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~‘1.Introduction ,-

A low-energy undulator test line (LEUTL) is under construction at the Advanced Photon
Source (APS). This line will initially be used to demonstrate a free-electron laser (FEL)

based on the self-am Iified spontaneous-emission (SASE) process. The FEL simulation
Yprograms, TDA3D[1’ ‘3]and GENESIS[4],together with several other codes have been

used for the LEUTL project. In order to increase the confidence on the simulation results,
we attempted to benchmark two programs TDA3D and GENESIS. The results are
reported here.

The programs TDA3D and GENESIS solve the paraxial FEL equations with the
approximation that the amplitude of the radiation field is slowly varying;

4 asaw.fll—=-k~—
dz

sin((l +$,),
‘r

(1)

l+pf+a~+aj - 2a~awfBCCM(O+$,)
;=kw-k,

2y 2 3 (2)

drL pL—_dz -~,

(3) “

(4)

[2ik$+v~lasei”s=-%5$9 “ ‘5)-()
where

L= undulator period,
k. = 27cl&
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The numerical algorithms used in TDA3D and GENSIS that solve these equations are
similar to each other, Both programs integrate a system of 6NPparticle equations, Eq. (1)-
(4), in the x-y-z coordinate system. Major differences lie in solving the field equation, Eq.
(5). TDA3D solves the equation in the cylindrical coordinate system. For a given
azimuthal mode m, a system of 2(2m+ l)N~ field equations are solved for the values at N~
radial grids. Thus the fundamental mode of a laser beam, “T’Eh mode, can be well
approximated with the single azimuthal mode m=O. Three-dimensional effects can be
included by adding a few azimuthal modes up to m=4. GENESIS solves a system of
equations for radiation field directly in the x-y-z coordinate system using the alternating
direction implicit (ADI) method.

In our study we ran TDA3D solely in the m=O axially symmetric radiation mode. By so
doing we benchmark TDA3D as a 2-D code, while GENESIS is explicitly a 3-D code in
the treatment of radiation field. Both programs, however, treat the electron dynamics
three-dimensionally.

We will compare the “amplification of input power along the undulator with the same or
equivalent input parameters. The output of the two programs will then be put side-by-
side. Input parameters were drawn from those expected for the LEUTL FEL and are
shown in Table 1.

,
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Table 1 Nominal Parameters Used in LEUTL FEL Simulation

.

Energy ‘E 220 MeV
Energy Spread AWE 0.1.. . %.__. .. ..-

No~tiized Er&tttice -‘“” en 5.0 mm-rnrad

Peak Current 4 150 Amp
Undulator Period b 3.3 cm

Undulator Parameter (Peak) K 3.1
Undulator Parameter (rrns) 2.192

Matched Beta-Function
:

1.46 m
Resonance Wavelength k 516.751 mn
Optimum Wavelength Lpt 517.785 rm.

Number of Particle (GE~SIS) NP 4086
Number of Particle (TDA3D) NP %196

Input Power Pfi i“,10 w
Rayleigh Length z~ 0.8 m

Position of Beam Waist G o m

...

In order to further benchmark GENESIS and TDA3D, we compare the simulation results
with those of the theory. One readily available quantity for comparison is the gain length
in the exponential gain regime.

‘“ Free-electron-laser gain including all the effects of energy spread, ernittance, focusing of”
the electron beam, and the diffraction and guiding of the radiation has been calculated by
several authors for the exponential gain regime before the saturation. Yu, Krinsky and
Gluckstern[5] were the fnst to derive and solve such a dispersion relation by a variational
method. They showed that the growth rate can be expressed as a function of a few
dimensionless quantities. The growth rate obtained by numerically solving the dispersion
relation was compared with the simulation results and found to be in good agreement. In
their comparison the FEL simulation programs FELEX and FRED had been used.

