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Abstract

This report describes work performed from June 2012 thrddgls 2014 as a part of a Sandia
Early Career Laboratory Directed Research and Develop(h&RD) project led by the rst au-
thor. The objective of the project is to investigate methimaduilding stable and ef cient proper
orthogonal decomposition (POD)/Galerkin reduced ordedeis(ROMSs): models derived from a
sequence of high- delity simulations but having a much lowemputational cost. Since they are,
by construction, small and fast, ROMs can enable real-timalations of complex systems for on-
the-spot analysis, control and decision-making in thegares of uncertainty. Of particular interest
to Sandia is the use of ROMs for the quanti cation of the coesgible captive-carry environment,
simulated for the design and quali cation of nuclear weapsystems. It is an unfortunate reality
that many ROM techniques are computationally intractablack ana priori stability guarantee
for compressible ows. For this reason, this LDRD projectdises on the development of tech-
niques for building provably stable projection-based ROMsdel reduction approaches based on
continuous as well as discrete projection are considered.

In the rst part of this report, an approach for building egeistable Galerkin ROMs for lin-
ear hyperbolic or incompletely parabolic systems of phdifierential equations (PDES) using
continuous projection is developed. The key idea is to apphansformation induced by the Lya-
punov function for the system, and to build the ROM in the $farmed variables. It is shown that,
for many PDE systems including the linearized compresdiblier and linearized compressible
Navier-Stokes equations, the desired transformatiordisaaed by a special inner product, termed
the “symmetry inner product”. Attention is then turned tanhoear conservation laws. A new
transformation and corresponding energy-based innemptddr the full nonlinear compressible
Navier-Stokes equations is derived, and it is demonstithigif a Galerkin ROM is constructed
in this inner product, the ROM system energy will be boundea way that is consistent with the
behavior of the exact solution to these PDEs, i.e., the RONbe&ienergy-stable. The viability of
the linear as well as nonlinear continuous projection moe@lction approaches developed as a
part of this project is evaluated on several test casesjdinglj the cavity con guration of interest
in the targeted application area.

In the second part of this report, some POD/Galerkin appreséor building stable ROMs using
discrete projection are explored. It is shown that, for giedaear time-invariant (LTI) systems, a
discrete counterpart of the continuous symmetry inneryeobis a weighted.? inner product ob-
tained by solving a Lyapunov equation. This inner produc wst proposed by Rowlet al., and
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is termed herein the “Lyapunov inner product”. Comparidogisveen the symmetry inner product
and the Lyapunov inner product are made, and the performariR®Ms constructed using these
inner products is evaluated on several benchmark test.cAlsesin the second part of this report,

a new ROM stabilization approach, termed “ROM stabilizatita optimization-based eigenvalue
reassignment”, is developed for generic LTI systems. Atrtb&rt of this method is a constrained
nonlinear least-squares optimization problem that is tdated and solved numerically to ensure
accuracy of the stabilized ROM. Numerical studies reveal the optimization problem is com-

putationally inexpensive to solve, and that the new stadtilbn approach delivers ROMs that are
stable as well as accurate.

Summaries of “lessons learned” and perspectives for futard motivated by this LDRD project
are provided at the end of each of the two main chapters.
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Chapter 1

Introduction

Numerous modern-day engineering problems require thelation of complex systems with tens
of millions or more unknowns. Despite improved algorithnmgl dhe availability of massively
parallel computing resources, “high- delity” models aiig, practice, often too computationally
expensive for use in a design or analysis setting. An examwipéa application area of interest
to Sandia in which this situation arises is the quanti cataf the captive-carry environment for
the design of nuclear weapons systems (illustrated in Eidgut). Since a weapons bay and its
contents experience large unsteady pressure loads whesezkjp the grazing external ow eld,
special care must be taken to design these components satchek are able to withstand loads
of this magnitude. Large Eddy Simulations (LES) with verye meshes and long run times are
required to predict accurately these dynamic loads. Thealatmons can take on the orderwéeks

to complete even when run in parallel on state-of-the-ggestomputers. The fact that they need
to be repeated numerous times in a design, quali cation@naiicertainty quanti cation (UQ)
setting presents an intractable computational burdens Sihiation has prompted researchers to
develop reduced order models (ROMs): models constructed frigh- delity simulations that
retain the essential physics and dynamics of their corredipg full order models (FOMSs), but
have a much lower computational cost. Since ROMs are, byteat®n, small, they can enable
uncertainty quanti cation as well as on-the-spot decisiwaking and/or control.

In order to serve as a useful predictive tool, a ROM shouldess the following properties: con-
sistency (with respect to its corresponding high- delitpdel), stability, and convergence (to the
solution of its corresponding high- delity model). The sex of these properties, namely nu-
merical stability, is particularly important, as it is a prgquisite for studying the convergence and
accuracy of a ROM. Itis well-known that popular model reduttpproaches known as the proper
orthogonal decomposition (POD) method [88, 12, 50] and #diarized proper orthogonal decom-
position (BPOD) method [95, 79] lack, in general,apriori stability guarantee. It is emphasized
that instability of POD/BPOD ROMs ist@al problem in some applications, notably in the eld of
uid mechanics, where it is encountered in compressibld@righ Reynolds number ows (pre-
cisely the dynamics that are modeled in the targeted apjlicarea, the captive carry problem!).
While there does exist a model reduction technique that memeous stability guarantee, known
as balanced truncation [73, 42], the computational coshisfrmethod, which requires the com-
putation and simultaneous diagonalization of in nite qofiability and observability Gramians,
makes this method computationally intractable for systefwery large dimensions (i.e., systems
with more than 10,000 degrees of freedom [81]).
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(a) Weapons bay of (b) Compressible cavity with ob-
an airplane ject

(c) 2D cross-section of compressible cavity

Figure 1.1. Compressible captive-carry problem

The objective of this Sandia National Laboratories' Lalorg Directed Research and Develop-
ment (LDRD) project is to explore new approaches for develpstable and ef cient reduced
order models, and to study the viability of these models adpting the dynamics of the com-
pressible cavities modeled in the targeted captive-capjieation. The project has theoretical as
well as practical milestones:

Theoretical: To develop novel stability-preserving model reduction rapghes that could
impact Sandia as well as the broader scienti c community.

Practical: To create software that enables the numerical study of theoaphes developed
as a part of this project.

The model reduction approaches identi ed as the most priognig this report will be imple-
mented in the Sandia in-house LES ow solV&IGMA CFD currently used to simulate the captive-
carry environment. Thus, the work described herein can ée ae a necessary rst step towards
providing a breakthrough capability for a mission-criti8andia application.

The remainder of this report is organized as follows.

Chapters 2—4 contain some preliminaries. Chapter 2 givastiterature review summariz-
ing various approaches to building stable POD/Galerkin BOSEveral notions of stability
that are employed throughout this report are de ned in Géapt Projection-based model
reduction, in particular, the POD/Galerkin method is ovamed in Chapter 4. Two projec-
tion approaches are detailed and compared/contrastedingouns projection and discrete
projection.
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Chapter 5 focuses on the development of energy-stable ROMEnEar as well as non-
linear conservation laws using continuous projectionstf-ithe linear case is considered.
The energy-stable model reduction approach developed cgigcfor the equations of lin-
earized compressible inviscid ow in [20] is extended to gea linearized conservation
laws. The key idea is to apply a transformation induced bylLgfepunov function for the
system, and to build the ROM in the transformed variabless $hown that, for many lin-
earized PDE systems of the hyperbolic and incompletelymdiatype, the desired trans-
formation is induced by a special weightedlinner product, termed the “symmetry inner
product”. Next, a new methodology for building energy-#aROMs for the full nonlinear
compressible Navier-Stokes equations is developed. Thmagph is based on a carefully
constructed transformation and energy inner product dérer the PDEs of interest. The
proposed linear as well as nonlinear model reduction agpesaare evaluated on several
test cases, including the compressible cavity problemtefast, following a discussion of
the ROM code (known aSpirit ) in which the methods are implemented.

Chapter 6 explores stability-preserving model reductippraaches based on discrete pro-
jection. It is demonstrated that a discrete weightéihner product rst derived by Rowley
et al. in [81] and termed herein the “Lyapunov inner product” is acdéte counterpart
of the symmetry inner product (introduced in Chapter 5). Weeghting matrix that de-
nes the Lyapunov inner product can be computed in a blackfbshion for a stable linear
time-invariant (LT1) system arising from the discretizatiof a linear system of PDEs in
space. Some numerical studies of POD ROMs constructed ihytggunov inner product
are performed, and comparisons are made to balanced tiamciEext, a new approach for
stabilizing projection-based ROMs for LTI systems is depeld, termed ROM stabilization
via eigenvalue reassignment [61]. In this approach, a caingd nonlinear least-squares
optimization problem that minimizes the error in the ROMpmut(thereby maximizing the
accuracy of the ROM) is formulated. The said optimizatioolpem is small, with at most
as many degrees of freedom (dofs) as the number of dofs in@iv, Rnd therefore compu-
tationally inexpensive to solve. Numerical results rethat the new stabilization approach
delivers ROMs that are both stable and accurate.

Some conclusions, a summary of “lessons learned”, and @etigps for future work are
discussed at the end of each of the two main chapters of {histreChapter 5 and Chapter
6.

The reader is referred to the following SAND reports andcéesi written during the time of this
LDRD project for more details on the topics described in teort: [55, 59, 60, 61, 35].

In addition to these publications, the ideas summarizedihevere communicated to the broader
scienti c community in the following presentations given the Principal Investigator (PI):

|. Kalashnikova, S. Arunajatesan. “A Stable Galerkin RedLi©Order Model (ROM) for
Compressible Flow”.10th World Congress on Computational Mechanics (WCCMink)
vited), Sao Paulo, Brazil, July 13, 2012.

|. Kalashnikova, S. Arunajatesan. “Towards Feedback @baftCompressible Flows Using
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Galerkin Reduced Order ModelsSecond International Workshop on Model Reduction for
Parameterized Systems (MoRePaS3hhloss Reisensburg, Gunzburg, Germany, Oct. 2-5,
2012.

|. Kalashnikova, S. Arunajatesan, B. van Bloemen Waandé&nsergy-Stable Galerkin Re-
duced Order Models for Prediction and Control of Fluid Syst& SIAM Conference on
Computational Science and Engineering (CSE18)ited), Boston, MA, Feb. 26, 2013.

|. Kalashnikova , B. van Bloemen Waanders, S. ArunajateBarBarone. “Stabilization
of Galerkin Reduced Order Models (ROMs) for LTI Systems gs@ontrollers”. SIAM
Conference on Control and Its Applications (CT13an Diego, CA, July 9, 2013.

|. Kalashnikova, B. van Bloemen Waanders, S. ArunajatédaBarone. “Stabilized Projection-
Based Reduced Order Models for Uncertainty Quanti catiddl/AM Conference on Uncer-
tainty Quanti cation (SIAM UQ14)Savannah, GA, Mar. 31-Apr. 3, 2014.

|. Kalashnikova, J. Fike, M. Barone, S. Arunajatesan. “Bgpestable Galerkin Reduced
Order Models (ROMs) for Nonlinear Compressible Flowt’1th World Congress on Com-
putational Mechanics (WCCM XlIBarcelona, Spain, July 20-25, 2014.
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Chapter 2

Literature review

As mentioned in Chapter 1, reduced order models construted) the POD/Galerkin method
(Chapter 4) lack in general anpriori stability guarantee. The stability of these reduced models
is commonly evaluated posteriori a ROM is constructed, used to predict some dynamical be-
havior, and subsequently deemed a success if the soluttmesaied by the ROM are numerically
stable and accurately reproduce the expected behaviore Thieome risk inherent in this sort of
analysis: there is always the possibility that the ROM sofutvill exhibit non-physical unstable
dynamics, which can lead to practical limitations of the RQMfortunately, ROM instability is a
real problem in some applications, including the targeted ca@sgible cavity problem: as demon-
strated in [25], a compressible uid POD/Galerkin ROM midig stable for a given number of
modes, but unstable for other choices of basis size.

Before beginning the discussion of the stability-presegunodel reduction methods studied and
developed as a part of this LDRD project, a concise reviewxgdtimg approaches for building
stable projection-based ROMs is given. It is noted thatekdeesexist a projection-based model
reduction technique possessing a rigorous stability gueea namely balanced truncation [73,
10], but this method is not considered here as it is not prakcfor the problem of interest: it
is computationally intractable for systems having morenth@,000 dofs [81], and is, in general,
limited to linear problems.

A literature search reveals that approaches for develogialility-preserving projection-based
ROMs based on the POD fall into several categories.

The rst category of methods derivea priori) a stability-preserving model reduction framework,
often speci c to a particular equation set. In [81], Rowlelyal. show that Galerkin projection
preserves the stability of an equilibrium point at the origthe ROM is constructed in an “energy-
based” inner product. In [20, 57], Baroeéal. demonstrate that a symmetry transformation leads
to a stable formulation for a Galerkin ROM for the linearizenpressible Euler equations [20, 57]
and nonlinear compressible Navier-Stokes equations [3) solid wall and far- eld boundary
conditions. In [85], Serret al. propose applying the stabilizing projection developed laydBe

et al. in [20, 57] to a skew-symmetric system constructed by augimgm given linear system
with its adjoint system. This approach yields a ROM thatabkt at nite time even if the solution
energy of the full-order model is growing. In [86, 87], Sueet al. develop a method for correcting
long-term unstable behavior for POD models using a spedseabsity (SV) diffusion convolution
operator. The advantage of approaches such as these isrthehysics-based, and guarantee
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a priori a stable ROM; the downside is that they can be dif cult to ierpkent, as access to the
high- delity code and/or the governing partial differeaitequations (PDES) is often required.

Another category of methods is aimed to remedy the so-cathede truncation instability”. These
methods [5, 76, 22, 15, 92], motivated by the observatiohhitggner order modes can give rise to
non-physical instabilities in the ROM system, are oftengibg-based and minimally intrusive to
the ROM. In [15], a ROM stabilization methodology that astei® improved accuracy and stability
through the use of a new set of basis functions represerttengrhall, energy-dissipation scales of
turbulent ows is derived by Balajewicet al. The stabilization of ROMs using shift modes and
residual modes was proposed in [76] and [22] by Noeaickl. and Bergmanret al. respectively.
Other authors, e.g., Terragei al. [92], have demonstrated that the stability and performarice
ROM can be improved by adapting the POD manifold to the logabghics.

In a third category of approaches, an unstable ROM is stailihrough a post-processiraydos-
teriori) stabilization step applied to an unstable algebraic ROMesy. Ideally, the stabilization
only minimally alters the ROM physics, so that the ROM's aemy is not sacri ced. In [7], Am-
sallemet al. propose a method for stabilizing projection-based lingalR through the solution of

a small-scale convex optimization problem. In [24], a sdin&far constraints for the left-projection
matrix, given the right-projection matrix, are derived byriglet al. to yield a projection framework
that is guaranteed to generate a stable ROM. In [94], &thal. derive some LES closure models
for POD ROMs for the incompressible Navier-Stokes equatiand demonstrate numerically that
the inclusion of these LES terms yields a ROM with increasaderical stability. In [32], Couplet
et al. propose methods for correcting the behavior of a low-ord@DFsalerkin system through
a coef cient calibration/minimization. A nice feature dfdse and similar approaches is that they
are easy to implement: often the stabilization step can péeapin a “black-box” fashion to an
algebraic ROM system that has already been constructedevwhe approaches can give rise
to inconsistencies between the ROM and FOM physics, thdnelityng the accuracy of the ROM.

