

H3 =
P
!
2

2p0
(Kx ! "p

p0
)! KxAs2 ! As3 !

!
P
!

!
A
!2

p0
 

 

H4 = !Kx(
!
P
!

!
A
!2

p0
+
P
!
2

2p0
2
!p+ As3)+

!
A
!2
2

2p0
+
P
!
4

8p0
3
!

!
P
!

!
A
!3

p0
+
P
!
2 ("p)2

2p0
3

! As4  

 
D. Second order Hamilton function for the linear optic design 
 

2 2
2 2 2

2
1 [( ) ]

2 2
x yP P

H Kx p K n x ny
+

= − Δ + + − +  

 
Linear equations: 

2( ) ;x K n x K pʹ′ʹ′+ − = Δ     0y nyʹ′ʹ′+ =  

           b
px D x
p
Δ

= + ;              2( )D K n D Kʹ′ʹ′+ − =  

0( ) ( );K s K s λ= + );
2
()( λ
+= sKsK        0( ) ( )n s n s λ= +  

  
 

  
 

E. The third power Hamiltonian terms 
 
    Combining all the 3d power terms of the above expansions of the Hamiltonian and vector 
potential, we obtain the 3d power Hamiltonian part as follows: 

2 2 2 3 2
3

3 2 3 2
3

1 1( )( ) [( ) ]
2 2

1( 3 ) ( 3 )
3

x y

y sext

H p p q Kx K K n x nxy

x xy K xyp n x xyα

= − + − − + −

ʹ′− + − − −
, 

3
3

1 ( 3 )
12
K K Knα ʹ′ʹ′≡ − −  
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where the parameter sextn  is the field index of the introduced sextupole components. 
  

 F. The fourth power terms   
 
    Combining all the 4th power terms of the above expansions of the Hamiltonian and vector 
potential, we obtain the 4th power Hamiltonian part as follows: 
 

2 2 2 2 4 2 2 4 4
4 3 4

2 2 4 2 2 4 4 2 2
4

1 1( ) ( ) ( 3 ) ( )
8 2

1 1( 3 ) ( 6 )
3 4

x y

sext oct

H p p K xy K x x y x y

x y Kn x x y n x y x y

α α

β

ʹ′= + + − + − −

− − − − + −
 

 
 Here we use the following notation: 

)(
24
1 2

4 δα +ʹ′ʹ′−= nnK  

4 3
3 1
2 4
Kβ α δ= − +  

KKKnKK ʹ′ʹ′−ʹ′−+= 32
2
9 224δ , 

and octn is the field index of the introduced octupole components.  
   More terms of the 4th power on transverse variables arrive as secondary effects from the 3d order 
Hamiltonian. They are generally formulated as resulting from a Poisson bracket as follows: 

H4
(3) =

1
2
{H3,

!
H3}  

 where  
!
H3 ! H3(s)ds" , 

with the Hamiltonian term 3H considered as a function of  time s with constant particle trajectory 
parameters a and b.  
 
APPENDIX B: TWIN-HELIX IMPLEMENTATION OF THE SNAKE CHANNEL 
 
A. Correlated Optics Condition 
 

To ensure the beam’s simultaneous focusing in both horizontal and vertical planes, the horizontal 
oscillation period λx must be equal to or be a low-integer multiple of the vertical oscillation period 
λy. The PIC scheme also requires alternating dispersion D such that D is 
• small at the beam focal points to minimize energy straggling in the absorber, 
• non-zero at the absorber for emittance exchange to maintain constant longitudinal emittance, 
• relatively large between the focal points to allow for aberration correction to keep the beam 

size small at the absorbers. 
Given the above dispersion requirements, it is clear that λx and λy must also be low integer multiples 
of the dispersion period λD. Note that λx and λD should not be equal to avoid an unwanted 
resonance. Thus, the cooling channel optics must have correlated values of λx, λy and λD: 

 

x y Dn mλ λ λ= =  1. 
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e.g. λx = 2λy = 4λD or λx = 2λy = 2λD. 
 
B. Orbital Dynamics 
 

The PIC dynamics is very sensitive to magnetic fringe fields. One approach to finding a practical 
fringe-field-free solution is to use helical harmonics [2, 7]: 

 

 

1 1

0 1 11
0

1 1

0 1 11
0

1 1

01
0

2 cos( [ ]) [ ( ) ( )],

2 sin( [ ]) [ ( ) ( )],

22 cos( [ ]) ( ),

n n n
n n

n nn

n n n
n n

n nn

n n n
n n
z nn

B
B n kz I nk I nk

nk

B
B n kz I nk I nk

nk

B
B n kz I nk

nk

ϕ
ϕ

ϕ
ρ

ϕ

ϕ ϕ ρ ρ
ρ

ϕ ϕ ρ ρ
ρ

ϕ ϕ ρ
ρ

− −

− +−

− −

− +−

− −

−

∂⎛ ⎞= − + −⎜ ⎟ ∂⎝ ⎠

∂⎛ ⎞= − + +⎜ ⎟ ∂⎝ ⎠

∂⎛ ⎞= − − +⎜ ⎟ ∂⎝ ⎠

 

 
where Bϕ, Bρ, and Bz are the azimuthal, radial, and longitudinal helical magnetic field components, 
respectively, n is the harmonic number (e.g. n = 1 is the dipole harmonic), and k = 2π / λh is the 
helix wave number while λh is the helix period. 

One extensively-studied system based on helical field is the Helical Cooling Channel (HCC) [2]. 
However, the HCC is not suitable for PIC because it has constant dispersion magnitude. It was 
suggested [6] that alternating dispersion could be created by superimposing the HCC with an 
opposite-helicity helical dipole field with a commensurate characteristic period. However, with this 
approach, the periodic orbit solution is somewhat complicated and producing sufficiently large 
acceptance seems problematic. 

Here we study a somewhat different configuration of magnetic fields, however, retaining the 
principle of Ref. [6] of creating an alternating dispersion by superimposing two helical-dipole fields 
with commensurate periods. We use a superposition of two equal-strength helical dipole harmonics 
with equal periods and opposite helicities (k1 = -k2) as a basis for our PIC channel design. 
Analogously to how combining two circularly-polarized waves produces a linearly-polarized one, 
the magnetic field in the mid-(horizontal)-plane of this configuration is transverse to the plane. This 
means that the periodic orbit is flat and lies in the mid-plane. The horizontal and vertical motions 
are uncoupled. This is a more conventional orbital dynamics problem than the one with a 3D 
reference orbit and coupled transverse motion. 

Figure B1(a) shows an example of the periodic orbit solutions for 100 MeV/c µ+ and µ- in a twin-
helix channel with 1 m period and 0.741 T magnetic field strength of each helical dipole harmonic. 
The periodic orbit was determined numerically by locating the fixed point in the phase space. For 
this procedure, one only needed to consider the x-x’ horizontal phase space and the procedure was 
further simplified by selecting a longitudinal position where x’ was zero. Figure B1(b) shows the 
dispersion as a function of the longitudinal position for the µ+ solution shown in Fig. B1(a). Note 
that the dispersion has oscillatory behavior required for PIC. Note also that the dispersion period is 
equal to the helix period, i.e. λD = λh. 
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 (a) (b) 

 
FIGURE B1.  (a) Periodic orbits of 100 MeV/c µ+ and µ- in a twin-helix channel with 1 m period and 0.741 
T magnetic field strength of each helical dipole harmonic. (b) Dispersion behavior as a function of the 
longitudinal position for the µ+ solution in (a). 