Later Chin, Kim, and Xie[b]derived and solved a similar dispersion relation by using the
systematic mode-expansion method. The growth rate from this study was also shown to
be in the same scaled form as Yu et al.~s] and can be written as

Re(q) ( (YY k~ k. -k,
—= F 2k,ex,— —
kwD ~ JD’kwD’ k,D ‘

(6)

where Re(q) is the growth rate, k, = 2kwy 2 /(1+ aW2) is the resonant radiation wave

number corresponding to the energy y. The quantity D is the scaling pamuneter defined by
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where I is the beam current, and k=ec/rC- 17.05 4A is the Alfven curr~gt. ~.?y cOrnpw9d._ ____.
the growth rate obtiined by”solvh-g-Eq~(6) in the fofi of a dispersion relation with the
simulation results fro_mTDA3D. The comparison showed very good agreement over a
wide range of parameters.

The successfid comparison of the theory with the simulations was achieved for a circular
electron-beam matched to the constant focusing channel. Also the wavelength was chosen
to satisfy the relation

k-k,

()

kP
—=–3—

k,D kwD
k,c , (8)

which was found to yield near-maximum growth~s]

Solving the dispersion relation may be straightforward, but it is still a numerically
‘] which expressesinvolved process. A much simpler algorithm was developed by Xie,

the 3-D gain length as the explicit functions of scaled parameters. The expression,
obtained by fitting to the numerical solution of dispersion relation in the scaled form of
Eq. (6), is given by

L-I 1
—=l+?l’L~

(9)

where Lld is 1-D gtin length, ~ is 3-D gain length, and

‘q= al~”’ + qg’ + (Z5?J”’

With the scaled parameters defined as

where ~ is the matched beta-function, a~ is the rms energy spread, & is Rayleigh length

defined as Z, = 4n&~ /L, CXis rms transverse electron beam size, fitting parameters are

found to be

al=O.45, a@57, as=O.55 ~=1.6, as=3.0, a6=2.o,
aT=O.35, a8=2.9, ? w=2.4, a10=51, all=O.95 a1z=3.0,
als=5.4, a14=0.7, als=l.9, als=l 140, alT=2.2, a1S=2.9,
alg=3.2.

We will compare the gain length obtained by using Eq. (9) with the simulation results.
Note that the above formula is valid for the de-tuning given by Eq. (8). As a reference for
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“thepar&neterS”showfi in Table” l; fie-optirnurn wavelength predicted by theo~, Eq, (8), ‘-”--”-–-”’- -
is A1.Akl .526x 10-3.

II. Benchmark Procedure

We describe the procedure used to find a set of simulation parameters that will be used
for benchmarking the programs.

1. Find Optimum Wavelength
As the first step we try to find the optimum wavelength that will give the fastest growth in
order to properly compare with theory later. The tuning range used in the GENESIS
simulations was M/k==&5x10-3.Output power along the undulator for different
wavelength are shown in Figure 1 on a semilog plot. This plot clearly shows the
exponential gain regime in the middle of undulator. We could do an exponential fit to the
output power as function of distance so that we can directly estimate the gain lq@h, but
previous experience showed that averaging the growth rate over chosen range resulted in
a more reliable and accurate estimate of the gain length. Here the growth rate is defined
as

~(z) = dln(p(z) / p(0))

dz ‘
which is the inverse of gain length, ~(z)= l/g(z).

(12)

The @owth rates for different wavelengths are shown in Figure 2. We chose the range
where the growth rate is roughly constant between 6 m and 10 m, and then took an
average over this region. The resultant de-tuning curve, gain length vs. wavelength, is
shown in Figure 3. Note that the horizontal axis is the wavelength normalized by the
resonance wavelength, which is

Aw[)k,=— 1+: =516.751 nm.
2-y2

We found that the minimum gain length (or maximum growth rate) can be achieved by
de-tuning the wavelength to bl .002&. The de-tuning curve for the saturation length is
shown in Figure 4. Again the same wavelength resulted in the shortest saturation length
consistent with the minimum gain length. We will call this the optimum wavelength. All
following simulations were done at this optimum wavelength,
k~P,= 1.002& = 517.785 nm.

2. Convergence Tes; on Number of Simulation Particle
A set of runs were made to analyze the convergence properties of the simulation results
as a function of the number of simulation particles for the beam of finite emittance and
energy spread.



,.

