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Outline

The Particle-In-Cell algorithm.

Numerical
Eulerian model for the fields and Larangian instabillty ‘
model for particles. ‘ plasma wave

Source is only calculated at the grid points.

The cause and effect of spatial and temporal
aliasing in the PIC algorithm.

The PIC algorithm evinces only spatial aliasing.

ts)

1

The finite difference dispersion relation.

f (arbitary un

Numerical solutions of the dispersion relation.
Analysis of Finite Grid Instability

Analysis of ES grid instability for charge-
conserving schemes

Guo et al. submitted to arxiv
Insight from dispersion analysis for the elimination
of numerical instabilities
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Finite Difference Equations Advance the
PIC Simulation

PIC = grid-based field representation + Lagrangian particle model
PIC operates on discrete time and both continuous and discrete spaces
For a time centered scheme, the particle and field advancing equations are:

Continuous Expression Finite Difference Expression
dF Fn—1/2 - Fn—l Fn - Fn—l/Q
it At/2 Otz and === = Taae (1
— =VxB-4rJ — L=V X By_1jp — 4nJ,_1 )0 2)
t At
0B Bnyi2 — Bno1j2

a—:—VXE > N
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Spatial aliasing in PIC results from sampling

In digital signal processing, sampling is the sole cause of aliasing.
Continuous signal = discrete signal (A/D, sampling) : aliasing
Discrete signal = continuous signal (D/A, interpolation) : convolution in
spectrum, no aliasing

Discrete signal = discrete signal (interpolation, weighted averaging) :
convolution, filtering in spectrum, no aliasing

In PIC, the particle can move freely in continuous space, therefore particle
distribution and quantities derived from particle distribution are also defined on
continuous spatial variable, regardless of whether such quantities at arbitrary

spatial location are calculated or used in the code.
Evaluating such a quantity (such as current) on the grid point only effectively
involves a sampling operation.

This causes spatial aliasing in Fourier space.

pA) =25k )F &)k _2m(q, I Axg, I Ay.q, 1 A2)
J) = [3S(k,)f(k,,p)p
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However, there is no temporal aliasing

The PIC algorithm operates entirely in a discrete time variable. In PIC,
particles jump, they do not move smoothly.
no temporal sampling

operations like weighted averaging in time, or generation of particle
information in between steps (e.g., for use in current deposition) do not

constitutes sampling.
no temporal aliasing in Fourier space.

Due to the use of discrete time variable, the corresponding Fourier space
is periodic, thus correct to only consider the contribution from the

fundamental Brillouin zone.
not equivalent to aliasing for which contribution from all Brillouin zones
need to be summed.

The perturbation for the linear eigen modes analysis needs to be
applied to the internal variables of the system.

Therefore, in PIC, time dependence of the perturbation should be in
discrete form.

National Nuclear Security Administration
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How is the system advanced?
n—1 n—1/2 i’ n+1/2

— —

Leap frog advance 7,,, V.. E, ., B, - .V, E,B»

n? n’

Assume number of particle per cell N — | the distribution function is
smooth

Current deposition using f(,_,,, V,,) ™ J(r, v) , spatial
sampling is implicit carried out.

Half position update gives 7 _,, v, [T Vo) =Jot hhins Vs
Update fields to get E,, B,,,,

. - g . - e Ny v
Full momentum update using E , B, gives 7> V i ™ S oazs V)

- FU@ V)
NS

! Nuchoar Security Ad

Second half position update gives 7,, v,
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The PIC Algorithm is Analogous, Yet
Different from the Klimontovich Equation

PIC uses a Klimontovich (or Vlasov then N — ) description of the distribution,
but it evolves this distribution in a Newtonian way with operator splitting.

Klimontovich equation (linearized) PIC
Two position half updates using method of
9 f characteristics
ot + = V f =0 f’(p,x;th/Q):f(p,x—v-dt/Q;tn)

f”/(pa X, tn—l—l) — f//(p7 X—Vv: dt/27 tn—|—1/2)

Velocity update in phase space

of + (El +v xB1)Vpfo=0 Fi (P Xitnyry2) = / So(P') + f/(P' X tng1/2)] -

ot
é(p—p' — Ap)dp’ — fo(p')
Ap(p’,x) = qAt/m (E; +p’ x B1/v)

The discrete velocity update in PIC can be linearized for dispersion analysis

f” ~ —Ap - foo + f’ (This is a linearization to f needed for linear mode _analysi
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Discrete update of the distribution in PIC

Assume the distribution perturbation is in time- and spatial-harmonic form.

f(p.xity) = f(p)e’ >t
Note that the arguments p and x are continuous variables, but t is not, i.e.,
particles jump, they do NOT move in time, but they can have arbitrary position
and momentum.