 
The transverse motion in a twin-helix consisting of two helical dipole harmonics only is stable 

around the periodic orbit in both dimensions as long as the helical dipole strength does not exceed a 
certain limiting value. Figures B2(a) and B2(b) show the periodic orbit amplitude and the betatron 
tunes, respectively, vs. the helical dipole strength Bd for three different values of the helix period. In 
the calculations shown in Figs. B2(a) and B2(b), the strength Bd was changed in small steps. On 
each step, the new periodic orbit was obtained as described above using the previous step’s solution 
as the initial guess. The betatron tunes were extracted from a single-period linear transfer matrix, 
which was obtained numerically in terms of canonical coordinates. The canonical coordinates were 
calculated using an analytic expression for the helical magnetic field vector potential [7]. 

 

   
 (a) (b) 

 
FIGURE B2.  Periodic orbit amplitude (a) and horizontal and vertical betatron tunes (b) vs. the helical dipole 

strength. 
 
Since the dispersion period is determined by the helix period λD = λh, the correlated optics 

condition of Eq. (i) imposes the following conditions on the betatron tunes: νx = λh/λx = λh/(mλD) = 
1/m and νy = λh/λy = λh/(mλD/n) = n/m, e.g. νx = 0.5, νy = 1 or νx = 0.25, νy = 0.5. Examining Fig. 
3(b) shows that it is not possible to satisfy these conditions by adjusting λh and Bd. Thus, we 
introduced a straight normal quadrupole to redistribute focusing between the horizontal and vertical 
dimensions. One subtlety is that, in addition to changing the focusing properties of the lattice, the 
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quadrupole also changes the periodic reference orbit. The helical dipole strength Bd and the 
quadrupole gradient ∂By/∂x were iteratively adjusted until, at Bd = 1.303 T and ∂By/∂x = 1.153 T/m, 
we achieved the correlated optics condition with νx = 0.25 and νy = 0.5. Having νx = 0.5 and νy = 1 
would be more beneficial by allowing shorter spacing between the absorbers but it was not possible 
to adjust these tune values because of a strong parametric resonance at νy = 1. We also attempted 
tuning the correlated optics condition by using a helical quadrupole pair instead of a straight 
quadrupole but that configuration did not seem compatible with the correlated optics requirements. 
Figures 4(a) and 4(b) show the dependence of the betatron tunes on Bd at ∂By/∂x = 1.153 T/m and 
on ∂By/∂x at Bd = 1.303 T, respectively. The crossing lines indicate the correlated optics condition. 
Note that the straight quadrupole introduces an asymmetry into the magnetic field so that the 
correlated optics condition is satisfied for one muon charge only. 

 
 
 

   
 (a) (b) 

 
FIGURE B3.  Horizontal and vertical betatron tunes vs. the helical dipole strength Bd at ∂By/∂x = 1.153 T/m 
(a) and the straight quadrupole gradient ∂By/∂x at Bd = 1.303 T (b). 

 
We next studied the dependence of the periodic orbit and of the betatron tunes on the muon 

momentum as shown in Figs. B4(a) and B5(b). These studies demonstrated large momentum 
acceptance of the twin-helix channel. We found that, with correlated optics, the dispersion 
amplitude Dx max = p ∂xmax/∂p was 0.098 m and the horizontal and vertical chromaticities were ξx = 
p ∂νx/∂p = -0.646 and ξy = -0.798, respectively. The correlated optics parameters scale with the 
muon momentum and helix period in the following way: 

 

2
max/ ; / / ; , ; , const.d y x x yB p B x p x Dλ λ λ ξ ξ∝ ∂ ∂ ∝ ∝ ∝  2. 
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 (a) (b) 

 
FIGURE B4.  Periodic orbit amplitude (a) and betatron tunes (b) vs. the muon momentum with correlated 

optics. 
 

C. G4beamline Simulation 
 

To estimate the dynamic aperture of the correlated optics channel, we tracked 105 100 MeV/c 
muons through 100 periods of the channel using the GEANT-based G4beamline program [8]. The 
initial muon beam was monochromatic, parallel and uniformly distributed within a 10 cm × 10 cm 
square. Figures B5(a) and B5(b) show the initial and final transverse muon distributions, 
respectively. The initial positions of the particles that were not lost after 100 periods are shown in 
Fig. B5(a) in blue. Figures B5(a) and B5(b) suggest a very large dynamic aperture and therefore 
high transmission efficiency of the twin-helix channel. 

 

   
 (a) (b) 

 
FIGURE B5.  Initial (a) and final (b) transverse muon beam distributions in a G4beamline tracking study. 

 
D. Possible Practical Implementation 
 

In practice, the required magnetic field configuration can be obtained by winding two separate 
coaxial layers of helical conductors and coaxially superimposing a straight quadrupole as shown in 
Fig. B6(a). The helical conductors constituting the two layers have the same special periods and 
opposite helicities. Within each layer, the currents in the helical conductors vary azimuthally as 
cos(φ). Note that the two layers do not have to have the same radius. The difference in the radii can 
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be accounted for by adjusting the layers’ currents. Another approach to producing the desired 
magnetic field is to combine two coaxial layers consisting of series of tilted current loops and 
overlay a coaxial straight quadrupole as shown in Fig. B6(b). The inclined loops comprising the two 
different layers are tilted in opposite directions. The current in the loops of each layer varies 
longitudinally as cos(kz). Such a technology, without longitudinal current variation, is used for 
making constant-field dipoles. 

 

  
 (a) (b) 

 
FIGURE B6.  Conceptual diagrams of possible practical implementations of the twin-helix channel (a) using 
a combination of two helical conductor layers and a straight quadrupole and (b) using a combination of two 
layers of tilted current loops and a straight quadrupole. The colors represent current variation in the 
conductiors. 
 

	
  
APPENDIX C: STUDIES OF THE TWIN HELIX PARAMETRIC RESONANCE 
IONIZATION COOLING CHANNEL WITH COSY INFINITY 

The twin helix channel is simulated using COSY Infinity, a DA-based code that allows for 
calculation of non-linear effects to arbitrary order [7].  This paper details a linear simulation of this 
channel, with and without stochastic effects, and studies cooling efficiency with and without the 
effects of PIC.  The linear simulation provides a baseline for ideal cooling in the channel if 
nonlinear aberrations in the channel have been fully corrected. 