Other ROM approaches, e.g., the Gauss—Newton with ApprabadTensors (GNAT) method of
Carlberget al. [27], circumvent the stability issue by formulating the RGi¥ithe fully discrete
level, that is, by projecting the ROM equations only aftexytinave been discretized in space as
well as in time. Various heuristics for obtaining stable ROhave also been noted. For example, in
[8], Amsallemet al. suggest that projection-based ROMs constructed for LTtesys in descriptor
form tend to possess better numerical stability propettias those constructed for LTI systems in
non-descriptor form.

The approaches described in this report fall into the rshd&@ter 5 and Section 6.1) and third
categories (Section 6.2) summarized above.
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Chapter 3

Stability de nitions

As stated in Chapter 1, this LDRD project focuses on the @gveént of projection-based ROMs
that possess aa priori stability guarantee. Before beginning this discussiomeageneral de -
nitions of stability that will be used in the subsequent gsialare reviewed. Of particular interest
is the concept of energy-stability, which appears in thbikta proofs given in subsequent chap-
ters. The term energy-stability is de ned in Section 3.1d aslated to more classical de nitions
of stability, e.g., Lyapunov stability, asymptotic statlyil exponential stability and time-stability,
in Sections 3.2-3.3.

3.1 Energy-stability

The concept of energy-stability originated in the literatinvolving the numerical analysis of
spectral and nite difference discretizations to time-degent PDEs [40, 47, 45]. It has also
appeared in the Galerkin nite element method literaturg,,§44, 67], where the energy-method
was employed to derive stable Galerkin methods for hypearbohservation laws. Itis well-known
that physical systems admit a certain energy structureb@hie idea behind building energy-stable
ROMs is that a ROM constructed for such systems should presgieis energy structure. Among
the authors who have explored the concept of energy-diabilthe context of model reduction
are Rowleyet al. [79] and Kwasniok [66]. In [79], Rowlet al. introduced a family of “energy-
based” inner products for the purpose of constructing st&lallerkin ROMs for uid problems. In
[66], Kwasniok recognized the role of energy conservatioROMs of nonlinear, incompressible
uid ow for atmospheric modeling applications, and propmba Galerkin projection approach in
which the ROM conserves turbulent kinetic energy or turbuémstrophy.

The notion of energy-stability will be introduced in the text of a speci ¢ canonical model
problem, then generalized. Consider, without loss of gaitgrthe following scalar initial value
problem, known as a Cauchy problem [64]:

() =L (x(); t O
f:

(0 (3.1)

Here,L denotes a linear differential operator with constant coients,f 2 R" is the initial con-
dition, andx(t) 2 R" is the system state at tinhe 0. The operatoL is said to be semi-bounded
with respect to an inner produgt; ) if it satis es the following inequality for all suf ciently
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smooth functionsv 2 L2:
(wiL w) a(w;w); (3.2)

wherea 2 R. The following theorem (quoted from [64]) states the caodi under which the
Cauchy problem (3.1) is well-posed.

Theorem 3.1.1 [64]: The Cauchy problem (3.1) is well-posed if and only if the @perL is
semi-bounded with respect to an inner produc) which corresponds to a norm equivalent to the
L2 norm.

Consider now a Galerkin approximation to (3.1), denotee hgixy, and satisfying

(xn; F) = (L (xn); F); (3.3)

for all f suf ciently smooth, and suppode is semi-bounded with respectq ). Settingf = xn
in (3.3) leads to the following energy estimate for the Gateapproximation:

d
d—EtN 2aEy; (3.4)

whereEy %jijjj2 denotes the energy of the Galerkin approximati@nandjj jj is the norm
induced by the inner produ¢t; ). Applying Gronwall's lemma ((A.1) in Appendix A.1) to (3.4)
gives the inequality

ixn@®ii - e2®ixn(0)jj: (3.5)
The result (3.5) says that the energy of the numerical soiub (3.3) is bounded in a way that is
consistent with the behavior of the energy of the exact &oiub the original differential equation

(3.1), i.e., the numerical solution is energy-stable. Tdesition can be extended to a generic
ROM system.

De nition 3.1.2 (Energy-Stability [45]): A ROM system is called energy-stable if
Em(t) € 'Em(0); (3.6)

for some constard 2 R, where
1. .
Em EJJXMJJZ (3.7)

is the system energy of the ROM numerical solutign andjj jj is a norm equivalent to thie?
norm.

In general, a ROM system is not guaranteed to satisfy Denit8.1.2 even if the underlying
initial boundary value problem (IBVP) is well-posed and th# order system arising from the
discretization of the governing PDEs in space is stable. él@w it is often possible to ensure
(3.6) holds for the ROM system through a careful selectiotihefreduced trial and test badeg
andY y and/or the inner product in which the projection step of tleelel reduction is performed
(Chapters 5 and 6).
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3.2 Lyapunov, asymptotic and exponential stability

The concept of energy-stability can be related to classiotibns of stability, namely Lyapunov
stability, asymptotic stability and exponential staili€onsider an autonomous nonlinear dynam-
ical system:

x=f(x); x2R" (3.8)

wheref 2 R" is a given function, subject to some initial conditiof0) = xg. Let xe be an equilib-
rium point of the system (3.8), meanifgke) = Oforallt 0.

De nition 3.2.1 (Lyapunov, asymptotic and exponentiabgdity) [11]: The equilibrium pointxe
of (3.8) is said to be:

(a) Lyapunov stabld 8e> 0 there exists @(e) > 0 such thatifjx(0) Xgjj < d, thenjjx(t)
Xgjj < e8t 0.

(b) Asymptotically stabléthere exists & > 0 such thatifjx(0) Xejj < d, thenlimy y jjx(t)
Xgjj = 0.

(c) Exponentially stabléf there exista;b;d > 0 such that ifjjx(0) Xgjj < d, thenjjx(t)
Xej ajix(0) xdje Pt8t 0.

In other words, if an equilibrium point of (3.8) is Lyapunotable, solutions within a distance
d > 0 from it will remain a distance2 > 0 from it for all time; if it is asymptotically stable,
solutions within this distance will eventually convergethe equilibrium; if it is exponentially
stable, the solutions will not only converge, but at an exgrdial rate. In general, exponential
stability implies asymptotic stability, and asymptotialstity implies Lyapunov stability.

The following theorem, known as the Lyapunov Stability Tieen [11], can be used to characterize
the stability of an equilibrium pointe for (3.8).

Theorem 3.2.2 (Lyapunov Stability Theorem) [1LEtV be a non-negative function dR" and
letV represent the time derivative ¥falong trajectories of the system dynamics (3.8), Ve=,
Bx = I£f(x). LetBr = Br(xe) be a ball of radius around an equilibrium pointe of (3.8). If
there exists an> 0 such thaV is positive de nite andV is negative semi-de nite for ak 2 By,

thenxe is Lyapunov stable.

The functionV de ned in Theorem 3.2.2 above is known as the Lyapunov fomdtor the system
(3.8). Observe that the numerical enekjyde ned in (3.7) satis es the de nition of a Lyapunov
function (Theorem 3.2.2) i% 0. Thus, if a ROM is energy-stable witlh = 0 (De nition
3.1.2), then the ROM is Lyapunov stable. In Chapter 5 andi@eét1, it is shown how Theorem
3.1.2 can be used to de ne a stability-preserving inner pobébr building stable ROMs.

The stability concepts introduced above simplify for the@mg case of linear systems. It is
straightforward to verify that for linear systems, asyntigtand exponential stability are equiva-
lent. Moreover, the following result holds.
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Theorem 3.2.3 (Asymptotic Stability Theorem for Lineate3ys) [11]: A linear ROM system of
the formdéi—tM = AmXym is asymptotically (and exponentially) stable if and onlglifthe eigenvalues
of the ROM system matriAy have strictly negative real parts.

Theorem 3.2.3 is commonly used to check numericalgdsterior) the stability of a linear ROM
constructed for a linear system (Sections 5.5, 6.1.1 and)6.2

3.3 Time-stability

Another form of stability is what is referred to herein agrié-stability”. Essentially, a system that
is time-stable is one whose solution will not “blow up” (i.produce an unbounded output) given a
nite input and/or non-zero initial condition. For a genen@nlinear system, exponential stability
implies time-stability, but time-stability is a strongestion than asymptotic stability [48]. Since
exponential and asymptotic stability are equivalent foe#ir systems, asymptotic stabildpes

imply time-stability in this special case.

The concept of time-stability can also be de ned in termshaf $ystem energy.

De nition 3.3.1 (Time-Stability [45]): A ROM system is called time-stable if the numerical energy
of the ROM solution is non-increasing in time for an arbyrime step, i.e., if

dEv
T 0: (3.9

It is straightforward to demonstrate that a time-stablessuh is also energy-stable. Suppose a
ROM is time-stable, so the ROM solution satis es the enegfyneate (3.9). Applying Gronwall's
lemma ((A.1) in Appendix A.1) to this inequalitign(t)  En(0). Thus, (3.6) holds witla = 0.

In general, the converse of the above statement does notdradyy-stability does not necessarily
imply time-stability. This is to be expected. The practizaplication of a ROM possessing the
energy-stability property is that its numerical solutisrbounded in a way that is consistent with
the behavior of the exact solutions of the governing equatidt is possible in general that the
governing PDEs support instabilities. In this case, angnstable ROM may possess unbounded
solutions ag! ¥, as (it can be argued) it should, if these unbounded solsiaoa physical.
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Chapter 4

Proper Orthogonal Decomposition
(POD)/Galerkin method to model reduction

In this chapter, the POD/Galerkin method to model redudsooverviewed. The POD/Galerkin
method is a projection-based method. The projection stépeahodel reduction (Section 4.3) can
be performed at either the discrete or continuous level®ibverning equations. In the discrete
projection approach, a semi-discrete (or fully discretd)2epresentation of the equations is pro-
jected onto the POD modes in a discrete inner product. Inrasitin the continuous projection
approach, the Galerkin projection step is applied to theisoaus system of PDEs in a continu-
ous inner product onto a continuous representation of the P&sis. A comparison of these two
projection methodologies is deferred until Section 4.3.

Consider a generic PDE (or system of PDES) of the form
x(t)= L (x(t))+ N (x(1)); (4.1)

in an open bounded domaid In (4.1),L :R"! R"is alinear spatial differential operator, and
N :R"! R"is a nonlinear spatial differential operator. The symbdénotes time, and2 R"

is called the state vector. Thé symbol denotes differentiation with respect to time,,ixe. %

Suppose the PDE system (4.1) has been discretized in spagesasne numerical scheme, e.g.,
the nite element method. The result will be a semi-discredalinear system of the form:

Xn(t) = Axn(t) + N(xn(1)); (4.2)

wherexy 2 RN is the discretized state vectdx,2 RN N is a temporally-constant matrix arising
from the discretization of the linear operatorin (4.1), and\ 2 RN is a nonlinear function arising
from the discretization of the nonlinear operatorin (4.1).

The general approach to projection-based model reductinsists of three steps, described below
(Sections 4.1-4.3).

Step 1: Calculation of reduced trial and test bases, denote& hy= f ;; , fy and
YmM= Y. , Ywm respectively, each of ordé, with M << N.

Step 2: Approximation of the solution to (4.1) or (4.2) by

M
x(t) & xmi()f, = Fuxm(t); (4.3)
i=1
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wherexy:i(t) are the unknown ROM coef cients or modal amplitudes, to beederined in solving
the ROM.

Step 3. Substitution of the approximation (4.3) into the governsygtem ((4.1) or (4.2)) and
projection of this system onto the reduced test basis.

The result of this procedure is a “small” (sidd << N) dynamical system that, for a suitable
choice of reduced bases, accurately describes the dynaifics full order system for some set
of conditions. The reduced basEs 2 RN M andYy 2 RN M are functions of space but not
time, and are assumed to have full column rank. In the caseYtpaé F\, the projection is
referred to as a Petrov-Galerkin projection. OtherwiseY \jf = Fy, the projection is referred
to as a Galerkin projection. This terminology is introdudexte as it will be shown later that
the energy-stable model reduction approaches derivedsnvirk are effectively Petrov-Galerkin
methods.

4.1 Calculation of the reduced basesStep 1}

There exist a number of approaches for calculating the extibasis modesStep 1of the model
reduction), e.g., the POD method [88, 12, 50], the BPOD nwf8b, 79], the balanced truncation
method [73, 42], the reduced basis method [93, 83]; also mdsthhased on goal-oriented bases
[25], generalized eigenmodes [17], and Koopman modes [8&Ention is restricted here to the
POD basis, but it is noted that the energy-stability resigtsved in this report hold fasnychoice

of reduced basis. The reason for the choice of the POD rechasd is two-fold. First, the POD
is a widely used approach for computing ef cient bases fanaiyical systems. Moreover, ROMs
constructed via the POD/Galerkin method lack in general priori stability guarantee (meaning
POD/Galerkin ROMs would bene t from stability-preservingpdel reduction approaches such as
those developed herein).

Discussed in detail in Lumley [71] and Holmesal. [50], POD is a mathematical procedure that,
given an ensemble of data and an inner product, denotedigaiheby ( ; ), constructs a basis for
the ensemble. This basis is optimal in the sense that it ibescmore energy (on average) of the
ensemble in the chosen inner product than any other lineas b&athe same dimensidvi. The

eld, taken forK values of a parameter of interest, okatifferent times. Mathematically, POD
seeks arM-dimensional il << K) subspace spanned by the B&{g such that the projection of
the difference between the ensemyifend its projection onto the reduced subspace is minimized
on average. It is a well-known result [20, 50, 65, 78] thatsb&ition to the POD optimization
problem reduces to the eigenvalue problem

Rf = Iff (4.4)

whereR is a self-adjoint and positive semi-de nite operator with (i; j) entry given byR;j =
% x;x! forl i;j K. Ifitis assumed thaR is compact, then there exists a countable set

of non-negative eigenvaluds with associated eigenfunctiorfs. It can be shown [50, 71] that
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eigenvalues oR is precisely the desired basis. This is the so-called “netifosnapshots” for
computing a POD basis [88].

4.2 Approximation of solution in reduced basis(Step 2)

Once the reduced basis is calculated, the solu{bnis approximated as a linear combination of
the reduced basis modes (4.3}é€p 3. Given this approximation, the following error formulanca
be shown for the POD [50, 65]:

1 C}’< i ’C\’A i _ 5] .
R_a X a xof p £, = a lw (4.5)
i=1 =1 k=M+1
whereJ = dim x%;::;;xK | and wherel ;1 :: [3> 0 are the positive eigenvalues of the

operatoR (4.4).

Typically, the size of the reduced basis is chosen based enexgy criterion. That idyl is selected
to be the minimum integer such that

Epop(M) tol; (4.6)
where 0 tol 1 represents the snapshot energy represented by the PGDdraski
e M
aicqli
Epop(M) 2t (4.7)
dij= 1’ i

4.3 Projection (Step 3

There are two approaches for performiatgp 3of the model reduction: continuous and discrete
projection. These approaches are described, as well asatethpnd contrasted, in the present
subsection. Stability-preserving methods for constngclROMs using these approaches will be
detailed in Chapters 5 and 6.