The test was done assuming abeam with the maximum energy spread considered in ‘the”’”
benchmark, which is CE / E = 0.2%. Each curve in Figure 5 represents the result for-a

different number of simulation particles, namely NP=1024, 2048,4096,8192,
respectively, and shows _thatthe calculation of growth rate converges at roughly 4096
particles.

3. Convergence Test on Rayleigh Range
In both GENESIS and TDA3D, the initial radiation profile is assumed to be a Gaussian
TEMW mode at z=O. We recall that the propagation in vacuum for this mode is governed
byl’J

r

2 W.
a, (r, .z)e~$’(”z)= —a~O—e -~z/W2(z)ei$., (r,z)

9
w(z)

w’(z) =w;[l+(z:’zw)’ /z;]

$,(r,z) = –tan-’[(z-zw)/zR]+~ ‘“;
‘ 2 (Z–zw) +2:’

(13)

.“

where W. is the minimum spot size, Z~ = W: / k, is the Rayleigh length and 2&is the

position of the radiation waist. Since we can express the input power in terms of ~. as

()2 2k:w:
I?n(0)= = —a~O,20 (14)

e

the-initial profde at z=O can be completely specified by four parameters, namely, the -
radiation wavelength, &, the input power, Pk, the Rayleigh length (or the minimum spot
size), ZR,and the position of the beam waist, ~, as

{

2 W. k~12
a, (r,O)e~Of(”O)= — ‘c”, with C = (15)

n‘as* w(o) e Z, – iZW“

Assuming that the electron beam is matched at the entrance of the undulator, we set the
position of the beam waist at the entrance, ~=0. Then the filling factor, the overlap
between the electron and radiation beam, is determined by the Rayleigh length. For the
parameters in Table 1, we find ~=0.42 m. However, our interests are in the interaction
occurring in the exponential gain regime. The resultant gain length during exponential
growth shouldn’t be sensitive to the initial choice of the filling factor or ~.

r

The sensitivity of gain length on the choice of the Rayleigh length (or filing factor) is
shown in Figure 6. In the early part of the undulator up to z=5 m, we find that a shorter
Rayleigh length results in a smaller growth rate due to a larger diffraction loss. However,
once well into the exponential gain regime, the GENESIS simulation shows that the
growth rate does not depend on the initial condition of the radiation beam.

In the benchmark we used a Rayleigh length of 0.8 m. This allowed us to encompass the
case of the segmented LEUTL FEL with an elliptical beam. Again this choice shouldn’t
change the outcome of gain length determination.



In the above we describe the procedures taken for deciding a few simulation parameters
used in benchmarking the program GENESIS. We followed the same procedure for
TDA3D. Here we found that the optimum wavelength from the TDA3D simulation is the
same as that found with GENESIS, ntiely & = 1.0021, = 517.785 “nrn.“Anotable

difference is that the TDA3D simulation required more simulation particles than ---
GENESIS for an adequate description of the exponential gain regime. All TDA3D
simulations were done with NP=8192.

r
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GENESIS Simulation: Gain Length vs. Wavelength
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Figure3 Gainlength aafunction of wavelength.
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GENESIS Test: Growth Rate son Number Particle 14’%??s9
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Figure 5 Growth rate as function of z for different values of the number of particles, Np.
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GENESIS Test: Growth Rote on Rayleigh Length
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III. Benc~ark Results
.-

In the real LEUTL FEL, several short undulator cells will be utilized. The empty space
between the undulatory will contain the focusing quadruple and diagnostic devices. The
undulator is planar with 70 periods and has a natural focusing in the non-wiggle plane
only: Its strength-is givenby -- -- --- -- - —.

(16)

where B. is the peak undulator field. Note that, since BO= 1T, the undulator focusing is

strong for energies less than roughly 1 GeV. For LEUTL parameters we found that
BO= 1 T, (Bp) = 0.733 T m forl? = 220 MeV + G = 0.93 m-2.

For comparison, the strongest quadruple in the 7-GeV APS storage ring is Q4 whose

strength is G = 0.81 m-2. The focusing in the wiggle plane(the horizontal plane in
LEUTL FEL) is achieved by the use of the external quadruples between undulator cells.