 
A. Simulation Parameters 
 

Table C1 details the parameters used in this linear simulation.  The basic cell consists of a 
continuous straight quadrupole field superimposed upon a pair of helical harmonic dipole fields to 
establish the correlated optics condition.  Wedge absorbers, made of beryllium with a central 
thickness of 2 cm and a gradient of 30%, are placed every 4 meters in the channel at a location of 
small but non-zero dispersion.  Idealized RF cavities are placed 3 cm after the center of each wedge.  
COSY INFINITY calculates the transfer map for a 4-meter long cell (from the center of a wedge 
absorber through the center of the next wedge absorber).  Figure 1 illustrates the geometry of this 
cell.  

 

 
Figure C1.  Schematic of Single Twin Helix Cell. 
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The total transfer map for the twin helix channel is obtained by composing the maps for each of 
the cells that make up the channel upon one another.  The orbit of the reference particle (250 MeV/c 
muon) is periodic from the beginning to the end of each cell. 

 
Table C1: 4-meter Cell Parameters 

H. Dipole Field 1.63 T 
H. Dipole wavelength 1 meter 

Continuous Quadrupole Field .72 T/m 
H. Quadrupole Field (Horizontal Lenses) .02 T/m 

H. Quadrupole wavelength 2 meters 
H. Quadrupole Field (Vertical Lenses) .04 T/m 

H. Quadrupole wavelength 1 meter 
RF Voltage -12.5 MeV 

RF Frequency 201.25 MHz 
RF Phase 30 Degrees 

 
B. Simulation of the Parametric Resonance Condition in the Twin Helix Channel 
 

To induce the resonance condition for PIC in the twin helix channel, two independent pairs of 
helical harmonic quadrupole fields (parametric lenses) are used; one pair induces resonance in the 
horizontal plane, the other in the vertical plane.  The resonances induced by these fields create a 
hyperbolic fixed point; i.e., motion of particles relative to the reference orbit at the center of the 
wedge absorber becomes hyperbolic rather than elliptical.  Figures C2a-b show this condition in the 
basic cell (without wedge absorber or RF) when a test particle that is offset both horizontally and 
vertically in both position and angle relative to the reference orbit by 2 cm and 130 mrads 
respectively.  With the parametric lenses, the position offset is quickly minimized at the expense of 
a rapid blowup in the angle offset. 

 
C. Simulation of Ionization Cooling in the Twin Helix Channel 
 

The next stage in the simulations adds wedge absorbers and RF every 4 meters.  Figures C3a-b 
show simulations with and without the parametric lenses to demonstrate the effects of ionization 
cooling with and without the PIC condition.  The simulations demonstrate the expected results.  
With only ionization cooling, initial cooling effects are primarily to angle, and only later to the 
positional offset.   With PIC the cooling effects are primarily to position offset, i.e., spot size of the 
beam.  The increase in angle offset is minimized thru the ionization cooling effects of the wedge 
absorber. 
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Figure C2a-b.  Single particle launched with a horizontal and vertical offsets of 2 cm and .130 radians from 
the reference orbit and tracked for 200 cells. 
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Figures C3a-b.  Single particle tracked through 1000 cells with PIC condition and with ionization cooling 
only. 

 
D. Simulation of Stochastic Effects in the Twin Helix Channel 
 

Stochastic effects of multiple scattering and energy straggling within the wedge absorber were 
then added to the simulations.  Figures C4a-b show the results of combining ionization cooling with 
stochastic effects on a single particle initially offset both horizontally and vertically in both position 
and angle relative to the reference orbit by 2 cm and 130 mrad respectively.  
   As expected, the test particle is cooled until equilibrium is reached when cooling has been 
balanced with the effects of multiple scattering and energy straggling [6].  

A distribution of test particles was also used to test cooling effects in the full simulation of the 
linear channel.  The initial distribution uses a sigma of 2 cm in positions, 130 mrad in angles, and 
1% spread in energy from the reference particle.  The distribution is also spread over a bunch length 
of ± 3 cms relative to the reference particle. Figure C5 shows the 2D emittance change in the system 
calculated from the distribution.   The horizontal and vertical 2D emittances are both reduced until 
equilibrium is reached.  Longitudinal emittance is determined from deviation in path length and 
energy from the reference particle. Once the transverse emittance has reached equilibrium, the 
increases in longitudinal emittance contribute to heating in the beam distribution. Total 6D 
emittance for the distribution is plotted in Figure 6 with and without parametric lenses to induce the 
PIC condition.  Figure C7 shows the cooling factor for the channel with and without the PIC 
condition. 

 

 
 

Figure C4a-b.  Single particle tracked showing cooling thru 350 cells with and without stochastic effects. 
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Figure C5.  Emittance reduction for a distribution of 1000 particles tracked through the twin-helix channel 
with the PIC condition and stochastic effects. 

  
Figure C6.  Comparison of 6D emittance reduction with and without the PIC condition. 
 

 
Figure C7.  Comparison of cooling factor (ratio of initial to final 6D emittance) with and without the PIC 
condition. 

 
The determinant of the transfer map for the cell, a 6x6 matrix in the linear case, can also be used 

to show transverse and 6D cooling in the system [10].   The determinant for the transfer matrix for 
this test channel is 0.945372.  The determinant of the transverse 4x4 quadrant of the transfer matrix 
is 0.986054.  
 
E. Conclusions and Future Work 
 

Current simulations in COSY INFINITY have demonstrated that the linear model with stochastic 
effects of the twin helix channel achieves the resonance condition for PIC, as well as 6D cooling.  
Future simulations will determine the optimal parameters for this linear model, including cell 
length, magnet strengths, helicity and phase shifts for the helical harmonic magnets.  Wedge 
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gradients and thickness, as well as RF placement and parameters, will also be optimized.  Next, 
studies will determine the largest nonlinear aberrations affecting this optimized twin-helix channel 
and the dependence these aberrations have on higher order helical harmonic and continuous 
multipole fields of differing strength, helicity and phase.  The cooling efficiency of a system with 
corrected higher order effects can then be measured and compared with competing 6D cooling 
methods.    
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Muon colliders have been proposed for the next generation of particle accelerators that 

study high-energy physics at the energy and intensity frontiers.  In this paper we study a 
possible implementation of muon ionization cooling, Parametric-resonance Ionization 
Cooling (PIC), in the twin helix channel.  The resonant cooling method of PIC offers the 
potential to reduce emittance beyond that achievable with ionization cooling with 
ordinary magnetic focusing.  We examine optimization of a variety of parameters, study 
the nonlinear dynamics in the twin helix channel and consider possible methods of 
aberration correction. 

 

I.   INTRODUCTION 

Muon colliders have been proposed for the next generation of particle accelerators that 

study high-energy physics at both the energy and intensity frontiers.  One of the principal 

technical challenges in designing a next generation muon collider is muon beam cooling.  Muons 

are produced as tertiary particles, and a muon beam will occupy a very large volume of phase 

space.  Muon cooling reduces the emittance of the beam, a measure of the phase space volume of 

the beam.  This can improve both the luminosity and the physics reach of the collider.  A muon 

collider will need to reduce beam emittance by approximately 6 orders of magnitude to fit within 

the dynamic aperture of accelerating structures and meet collider luminosity goals [1].  The need 

for precise energy resolution also makes muon cooling essential for a muon-based Higgs factory 

operating at the intensity frontier [2].  Additional transverse beam cooling as supplied by the PIC 
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method described here allows other benefits such as even higher luminosity, reduced detector 

backgrounds and reduced demands on the proton driver and accelerating systems.   [3] 

To achieve a collider in the luminosity range from 1034-1035 cm-2 s-1, the transverse 

emittance for the muon beams must be reduced to about 10 π mm-mr.  Conventional beam 

cooling techniques are not useful for cooling such muon beams.  The cooling timescales for laser 

cooling (~10-4 s), stochastic cooling (many seconds) and electron cooling (~10-2 s), for example, 

are too long compared to the short muon lifetime of 2.2 µs.  The large muon mass also means that 

synchrotron radiation cooling, an effective technique for electron/positron beams, cannot be used 

in a muon collider.  Instead, muon cooling channels reduce emittance through ionization cooling.  