4.3.1 Model reduction via continuous projection

In the continuous projection approach [20, 57], the comtursusystem of PDEs (4.1) is projected
onto a continuous reduced test be[g'rsgi'\i 1 2 R"in a continuous inner produgt, ), for example,
the usual? inner product 7

W

Weighted variants of the? inner product are considered later in this work.
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where thexy:i(t) are the unknown ROM coef cients or modal amplitudes thatx{,I
XM:1; , Xm:m , to be determined in solving the ROM dynamical system (@efivelow).

Substituting (4.3) into (4.1), the following is obtained

! !
M M

M
axifi=L axwi®f; +N & xwmi()f, : (4.9)
i=1 i=1 i=1

Next, a reduced test basﬁyigi"ﬂl 2 R"is introduced, and the system of PDEs (4.9) is projected
onto the reduced test basis mogegsfor j = 1;2;:::;M in the inner product ; ) to yield

I I
M

M ' M
Axwi) yifi =yl Axwi®f)  + yiN o @ xwi®f; (4.10)
i=1 i=1 i=1
for j = 1;2;::;; M. Typically, the reduced trial and test badesandy ; are chosen to be orthonor-
malinthe inner produdt; ), sotha(y ;;f;)= dj, whered; denotes the Kronecker delta function.
Invoking this property, as well as the linearity propertytloé operatot. , (4.10) simpli es to

;)= &M oxmi() y L (F) + y N &Moo f; (4.11)

for j = 1;2;:::;;M. The equations (4.11) de ne a set bf time-dependent nonlinear ordinary
differential equations (ODEs) for the modal amplitudgs;(t) in (4.3).

4.3.2 Model reduction via discrete projection

In the discrete projection approach, the FOM ODE systen) (th2 PDE system (4.1) discretized
in space) is projected onto a discrete reduced test basidisteete inner product. Suppose this
discrete inner product is the following weighte#linner product:

X&l);X&Z) . _ Xﬁll)TPXI(\IZ); (4.12)

whereP 2 RN N is a symmetric positive-de nite matrix. L&y 2 RN M andY y 2 RN M denote
the reduced trial and reduced test bases for (4.2), respBctiAssume these matrices have full
column rank, and are orthonormal in the inner product (4.§Q)thatYI,|PFM = v, wherely
denotes the M identity matrix. The rst step in constructing a ROM for (4.@sing discrete
projection is to approximate the solutigg(t) by (4.3). Substituting (4.3) into (4.2), and projecting
this system onto the reduced test basis, the following M dynamical system is obtained:

Xm(t) = Apmxm(t) + Nm (xm(1)) ; (4.13)

where
Am = Y PAFN; Nu(xm)= YLPN(Fuxyv): (4.14)
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4.3.3 Continuous vs. discrete projection

In the majority of applications of reduced order modelirgg tliscrete projection approach is em-
ployed in constructing the ROM. This discrete approach hasitivantage that boundary condition
terms present in the discretized equation set are oftere(dkpg on the implementation) inherited
by the ROM; that is, the ROM solution will satisfy the bounglaonditions of the FOM. Certain
properties of the numerical scheme used to solve the fulhdops may be inherited by the ROM
as well. The discrete approach can be black-box, at leasinfear systems ((4.2) with = 0):

it operates on the matriR only, so that access to the high- delity code that was usedeo-
erate this matrix or the governing PDEs is not required mlediA can be written out from the
high- delity code. In contrast, the continuous projectiapproach is tied to the governing PDEs
— the continuous problem (4.9) needs to be translated toitlceete setting, e.g., by interpolating
the reduced basis modes and evaluating the continuouspno@ucts in (4.11) using a numerical
guadrature [20]. Although the continuous approach is iahiy an embedded method, its similar-
ity to spectral numerical approximation methods allowsubke of analysis techniques employed
by the spectral methods community [16, 57].

Which of the two projection approaches described abovetifaaous vs. discrete projection) is
preferred depends on the application and the type of modekt®n approach sought (e.g., em-
bedded vs. black-box). The discussion in the remainderistéport is intended to aid the reader
in selecting one of these approaches for his or her problanteriest.

Note that, regardless of which projection approach is usduiid the ROM, the ROM dynamical
system will have the form (4.13), as (4.11) has this form wiwveitten as a matrix problem. The
solution to the ROM is obtained by advancing (4.13) forwardime using a time-integration
scheme. This stage of the model reduction is known as then®stage”. The preceding steps
(the collection of the snapshots used to build the reducsdsandteps 1-&bove) comprise the
“of ine stage” of the model reduction.

4.4 Ef ciency considerations

Itis straightforward to see that the projection of the lingaerator in (4.1) or (4.2) can be computed
just one time prior to the online time-integration step @& thodel reduction; in particular, it need
not be recomputed in each time or Newton step of the modettexntu This is also the case when
the nonlinear operatdd has only polynomial nonlinearities. To see this, supp¥sé) has a
cubic nonlinearity:

N (x(t) = x3(t): (4.15)

The projection of (4.15) onto the reduced test basis modibers
I
5
yiN xwi(Of ;=
=1

M
a i Oxmmt)Xmn(t) Y i fifof o (4.16)
1n=1

I Qo=
T Qoz

=1
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for j = 1;::;;M. The inner product tensory ;;f,f ,f,, needs to be computed just once in the
of ine stage of the model reduction.

In the caséN (and hencé) has non-polynomial nonlinearities, the projection ostt@rmcannot

be pre-computed prior to the time-integration (onlinepstaf the model reduction. The cost of
performing this inner product ®(N), whereN is the number of degrees of freedom in the FOM
and often very largeN >> M). Hence, “direct” treatment, or computation, of these irpreducts
would invalidate the termeducedorder model. A number of interpolation methods to overcome
this dif culty have been proposed, e.g., the discrete emogliinterpolation method (DEIM) [29],
“best points” interpolation [74, 75], or gappy POD [33].

In the nonlinear systems considered herein (the comptedsidvier-Stokes equations; Section
5.3), the equations and inner products are formulated shaghthe resulting systems have only
polynomial nonlinearities, so that the projection of thelveear terms can be computed once in
the of ine stage of the model reduction and stored for usaenguthe online stage. Hence, the
nonlinear interpolation methods mentioned above are rext.udote, however, that the ef ciency
of the nonlinear ROMs may nonetheless be improved with patietion of the nonlinear terms.
This is because it requiré3(MP* 1) operations to evaluate the tensor arising from the prajacti

of the nonlinear terms (e.g., the inner product tengp; f ff, in(4.16) forp= 3), wherep

is the degree of nonlinearity in the functidh . This can amount to a cost 6f(N) operations for
p>> 2 and moderat®l.

4.5 Special case: linear time-invariant (LTI) systems

The POD/Galerkin model reduction approach described aisavew applied to a special kind of
system that will be considered in Chapter 6, namely a linmag-invariant, or LTI, system. A
system is called time-invariant if the output response fgivan input does not depend on when
that input is applied [11].

At the continuous level, an LTI system can be represented BPRBa (or system of PDES) of the

orm (t) L (x(t))+ L c(u(t))

X x(1)+ L c(u(t));

YO = Lo(x(); @-17)
in W. Here,u 2 RP represents the vector of control variables, grdRY is the measured signal or
output. The operatdr : R"! R"is a smooth linear spatial-differential operator, like timear
operator that appears in (4.1). The operatogs RP! R"andL ,: R"! R%are smooth linear
mappings. The abstract operatars L ¢ andL ¢ are introduced to keep the discussion as general
as possible, and used in subsequent analysis.

If the PDE system (4.17) is discretized in space using sonmeengal scheme, e.g., the nite
element method, the result is a semi-discrete LTI systerheofdrm:
Xn(t) = Axn(t)+ Bup(t);

yon(t) = Cxn(t): (4.18)
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Here,up 2 R is the discretized vector of control variables, o 2 RQis the discretized output;
A2RN N B2 RN PandCc2 RQ N are constant matrices (in particular, they are not funstiufn
timet).

The rst two steps of the model reduction approach for (4.4i7§4.18) are identical to the more
general nonlinear case considered above. The step thdsdedlightly different (simpler) result
is the Galerkin projection step. Substituting (4.3) intdl{@®, and projecting onto the reduced test
basis in the continuou§; ) inner product, invoking the orthonormality of the reducedttand
reduces trial basis functions, the following is obtained:

ai® = &M vl (F) + vl au) 19
yom(t) = &M xwi(t)L off);

for j = 1;2;:::;;M. The equations (4.19) de ne a set bf time-dependent linear ODEs for the
modal amplitudegy:i(t) in (4.3), whereygwm is a reduced approximation of the output.

Similarly, substituting (4.3) into (4.18), and projectitigs system onto the reduced test basis in
the discrete inner product (4.12), the followik M LTI system is obtained:

Amxm(t) + Bmup(t);
Cmxm(t);

Xm(t)

Yom(®) (4.20)

where
Aw= Y PAFy; Bm=Y[PB;, Cu=CFy: (4.21)

The matricesAm, Bm andCy can be pre-computed and stored in the of ine stage of the inode
reduction — in particular, they need not be re-computed eh ¢izne step of the online time-
integration stage of the ROM. Note that, when written in m&wrm, the ROM constructed via
continuous projection (4.19) has exactly the form (4.20).
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Chapter 5

Stable ROMSs via continuous projection

As stated in Chapter 1, the targeted application of the ROMa@grhes developed as a part of
this LDRD project is the compressible captive-carry prableFor this problem, the govern-
ing PDEs are the nonlinear compressible Navier-Stokesteqsain the high Reynolds number
regime. These PDEs are given in Section 5.3. A literaturechga8] reveals that the majority of
POD/Galerkin model reduction approaches for uid ow aresbd on the incompressible version
of these equations. For the incompressible Navier-Stogaatens, the natural choice of inner
product for the Galerkin projection step of the model reucprocedure is the? inner product.
This is because, in these models, the solution vector istekée the velocity vecton, so that
jiujj 2 is a measure of the global kinetic energy in the domain, aedP@D modes optimally
represent the kinetic energy present in the ensemble froiwhvthey were generated. The same
is not true for the compressible Navier-Stokes equations. Haheegompressible uid ROM is
constructed in th&? inner product, the ROM solution may not satisfy the consiwmarelation
implied by the governing equations, and may exhibit nonsutgt instabilities.

It is shown in this chapter that the ROM instability probleesdribed above can be remedied by
designing a special energy inner product in which to do thiei®e projection step of the model
reduction procedure for compressible ow problems.

In Section 5.1, an energy-stability preserving model rédacapproach is developed for conser-
vation laws of the hyperbolic and incompletely parabolipdy It is shown that a certain trans-
formation applied to a generic hyperbolic or incompletedyabolic set of PDEs and induced by
the Lyapunov function for these equations will yield a GrilelROM that is stable for any choice
of reduced basis. It is shown in Section 5.2 that, for liné@EPR, the desired transformation is
induced by a special weightéd inner product, termed the “symmetry inner product”. The sym
metry inner product is given for several systems of physitarest: the linearized compressible
Euler equations, the linearized compressible Navier<&aquations, the wave equation, and the
linearized shallow water equations (Sections 5.2.1-5.2.3

In Section 5.3, attention is turned to developing energpist ROMs for the nonlinear compress-
ible Navier-Stokes equations. Three forms of these equaioe considered:

The standard form of the compressible Navier-Stokes egpusin the primitive variables,
density, velocity and temperature (Section 5.3.1).

The so-calle&z—form of the compressible Navier-Stokes equations, whegsspeci ¢ vol-
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ume instead of density and pressure instead of temperaiudehas a lower degree nonlin-
earity than the standard form (Section 5.3.2).

The nonlinear compressible isentropic Navier-Stokes #gpusin the velocity and enthalpy
variables, valid for cold ows (Section 5.3.3).

An energy-based inner product for the third form of the equst of interest (the nonlinear com-
pressible isentropic Navier-Stokes equations) was iniced by Rowleyet al. in [81]. This inner
product induces a meaningful physical quantity for theseadqns, namely the integrated stagna-
tion energy or stagnation enthalpy, and is reviewed herérastivates the formulation of aew
transformation and corresponding energy inner productHerfull compressible Navier-Stokes
equations in the standard primitive variable form. The nassociated with this inner product
induces a conserved quantity for a given ow: the total egetfithe projection step of the model
reduction is performed in the total energy inner produa,rssulting Galerkin ROM should pre-
serve the stability of an equilibrium point at the origin tbe compressible Navier-Stokes system.

Following a discussion of the compressible ow ROM code (kmoasSpirit ) developed as a

part of this project (Section 5.4), the performance of theous ROM approaches described in
this chapter is evaluated on several test cases in SectomnGluding a viscous laminar cavity

problem. The chapter ends with a summary of some key obsangadnd “lessons learned” from
the various numerical experiments performed. Also inallide discussion of prospects for future
work.

More detail on the content described in this chapter can bedan the following journal articles
and SAND reports, written during the time of this LDRD prdjg&9, 55, 35, 18, 60, 61].

5.1 A stabilizing transformation for conservation laws

In this section, an approach for building energy-stable RQMA continuous Galerkin projection
is developed for PDE systems of the form:

2
Q+AiE T

i Kij T X +Gg=f: (5.1)

In (5.1),9 2 R" denotes a vector of unknowris2 R" is a source termi;, Kjj; andG aren n
matrices, where 1 i;j d, with d denoting the number of spatial dimensions, argiN. The
matricesA;, Kjj andG could be a function of space, but they are assumed to be s{aatin
function of timet). The so-called Einstein notation (implied summation gueaded indices) has
been employed in (5.1) and subsequent expressions. Mosew@tion laws, as well as many
PDEs of physical interest, can be written in the form (5.1)K|; = 0 8i; j, (5.1) is known as a
hyperbolic system [46]. Otherwise Kfj; 6 0O, (5.1) is known as an incompletely parabolic system
[46].

34



Suppose there exists a transformation
T: R"!1 RY
q ! v

such that in the new variablesthe system (5.1) has the form

(5.2)

shv s TV _ S
v+ A > K T, + G = f5, (5.3)

where:
Property 1: The matricesAiS are symmetricforall1l i d.
Property 2: The matricesKﬁ-’ are symmetricforall1 i;j d.

Property 3: The augmented viscosity matrix:

S ... ikS
Kll = Kld
KS & : . : X (5.4)
KS, it K3y
is positive semi-de nite.

Theorem 5.1.1Suppose a ROM for (5.3) is constructed using continuousr@al@rojection in
theL?(W) inner product. Suppose the matrices in (5.3) safsfyperties 1-3above. Suppose also
that the reduced basis modes satisfy the boundary conslitibtine full order system, or they are
implemented weakly in the ROM in a stability-preserving walyet vyy denote the ROM solution
to (5.3). Then the ROM is energy-stable with energy estimate

ivm(: Dz e2PsTjjvm(;0)jjz; (5.5)
wherebsis an upper bound on the eigenvalues of the matrix
2K'S
BS 1A, TG 2GS:
™ T 7x
Moreover, this energy-stability result holds famy choice of reduced basis.