With the exact operator for PIC position update and linearized operator for
velocity update, the distribution evolution in one time step is,

f///(p) _ f(p)e—ik-vAt L th/m (El + p X Bl/f}/) . vpf() . e—ik-vAt/Z

Therefore, the distribution perturbation can be solved,

= ~ ioAs B At E.+pxB AV . —tk-vAt/2
Fr@=F e — fp)= U ELTPXBUA) Vil €

The pole determines the location of the alias modes

The pole can also be written as CSC((w—k'V)AI/Z)%E(a)'—k'V)_]
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Force calculation by interpolating the fields
from temporal and spatial grid with offsets

The field interpolation, grid and time offset of E and B is incorporated
as follows,

Temporal and spatial phase factors are

—iwAL/2 0% — {17 if a=p

e (~1)t0, i a8
= (e 1) 2 O (BT
R L if o £ 3
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The EM PIC numerical dispersion

The numerical dispersion is derived from the wave equation

—

EB x k. x E+w,w,E = —in(Ew)

The current source is given by for a simple, direct deposition scheme

. [ F(pEw) Gope i)
J( ,(.U) = Z Sj(kQ) /p ,7(6_7:];(].{;At . 6—iwAt)/At dp

The force term is

P (R = 0. {0 () D0 B (Row) 4 o 55 (R) - [00 - B (i)}

Finally, the dispersion tensor and dispersion relation are,
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The numerical dispersion for 1D cold drifting
plasma

For a cold drifting plasma, f, (p) = (p. —po) 0 (py) ¢ (p-) , the dispersion

relation is
e, 0 O
wpB 0 €p 0 ZO,
0 0 €p

The 1D E.S.-like and E.M.-like numerical dispersion are,

sin (wWAt/2)  4At .,
€a = A2 sin® (kAz/2) x

E.S.-like = 2si — kguo) At/2} + kugAt — kqvo) At/2
y 2ol Rl SR 2 At R S uct (o o) 12}

q=—00

-2 -9
_ sin (wAt/2)  sin” (kAz/2) N 16 sint (kAz/2) x

€b

E.M.-like (At/2* (w2 A
> ese{(w — kqvo) At/2} x

(—1)%wgAt cos (wAt/2) sin (kAx/2) — Az sin (wWAL/2

i PS8
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PIC Numerical Dispersion with Aliases :
1D E.S. Example

The 1D dispersion for E.S. momentum-conserving PIC with continuous time
variable is solved numerically with all aliases included

2 .4 dx~kq . .
_ _ k-dx/3) 3 165in” (Z7)Sin(dx - ky) _ 0 (Birdsall & Langdon)
k2Sin®(k - dx/2) £ dx"ky(—vo + w/k,)?
Each alias introduces one resonance
Unstable modes (grid instability) from q # O resonances.

Re[w—k-vO], Im|w]

Re[w—kv0], Im]] Re[w—k~vOl, Imlw]
B N — J I o |
...................................................... ) -1 } 2 3 kx
.. . 05| 1ol T e
-0.5
R R S R L 03
.."- O 5 ...."'.. ............................ - 1 .0 i
e BX=0.5 g T
""" s v,=0.1
w—k-vg=0 w—k vy =2mvy/dx w—k-vg=—27vy/dx
Only real roots from Complex roots from q=-1 Complex roots from.q=1
q=0 resonance resonance when k<0 resonance_\Wwhei
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PIC Numerical Dispersion with Aliases :
1D E.S. Example

Higher g resonances behave similarly but has smaller growth rate

Re[w—k-v0], Im|w] Re[w—k‘YO], Im[w]
N O — B S— s— | : 1442””% kAx
20 -0.5¢
Roots from dispersion s ~10.  Roots from dispersion
including all aliases 0 s including all aliases

0.5 ~20"

3_244_ i i 5 3 KAX e 25"

w—k-vy =4nvy/dx w—k-vy = —4nvy/dx

When resonance separation 2mv,/dx<1, modes mix together. However, the
dispersion can still be solved accurately with a few aliases.