One proposal for the final stage of 6D muon cooling is a channel that utilizes the principle of 

parametric-resonance ionization cooling (PIC) and is based on a twin helix [4].  This channel 

couples ionization cooling with induced ½ integer resonances to achieve strong focusing in the 

beam.  The potential of PIC is a reduction in equilibrium emittance in each transverse plane by 

about a factor of 10, which would increase luminosity by a factor of 10 beyond the level of non-

resonant ionization cooling using the same magnetic field strengths.  Control of nonlinear 

dynamics is needed to achieve the cooling potential of PIC because uncorrected aberrations in the 

beam optics can overcome the strong focusing effects of the induced resonances.   

This paper studies how a variety of parameters of the twin helix channel may be 

optimized. This paper also details studies, using COSY INFINITY, of the nonlinear dynamics in 

the twin helix channel and considers possible methods of aberration correction.  

 

II.  PARAMETRIC-RESONANCE IONIZATION COOLING AND THE TWIN HELIX 
CHANNEL 

 
The principle of parametric-resonance ionization cooling (PIC) can be implemented in a 

channel where the muon beam is transported in a periodic magnetic structure.  The ordinary phase 

space trajectory for particles in a stable orbit in this channel is elliptical.  The magnetic fields in 
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the channel are perturbed to induce a half-integer resonance that alters the phase space trajectories 

of particles at periodic fixed points in the channel from parabolic to hyperbolic orbits.  This 

results in strong focusing in position at the expense of growth in angular divergence of the beam 

[5].  A key aspect of PIC is correlated optics where this strong focusing occurs simultaneously in 

both the horizontal and vertical planes at a location with small, but non-zero dispersion to allow 

for 6D cooling through emittance exchange [6].  Wedge absorbers are placed at these points to 

stabilize the growth in angular divergence and enable emittance exchange.  RF cavities are 

interspersed between the absorbers to maintain the reference momentum of the beam. 

One proposed implementation of the PIC principle is the twin helix channel [7].  The 

basic twin helix channel utilizes a pair of superimposed helical magnetic dipole harmonics.  

These helical harmonics have equal field strength, and equal but opposite helicity.  This creates a 

channel with alternating dispersion that is practically fringe-field-free.  The magnetic fields for 

helical harmonics can be analytically expressed in cylindrical coordinates as: 

𝐵!! 𝜙, 𝜌, 𝑧 = 𝐵! 𝐼!!! 𝑛𝑘𝜌 − 𝐼!!! 𝑛𝑘𝜌 cos 𝑛 𝜙 − 𝑘𝑧 + 𝜙!!           (1) 

𝐵!! 𝜙, 𝜌, 𝑧 = 𝐵! 𝐼!!! 𝑛𝑘𝜌 + 𝐼!!! 𝑛𝑘𝜌 sin 𝑛 𝜙 − 𝑘𝑧 + 𝜙!!            (2) 

𝐵!! 𝜙, 𝜌, 𝑧 = −2𝐵!𝐼! 𝑛𝑘𝜌 cos 𝑛 𝜙 − 𝑘𝑧 + 𝜙!!                    (3) 

where   𝐵! =
!
!"

!!! !!!!!!
!

!!!!! !!!!!!!
!!!
!!!

            (4) 

𝐵! is the appropriate derivative of the magnetic field strength, and 𝐼! 𝑥  is the modified Bessel 

function of the first kind.  The order of the Bessel functions and the harmonic multipole are 

determined by the parameter, 𝑛 (𝑛 = 1 for dipole, 𝑛 = 2 for quadrupole, etc.).   

When two helical harmonics with equal field strength and equal but opposite helicity are 

superimposed, the total horizontal (x) and longitudinal (z) components of the magnetic field 

vanish and the resulting magnetic field in the x-z mid-plane simplifies to: 

𝐵 = 2𝐵! 𝐼!!! 𝑛𝑘𝑥 − 𝐼!!! 𝑛𝑘𝑥 cos 𝑛 𝑘𝑧 + 𝜙!! 𝑦       (5) 

DE-SC0005589 EPICYCLIC HELICAL CHANNELS FOR PIC Muons, Inc.

Page 105 of 130



This channel enables a beam of particles to have a stable reference orbit in the x-z mid-plane [8].  

Additional pairs of similarly matched helical harmonics, as well as continuous “straight” 

magnetic multipoles, may be superimposed while maintaining this planar reference orbit.  By 

using combinations of continuous magnetic fields and helical harmonic pairs, the optics of the 

channel can be adjusted without complications caused by fringe fields from a series of lumped 

elements with discrete length. 

In addition to the helical dipole harmonic pair, a continuous straight quadrupole magnetic 

field is superimposed onto the basic twin helix channel to redistribute focusing between the 

horizontal and vertical planes.  This basic channel is designed to satisfy the PIC requirement of 

correlated optics: the horizontal and vertical betatron tunes are both integer multiples of the 

dispersion function [9]. The parameters of this basic twin helix channel also can be easily 

rescaled.  The scaling relationships in 6-9 are given for arbitrary values of the momentum of the 

reference particle (p) and the period length of the helical dipole harmonic (λ) as: 

𝐵! = 6.515 ∙ 10!!   𝑇 ⋅𝑚 𝑀𝑒𝑉 𝑐   𝑝/𝜆     (6) 

𝜕 𝐵! 𝜕𝑥 = 2.883 ⋅ 10!!   𝑇 ⋅𝑚 𝑀𝑒𝑉 𝑐   𝑝/𝜆!     (7) 

𝑥!"# = 0.121  𝜆  [𝑚]         (8) 

𝐷! = 0.196  𝜆  [𝑚]         (9) 

where 𝐵! is the field strength of each helical dipole harmonic, 𝜕𝐵!/𝜕𝑥 is the gradient of the 

continuous quadrupole, 𝑥!"# is the maximum amplitude of the periodic orbit in the horizontal 

mid-plane and 𝐷! is the maximum dispersion amplitude [10]. 

Two additional pairs of helical quadrupole harmonics are superimposed onto this basic 

channel to perturb the magnetic fields to induce the PIC ½-integer resonance condition [11].  One 

pair induces the resonance in the vertical plane while the other induces the resonance in the 

horizontal plane.  These additional harmonics alter each particle trajectory within the beam so 

that strong focusing reduces spot size at regular intervals throughout the channel at the expense of 
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increased angular divergence.  To avoid beam instability caused by these resonances, wedge 

absorbers are placed at every other point of strong focusing to stabilize the beam and enable 

ionization cooling and emittance exchange [12].  An RF cavity is placed after each absorber to 

restore and maintain the beam’s reference momentum. 