(5.6)

Proof. To prove energy-stability of a ROM constructed for (5.3)s hecessary to bound the energy
of the ROM solution to (5.3) wittiS = 0:
S = S giivmii3
% (VM;Vm)
. Tvm

M g (5.7)

. ASIv S P
v AP+ K e G

R 2 R
WYRAPTEE TW WK e IW -y v GSvi T

1
2
1
2

1The reader is referred to [57] and Appendix A.5 for a disaussif stability-preserving weak implementations of
boundary conditions for ROMs constructed using the cowtirsyprojection approach. In general, a weak implemen-
tation of boundary conditions will be stability-presergiprovided the boundary conditions are well-posed.
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Each of the terms in (5.7) will be bounded separately. First,

R R
— 7AS
Wv{,lAiS’;,V—y:ﬂﬁw = 3 wik VmAVM dW+ 3 Wv{A T vmdW

- 1 TAS T 1A7
= 5 qwYMA; nvmdG+ 3\ T VmMdW.

(5.8)

In (5.8), the property that each of the matriaé\q%is symmetric has been employder¢perty J).
The symbolGhas been used to denote the boundarypoffW.

Next, note that:

ST - 1 kSiw TS va
1] 1% 71X i K” X ™ % (5.9)
Then, . R R
Ks
WVN Kﬁﬁm\#ﬁ W = Wk KR dwW vt e e (5.10)
Again, each of the two terms in (5.10) will be bounded segdyat
R R
Wik KSR dw = TG kS R aws ﬂWVTK%VxM ndG (5.12)

TS v .
wVM KIJ ﬂx“j”n.dG,

provided the matrix (5.4) is positive semi-de nitBroperty 3.

Now for the second term in (5.10):

R K3 R K3 1R T2K5
T "0ij v - 1 i T T
M T T Tw 2 Wi VMTx VM dw+ 1 2 WMo ﬂx e VM dW (5.12)
- 1R vTﬂSnv dG+1R vTﬂKSv dw
2 TWYMx M WYM 75 17 M

In (5.12), the property that théﬁ matrices and therefore their derivatives are symmetriceas
employed Property 2.

Finally, (5.8) and (5.10) are substituted into (5.7). Therary integral terms may be neglected
if the reduced basis modes satisfy the boundary conditiotisecboundary conditions have been
implemented in a stability-preserving way. The followingund is obtained:

R s R 2s R

1d:: .. 1 TA; 1 TK;

2aliMiiE 3 g g YMAWE 5 Wi MWy v G TW (5.13)
= 1R W BSvdw,

whereBS is given by (5.6). Applying Gronwall's inequality ((A.1) iAppendix A.1) to (5.13), it
is found that:
iva(;Diiz €25 jivm( ;0)jj; (5.14)

wherebs is an upper bound on the eigenvalues of the m&Ffix5.6).

The proof of Theorem 5.1.1 is one of the new contribution$ teport.
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Note that, ifG = 0in (5.1) and thé\; andK; matrices are spatially-constant, it follows tigt= 0

in (5.14). In this case, if the ROM for (5.1) is constructedha variablew, the ROM will be time-
stable as well as stable in the sense of Lyapunov, in addibiteing energy-stable. For linearized
conservation laws (e.g., the linearized shallow water #guosg, the linearized compressible Euler
equations, the linearized compressible Navier-Stokeatems), the property th& = 0 and the
Aj andKjj are spatially-constant will in general hold if the base aspatially uniform.

5.2 Stability-preserving “symmetry inner product” for lin ear
conservation laws

A key property of systems of the form (5.1) is that they are metrizable [47, 20, 57]; that is, it
is possible to derive a symmetric positive-de nite matxsuch that:

Property 1: The matriceHA; are symmetricforall1 i d.
Property 2: The matricediK; are symmetricforall 1 i;j d.

Property 3: The augmented viscosity matrix:

0 1

HK11 @0 HKqqg
K" SR (5.15)

HKg1 ::: HKygqg

is positive semi-de nite.
SinceH is symmetric positive-de nite, the following de nes a vdlinner product:
Z

(1); (2 OTHg@ gw 5.16
AT L WO Ha (5.16)

Following the terminology introduced in [20, 57], the inn@oduct (5.16) will be referred to as
the “symmetry inner product”. It is straightforward to seattthe following corollary to Theorem
5.1.1 holds.

Corollary 5.2.1: Suppose a ROM for (5.1) is constructed using continuousridalerojection in
the symmetry inner product (5.16). Supp®3eperties 1-3 hold. Suppose also, as in Theorem
5.1.1, that the reduced basis modes satisfy the boundaditmms of the full order system, or
they are implemented weakly in the ROM in a stability-presey way. Letqy denote the ROM
solution to (5.1). Then the ROM is energy-stable with enarglymate

oM Diirw €™ Tiiam(; 0)ij ey (5.17)
whereby is an upper bound on the eigenvalues of the matrix

T(HAD) T2(HK ij)

BH
i i X

2HG: (5.18)
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Moreover, this energy-stability result holds famy choice of reduced basis.

Proof. Because of simple linear transformations, the proof is@gals to the proof of Theorem
5.1.1.

Again, in the case th& = 0 and theA; andK; matrices are spatially-constant, it will follow from
Corollary 5.2.1 that a ROM constructed in the symmetry irpreduct (5.16) will be time-stable
and stable in the sense of Lyapunov, in addition to beingggnstable.

It is interesting to observe that a Galerkin projection & ¢foverning (5.1) in the symmetry inner
product (5.16) is equivalent to a Petrov-Galerkin projatti Let f; for i = 1;::;;M denote the
reduced trial basis vector for the solutign Performing a Galerkin projection of the equations
(5.1) onto the modes, gives

Z Z

2
"9 k-9 L Gq dw=  fIHfdW (5.19)
W

fH Ai + K
9% A T R g

fork= 1;:::;M. Equation (5.19) is equivalent to a Petrov-Galerkin priaggcof the equations (5.1)
in the regulai? inner product

z
Yi g+A
W

z

2
M9k -T9 L Gq dw=  ylfdw (5.20)
W

™% + Kij % X

where the reduced test basis functions are givey py Hf , for allk= 1;:::;; M.

5.2.1 Application to linearized compressible Euler equabns

Consider the linearized compressible Euler equationss@ Bquations may be used if a compress-
ible uid system can be described by inviscid, small-ampdi¢ perturbations about a steady-state
mean ow. The equations are obtained from the full (nonl@@mpressible Euler equations by
decomposing the uid vectag(x;t) into a steady mean plus an unsteady uctuation, i.e.,

q(x;t) = ax)+ gtx;t); (5.21)

and linearizing these equations around the steady meagstdtq" = uy; Ww; us z; p ,
whereus, up andus are the three components of the velocity vecrois the speci ¢ volume (the
reciprocal of the density), anglis the pressure. The linearized compressible Euler equeatake
the form

q+ A,;Il—q+ GqP= 0 (5.22)
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In 3D, the convective ux matriceg\; in the linearized compressible Euler hyperbolic system
(5.22) are given by:

0 _ -1 0 _ 1
uu 0 0 0 z uw 0 0 O O
0O uy 0 0 O 0 ip 0 0 z
A= 0O O u 0 0 ; A= 0O 0 u 0 O0¢;
z 0 0 uu o 0O z 0 u O
g 0 O Uy 0 gp 0 0 (p
& &0 0 0 0 12 (5.23)
0O us 0 O O
Az= % 0 0 uz 0 z E:
0 0 zu O
0O 0 gp O ug
The matrixG in (5.22) is a function of the gradients of the base ow:
% G G G 1 O
Ux1 Ux2 Uz P2 O
G=R Uz Ug2 Ugs Pz O (5.24)
zZi Zp Zz U O

P1 P2 P3 gu; O

In the above matricegy= Cp=Cy is the ratio of speci ¢ heats. The reader may verify that & th
linearized compressible Euler system (5.22) is pre-miigtiby the following symmetric positive
de nite matrix: 0

r 0 0 0 0
Or o 0 0
H=B 0 0 r o 0 : (5.25)
0 0 0 a%gr?p ra?
— 9 (1+a?)
0 0 0 ra oo

wherea is a real, non-zero parameter, the convective ux matrld@s are all symmetric [20, 57].

5.2.2 Application to linearized compressible Navier-Sto&s equations

Consider the 3D linearized compressible Navier-Stokesiggops. These equations are appropri-
ate when a compressible uid system can be described by wss@mall-amplitude perturbations
about a steady-state base ow. As with the linearized cosgibée Euler equations, to derive these
equations from the full (nonlinear) compressible Naviek®s equations, the uid vectoy(x;t) is
written as the sum of a steady mean plus an unsteady uctu@i@1), and a linearization around
the steady mean is performed. If the viscous work terms ayeeced from the equatiofgappro-
priate, for example, in a low Mach number regime), the reisudt linear incompletely parabolic

2To the authors' knowledge, the viscous work terms are immyi neglected from the linearized compressible
Navier-Stokes equations by researchers studying en¢agplity of these equations [47, 4]. The omission of these
terms is justi ed only in the low Mach number regime, or in tt&se that the base ow is uniform. The extension of
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system of the form

0
0y A-ﬁ—q i K-~E + Gq= O 5.26
q i 0 % ij %, q ( )
If the uid vector is given byq" = ug; up; us; T; r , whereT andr denote the uid
temperature and density respectively, the matrices thetaapn (5.26) are given by the expressions
found in [47], repeated below to keep this document selta@ioed

0 1 0 _ 1
Uy 0 0 R ?ﬂ up 0 0O 0 0
0 4 O 0 O 0 o R X
A 0 0G4 0 0% A 0 0 & 0 0E&;
T ) 0 0 4 O 0 T(g ) 0 & O
r 0 0,0 U 0 .fr 0 0
0 & 0 0 0 01 (5.27)
ow O 0 O
Az 0 0 Us R B ¢,
0 0 T(g 1) g O
00 r 0 G
P G G G 81 E(GU+ R
LT2;1 LT2;2 LT2;3 rBI’_-z %(LTILTZI + R-EZ)
G=§ Ug1 Ug2 Ugz  £T3 #(Ulg; + RTg) : (5.28)
Ti T2 Ts (@ Dy F(GTi+(g DTay)
ra ra I3 0 Ui
and 0 1 0 1
2m+1 0 0 0 O 0/ 000
0 mOo 0 0 mOo 00 O
K11 ,—a—e% 0 0 mo og; K1z r—g{—e%o 000 og, (5.29)
0 0 0 %o 0 000O
0 00 00 0 000O
0 1 0 1
001/ 00 0 mO 0O
000O0O /I 0 00O
Kia r—;—e%m 000 OE, K21 ,—;—e%o 000 OE; (5.30)
000O0O 0 000O
000O0O 0 000O
0 1 0 1
m 0 0 0 0 00000
LBoo2mi 0 00 LBoO0/ 00
Koo r_—Re 0 0 m 0 O ; Koz r_—Re OmO OO ; (5.31)
o o o0&o 00000
0O 0 0 0O 00000

the energy-stability symmetrization approach presengzd to the linearized compressible Navier-Stokes equation
in which the viscous work terms are retained is the subjegresent research. The linearized compressible Navier-
Stokes equations with the viscous work terms retained aengdh Appendix A.2.
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0 1 0 1
00moo 00000
LBoo0oo0o00 LBoomoo
Ka =B/ 00 00f K —BOI 000k, (5.32)
00000 00000
00000 00000
0 1
mo 0 00
LBom o oo
K —=B 0 0 2m¥/ 0 Of: (5.33)
M@0 0 0o & o
00 0 00

The parametefsappearing in the viscous stress matrisgsare: the Lamé viscosity coef cients
I andm the thermal diffusivityk, the Prandtl numbd®r, and the Reynolds numbBe The reader
can verify that if the system (5.1) is pre-multiplied by tly@snetric positive de nite matrix given

by 0 1
Froo 0 O
0r 0 0 O
H gOOr 0 0, (5.34)
000 #75 O
ooo0o o &

the “symmetrized” convective ux matricgdA; and diffusive ux matriceHKj; satisfyProper-
ties 1 -3 in Section 5.2. HereRk denotes the non-dimensional universal gas constant.

Note that the symmetry transformation exhibited above tsuncque. For example, in [4], Abar-
banelet al. exhibit a transformation of the form (5.3) in the linearizanpressible Navier-Stokes
equations written in the primitive variabled = r; up; Uy uz; p

5.2.3 Application to other hyperbolic systems (e.g., shallv water equations,
wave equation)

It is straightforward to derive the symmetrizéifor a number of other physical systems commonly
of interest to the scienti c community. The symmetrizerstiw@o such systems are given in Table
5.1: the 1D wave equation and the 3D linearized shallow wejaations. For the former equation,
the wave equation, the original second order FLDEaiZﬁX‘ZJ wherea 2 R denotes the wave speed,
has been written as a rst order system. The latter set of PD&%ely the 3D linearized shallow
water equations, are obtained from the full (nonlinear)letvawater equations by decomposing
the uid vectorq(x;t) into a steady mean plus an unsteady uctuation (5.21), amehlizing the
full shallow water equations around the steady mean sfat€he variablef denotes the local

3Note that Section 5.2.2 give the dimensionless form of thediized compressible Navier-Stokes equations. The
details of the non-dimensionalization of these equati@rste found in Appendix A.3. The gas const&in the
convective ux matrices (5.27) is the non-dimensional gasstant, given by (A.7). The dimensional gas constant has

J .
the value 831 TR for air.
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height of the uid above the equilibrium depth, and the vakesu,, up, andus are the components
of the uid velocity vector [90].

Table 5.1. SymmetrizeH for several PDEs
Name | 1D wave equatior) 3D linearized shallow water equations

Variables| q" = u; % q'= u; Uy ug f
PDEs q= AT H0+_Ai;]7—f(':)+ Gq’= 0
i 0 0 1

A 0 a? %omoo
! 1 0 0 0u O
g f 0 0 u,

i 0 0 O

0 ip O 1§

Az %og@o
g 0 f 0 w,

Gz 0 0 O

0 uz O o§

As (%300@1
f 0 00

y 1 0 0f 00
0 a? 0 0f O
0001

5.3 Nonlinear conservation laws

Attention is now turned to nonlinear conservation laws, agrthe nonlinear compressible Navier-
Stokes equations of interest in the targeted captive-@gpjication. Three forms of the equations
are considered: the full compressible Navier-Stokes @gpustthez—form of the full compressible

Navier-Stokes equations, and the isentropic compreshialger-Stokes equations. The notation

*;' denotes differentiation with respect to tii8 spatial variable, i.e.a; 17]’—2 and ' denotes

differentiation with respect to, i.e., at %‘ for a given variablea a(x;t). As before, the
Einstein convention (implied summation on repeated irgjibas been employed.
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5.3.1 Full compressible Navier-Stokes equations

The full compressible Navier-Stokes equations in dimams&s primitive variable form are given
by the following system of PDEs [31]:

re+rjup+trugg = 0

rUit+ rujuj+ ﬁéf(r T), Rietij;j = 0 (5.35)
T . g . gg OMZe L
rT;t+ruJT;,+(g 1)uj;er PrRe kT;] ' —Re Ui.jlij = 0;

wherei; j = 1;2;3 (in three spatial dimensions) and there is an implied sutloman repeated
indices. The rst equation in (5.35) is the continuity eqoat the second three equations are the
momentum equations; the nal equation is the energy egoatibhere are ve unknowns: the
densityr , the three velocity components, u, andus, and the temperatufe. ReandPr denote
the Reynolds and Prandtl numbers respectivglgienotes the ratio of speci ¢ heatsl¢s is the
reference Mach number used in the non-dimensionalizatizhe symboltj; denotes the stress
tensor, given by:

tij = mu;j+ uji + 1 Ukd; (5.36)
fori; j;k= 1;2;3, wheredy denotes the Kronécker delta, anthnd/ are the Lamé coef cients,
typically assumed to satisfy the so-called Stokes' retatio

| + §m= 0: (5.37)

The symbok denotes the thermal diffusivity, given by
M.