Re[w—k-v0], Im[w] Re[w—k-vO], Im[w]

dx=1
v,=0.1

Roots from dispersion with
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Finite Grid Instability (dt=0) in 1D EM PIC

16Az? > 1
+ ku) |1 — in? (kAx/2 =0 : -
(wt UO) 73 Sin ( I/ )q_Zoo (kAJ? _ 27rq)4 (th.l" N 27Tqvo)2] AIIaS mode IS Stable
by itself when
s @wds=05 _ b)w(ae=05) separated from other
o - modes
1 T ——— 9 i | . . .
of 1 0 Alias vertical location
e . . !
o 1 510} - is proportional to alias
B . . = S — mode index q
Q) «(Az=05625) (@ w(Ar=05625) FGI for dt=0 case has
2F . 51 ey (f"'—‘J__ i
N I a threshold which
e _ N - corresponds to q=0,%1
e mode intersection at
) S X 3.-/; o 1"&_77 kKAX=1m
3~,3/2
(€) w, (Az =0.625) - (f) w, (Az =0.625) Ay, = Ty / Yo
2 : ' ' ' ' ' )
— _ 4/2
] B—é’f Peak growth rate :
N ] _0.1;!#//;’, " eak growth rate :
2 0.2 L L
—T —r/2 0 /2 T — —0.5m 0 0.5m T
EA kAT 4

TV TV
16 —4~—3 _UN\2 —2~—3 4 —4 —\2A3 .
T (R AT \/W &

lw; (kAz = £7)| = \/
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Finite Grid Instability (dt>0) in1D EM PIC

(a) w, At

Seset (kAz/2) .
€ = soapagr S [(SwkAz +wAt) /2] -

N 9
s ode g™ (mqSvo +wAL/2) o
o

T — 27 q)4 —

5o esc? (mqSvg + wiAt/2) cos (7qSvy + w At)2) ol I —

+ —
(kAz — 2mq)* [ ——

Similar threshold as the dt=0
case for g=0,x1 mode
intersection - ol

Azl = 2mvyy3/?,

This condition is easily
satisfied in typical simulation
with large drift velocity

o =
EAx o
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Finite Grid Instability (dt>0) in 1D EM PIC

M. D. Meyers et al., submitted to JCP

The location of the gth alias mode is at w{At = 27(n — ¢8), 8 = Su,
Alias modes fold into the zeroth Brillouin zone when [qSv,| >1/2
Linear mode due to non-charge conserving current deposition

The folded alias mode can intersect with w=0 mode causing instability
This is the dominate FGl for the case with large drift velocity

Al nr 1/3 2/3
(=1 V3 {um) [sian(mr/S)SAx/Q]/

Peak growth rate ; |wili=

v
) _ () w, At
q= >
g=—3 ——>
q:l N2k

E.S.-like ————>of
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Equivalent velocity for charge-
conserving deposition

Charge-conservation can be enforced in current
deposition on microscopic (grid) scale and macroscopic

- ‘sz

x+AX,Y*AY

(cell) scale.

Esirkepov scheme and Villasenor-Buneman scheme are

JU'T /l‘ T .2
T/

Y _L | L

l x1 l

—AX—

examples of these two views.
These two schemes are equivalent in 1D, but not so in

higher dimension

Equivalent velocity in spectral domain can be defined:
sin(kjvz At/2) . 2
sl sine { (kpoy + o) At/2)

. S| sin(k§v,at/2) . ; .
Villasenor-Buneman: e = | = xys—sine { (kv: + kjv.) At/2}

D) 5 { (ko -+ k) A2}

sin(kngAt/2)

[cos (k¥v,At/2) cos (kiv.At/2) — & sin (k¥v,At/2) sin (kZv.At/2)]

Esirkepov: (o
- Ug = % [cos (kzv.At/2) cos (kFu,At/2) — 3 sin (kZv.At/2) sin (kTv,At/2)]
% [cos (kZv,At/2) cos (KYv,At/2) — 5 sin (kZv,At/2) sin (kYv, At/2)]

Alias-mode is unstable by itself

National Nuclear Security Admi
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Simulation verification

_ (a) log\o(|E, (kAz,w, At)|) o (b) w, At
i 7 - T T T
/2 . analytic
Direct = 5107 F } \
deposition 13
—m/2 o )
16 | simulation -
- = /2 0 72 l 2510 /3 72 2m/3 5m/6 T
KAz kAT
2,510 . (d) w;At .
9
Charge- 1
conserving 1.5%107 .
deposition 15
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Summary
The PIC algorithm operates in a discrete time variable and there is no temporal
aliasing.
Only sampling causes aliasing, and there is no temporal sampling

There is spatial sampling and each Brillouin zone in Fourier space contributes
to the zeroth zone.

The correct forms of the finite difference operators in the current are critical to
obtaining correct dispersion relations.

The numerical solutions will depend on these operators.
The location of the alias mode also depend on the form of the pole
Finite Grid Instability is investigated for both E.S. and E.M. PIC in the 1D case

In the E.S. code and charge-conserving E.M. code, alias mode itself is
unstable

Intersection of alias modes and w=0 mode is a major source of FGI in non
charge-conserving E.M. PIC for large drift velocity

Preliminary work indicates that phase distortion in the charge/current deposition is
the root cause of numerical instabilities

Phase distortion can corrected, spectral accuracy and discrete continuity can
be preserved

Simulation is stable even with NGP shape
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