A linear model of this channel has been previously simulated using COSY INFINITY 

(COSY) [13].  COSY uses differential algebraic techniques to allow computation of Taylor maps 

for arbitrary order, allowing the user to disentangle linear and non-linear effects [14].  Additional 

coding was added to modify the COSY beam physics package and include the stochastic effects 

of multiple Coulomb scattering and energy straggling in these simulations [15].  Beam cooling 

has been demonstrated with this non-optimized model [16].  A comparison was made of the 

cooling effects of the channel with and without inducing the PIC resonance.  These simulations 

verified the analytic theory, showing improved cooling with PIC [17]. 

III.   OPTIMIZATION OF THE TWIN HELIX CHANNEL 

Optimization of the channel design began with consideration of the period length for the 

helical dipole harmonics.  The final stage of 6D cooling in a muon collider or Higgs factory needs 

to reduce emittance by about 2 orders of magnitude beyond the reduction achieved through initial 

6D cooling methods.  The drift space between wedges should be minimized to maximize 

ionization cooling per channel length.  Additionally, the total length of this final stage of 6D 

cooling should be as short as possible to minimize losses due to muon decays.  Consideration 

must also be given, however, to allow sufficient space for energy-restoring RF cavities. 

Using the scaling relationships for the twin helix, eqns. 6-9, the parameters for the basic 

twin helix channel can be adjusted for different helical dipole period lengths.  The maximum 

amplitude and maximum dispersion can also be determined.  For a variety of helical dipole period 

lengths, G4Beamline (G4BL) [18], was used to track particle distributions and the transmission 

rate was measured after 1000 absorbers.  The simulations tracked a distribution of 1000 muons 

with momentum of 250 MeV/c.  These simulations indicate that choosing a helical dipole period 
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of approximately 20 cm was optimal for improved transmission while minimizing the drift space 

between absorbers.  Table I shows the scaling relations among the helical dipole period, magnetic 

field strengths, maximum offset, dispersion, and the resulting transmission rate. 

  

 
TABLE I. Comparison of parameters for various twin helix configurations. 
λD BD  xmax Dx max % transmission 

.05 cm 48.84 T 76.08 T/m 0.006 cm 0.010 m 03.0 

.10 cm 24.42 T 38.04 T/m 0.012 cm 0.020 m 26.1 

.20 cm 16.28 T 18.02 T/m 0.024 cm 0.039 m 37.3 

.30 cm 08.14 T 09.01 T/m 0.036 cm 0.059 m 35.9 
 

 

This choice of 20 cm for the period of the helical dipole harmonics has additional 

advantages.  The maximum dispersion is just under 4 cm, which is approximately the same small, 

but non-zero, value at the location chosen for the wedge absorber in the prior simulations with a 

helical dipole period of one meter [19].  For a twin helix channel with a 20 cm dipole period, 

wedge absorbers would be ideally placed at the points of maximum dispersion.  As illustrated in 

Fig. 1, this allows RF cavities to be symmetrically placed between the absorbers. 

 

 

 

FIG.  1.  (Color)  Schematic of symmetric twin helix layout. 

 
 

In addition to improving transmission, shortening the helical dipole period also reduces 

some beam aberrations.  One major drawback, however, is the increase in the strengths of the 

∂By /∂x
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magnetic fields as the helical dipole period is reduced.  For a 20 cm helical dipole period, the 

combined field from the pair of helical dipole harmonics scales to 16.3 T.  With a 20 cm period 

for the helical dipole harmonic in the basic twin helix channel, wedge absorbers placed every 

other period allow less than 40 cm for the RF cavities.  The result is a set of parameters that are 

challenging but within the levels contemplated for an energy frontier muon collider.  The 20 cm 

period maximizes transmission while minimizing unnecessary length between the wedge 

absorbers, providing a good balance between cooling efficiency and channel length.  The dipole 

period can be rescaled, if necessary, to an increased length to reduce these magnetic field 

strengths.   

After selecting the period length for the helical dipole harmonics, the simulations of the 

linear model of the channel were repeated using COSY.  For a 20 cm period, the field strength of 

each helical dipole harmonic was 8.14375 T, with a superimposed continuous quadrupole field of 

18.01875 T/m.  A test particle was tracked every 40 cm (2 helical dipole periods) as it traveled in 

this channel.  Relative to the reference orbit, the particle follows an elliptical trajectory as shown 

in Fig. 2. 

   
 
 

  

FIG.  2(a)-(b).  (Color)  The λD=20 cm basic twin helix channel simulated in COSY without wedge 
absorbers or energy restoring RF cavities.  The trajectory of a 250 MeV/c μ- was launched offset in both 
planes from the reference orbit by 2 cm and 130 mr and tracked and plotted every two dipole periods in (a) 
the horizontal plane and (b) vertical planes. 
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To induce the horizontal ½ integer resonance, a pair of helical quadrupole harmonic 

fields was added to the basic channel.  Each harmonic in this pair had a field strength of 0.063662 

T/m, a period of 80 cm and a phase advance that shifted the location of the maximum field 

amplitude by 30 cm relative to maximum field for the underlying helical dipole harmonic pair.  

The vertical resonance was induced by an additional pair of helical quadrupole harmonics, which 

each had a field strength of 0.127324 T/m, a period of 80 cm and a 4.4 cm phase shift.  Fig. 3 

shows the change in trajectory for the test particle once the PIC resonances have been introduced. 

   

 

  

FIG.  3(a)-(b).  (Color) The λD=20 cm basic twin helix channel with induced ½-integer parametric 
resonance simulated in COSY without wedge absorbers or energy restoring RF cavities.  The trajectory of a 
250 MeV/c μ- was launched offset in both planes from the reference orbit by 2 cm and 130 mr and tracked 
and plotted every two dipole periods in (a) the horizontal plane and (b) vertical planes. 
 

 

The resonance can also be seen in the linear transfer matrix for one cell in this channel.  

Under this approach, the horizontal and vertical magnification matrix elements (x|x) and (y|y) 

should be less than one, while (x|a) and (y|b) should approach zero, where a = px/p0 and b = py/p0.  

In the present model, for example, the values for these matrix elements are presented in Table II. 

 
TABLE II.  The 4x4 sub-matrix for the λD=20 cm basic twin helix cell with induced parametric resonance. 

 (x) (a) (y) (b) 
(x) -0.971 -6.26 x 10-3 0 0 
(a) 5.70 x 10-5 -1.03 0 0 

(y) 0 0 0.958 1.01 x 10-4 
(b) 0 0 8.26 x 10-2 1.04 
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Wedge absorbers were added at every other periodic focal point, with RF cavities 

symmetrically placed in between them.  The central thickness of the wedge absorbers was 

arbitrarily set at 2 cm.  The frequency and phase of the RF cavities were chosen as 201.5 MHz 

and 30 degrees.  This is similar to cavities used in simulations for a helical cooling channel 

(HCC) [20] that could be upstream of a twin helix final cooling channel.  