Pr’
wherec, denotes the speci ¢ heat of the uid at constant pressureleliving (5.35), the ideal gas
law

(5.38)

rT
p=rRT= ——; (5.39)
ref
where p denotes the uid pressure arRlis the universal gas constant, has been employed. As-
suming constant viscosities and diffusivities (&aamark 5.3.below), the equations (5.35) have a

cubic nonlinearity.

Remark 5.3.1: In general, the viscosity coef cientsiand/ , and the thermal diffusivitk need
not be spatially constant. A commonly used expressiomfisthe Sutherland viscosity law [89],
which is based on the kinetic theory of ideal gases and atizéeantermolecular-force potential.
This law states thamis related to the temperatufeas follows:

C1T3:2_
T+C’

m= mT) = (5.40)

4If ures denotes the reference value of the velocities, @adis the reference speed of sound, the reference Mach
number is given byWet = Uef=Cref.- FOr a detailed discussion of the non-dimensionalizatiothe compressible
Navier-Stokes equations, the reader is referred to Appehdi.
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for some constantS;;C,; 2 R. The ROM code written as a part of this LDRD project, known as
Spirit  (Section 5.4), allows the speci cation of a linearized vensof Sutherland's viscosity law
(5.40) for the linearized compressible Euler and Naviek8¢ equations, but not for the nonlinear
variants of these equations, for which a constant viscasigssumed. The capability to use a
viscosity of the form (5.40) may be added to the code in theréutThe primary dif culty of using
(5.40) comes from the fact that this expression containsnapodynomial nonlinearity, meaning
the projection of this term would need to be handled usinges&md of interpolation to keep
the ROM ef cient, e.g., the discrete empirical interpotetimethod (DEIM) [29], “best points”
interpolation [74, 75], or gappy POD [33].

5.3.2 Full compressible Navier-Stokes equationsz—form

The equations (5.35) can also be written in the so-calddrm, wherez = 1=r denotes the uid's
speci ¢ volume:

Zy+ zjujp zupp = 0
Ui+ Uijuj+ Zpi  geZtipy = O, (5.41)
1 — .
Pt Uipj+ QUP  prRe K(PZ)j . R Wit = O

fori; j = 1;2;3 (in three spatial dimensions). The rst equation in (5.&lthe continuity equation,
followed by the three momentum equations, and the energatieou The symbop denotes the
uid pressure. The stress tensgy is given by (5.36), and the symbd®s, Re m | , k andg are
the same as before.

The upshot of the—form of the compressible Navier-Stokes equations (5.4&) the standard
form (5.35) is (5.41) has only a quadratic nonlinearity, vé@s (5.35) has a cubic nonlinearity.
Hence, both the ofine and online stages of a projectioneblasiodel reduction algorithm for
(5.41) will be cheaper to evaluate than the of ine and onkt&ges of a projection-based model
reduction algorithm for (5.35).

5.3.3 Isentropic compressible Navier-Stokes equations

The last version of the compressible Navier-Stokes equsiwonsidered is an approximate form
of (5.35) and (5.41), namely the isentropic version of thexggations. The isentropic compressible
Navier-Stokes equations are valid for cold ows (ows for wh T,g = Ty and the temperature
gradients are small) at a moderate Mach number. The iseotepumption is consistent with the
neglect of the viscous dissipation and heat conductiongeénnthe energy equation, and constant
viscosities in the momentum equations. Unlike the full dmunes (5.35) and (5.41), the uid
vector consists of only four unknowns in 3D: the enthalpyand the three components of the
velocity vector,u; for i = 1;2;3. In dimensionless forf) the isentropic compressible Navier-

5The dimensional version of (5.42) can be found in [81]. THenence values used in the non-dimensionalization
are given in Appendix A.3.
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Stokes equations are as follows:

hi+ uihi+(g 1)hu;
Uj:t + Uilj;i + hj Rieuj';ii

0;
0;

(5.42)

for j = 1;2;3. Like thez—form of the full compressible Navier-Stokes equationd 1} but un-
like the original form (5.35), the isentropic Navier-Stgkequations (5.42) have only quadratic
nonlinearities. The enthalgyis related to the speed of sound according to the followifagion:

=(g 1h: (5.43)
Sincec? = £, the following equation relatésto p andr :

_ 9
r(g 1

(5.44)

5.3.4 Energy inner products for the nonlinear compressibldNavier-Stokes
equations

Some energy inner products for the various forms of the neali compressible Navier-Stokes
equations given above are now derived. An essential prppéthe solution to these uid equa-
tions is that the total system energy,

z

1
Er = re+ —ruu dw (5.45)
W 2

is, in the absence of external sources, non-increasingigt ti.e.,

dEr
dt
The rst term in (5.45) represents the internal energy, dreddecond term represents the kinetic

energy, withe denoting the internal energy per unit mass of the uid. Tharity e is related to
the pressure, density and temperature (assuming as ble¢adetl gas law (5.39)) via the relation:

o: (5.46)

p=(g Dre T=gg HMie (5.47)

SinceEr > 0 anddd—Etr 0, the energy (5.45) satis es the de nition of a Lyapunov ¢tion for its
corresponding uid system (Theorem 3.2.2 in Section 3.3)thg discussion in Section 3.2 as well
as [81], ifaninner product that induces the energy (5.46%&l to build the ROM, then the stability
of an equilibrium point of the system at the origin should besgrved by the Galerkin projection
step of the model reduction. This is a necessary, althouglala@ys suf cient, condition for
time-stability of a nonlinear ROM.

60r, equivalently, the entropy is non-decreasing in time tipe second law of thermodynamics, a.k.a. the Clausius-
Duhem inequality [55].
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It is noted that the use of an energy inner product to do ther®&ial projection step of the model
reduction does not guarantee that the stability of an dajuilin point other than the origin is
preserved, nor does it guarantee that the stability of laydes is preserved [81]. Moreover, an
equilibrium point of a dynamical system is not necessanilyattractor of the system. Hence, a
ROM constructed in an energy inner product may not presamagtaactor for the compressible
Navier-Stokes equations. It is also noted that, in someatsitns, an energy-based inner product
may not be appropriate, e.g., for jet noise problems in wthehacoustic waves of interest contain
a very small fraction of the energy [81].

Isentropic compressible Navier-Stokes equations

In [81], a physically meaningful energy inner product foe tisentropic compressible Navier-

Stokes equations (5.42) is introduced. This inner prodsiceviewed here, as it motivates the
de nition of an energy inner product for the full compredsiblavier-Stokes equations in the prim-

itive variables (5.35). The inner product requires rstansformation of the equations (5.42) into
a new set of variables, and is based on either the stagnatibalpy or the stagnation energy. The
transformed variables acethe speed of sound, and the three velocity compongifdsi = 1;2; 3.

In non-dimensional form, the nonlinear isentropic comgitde Navier-Stokes equations in these
variables are:

c+uci+ L lcu. = O
PR S s (5.48)
again forj = 1;2;3. In [81], Rowleyet al. de ne the following inner product for (5.48):
. ‘@, 22 @
qD;q@ sa U u +ﬁc c? dw (5.49)
whereq® CORT T SRS Tandsimilarlyforq(z).Whena=1in (5.49), the norm

induced by (5.49) represents the stagnation enthalpy; \aheril=g, the norm induced by (5.49)
represents the stagnation enérgy

Note that the nonlinearities in the transformed equatiéngd() are only quadratic. Let

0 .1
f f
fo Bl & (5.51)
k
U3
fk
’Note that, for the isentropic compressible Navier-Stokpsations, the stagnation energy
z 1
Es= e+ Euiui dw (5.50)
w

and total energy (5.50) are equivalent (and similarly fags@tion enthalpy and total enthalpy). The second term in
(5.50) is commonly referred to as the speci ¢ energy.
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denote the&!" POD mode. Projecting (5.48) onto this mode in the inner pco@L49) and inte-
grating the viscous term by paftgives:

z uj z 1 uj z Za
Uj;t+ Uin;i+ fk dwW+ WR—er;ifk;idW+ Wg—l Ct+ UC;+

gzlcu;i fedw= 0;
(5.52)
for k= 1;:::; M. Upon discretization, (5.52) gives rise to a nonlinear matroblem of the form:

gl ¥ ¥ o _
it a Arivkt a a AiquM;kXM;q =0 (5.53)
k=1 k=10=1

fori= 1;:::;;M, assuming the POD modes have been normalized with resptw toner product

(5.49). The cost of applying a time-integration scheme t63p(the online stage of the model
reduction) isO(M3).

Full compressible Navier-Stokes equations

As mentioned at the beginning of this chapter, a ROM for (5c®Bistructed in the? inner product
is not guaranteed to give rise to an energy-stable fornarlatifo remedy this problem, an inner
product whose norm is the total energy of the uid system %%.4 formulated here. Before
de ning the said inner product, a transformation of the dopres (5.35) is required. Letbe a new
variable, given by

a’ r: (5.54)

Now, de ne the following transformed uid vector:
0 1 0 1

a a
b1 aup
q by aw & 2 R (5.55)
b3 alz
d ae

In the transformed variables, the (non-dimensional) casgible Navier-Stokes equations (5.35)
are as follows:

Zaﬁa ﬂ(ﬁah - 0:
Xi 1
f(ab) ﬂ(b b. ﬂ(ad) 1Tt — A
e+ Tg (o DIEY &R = o
f(ad) | ﬂ(bd) d ﬂb 1 g 1 k 1d il 114 ﬂb| 1 - 0
(5.56)
where
m b a bi a | b, a
= 0ol a0 g Ta g, ™ pJa . (5.57)

b: —— —_ a =X
a2 ﬂxJ 77X aﬁXa % a? aﬁxk X

8As before, the boundary condition terms are omitted fronR@# equations, which in general is justi ed if the
POD modes satisfy the FOM boundary conditions; see [57] guukAdix A.5.
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fori; )= 1,2;3. (5.56) can be simpli ed as follows:

2a7’aJha”b' = 0
all + Ib ﬁbj ssbib; 2 S+ b ﬁb' +(g 1) afd d”Z
Tty _ .
flb;
alf+ b Z o Fdyfa+ g ;AR sk & af d#—f}
Riea_lztij ag_g} b' b = 0
fori;j=1;2;3.
Consider the following inner produtt
Z
q®:q@ 1 04@ 4 2040+ b2 gw (5.59)
E w2 i i
The norm induced by the inner product (5.59) is:
Jaig  ra)e
= v ad+ b.b. dw
= a2e+ 2a uu; dw (5.60)
= w ret+ 2ru.u. dw
= Er:

That is, the norm induced by the inner product (5.59) is th& #nergy of the uid system. If the
Galerkin projection step of the model reduction procedsmone in the inner product (5.59), the
resulting ROM should preserve the stability of an equilibmipoint of the system at the origin.

The projection of the equations (5.58) onto the reducedsbasides in the total energy inner
product (5.59) is now derived. Let 0 1

a

~h

1
;
b
i

N

: (5.61)

-~
=~
1
—~ —h —h —h

denote th&!" POD mode.

Consider rst the inviscid variant of (5.58)1f= | = k = 0). The rst step is to convert the non-
polynomial nonlinearities in (5.58) into polynomial on€k do this, the momentum and energy
equations are each multiplied lay Doing so, and projecting (5.58) onto the mode (5.61) in the
total energy inner product (5.59) gives:

R

w 2al@+alt+pl2 fddw H i

R ,

+y @by 1b. ”bJ lbibjﬁ alt +(g Da ald+dfa fldw (5.62)

R ﬂb

W a27,’;g'+ abdd g 3 dbfi+ g ; dag fRdw= o.

91t is shown in Appendix A.4 that (5.59) is a valid inner protiuc
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When discretized, (5.62) will yield a nonlinear system o tbrm:

M M @ M M M M M @
& & MDxmaait & @ Aopmicdmat & & & AlgXviomgr = 0; (5.63)
k=1g=1 k=1g=1 k=1g=1r=1

for i = 1;::;;M. The entries of the tensoml(fé, (3) and (4) . appearing in (5.63), referred to

as the third order mass tensor, the third order ROM coeﬂctensor and the fourth order ROM
coef cient tensor, respectively, can be deduced from (5.88d are not given here for the sake of
brevity. All mass and ROM coef cient tensors in (5.63) candoe-computed in the of ine stage of
the model reduction, and stored for use during the online-iimegration stage of the ROM. Note
that, in the online stage, it is necessary to evaluate téreszior products involving these mass and
ROM coef cient tensors, which requiré3(M*) operations (Section 4.4). Ideas for reducing this
computational cost are discussed at the end of this subsecti

For the more general viscous case, to remove the non-polghomnlinearities in (5.58), the
momentum equation needs to be multipliedaSy and the energy equation la§. Doing so, and
projecting these equations onto (5.61) in the inner pro(uéB), following an integration by parts
on the viscous tern&, gives:

R
w 2al2+alfi+pfa fddw H i
R o
*w a4’7b'+ 1b.a3”b’ a2b.bJ 2+ padfPe(g Dad afd+dfe fldw
R by 11
1 ig2a 3
+ wre 3y @ E 1]x
R
+w affratdl g ;b i+ g 3 da4”b' f 2dW

i
R R
zﬂfk 1d ﬂa 2+ A Tb fa fad\n/— O

tijdW (5.64)

When discretized, (5.64) will yield a nonlinear system a& form:

(3) oM =M oM 2 aM (6
aqleiquM;qXM;k"' akzlaq:1ar:1a;1at:1MiqustXM;qXM;rXM;sXM;tXM;k

Qo ﬁg

o M oM oM oM o (7)
1aq_1ar 18g 1= 1ap lMlqustpo qXM r XM;sXM:tXM; pXM;k

1aq—lA|quM kXM; q+ ak—laq 180 1A|quXM KXM;gXM;r

(5.65)

Qo

o M o
1dg=1ar= 148 1AiqusXM;kXM;qXM;rXM;s

o M oM oM oM (6)

1aq—1ar 1as=1at 1A.qustXM XM XM XM XMt

o M o o )

18q= 142,888 1ap—1A|qusthM KXM XM XXM XM p = 0;

Qo

+ + + + 4+
p_)o
ZxeZxZXZ'—‘

Q)o
=~

fori= 1;:::;M. As before, the mass and ROM coef cient tensaf¥ andM (K appearing in (5.65)
are not given here explicitly for the sake of brevity, but teninferred by comparing (5.65) with
(5.64). The reader can observe that (5.65) has up tb erder mass and ROM coef cient tensor.
Like for the inviscid case (5.63), all mass and ROM coef dignsors appearing in (5.65) can be
pre-computed during the of ine stage of the model reduction

19Neglecting the resulting boundary integrals is justi edtie POD modes satisfy the boundary conditions of the
governing PDEs; see Appendix A.5 and [57].
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Per the discussion in Section 4.4, the cost of evaluatingehgor/vector products arising when
(5.65) is integrated forward in time ®(M’). This cost is substantial even for smM, e.g.,

M = O(10). To restore ef ciency of the ROM, the nonlinear terms in @.6an be interpolated
using well-established methods such as DEIM [29], “beshisdiinterpolation [74, 75], or gappy
POD [33]. As the objective here is to evaluate the accuracR@Ms constructed in the total
energy inner product (proposed here for the rst time), tbalmear terms in (5.65) are handled
directly, that is, without interpolation. The addition atérpolation capabilities to tigpirit  code
(Section 5.4) for the purpose of improving the ef ciency bétnonlinear ROMs implemented there
may be the subject of future work.