~~ placing the horizontally focusing quadruple between the undulatory, the LEUTL
FEL consists of a periodic FOFO configuration in the horizontal direction and a FDFD
lattice in the vertical plane. The lattice function of a periodic segment was calculated by
the beam optics program MAD and is shown in Figure 7.

For the benchmark we consider three cases, (a) a long planar undulator with symmetric
x-y focusing, (b) along planar undulator with asymmetric x-y focusing, and (c) the
segmented undulator case chosen for the LEUTL FEL as shown in Figure 7. For case (a)
the linear theory is well developed so comparison between theory and simulation could be
used to establish the validity of the simulation. For case (b) the theoretical result is in the
form of formulation that needs to be fhrther investigated. Here comparison with
simulation could verify the theory. For case (c), there is no existing theory generalized to
the LEUTL configuration; however, comparison of the results from the two different
programs could be used to check one other.

1. Circular Beam, Matched to Symmetric Focusing Channel
Here we use a long planar undulator with equal focusing in both planes. The focusing
strength is half that of the natural focusing of a planar undulator. This can be achieved by
providing an external quadrupolar field along the undulator. We also match the electron
beam to this focusing channel by proper choice for the initial phase ellipse of the electron
beam. The resultant electron beam will be circular and have a radius that is constant along
the undulator.

With this input beam we varied the other physical parameters, the peak current,
emittance, or energy spread. Then we compared the results with theory. The gain length
as functions of the peak current, emittance, and energy spread are shown in Figures 8,9,
and 10, respectively. Recall that the resonant wavelength determined by the electron
beam energy and undulator parameteris516.75 1 nm, but the simulations were carried out
with an input wavelength of L = 1.002L, = 517.785 nm as shown in Table 1. Every case



shows good agreements between the results of the two simulation program m-d”-~e-” ‘“‘““ ‘-
theoretical results obtained via Xie’s algorithm. The primary difference is that the
simulations show slightly larger gain length than predicted by Xie’s algorithm.

.
More direct comparisons between the two programs were made. We show the
amplifications of input radiation along the long undgkitpr. in F@.m 11. !II t~s log-plot- _. .

we can hardly distinguish he two different outputs from one another. The saturation
powers predicted by the phenomenological theory of Xie’s work!’]and by the simulation
are compared in Table 2. Again they agree very well.

Even though it is not shown here, both the theory and simulation results consistently have
shown that the fundamental guided mode, namely the Gaussian TE~ mode, dominates
the FEL interaction in the exponential gain regime. The result is that the radiation output

‘*]We believe that this is the reason for such goodof the FEL is transversely coherent.
agreement between the 3-D simulation of GENESIS and the essentially 2-D simulation of
TDA3D in which an axially symmetric m=O mode is explicitly assumed.

Table 2: Saturation Power Predicted by Simulation Programs and Theory

Method Saturation Power

TDA3D Simulation 73.20 MW

GENESIS Simulation 70.74 Mw

Theory in reference [7] 72.80 MW

2. Elliptical Beaq Matched to Asymmetric Focusing Channel
So far the comparisons were made for the case of a round electron beam matched to the
constant focusing channel. Since the ultimate objective of this study is to make sure that
the simulation programs calculate all FEL output correctly for the realistic LEUTL
configuration depicted in Figure 7, our next logical step-was to benchmark the codes for
the beam with an elliptical cross section.

The theoretical calculation of 3-D gain was generalized to the elliptical cross section in
reference [6]. The results can be put into a form very similar to Eq. (6) as

Re(q) “ c kb kb, k–k
— = F(2k,ex ,2k,EY,2 ,—
kWD

— ~).
D kWD ‘kWD ‘ k,D

In particular, for a electron beam with Gaussian distribution given by

(17)
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fol (Ld-,)= ‘2“2exp[-+4 ““---‘“(2n)2k&oxkpya,

.. [..1
(’Y-7,)2‘f.(y)=f~~ y,q?- ~y,ay,Y r

(18)

‘(19)

the dispersion relation for the growth rate can be written in the scaled form[b]

——

/!kb k~,
——
kWD kWD “- “

l=i m
‘Xp[-’’+:+}’”du”vdvdv

{

41cJzq_q’ 00-- q ~2iy~ “

[

k k
– ~a 2k,~= BY ‘2

kWD D
‘u2+2k~ —
kWD r y kWD .1

00.