Optimization of the wedge thickness and RF parameters are not being studied at this 

time.  In the final channel design, wedge thickness will be decreased as the beam travels through 

the channel to maintain cooling efficiency [21].  Parameters for the RF cavities will also need to 

be adjusted to maintain the reference momentum and match the time structure of the beam.  

Optimization of these parameters is left for consideration until after the exact structure of the 

upstream beam being delivered to the PIC channel and the beam acceptance parameters for the 

downstream accelerating structures have been determined. 

The effects of varying the horizontal wedge gradient (dx/dz) were studied without a 

resonance (no helical quadrupole harmonic pairs).  Fig. 4 shows some examples with (a) a flat 

absorber, (b) 0.10 wedge gradient, (c) 0.20 wedge gradient, and (d) 0.30 wedge gradient with the 

wedge orientation reversed.  Increasing the gradient increases the rate of longitudinal cooling but 

also reduces horizontal transverse cooling by the same rate [22].  The final example demonstrates 

the principle of reverse emittance exchange (REMEX) used to gain extra reduction in transverse 

emittance at the expense of an increase in longitudinal emittance [23].  A wedge gradient of 0.10 

was chosen to balance transverse cooling with longitudinal cooling through emittance exchange. 
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FIG.  4(a)-(d).  (Color)  The λD=20 cm twin helix channel simulated in COSY with wedge absorbers and 
energy restoring RF cavities.  The trajectory of a 250 MeV/c μ- was launched offset in both planes from the 
reference orbit by 2 cm and 130 mr and tracked and plotted every two dipole periods in the horizontal plane 
for (a) flat absorber; (b) 0.10 wedge gradient; (c) 0.20 wedge gradient; and (d) 0.30 wedge gradient with 
reverse wedge orientation (REMEX). 
 

 

Next, the helical quadrupole harmonic pairs were added to induce the PIC resonance for 

the chosen wedge gradient.  The effects of varying the field strength of the resonance harmonic 

pairs were studied.  The same field strength of 0.127324 T/m used to induce the resonance in the 

vertical plane, shown in Fig. 3(b), was maintained.  Fig. 5 shows the trajectory of the test muon in 

the vertical plane with this resonance induced.   
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FIG.  5.  (Color) The λD=20 cm full twin helix channel with induced vertical resonance simulated in COSY.  
The trajectory of a 250 MeV/c μ- was launched offset in both planes from the reference orbit by 2 cm and 
130 mr and tracked and plotted every two dipole periods in the vertical plane. 

 
 
 

The field strength of the helical quadrupole harmonic pair used to induce horizontal 

phase space resonance in the basic channel, as shown in Fig. 3(a), was not strong enough once the 

wedge and RF cavities were added.  As a result, the magnification term in the linear transfer 

matrix, (x|x), was greater than 1.  This effect is caused by a parasitic resonance that has been 

previously identified [24].  To induce the resonance, the strength of this helical harmonic pair was 

doubled.  Cooling simulations showed that increasing the field strength further distorted the beam 

and reduced the cooling efficiency of the channel. Fig. 6 shows the effects on the trajectory of a 

test particle in horizontal phase space with (a) no resonance, (b) below resonance (0.063662 

T/m), (c) resonance minimally triggered (0.127324 T/m), and (d) resonance strongly triggered 

(0.31831 T/m). 
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FIG.  6(a)-(d).  (Color) The λD=20 cm full twin helix channel with induced horizontal resonance simulated 
in COSY.  The trajectory of a 250 MeV/c μ- was launched offset in both planes from the reference orbit by 
2 cm and 130 mr and tracked and plotted every two dipole periods in the horizontal plane with (a) no 
resonance induced, and (b)-(d) various strengths for resonance-inducing harmonic fields. 

 

After linear simulations of cooling without stochastic effects for a distribution of 

particles, it was determined that using the parameters listed in Table III provided the best cooling 

efficiency after 200 cells.  The initial distribution had a 6D emittance of 1.27 x 10-9 m3-rad2.  

Without inducing the parametric resonance, after 200 cells, 6D emittance was reduced to 7.93 x 

10-14 m3-rad2.  With the induced resonance, 6D emittance was reduced to 4.39x10-14 m3-rad2 after 

the same number of cells.  Additional optimization of the wedge thickness and RF cavity 

parameters is expected to improve this result and improve cooling by more than merely a factor 

of 2. 

 
TABLE III.  Parameters for optimized twin helix cell. 
PARAMETER VALUE 
Reference particle 250 MeV/c μ- 
H. Dipole field 8.14375 T 
H. Dipole wavelength 20 cm 
Straight Quadrupole field 18.01875 T/m 
H. Quadrupole field (horizontal resonance pair) .4/p T/m 
H. Quadrupole wavelength 80 cm 
H. Quadrupole phase advance 30 cm 
H Quadrupole field (vertical resonance pair) .4/p T/m 
H. Quadrupole wavelength 40 cm 
H. Quadrupole phase advance 4.4 cm 
Beryllium wedge central thickness 2 cm 
Wedge angle gradient .10 
RF cavity voltage -12.546 MV 
RF frequency 201.25 MHz 
RF phase 30 degrees 
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Next, stochastic effects were added to the simulations.  This was done through 

modification of the COSY language to calculate and apply a unique stochastic map for each 

particle interacting with any absorber, following the same methodology used to verify PIC theory 

for the linear model [25].  Fig. 7(a) and (b) shows the results of the tracking of the trajectory for 

an individual test muon in the horizontal and vertical phase space for 200 cells with the addition 

of stochastic effects of multiple Coulomb scattering and energy straggling. 

 
 
 

  

FIG.  7(a)-(b).  (Color)  The optimized twin helix channel simulated in COSY with the stochastic effects of 
multiple Coulomb scattering and energy straggling.  The trajectory of a 250 MeV/c µ- was launched offset 
in both planes from reference orbit by 2 cm and 130 mr and tracked at the center of each wedge absorber in 
the (a) the horizontal, and (b) vertical planes. 
  
 
 

The parameters given in Table III were used for a distribution of 1000 test muons with 

stochastic effects of multiple Coulomb scattering and energy straggling.  For this distribution, the 

initial coordinates were calculated using a Gaussian distribution with the following sigma for 

deviations from the reference orbit:  (1) offset in each plane: 2 mm; (2) offset in angle in each 

plane: 130 mr; (3) energy spread: 1%; and (4) longitudinal bunch length: 2 cm.  These beam 

parameters were chosen based on the expected output from an upstream initial 6D helical cooling 

channel.  The results are shown in Fig. 8-10.  Without optimizing wedge thickness or the RF 
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parameters, equilibrium is reached after about 400 cells.  The channel’s target of a reduction of 

6D emittance by 2 orders of magnitude is accomplished after only about 100 cells, equating to a 

channel length of approximately 40 meters. 

 

 

FIG.  8.  (Color)  Reduction in 2D emittance as a function of channel length. 