Note that no energy inner product is proposed forzkérm of the compressible Navier-Stokes
equations (5.41). Deriving such an inner product seanpsiori a promising path, as the—
form of the equations have only quadratic nonlinearitiaste@ad of cubic nonlinearities (5.35).
Unfortunately, the equations are not amenable to such aulatian if a projected system having
only polynomial nonlinearities is desired.

5.4 Implementation/Spirit  code

A parallel C++ code that reads in the snapshot data writtea lwgh- delity code, assembles the
necessary nite element representation of the snapshatcamputes the numerical quadrature
necessary for the evaluation of the inner products has be#tenvby the authors. The code,
known asSpirit , is kept in agit repository on the Sandia Restricted Network (SRN) Common
Engineering Environment (CEE) space, and can be clonedtiiamepository using the following
command:

git clone user@ceerwsXXXXX:/projects/aerosciences/rep o/git/spirit

To ensure software quality, the code is pulled from its répog compiled and tested every night
using acronjob  on the PI's Linux workstation.

The stability analysis in this chapter has assumed thantlkgrals resulting from the projection of
the governing equations onto the reduced basis modes dtamaexactly in continuous form.
This continuous result can be translated to the discretegeahrough the use of high-precision
numerical quadrature as follows. First, the snapshots hed”OD basis modes are cast as a
collection of continuous nite elements. It is then possildd construct a numerical quadrature
operator that computes exactly (with respect to the nitengtnt representation) all continuous
inner products arising from the continuous Galerkin prigecof the equations onto the POD
modes.

For concreteness, the numerical quadrature is illustragzd on the simpler case of linearized
equations, e.g., the linearized compressible Euler orétesiokes equations. By the discussion in
Section 5.2, it is necessary to compute numerically integrthe form:

Z

0. 4@ — DTHe@ dw 5.66
q g (H;w) Wq a ( )
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whereH is the symmetrizer for the governing system. Suppose, witlogs of generality, that the
nite element shape functions are chosen to be bilinear.diberete representations of the vectors
q® andq? are denoted by"D andq"?, respectively. The length of these vectors is equal to the
number of mesh nodes times the dimension of the vectat, Let HY be ther r element inner
product matrix, taken to be piecewise constant over eachezie Then, the formula for numerical
integration of (5.66) can be written as

(1); (2 = g"@DTw. h(2); 567
RIEL I q (5.67)
whereW is a sparse block matrix compriseddf N blocks of dimensiom r. The(k;1)!" block
of this matrix given bywy |, where

o4
Wi = & HE & N (Xjo) N (Xjo) W, (5.68)
e=1 =1
Here, the outer sum is over the elements connected t& the nodal “edge”; thew;, are the
integration weights and theg, are the integration points.

All calculations are performed in parallel using distrigditmatrix and vector data structures and
parallel eigensolvers from the Trilinos project [49]. Traralelisntt in Spirit  allows for large
data sets and a relatively large number of POD modes.liiinesh  nite element library [63]

is used to compute element quadratures. The online tinegqiation of the ROM system (4.18)
(with the mass tensors and ROM coef cient tensors computidaimSpirit  and written to disk)

is performed using a fourth-order Runge-Kutta scheme in MXB.

The Spirit  code contains several linear as well as nonlinear comjessiid PDE sets, which
can be projected onto the POD reduced basis modes in seneealproducts. The physics and
inner products available igpirit  at the time this report was written are summarized in Tal#te 5.
For the linearized equations, the base ow to linearize abm(ix), can be set either to a spatially-
constant value (for uniform base ow), or read in from le (faon-uniform base ow). Note that
the linearized compressible Navier-Stokes equatior@pirit  include the viscous work terms
(A.2) (Appendix A.2). The base ow is not needed in the casaaflinear equations, as the ROM
(and hence the POD basis) is constructed for the full stat®wg(x;t) in this case. The option to
run dimensionally as well as non-dimensionally is avagabh general, the latter is preferred, as
the resulting systems are often better scaled. Additiomaébilities available iSpirit  include:

The capability to specify various boundary conditions (@1Q-penetration boundary condi-
tion, sponge far- eld boundary conditions; Appendix A.B)the ROM.

The capability to add source terms (e.g., body force acingf\ppendix A.11) to the ROM
equations.

It is straightforward to add new physics and boundary camult to Spirit  with an arbitrary
number of dofs per node.

lINote that, at the present time, the input/output (I/O$piit  is serial: the snapshots and mesh data are read in
on processor 0, then distributed to the other processodsdiamilarly for the output). All other operations, e.g., the
POD basis calculation and Galerkin projection, are fullyatial.
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Table 5.2. PDEs/inner products available Spirit

PDEs regimes # dofs/node unknowns inner product
linearized 5
compressible  inviscid 5 uj;us;us; 25 p
Euler symmetry
linearized VISCOUS |2
compressible . = 5 ud;ud;ug; TG r O svmmetr
Navier-Stokes y y
isentropic .
: viscous >
compressible . . 4 uz; Up; ug; h L
, inviscid
Navier-Stokes
isentropic . .
compressible viscous 4 U U U C stagnation energy
Navier-Stokes nviscid L2 58 stagnation enthalpy
z—form viscous
compressible . > 5 Up; Up; U3; Z; L2
P inviscid LUz U3, 2, P

Navier-Stokes
compressible  viscous

. . T 2
Navier-Stokes  inviscid S Ui Ui Ui T 1 -
compressible  viscous _ P 3 -
Navier-Stokes inviscid > a= "7, fhg=,,d= ae total energy

* The linearized compressible Navier-Stokes equatior8pirit  include the viscous work terms (A.2) (Appendix A.2).

One reasorspirit  is designed as a stand-alone code is so that it can be syddomith any
high- delity CFD code that can write out a mesh and snapstata dtored at the nodes of this
mesh. At the time of publication of this repo8pirit  has been run with two high- delity ow
solvers:AERO-FandSIGMA CFD TheAERO-Fsimulation code is an arbitrary Lagrangian-Eulerian
nite volume code that can be used for high- delity aerodiagnalysis [69, 34]SIGMA CFDs a
Sandia in-house high- delity nite volume ow solver. Thisode is derived fronhESLIE3D, an
LES ow solver originally developed at the Computationalr@ioustion Laboratory at the Georgia
Institute of Technology, and has direct numerical simolaiDNS) as well as LES capabilities.
For a detailed description of the schemes and models impigdevithin LESLIE3D, the reader
is referred to [38, 37].

More information about th8pirit  code can be found in [35, 19].

5.5 Numerical results

The linear as well as nonlinear model reduction methodslddta the previous sections are now
tested on three benchmarks, summarized in Table 5.3.
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Table 5.3.Spirit  test cases

Name | FOM code | FOM physics | Dynamics
2D inviscid pulse AERO-F Linearized compressible Euler linear
2D viscous pulse | SIGMA CFD| Nonlinear compressible Navier-Stokes linear

Viscous laminar cavity SIGMA CFD| Nonlinear compressible Navier-Stokesionlinear

The rst two benchmarks, the 2D inviscid and 2D viscous puls&t cases (Section 5.5.1 and
5.5.2), have effectively linear dynamics and are consiitléoe code veri cation purposes. The
third benchmark (Section 5.5.3), the viscous laminar gaeist case, is a problem whose solution
exhibits inherently nonlinear dynamics, namely vortidest tonvect. The domain of interest for
this problem is an opefi—shaped cavity, precisely the geometry relevant for thgetad captive-
carry application (Figure 1.1(c)). The problems are runaragiel on either the Red Sky cluster or
a CEE Remove Graphics Workstation, both at Sandia.

In calculating the POD basis for the vector-valued uid etf(or uid uctuation g in the
linear case), there are two approaches. The rst approath ¢alculate a separate scalar basis
for each of the variables comprising(or 9. The second approach is to build a vector-valued
basisf f 2 R”gl':": 1forq (or g9, wheren is the number of dofs (PDESs) per node (in general 5

in 3D, except for the case of isentropic equations, wimere4). The latter method involving the
vector-valued basis is taken here. Previous work [81, 5@ysests that the scalar-valued method
appears to offer no advantages over the vector-valued mheite requires higher order models.

Among the results shown for the three test cases are tinarieisbf tha!” ROM modal amplitude
compared to the projection of the FOM CFD simulation ontoith®OD mode. Mathematically,
the gures shown compare as a function of titne

xvi(t) vs.  (drom:fi); (5.69)
forl i M, whereqrowm is the high- delity CFD solution from which the ROMs are caongted.

Also reported are the relative errors in the ROM solutionhwespect to the snapshots, i.e.,

Vv
u
8 Imaxii t; )ii
Erel;q:%‘ aplg]ﬂ(ian(.).M( i) ql\./ll(l)]JZ; (5.70)
a; I iidrom(ti)ii 2

whereqm (t) = é{l":lxM;kf k(t) andgrom(t) denote the ROM and FOM solutions (respectively) at
timet, andKnaxdenotes the integer such thiatax= KmaDtsnap WhereTmaxis the maximum time
until which the ROM is run, andtsnap is the time step between snapshots. The nprij, in
(5.70) is the discrete? norm.

Note that, for all three test cases, emphasis is placed andepng a given CFD solution for
a single set of ow conditions in a stable and accurate fashidhis is viewed as an essential
prerequisite for applying the method to more complex sitwst such as building ROMs valid
across a parameter space or range of ow conditions, andsiogiuhe ROMs to do analysis (e.g.,
ow control, uncertainty quanti cation).
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Note also that the ROMs tested do not include an implememtati the boundary conditions, al-
though some boundary conditions are availabl&pmit , as discussed earlier. For the viscous
problems, the POD modes satisfy strongly the no-slip andtadic wall boundary conditions at
the cavity walls, meaning the ROMs inherit automaticallysgh boundary conditions from their un-
derlying FOMSs. Itis conjectured that the inclusion of a f&ld non-re ecting boundary condition

in the ROMs may improve the models' stability and accuracgg@ndix A.5).

5.5.1 2D inviscid pulse in uniform base ow

The rst benchmark is a linear inviscid problem. The testecawolves the propagation and re ec-
tion of a cylindrical acoustic pulse from two parallel walhsa uniform base ow. The governing
equations are the linearized compressible Euler equati®ertion 5.2.1). The base ow velocity
is taken to be uniform in th&;-direction with free-stream Mach numbigk u—cl = 0:25. The
initial condition at timet = 0 is

0 0 0
P™ _ A2 2 2y. £ _ . 0= ,0-,0-n
=z O:AMg exp( ((x1 10+ (x2+ 1)9)); ;- & uy=u,=uz=0: (5.71)

The exact solution for this IBVP can be found in [91].

TheAERO-Fnode-centered nite volume code [34] is used to generatetlagshots from which the
ROM POD bases are constructed. This high- delity solverus in the linearized compressible
Euler regime, as the problem is inviscid and the dynamicdiaear. The numerical solution is
performed on a 3D rectangular prism domain, with extent 20, 5 x» 5,0 x3 1,
discretized by nite volumes that are interconnected toxfa mesh of 1,052,551 unstructured
tetrahedral elements (with a total of 197,226 nodes). Sé boundary conditions are applied on
the constank, andxs boundaries in the high- delity code. The high- delity sidation is run for

a non-dimensional time dfnax= 6:4, using 624 time steps. Snapshots are saved every four time
steps beginning at time= 0:57 and ending at= Tnayx to Yyield a total ofKnax= 157 snapshots.
These snapshots are used to generate 12 mode POD basesadridhs inner products evaluated.
It is found that the 12 mode bases capture approximatel\y88i4he snapshot energy (4.6). The
FOM as well as the ROMs are run non-dimensionally.

Eight of the ten ROM approachssummarized in Table 5.2 are evaluated. As this is an inviscid
problem, the viscosity coef cients in the compressible MaStokes equations are all set to zero:
m= | = k = 0. Since the high- delity code solves thHmearizedequations and the dynamics
are linear, it is expected that the linearized ROMs will beedb accurately capture the solution
to the problem. Note that, because the base ow is uniforra,Ghmatrix in (5.22) vanishes,
and theA; andK;; matrices appearing in these equations are spatially aumnsitafollows from
Corollary 5.2.1 that the linearized symmetry ROMs shoultiine-stable and stable in the sense of
Lyapunov. The nonlinear ROMs, which should also be able poaguce reasonably the solution
dynamics, are tested as a veri cation of the implementatiotme nonlinear physics ipirit

12The ROMs based on the linearized compressible Navier-Stefgations are not considered; considered instead
are ROMs based on the linearized compressible Euler equsais the problem of interest is inviscid.
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First, the stability of the two linearized inviscid RO#sn Table 5.2 is evaluated using Theorem
3.2.3, that is, by checking the sign of the real parts of tgemralues of the ROM system matrices
Apm. The maximum real parts of the eigenvaluesA\gf for theM = 12 linearized POD/Galerkin
ROM s are given in Table 5.4. The reader can observe thatROM is mildly unstable based on
the eigenvalue criterion for stability. The symmetry ROKIcontrast, is stable.

Table 5.4. Maximum real part of eigenvalues 8fy for M = 12
mode linearized ROMSs constructed in theand symmetry inner
products (2D inviscid pulse problem)

Physics | Inner product]| maxf Re/ i(Aw)]g
. . . L2 0.03
Linearized compressible Eulgr
symmetry 0.0

Next, the time history of the modal amplitudes; is compared to the projection of the POD modes
onto the snapshotSicrp; f;) fori = 1;2 (5.69). Figure 5.1 shows these quantities as a function
of time for the nonlinear compressible Navier-Stokes ROMstructed in the total energy inner
product. The reader can observe that the agreement isextelihich indicates that the ROM can
reproduce well the snapshots from which it was construadilar gures were produced using
the remaining seven ROMs evaluated, and are not shown hetteefeake of brevity.

x 10 M=12 mode nonlinear total energy ROM

10
— Qo e

o f e
—6 - Xu3

_e-X

M,4

time

Figure 5.1. Time history of modal amplitudes fdl = 12 mode
nonlinear ROM constructed in the total energy inner prodEx
inviscid pulse problem)

Figures 5.2 and 5.3 compare the high- delity pressure el \{ith the eld reconstructed from
theM = 12 mode compressible linearized Euler symmetry ROM (b) attitne of the 78 and
157" ( nal) snapshot respectively. There is a good qualitatigee@ment between the high- delity
solution and the ROM solution.