H
exp[-cx’ -f) ’lda.dfl

x

[

~ik–k,’ a2 kti u’ kfi “

1

(20)
—-. !? ~+i —— ——

kWD k,D 2kr~X kWD + 2k,~X kWD

The solution of the above dispersion relation is the growth rate of the fundamental mode,
whose mode shape is in the same hi-Gaussian form of the electron beam Eq. (18).
Assuming the fundamental mode dominates in the exponential gain regime as seen in the
circular beam case, the solution of Eq. (20) will be a good approximate solution.

Solving Eq. (20) even for only the fundamental mode required a lengthy numerical
integration. In fact, it sometimes took more time to solve Eq. (20) than to run TDA3D or
GENESIS.

For comparison we chose electron beam parameters that are identical to those of a
circular beam except that we varied the aspect ratio CX/ a ~ while the cross-sectional

area remained the same. The growth rates from three different methods are shown in
Figure 12 as function of the aspect ratio. The values are normalized by the circular beam.
Obviously it shows that ihe circular beam best amplifies the radiation.

,
Comparison between theory and GENESIS shows the anticipated behavior, that is, as the
beam becomes more elliptic, 3-D effects become more important and the theory, which
only considers the fundamental mode, begins to deviate from reality.

We find the good agre~ment between GENESIS and TDA3D up to the aspect ratio equal
to 3.5. This is surprising, because in the TDA3D simulation only the Gaussian TE~
mode was tracked and not the elliptic mode.

In this section we showed that the full 3-D simulation supports the theoretically
calculated growth rate. Still many interesting questions remain to be investigated, for
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example, how to optimize the asy~etric focusing for beams with asymmetric
emittances, what kind of mode shape to expect from an elliptic beam, etc.

s. Elliptical Beam, Matched to Periodic LE?3TL Lattice
The beam matched to the periodic lattice of the LEUTL FEL will exhibit an envelope

modulation as the beam size varies as 6X~, =~=. Inthecaseof the LEUTL, the

~-function varies as shown in Figure 7. The maximum aspect ratio is about 1.5. This is
relatively small so we expect that the LEUTL FEL operates in the regime where a 2-D
simulation could provide reasonably accurate results.

We show the output power along the LEUTL FEL in Figure 13. Included in the
simulation was the beam size modulation due to the varying ~-function. The close
agreement between TDA3D and GENESIS suggests that, for this case, the fundamental
TE~ mode still dominates as it does for the circular beam case, which implies that the
average ~-fbnction is the important quantity to optimize. Regarding this statement, a
detailed study wilI be reported separately, but we can convince ourselves byjomparing
the growth rates for the long and the segmented undulator cases.

The ~-function in the long undulator is 1.46 m as shown in Table 1. The average&
Iimction for the LEUTL lattice is about 1.6 m. The growth rates for two cases are shown
in Figure 14. The average growth rate for the segmented lattice is slightly smaller than
that for the long undulator, but they are very close to each other.

Another inspection of Figure 14 reveals that, since the undulator segments are short in the
LEUTL FEL, it is difficult to define the exponential gain regime without ambiWity. --
Thus, the gain length is not a very good parameter for comparison. We suggest the
saturation length/power % the comparison/optimization quantity in future simulation
studies for the LEUTL FEL.

.
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IV. Conclusion

In this report we benchmarked two widely used FEL programs TDA3D and GENESIS.
Good agreement exists between the theory and the TDA3D simulation results for the
circular beam case. These have been reported here and elsewhere. Another benchmark
performed here for TDA3D assures us that the version we are using is a good working
version. The benchmark performed for GENESIS, which is anew program, indicates that
the program is fast, accurate and reliable in treating general 3-D FEL interactions.
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