 

 

 

FIG.  9.  (Color)  Changes in transverse and 6D rms emittance as a function of channel length. 
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FIG.  10.  (Color)  Cooling factor (initial 6D emittance/final 6D emittance) as a function of channel length. 
 
 

IV.   EVALUATION OF ABERRATIONS IN THE TWIN HELIX CHANNEL 

Having studied methods to optimize various parameters for the twin helix channel and 

simulated cooling with a linear model, the effects of aberrations in the channel need to be 

evaluated.  The linear model described above provides an important tool for optimizing the PIC 

cooling channel design.  This linear model simulates the efficiency of the cooling channel if all 

non-linear aberrations in the system are perfectly corrected [26].  Since muon beams can have a 

very large initial angular and energy spread, non-linear effects (aberrations) in the system 

dependent on these parameters can dramatically change the final spot size of the beam.  The 

efficiency of aberration correction can be determined by comparing the corrected system, 

including non-linear effects, against the linear model. 

The optimized PIC channel was simulated to determine how aberrations impacted 

performance of the cooling channel.  The transfer and aberration maps are calculated by COSY 

from a point on the reference particle orbit at the center of one wedge absorber to the point on the 

reference orbit that is the center of the next wedge absorber based on the maximum beam size 

parameters.  The optimized twin helix parameters from Table III and a reference momentum of 
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250 MeV/c were used.  Aberrations were determined for: (1) a horizontal and/or vertical 

deviation from the reference orbit of up to 2 mm in position; (2) a horizontal and/or vertical 

deviation from the reference orbit in angle of up to 130 mr; (3) a bunch length of up to 3 cm; and 

(4) a deviation in momentum (Δp/p) of up to 2%.   

Table IV lists the largest 2nd and 3rd order aberrations affecting the final spot size at the 

periodic focal points in the channel. The maximum effect on final spot size for all other 2nd and 3rd 

order aberrations is less than 1 mm.  The aberration (x|aa), for example, shows the variation (in 

meters) in final horizontal position of the particle as a function of the square of its initial angle 

(px/p0) in the horizontal plane. 

 
TABLE IV.  Largest 2nd and 3rd order aberrations affecting final spot size for the optimized basic and full 
twin helix channel with λD=20 cm and a 250 MeV/c reference muon. 

Aberration Full Cell Parameter (meters) Basic Cell Parameter (meters) 
(x|aa)  0.00235  0.00173 
(x|aδ)  0.00218   0.00208 
(x|aaa) -0.01760 -0.01920 
(x|abb) -0.00599 -0.00640 
(y|aab)  0.00598  0.00650 
(y|bbb)  0.00111  0.00122 

 
 
 

The data in Table IV is noteworthy in that the aberrations for the basic channel are 

identical in nature and nearly identical in size to those for the full twin helix channel, with 

resonance inducing helical harmonic pairs, wedge absorbers and RF cavities.  Since the 

aberrations are due primarily to the optics of the basic channel’s helical dipole pair and straight 

quadrupole components, and not the additional elements in the full channel, aberration correction 

efforts can focus initially on correcting aberrations without the complications of the induced 

resonances, wedges and RF components. 

The aberration maps calculated with COSY show that angular-based aberrations have the 

greatest effect on the final position of particles in the channel.  Because the angular spread in the 

muon beam can be large, correcting these aberrations is critical to a successful cooling channel 
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design.  In addition to the 2nd and 3rd order aberrations previously noted, angular aberrations at 5th 

and 7th order were also non-trivial.  In particular, (x|aaaaa) and (x|aaaaaaa), the aberrations to the 

final horizontal offset from reference orbit based on 5th and 7th powers of the initial horizontal 

angular deviation from the reference orbit (px/p0), caused substantial instability and particle loss. 

Correction efforts focused on superimposing a variety of continuous magnetic fields on 

the channel.  A series of simulations were performed to study the effects of various parameters on 

the largest 2nd and 3rd order aberrations as well as other aberrations increased by adding correcting 

magnetic fields.   

The basic twin helix channel was simulated with continuous sextupole, octupole and 

decapole fields superimposed onto it one at a time.  The effects on the identified aberrations were 

studied as the pole tip field strengths of these multipoles were varied.  Fig. 11 shows an example 

of this evaluation for the continuous octupole field.  The effects on aberrations are plotted in Fig. 

11 as functions of the field strength parameter.   

 

 
 
FIG. 11.  (Color)  Dependence of twin helix aberrations on the continuous octupole magnetic field. 
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The effect of superimposing various pairs of helical harmonic magnetic fields was also 

assessed.  These included pairs of helical quadrupole, sextupole, octupole, and decapole 

harmonics.  The effects of each pair were studied independently.  Like the helical dipole 

harmonic pair in the basic twin helix channel, each harmonic in these higher order pairs had equal 

field strengths, phase offsets and equal but opposite helicities.  For each superimposed harmonic 

pair, the effects of varying field strength, wave number, and phase offset on the target aberrations 

were independently assessed.  Figs. 12-14 show examples of this study plotted for the helical 

sextupole harmonic pairs.  Variations in field strength are plotted in a manner similar to that used 

for the continuous correcting fields.  Wavelength variation is plotted as a function of “nk,” where 

n is the number of periods in the given wavelength and k is the wave number (2π/λ). 

 

FIG. 12.  (Color)  Dependence of twin helix aberrations on the helical sextupole harmonic magnetic field.  
Phase offset from helical dipole pair = 0 and nk = 1. 
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FIG.  13.  (Color)  Dependence of twin helix aberrations on the helical sextupole harmonic phase offset.  
Field strength = 10 T/m2 and nk = 1. 
 
 
 

 
 
FIG.  14.  (Color)  Dependence of twin helix aberrations on the helical sextupole harmonic wave number.  
Field strength = 10 T/m2 and phase offset from helical dipole pair = 0. 
 

These studies identified potential methods for correcting higher order aberrations, as well 

as which aberrations were least sensitive to correction.  Based on what was learned, various 

combinations of correcting magnetic fields were used in an attempt to minimize aberrations in the 

basic twin helix channel. 

In all cases, the correlated optics condition was maintained, and this means that the 

reference orbit had to be recalculated since these higher order magnetic fields have a “feed-down” 

effect that modifies the original orbit of the reference particle.  For example, as the reference 

particle oscillates around the channel’s optical axis in the x-z mid-plane, it experiences a dipole-
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like and quadrupole-like field from a sextupole field that has been superimposed to correct 

aberrations.  Field strength, phase offset, period and harmonic number provide a number of 

variable parameters for correcting the system. 

A correction model was developed after attempts to simultaneously minimize all large 

aberrations.  This design superimposed two additional pairs of helical quadrupole harmonics, one 

pair of helical sextupole harmonics, and three pairs of helical octupole harmonics onto the basic 

twin helix channel.   Figs. 15 and 16 show that even after one cell, the sensitivity to large initial 

angle can be seen.  In these simulations, four concentric cones of muons are launched from the 

same position along the reference orbit with the same momentum, 250 MeV/c.  These cones 

deviate from the reference orbit by an angle of ±30, 60, 90 and 120 mr.  The simulations included 

all non-linear effects up to 9th order, which was sufficient for numerical convergence. 