Next, a quantitative evaluation of the ROMs is performeat tblative errors in the eight ROMs
tested are calculated using the formula (5.70) as a funofitile number of POD moded (Table

13The stability of the nonlinear ROMs is not evaluated, as Teen3.2.3 is limited to linear systems.
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High Fidelity p Solution - Snapshot #78

5; 12 Mode Symmetry ROM p Solution - Snapshot #78
5

-5

(a) FOM (b) 12 mode linearized compressible Euler
symmetry ROM

Figure 5.2. Pressure uctuation contours at time of thé7gnap-
shot (2D inviscid pulse problem)

5.5). The size of the ROM basis is varied from six to eighte€he errors in Table 5.5 reveal
that all eight ROMs deliver accurate solutions, with thelivaar isentropid.2 ROM delivering in
general the most accurate solution. Convergence with raerd in the basis sizZd is observed.

Table 5.5.ROM relative error&el.q (2D inviscid pulse problem)

Physics nner M=6 M= 12 M= 18
product
Linearized L2 1:38 10 4] 165 10°[ 164 10°
compr Euler symm | 1:34 10 4|1:66 10°|1:62 10°
Nonlinear compr L2 572 10°[732 10°%[ 716 10°
isentropic N-5 || Stag ene | 4:82 10 4| 1:26 10 >|1:23 10°
stag enth|| 2:81 10 4| 1:27 10 ®| 1.23 10 °
z—formnonlinear |2 | 194 194|168 10 5| 1:66 10 5
compr N-S
Nonlinear L2 1:08 10 4[225 10°[219 10°
compr N-S totene || 1:02 10 #|1:18 10 °|1:14 10°

The errors in Table 5.5 give an idea of how accurate are the R@iMions. Also of interest is how
well the ROMs can represent the total energy of the uid. Fegub.4 and 5.6 show as a function of
time the total energy of the uid calculated using the linead and nonlinear ROMs (respectively),
compared with the total energy of the uid calculated using FOM (5.45). Similarly, Figure 5.5
shows the stagnation energy (5.50) of the uid calculateidgishe isentropic nonlinear ROMs
compared with the stagnation energy of the uid calculatsthg the FOM*. The reader can
observe that the ROM total/stagnation energy convergdete©M total/stagnation energy as the
basis sizeM is increased. ROMSs based on the nonlinear compressibleNatokes equatioh’

14Recall that the total and stagnation energy is equivalarthiisentropic compressible Navier-Stokes equations.
15The total energy for the ROMs based on thdorm of the nonlinear compressible Navier-Stokes equatie not
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(a) FOM (b) 12 mode linearized compressible Euler sym-
metry ROM

Figure 5.3. Pressure uctuation contours at time of the ¥57
snhapshot (2D inviscid pulse problem)

track better the total energy of the snapshots for sMgFigure 5.6).

x 10" Total Energy (kJ) - linear ROMs

5.0178

5.0177
TN

5.0176(/
I

'
5.0175¢
'

Total Energy (kJ

5.01741

5.0173f

5.0172
0

time

Figure 5.4. FOM vs. ROM total energy as a function of basis size
M for linear compressible Euler ROMs: solid linesL.2 ROMs,
dashed lines = symmetry ROMs (2D inviscid pulse problem)

Having studied the accuracy of the ROMs, attention is nowedrto ef ciency. Table 5.6 gives
the total CPU times (in seconds) of the of ine (quadraturéghiecalculation and Galerkin projec-
tion) and online (time-integration using a fourth order BexKutta method with a time increment
of Dt = Dtsnag400) stage of the model reduction for the various ROMs camsil The times
reported under the “of ine stage” header are fr@pirit and are averages over a total of 16
processors of a CEE Remote Graphics Workstation. The tiepgsted under the “online stage”
header are calculated in MATLAB using th&toc = command on a CEE Remote Graphics Work-
station. The ROM time-integration is performed in seriabteported in Table 5.6 is the time
required to calculate the POD bases. It takes approxima@dyseconds (on 16 processors of a

shown, as the result is virtually identical to th#ROM for the nonlinear compressible Navier-Stokes equatioithe
primitive variables.
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Figure 5.5. FOM vs. ROM stagnation energy as a function of ba-
sis sizeM for isentropic compressible Navier-Stokes ROMs: solid
lines =L? ROMs, dashed lines = stagnation energy ROMs, dashed-
dot lines = stagnation enthalpy ROMs (2D inviscid pulse jeni)

X 107 Total Energy (kJ) - nonlinear ROMs
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— M=6 ROM
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Figure 5.6. FOM vs. ROM total energy as a function of basis size
M for nonlinear compressible Navier-Stokes ROMs: soliddire

L2 ROMSs, dashed lines = total energy ROMs (2D inviscid pulse
problem)

CEE Remote Graphics Workstation) to calculate a POD bassszefM = 18 from Kyax= 157

shapshots.

The CPU times reported in Table 5.6 reveal that, althougmtméinear ROMs are accurate, their
of ine as well as online ef ciency can be improved, espelyighe ef ciency of the nonlinear com-
pressible Navier-Stokes ROMs constructed in the totalggnemer product. The focus here is
ROM accuracy and implementation veri cation; ef ciencytis be addressed in future work. As
discussed in Section 4.4, ef ciency of the nonlinear ROMs ba recovered by using interpola-
tion to handle the nonlinear terms appearing in these empgtie.qg., DEIM [29], “best points”
interpolation [74, 75], or gappy POD [33] (Section 4.4).
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Table 5.6.CPU times (in seconds) for of ine Galerkin projection
and online time-integration stages of the model reductaritie
ROMs considered (2D inviscid pulse problem)

Of ine stage: Online stage:
POD basis size ROM Galerkin projection time-integration
(Spirit , 16 procs) | (MATLAB, 1 proc)
Linear ,
compr N-S 2:14 10t 3.99
Nonlinear isentropic 587 10 235 10
compr N-S
M=6 _z—form 1:03 10 1:84 10t
nonlinear compr N-S
: .
Nonlinearl 9:45 107 530 10
compr N-S
Nonlinear total energy 280 10° 718 10t
compr N-S
Linear :
compr N-S 5:82 10 3.27
Nonlinear isentropic 2467 102 278 10
compr N-S
M= 12 _z~form 7:63 102 2:37 10"
nonlinear compr N-S
: )
NonlinearL 140 10/ 9.06 10*
compr N-S
Nonlinear total energy 441 100 1:25 102
compr N-S
Linear ,
compr N-S 1:20 107 4.74
Nonlinear isentropic 128 103 449 10
compr N-S
M= 18 _z-form 356 10° 332 10
nonlinear compr N-S
: .
Nonlinearl 6:64 10° 181 102
compr N-S
Nonlinear total energy 206 10° 279 1R
compr N-S
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5.5.2 2D viscous pulse in uniform base ow

The second test case is that of a 2D viscous acoustic prgssisesin the following 2D prismatic
domain:W=( 1;1)22 R2 The base ow is uniform, with the following valueg:= 101, 325 Pa,
T=2300K,r = &&= 1:17 kg=m®, Uy = (p = 0:0 mes, andc= 3480 mes, wherec™ ~ gRT is
the mean speed of sound. The problem is initialized with asanee pulse in the middle of the
domain:

pdx:0) = 141:9e 100¢+¥?).
.0)= P1X0).
r Ogrxd(?().a):R& ' (5.72)
uf(x;0) = ud(x;0) = O

In terms of the mean values, the amplitude of the initial gues pulse (5.72) is:0017 ¢2. A
constant viscositynis prescribed such that the Reynolds number for the prokddRe+ 28, and
a constant thermal diffusivit is prescribed such that the Prandtl numbd?iis 0:72. The Lamé
coefcient/ is given by the Stokes' hypothesis (5.37).

The 2D viscous pulse problem differs from the 2D inviscidgaybroblem considered earlier (Sec-
tion 5.5.1) in two key ways: (1) it is viscous, and (2) the higklity simulation is obtained using
a nonlinear code, name8IGMA CFDin DNS mode.

As bothSIGMA CFDandSpirit  are 3D codes, a 2D mesh of the dom#hs converted to a 3D
mesh by extruding the 2D mesh in tkg-direction by one element. The resulting 3D computa-
tional grid for this test case is composed of 3362 nodes,icasD600 tetrahedral nite elements
within Spirit . To ensure the solution has no dynamics inxkedirection, the following values of
the xg—velocity component are speci edz = 0, ug(x; 0) = 0. A no-slip and adiabatic wall bound-
ary condition is imposed on the four sides of the domain inxtfreandxo—plane and symmetry
boundary conditions are imposed for the= constant boundary in the high- delity code.

The high- delity simulation from which the ROM is generatisdoerformed until tim&yax= 0:01
seconds. During this simulation, the initial pressure eys.72) re ects from the walls of the
domain a number of times and diffuses. Snapshots from the- digity simulation are saved
everyDisnap= 5 10 5> seconds, to yield a total dfmax= 200 snapshots. These snapshots are
used to construct 10 mode POD bases in the various inner giodansidered. Eight of the ten
ROM approaches summarized in Table 5.2 are evaluated, pdahuse allowing the inclusion of
viscosity. The size of the POD basis is determined using anggrcriterion (4.6) (see Section
4.1): a basis of size 10 is selected since it is found that 1@amcapture effectively 100% of the
snapshot energy (4.6).

Since the base ow for the viscous pulse example is unifom(5i1),G = 0 and theA; andKj;
matrices are spatially constant, meaning a symmetry RONhfolinearized compressible Navier-
Stokes equations is expected to be time-stable and staltke isense of Lyapunov. Since the
dynamics for this example are effectively linear, the Imezd ROMs are expected to capture well
the solution. A more accurate ROM solution is expected frbenrtonlinear ROMs, however, as
the high- delity solver is based on the full nonlinear eqoas.
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As for the 2D inviscid pulse problem, the rst property stediis stability of the ROMs considered.
All eight ROMs remain stable during the time interval of irgst. Both thd_? and symmetry lin-
earized ROMs are stable based on the eigenvalue criterfe@of€m 3.2.3). Note that this property
is not guaranteed priori for linearizedL? ROMs. Indeed, it is found that dr? linearized ROM
exhibits instabilities for a variant of this test case (dssed below under the heading “Dimensional
vs. non-dimensional ROMs and stability”).

Having checked stability, the time history of the modal aitogles is plotted and compared to the
projection of the snapshots onto the POD modes (5.69). Thudtieg curves for thé = 10 mode
nonlinear ROM constructed in tHe® inner product is shown here (Figure 5.7) as a representative
of the overall results, which are comparable for all ROMssidered. Agreement is excellent.

5 M=10 mode nonlinear L> ROM

— Oeon )

— %om 9

— o Xya3

- X4

0 0.5 1 1.5 2 25 3 3.5
time

Figure 5.7. Time history of modal amplitudes fdv = 10 mode
nonlinear ROM constructed in tHe? inner product (2D viscous
pulse problem)

Next, relative errors in the ROM solutions with respect te #mapshots are calculated according
to the formula (5.70) and reported (Table 5.7). It is founat thil eight ROMS$° evaluated deliver
comparable, accurate solutions. Although it was expeatedhie nonlinear ROMs to deliver a
more accurate solution than the linear ROMs, this does mmapo be the case.

As for the 2D inviscid pulse problem, it is interesting to queme the total uid energy calculated
using the ROMs with the total uid energy calculated using #napshots. Figure 5.8 shows the
total uid energy calculated using the linear ROMs compangith the total uid energy calculated
using the snapshots. The total uid energy calculated uiegROMs converges to the total uid
energy calculated using the snapshots Withre nement.

A somewhat surprising phenomenon is observed when exagiinetotal uid energy calculated
using the nonlinear ROMs: whereas the kinetic energy cafedlusing the ROMs agrees well with
the kinetic energy calculated using the FOM (Figure 5.9¢aB same cannot be said of the internal
energy calculated using the nonlinear compressible N&itigkes ROM in the primitive variables

16Results for ROMs based on the nonlinear compressible N&tikes physics and the total energy inner product
are not shown for th&/ = 18 case, due to unavailability of computational resour&ei(Sky cluster downtime) at

the time the data for this report were collected.
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Table 5.7.ROM relative error€.q (2D viscous pulse problem)

Physics nner M=5 M= 10 M= 15
product
Linearized L2 477 10°%[1:42 10°[1:23 10°
compr N-S symm | 501 10 6|1:42 106|124 106
Nonlinear compr L2 681 10°[ 718 106742 10°
sentropic N-5 | Stag ene/| 1:50 10 | 1:23 10 >| 124 10°
stag enth|| 1:43 10 °| 1:22 10 ®| 124 10 °
z—formnonlinear |2 |l 594 196|208 106|1:65 10 ©
compr N-S
Nonlinear L2 478 10°%[1:42 10°[1:23 10°
compr N-S totene || 433 10 % | 1:51 10 ©

(Figure 5.9(b)). Curiously enough, the internal energguaiated using ROMs based on theform
of the compressible Navier-Stokes equations matches esihternal energy calculated using the
FOM. The reason for the discrepancy is not clear at the pté¢ise®, and should be investigated in

future work.
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Figure 5.8. FOM vs. ROM total energy for linear ROMs as a
function of basis sizéM: solid lines =L2 ROMs, dashed lines =
symmetry ROMs (2D viscous pulse problem)

Finally, a visualization of the ROM solutidhfor the u; component of the velocity is compared
to theu; snapshots at two times: the time of théMgnapshot and the time of the 58napshot
(Figures 5.10 and 5.11, respectively). Good agreemenigstithe ROM solution and the snapshot

is observed at both times.

Lwithout loss of generality, for the 10 mode nonlinédrROM; solutions computed using the other ROMs were

indistinguishable from the solution shown.
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Figure 5.9. FOM vs. ROM kinetic and internal energies for non-
linear ROMs as a function of basis sile solid lines =L2 ROMs,
dashed lines z—formL? ROMs, dotted lines = total energy ROMs
(2D viscous pulse problem)
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Figure 5.10.u; contours at time of the 1Dsnapshot (2D viscous
pulse problem)

Dimensional vs. non-dimensional ROMs and stability

It is noted earlier that, although th& ROMSs for the 2D viscous pulse problem considered above
are stable, this is not in general guaranteeplriori. Two interesting phenomena are observed
while testing the various ROMs proposed here:

L2 ROMs based on viscous physics tend to be more stable than R@Msi on inviscid
physics, suggesting viscosity has a stabilizing effect.

L2 ROMs constructed in non-dimensional variables tend to beerstable than ROMSs con-
structed in dimensional variables, suggesting that batingcan the ROM equations can
destabilize a ROM.
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Figure 5.11. u; contours at time of the 18Dsnapshot (2D vis-
cous pulse problem)

Both tendencies are apparent in an inviscid version of theviaBous pulse problem of Section
5.5.28, This problem, detailed in [55], is identical to the 2D vissopulse problem of Section
5.5.2 except it has no viscosityn= | = k = 0. Two ROMs are constructed for this problem: an
M = 20 modeL.2 ROM and arM = 20 mode symmetry ROM based on the linearized compressible
Euler equations in dimensional variables. Whereas therl&ymmetry) ROM is stable based on
the eigenvalue criterion (Theorem 3.3.3), the form&) ROM exhibits a severe instability, which
actually causes thie? ROM to blow up by the time of snapshot 160 (Figure 5.12(c)).