After one cell, as shown in Fig. 15, there is strong focusing for some of the particles, but 

substantial deviation in final position of others.  The muons showing deviation are the ones from 

the two cones with the largest initial angular deviations from the reference orbit.  After 20 cells, 

as shown in Fig. 16, the surviving muons have the strong focusing characteristic of the PIC 

resonance effect.  Unfortunately, only muons in the cones with angular deviations from the 

reference orbit of ±30 and 60 mr have survived. 
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FIG.  15.  (Color)  Tracking of concentric cones, with angular deviation of 30, 60, 90 and 120 mr, of 250 
MeV/c muons launched on the reference orbit in COSY with non-linear effects through 9th order for the 
uncorrected (red) and corrected (blue) twin helix channel. 
 

 

FIG.  16.  (Color)  Tracking of two concentric cones, with angular deviation of 60 and 120 mr, of 250 
MeV/c muons launched on the reference orbit in COSY with non-linear effects through 9th order for the 
uncorrected (red) and corrected (blue) twin helix channel. 
 

 

Fig. 17 displays results of a G4BL simulation of the same channel, tracking muons with 

initial angular spread of up to ± 70 mr through two helix periods.  Although these results are 

promising for this small angle distribution, it represents only about half of the equilibrium rms 

angle expected for a muon with momentum of 250 MeV/c.  Muons with an initial angular 

deviation greater than about 70 mr are eventually lost. 
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FIG.  17.  (Color)  G4Beamline simulation of horizontal motion in the x-z mid-plane through 1 cell (2 
dipole periods) for a distribution of 250 MeV/c muons launched from the reference orbit with horizontal 
angular deviations from the reference orbit of up to ±70 mr. 
 
 

Under the analytic linear model for PIC, the equilibrium beam conditions can be 

determined as a function of key parameters.  The equilibrium rms beam size σa and angular 

spread θa at the absorber and the equilibrium rms momentum spread Δp/p are given by eqns. 10 

[27], 
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                (10) 

where γ and β are the usual relativistic factors, w is the wedge absorber central thickness, me and 

mµ are the electron and muon masses, respectively, and log is the Coulomb logarithm of ionization 

energy loss for fast particles.  Based on these relations, the equilibrium angular and momentum 

spreads are determined by the reference energy of the muon beam, and the thickness of the wedge 

absorbers, w, can be used to scale the equilibrium beam size.   

The dynamic aperture of the corrected system was still smaller than the equilibrium 

angular spread for a 250 MeV/c muon beam.  Since equilibrium angle spread is inversely 

proportional to the square root of energy, increasing the reference momentum to 1 GeV/c, lowers 

the equilibrium angle spread from 130 mr to 65 mr.  This is within the acceptance shown in Fig. 

17.  This would mean accelerating the beam after initial 6D cooling and before a final 6D PIC 

cooling channel. To verify this, the magnet strength and other parameters were scaled and refit 
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for a beam with a 1 GeV/c reference momentum.   Fig. 18 shows the results of this higher 

momentum model with aberration correction.  In this model, concentric cones of 1 GeV/c muons 

deviating in angle from the reference orbit by ±20, 40, 60 and 80 mr, are launched from reference 

orbit and their final positions are tracked after 40 helical dipole periods.  Due to the increase in 

the reference momentum, this model’s dynamic aperture exceeds the equilibrium values for 

angular spread in the beam.  Fig. 19 shows transmission for the same set of concentric cones of 1 

GeV/c muons to a final 2 mm spot size after 40 dipole periods.  In the uncorrected system, the 

transmission of muons to a final 2 mm spot size was less than 23%, but in the corrected system 

this is increased to 60%. 

 

 

FIG.  18.  (Color)  Tracking of concentric cones, with initial angular deviation of 20, 40, 60 and 80 mr, of 1 
GeV/c muons launched on the reference orbit in COSY with non-linear effects through 5th order for the 
uncorrected (red) and corrected (blue) twin helix channel. 
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FIG.   19.  (Color)  Surviving particles within a spot size deviating up to 1 mm from the reference orbit 
after 40 helical dipole periods for concentric cones, with initial angular deviations of 20, 40, 60 and 80 mr, 
of 1 GeV/c muons launched on the reference orbit in COSY with non-linear effects through 5th order for 
the uncorrected (red) and corrected (blue) twin helix channel. 
 
 

Additional simulations added wedge absorbers to attempt to evaluate cooling in the 

corrected 1 GeV/c model.  Unfortunately, the higher beam energy increased stochastic heating in 

the beam since energy straggling scales with 𝛾!, and this effect overcame the ionization cooling 

provided by the thin wedge absorbers.  Alternative beamline configurations that implement the 

PIC principle are being investigated to find a cooling channel lattice with less susceptibility to 

nonlinear effects. 

 
V.   CONCLUSIONS 

Muon cooling poses one of the key technical challenges in the successful development of 

a muon collider to explore high-energy physics at the energy frontier.  The same technology will 

be essential to the development of a muon-based Higgs factory to study physics at the intensity 

frontier.  A twin helix channel implementing the principle of PIC has the potential to improve 

emittance reduction beyond simple ionization cooling methods and is a strong candidate for final 

6D cooling in such colliders.  Other candidate final cooling techniques include using lithium 

lenses [28] or extremely high field solenoids that use new high-temperature superconductors 

operating at low temperatures [29].  
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The length of the period for the helical dipole harmonics in the basic twin helix channel 

was optimized; 20 cm was chosen based on reducing the spacing between wedge absorbers to 

minimize particle loss through decay.  Simulations in COSY verified the induced resonances in 

both horizontal and vertical dimensions.  Wedge absorbers and RF cavities can be placed 

symmetrically in this channel.  Field strengths for the helical quadrupole harmonic pairs were 

adjusted as necessary to trigger the resonance effects with the addition of absorbers and RF.  

Cooling in this optimized channel was verified with and without stochastic effects. 

The effects of chromatic and spherical aberrations in this optimized channel have been 

studied.  This included comparisons of aberrations in both the basic and full twin helix channel. 

This comparison demonstrated that the aberrations are arising from the basic channel fields, and 

that correction effort could focus on this simple system that does not have induced parametric 

resonances, wedge absorbers or RF cavities.  Using COSY to determine a map of beam 

aberrations, the largest aberrations were identified.  Simulations compared how various 

continuous magnetic multipoles and pairs of helical magnetic harmonics affected these 

aberrations.  Using this information, a modified design successfully corrected major aberrations 

through 9th order.  This permitted demonstration of the PIC cooling channel with the inclusion of 

the correction for aberrations.  Unfortunately, the angular acceptance of this channel design was 

only about half of the equilibrium angular spread in the beam for a reference momentum of 250 

MeV/c.  By increasing the reference momentum to 1 GeV, the equilibrium angular spread in the 

beam was reduced to a point that was within the angular acceptance of the twin helix channel. 

Transmission in the twin helix with aberration correction was substantially improved. 
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