High Fidelity p Solution - Snapshot #160 ressure p Solution - 20 Mode SymmetyROM — Pressore
1

—50

1
1 £ a e d
1 08 -06 -04 02 0 02 04 06 08 1 1 08 06 04 02 0 02 04 06 08 1
x x

(a) FOM (b) 20 mode linearized compressil{l®) 20 mode linearized compressible
Euler symmetry ROM EulerL? ROM

Figure 5.12.Pressure eld at time of the 180snapshot (inviscid
version of 2D viscous pulse problem)

5.5.3 Viscous laminar cavity

The third test case is that of a Mach 0.6 viscous laminar owrawv cavity in al—shaped domain
W=[( 6:424410) ( 1,100 (0;0:1)In[( 6:42440) ( 1;0) (O;0:1)In[(210 ( 13,0

18Note that this is a different problem than the 2D inviscidgeuproblem of Section 5.5.1.
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(0;0:1)]. The ow conditions are similar to case L2 in [80]. The freeestm pressure is 25 Pa,
the free stream temperature is 300 K, and the free streamityels 208.8 m/s. The free stream
pressure is kept low to keep the Reynolds number of the ow. |Idwo instances of the cavity
problem, at two different Reynolds numbers, are considered

Re= 10904 (referred to aRke 1000).
Re= 14539 (referred to aRe 1500).

The viscositymis spatially constant and calculated such that the abovedtéy numbers are
achieved. The viscosity coef ciert is calculated frommusing the Stokes' law relation (5.37).
The thermal conductivityk is also constant, calculated such tifat= 0:72. The high- delity
simulations are performed using t&&GMA CFDcode in DNS mode. The following boundary
conditions are speci ed iSIGMA CFD

At the in ow boundary (labeled 1 in Figure A.1), a value of thielocity and temperature
that is above the free stream values is speci ed.

The ow at the cavity walls (labeled 3 in Figure A.1) is assuite be adiabatic and to satisfy
a no-slip condition.

The remaining out ow boundaries (labeled 2 in Figure A.1g apen, and a far- eld bound-
ary condition that suppresses the re ection of waves ineodbmputational domain is im-
plemented here (Section A.5.1).

The high- delity simulation is initialized by setting theow in the cavity to have a zero velocity,
free stream pressure, and temperature. The region aboevitg is initialized to free stream
conditions and the ow is allowed to evolve. The discretizbaimain, illustrated in Figure 5.13,
consists of 98,408 nodes, cast as 292,500 tetrahedral etét@ents withirSpirit . The reader

can observe that the mesh is structured but non-uniform.

For each of the three Reynolds numbers considered, a tokalf= 100 snapshots are collected
from SIGMA CFDtaken evenisnap= 1:0 10 4 seconds, starting attinte= 5:0 10 2 seconds
until time Tmax= 6:0 10 2 seconds. The snapshot collection begins at time5:0 10 2
seconds instead of at time= O because it is around this time that a statistically statipnow
regime is reachéd. The snapshots are used to construct POD bases of size 5, 400 20 modes
in the various inner products evaluated (for each Reynaluisher considered). These bases are
used to build POD/Galerkin ROMs using seven of the eightotis]ROM approaches summarized
in Table 5.2. Results for ROMs based on the nonlinear corsjirlesNavier-Stokes physics and
the total energy inner product are not shown, due to undubflaof computational resources
(Red Sky cluster downtime) at the time the data for this reywere collected. ROMs based on the
isentropic compressible Navier-Stokes equations (588&¢tjon 5.3.3) are also tested, as the ow
conditions in the cavity are such that the isentropic assiomfs reasonable [81].

Dstatistically stationary conditions are determined byneixang the pressure uctuations at several locations on
the cavity walls.
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Figure 5.13. Domain and mesh for viscous laminar cavity prob-
lem

Linear vs. non-linear ROMs: expected performance

Unlike the pressure pulse problems considered in Sectidnd and 5.5.2, the viscous laminar
cavity problem is inherently nonlinear, and does not pasaesmtural steady base ow component.
It is therefore expected that a ROM based on the full nontipégsics is needed to accurately
represent the inherently nonlinear dynamics that form iwithe cavity, namely vortices which
convect. To give a complete picture, ROMs based on the limedicompressible Navier-Stokes
equations constructed using both ttfeand the symmetry inner product are tested as well. In the
linearized ROMs, the base ow is taken to be the average otia@shots. The viscous work terms
are included in the ROM equations (A.2) (see Appendix A.2).

In the local linearization approach outlined in the pregigaragraph, the nonlinear dynamics of
the ow are captured in the POD modes (Figure 5.15) but nothm équations projected onto
these modes. Since a ROM based on linearized equationstdamegpected to reproduce all the
nonlinear dynamics in the solution of an inherently nordingroblem such as the viscous laminar
cavity problem, some discussion of what features the linediROMs can and cannot be expected
to capture is in order. The physics of the cavity ow are detiered by the shear layer over the
cavity. As the shear layer separates from the leading edtieeafavity, instabilities develop in the
separated shear layer. These instabilities grow nonlyéaform vortices convecting down the
shear layer. This process is an inviscid instability groptbcess and arises due to the nonlinear
terms in the convective part of the Navier-Stokes equati®@Ms built using a linearized form
of the Navier-Stokes equations cannot be expected to apteurately this phenomenon. Further
downstream, the vortices impinge on the aft wall of the gagiting rise to pressure waves that are
propagated upstream through the free stream and the cBeipending upon the Reynolds number
(and hence the free stream dynamic pressure), these wavesrgge from linear to nonlinear.
Since the pressure uctuations on the cavity walls are dua tombination of these waves and
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those generated by the shear layer vortices, it is expebegdonly the linear re ected waves
should be captured by the linearized ROMs.

Numerical experiments involving the linearized ROMs réveat, for problems with a non-uniform
base ow (such as the viscous laminar cavity), it is crititalnclude the gradient of the base ow
terms (the matrixG in (5.22) or (5.26)) in the equations projected onto the PO@es in the
model reduction. Failure to include these terms will likedgult in a ROM solution with incorrect
dynamics (Figure 5.14(a)). In the case that the base ow ifotm (e.g., the 2D inviscid and
viscous pulse problems), this matrix vanishes.

Unfortunately, the inclusion of the gradient of the base t@nms (theG matrix in (5.22) or (5.26))
may yield a ROM that is not time-stable. If a cavity problens laafeedback loop resonance, such
as the viscous laminar cavity problem, it is th@nlinearsaturation of the shear layer instabilities
(i.e., vortex roll-up) that bounds the amplitude of the oesponse. One might expect a linear
model to be unstable, therefore: t@ematrix could activate a shear layer instability. Viscosity
may work to damp out this instability at low Reynolds numbers

In the case of a viscous problem, note also that the eneapjtist result of Corollary 5.2.1 is
not valid if the viscous work terms are included in the ROM a&ipns (A.2). A ROM based
on equations having these terms may therefore exhibit aphgsical instability (Section A.2).
The extension of the energy-stability symmetrization apph presented in Section 5.2 to the
linearized compressible Navier-Stokes equations in wihehviscous work terms are retained
(A.2) is a worthwhile future research endeavor.

M=15 mode linearized L2 ROM M=15 mode linearized L2 ROM

0.01 0.01

0.005/\/ ! 0.005| |

XM
o
xM,i
o

-0.005 | -0.005

-0.01 : : ‘ ' -0.01
0 0

(a) G matrix excluded (b) G matrix included

Figure 5.14. Effect of including gradient of base ow@ matrix
in (5.22)) in linearized ROM: time history of modal ampliesifor
M = 15 mode linearized ROM constructed in tbinner product
without (left) and with (right) thé&s matrix (viscous laminar cavity,
Re 1500)
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(a) Mode 1 (b) Mode 2 (c) Mode 3

(d) Mode 5 (e) Mode 10

Figure 5.15.POD modes fou (x;t) in L? inner product (viscous
laminar cavity,Re 1500)

Basis size selection

It is both interesting and useful to get an idea of the sizehef ROD basis that is required to
capture the majority of the snapshot energy (4.6) beforelimgi and evaluating the various ROMs
of interest. Table 5.8 gives the percent snapshot energureapby the reduced basis modes as a
function of M, the basis size, ane the Reynolds numb&t. The reader can observe that more
modes are required to capture the same percentage of thehsnapergy as the Reynolds number
is increased. Still, a relatively small number of modes gapiost of the snapshot energy: just 15
modes capture approximately 99% of the snapshot energyftorReynolds numbers considered.
This is due to the fact that the Reynolds numbers considezesl dre not that high. For higher
Reynolds numbers and turbulent ows, it is expected thatyrmaore modesNl = O(100) will

be required to capture a large proportion of the snapshoggne

Table 5.8.POD mode snapshot energy percentages as a function
of basis sizeM and Reynolds numbdRe (viscous laminar cavity
problem)

‘M=5 M=10 M=15 M= 20
Re 1000| 94.92% 98.36% 99.06% 99.33%
Re 1500| 91.01% 98.54% 99.44% 99.69%

20Table 5.8 gives the average snapshot uctuation energy aléte inner products considered. For the nonlinear
approaches, the energy in the rst mode is omitted, as tifgesents effectively the energy in the mean ow; Figure
5.15(a).
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Figure 5.16 plots the POD basis singular values (eigensaltithe operatoR in (4.4); see Section
4.1) on a semilog plot as a function of the basis $kelt is of interest for POD reduced order
modeling how fast these singular values decay. The readenlzserve a fairly rapid decay of the
singular values for both Reynolds numbers considered.

Singular Values for POD basis in (2 Inner Product
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Vv
oo
© Re » 1000
10'1 vv v Re » 1500|4
» oo
] vv
S
K]
2 v
‘_*310 ooV
S
2 0.VVy
@ oooovﬁ
3 Vo
107 ¢ oo
Oogggggﬁ
o]
99999@65
10-4 L L
0 5 10 15 20 25 30

Figure 5.16.POD basis singular values (semilog plot) as a func-
tion of basis sizeM and Reynolds numbeRe (viscous laminar
cavity problem)

ROM accuracy in representing the snapshots

First, the errors in the solutions produced by the ROMs stlidre calculated using the formula
(5.70) (Table 5.9 foRe 1000 and Table 5.10 foRe 1500). The reader can observe from
Tables 5.9 and 5.10 that all ROMs considered achieve avelatior of between 1% and 10% with
respect to the high- delity snapshots from which they arestaucted. Th&®e 1000 ROMs are in
general more accurate than tRe 1500 ROMs. Convergence of the ROMs witr-re nement

is not observed, which suggests there is a limit to the acgutttee ROMs can achieve for the
viscous laminar cavity problem. It is curious to observe thea ROMs based on the linearized
physics are in some cases more accurate than the ROMs bagedlorear physics. This result is
unexpected, and leads one to prefer the linear ROMs ovethienear ROMs, as they are cheaper
to evaluate. It is worthwhile to investigate why the noninROMs are not more accurate than the
linear ROMs for this problem in future work.

Also interesting to note is that the ROMs based onzk#orm of the compressible Navier-Stokes
equations do not deliver a solution with the same accuradche@a®OMs based on the nonlinear
compressible Navier-Stokes equations in the primitivéades. This is likely due to the fact that
the different formulations, although mathematically egient, give rise to different POD modes.

As a sample illustration, the time history of the third andrtb ROM modal amplitudes compared
to the projection of the snapshots onto the third and fouBDPnodes for thévl = 20 isentropic
ROM constructed in the stagnation energy inner productfeRe 1500 instance of the viscous
laminar cavity are shown in Figure 5.17. Figure 5.18 showst@as of theu;—velocity at the
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Table 5.9. ROM relative errorsEel,q (viscous laminar cavity,

Re 1000)
Physics Inner M=5 M= 10 M= 15 M = 20
product
Linearized L2 303 10°[304 10°[385 10 °| 457 10 °
compr N-S symm | 294 102|298 102|373 102|517 102

L2 1:92 102|212 1072|242 107|221 1072
stagene| 3:27 102|381 102|537 10 2| 3:38 10 2
stag enth|| 3:23 10 2| 353 102|430 10 2|3:11 10?2

L2 3:97 102|420 102|424 102|492 102

Nonlinear compr
isentropic N-S

z—form nonlinear
compr N-S
Nonlinear
compr N-S

L2 2:88 102|293 102 |2:86 102|294 1032

Table 5.10. ROM relative errorsEe.q (viscous laminar cavity,

Re 1500)
Physics Inner M=5 M= 10 M= 15 = 20
product
Linearized L2 303 102|304 102|385 10 ?| 457 10 °2
compr N-S symm || 2:96 102|298 102|373 102|517 10?2
Nonlinear comor L2 198 102|279 102|273 102|276 10 2
ot NG | Stagene| 418 10 2| 459 102|463 102|231 102
P stagenth| 410 10 2|4:53 10 2|4:33 10 2| 269 10 2
z—form nonlinear L2 627 102|913 102|101 10 !|645 10 2
compr N-S
Nanlinear L2 453 102|511 102|482 102|421 10 2
compr N-S

times of the %, 50" and 108" snapshot for this ROM solution compared with the FOM solutio
The gures reveal that the ROM is able to capture accuratedysolution dynamics.

ROM accuracy in representing snapshot kinetic and internalenergies

Next, the uid kinetic and internal energies calculatedngsthe linear (Figures 5.19 and 5.22)
and nonline&t (Figures 5.21 and 5.24) ROMs are compared with the uid kinahd internal
energies calculated using the FOM. The uid speci c and s&gn energies (Figures 5.20 and
5.23) calculated using the isentropic ROMs are also condpaith the uid speci ¢ and stagnation
energies calculated using the FOM. Only the speci ¢ enarfpetheRe 1500 isentropic ROMs
agree well with that of the snapshots (Figure 5.23(a)). iiosknown at the present time why this

21Results for the—form ROMs are not shown, as they are indistinguishable tteemonlinear ROM results.
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Figure 5.17.Time history of modal amplitudes féfl = 20 mode
nonlinear isentropic ROM constructed in the stagnationmgynia-
ner product (viscous laminar cavitge 1500)

is the case.

ROM ef ciency

Lastly, ef ciency of the various ROMs evaluated is examin€&dble 5.11 gives the total CPU times
for the of ine (Qquadrature weight calculation and Galergimjection) and online (time-integration
using a fourth order Runge-Kutta scheme with a time incraérobt = 1:0 10 ° seconds) stage

of the model reduction for the various ROMs. All times are@cands. The times reported under
the “of ine stage” header are froi®pirit  and are averages over a total of 96 processors of the Red
Sky cluster. The times reported under the “online stagetlbeare calculated in MATLAB using
thetictoc  command on a CEE Remote Graphics Workstation, and are fiat gmne processor)
runs. It takes between 20-30 seconds to calculate a PODdfas=M = 25 from Kyax= 100
shapshots in parallel on 96 processors on the Red Sky cfostait the ROMs.

The reader can observe that both the of ine and online staf#® model reduction take signi -
cantly more time for the nonlinear compressible Naviek88ROMs than the of ine and online
stages for ROMs based on the linear, nonlinear isentropit,n@nlinearz—form of these equa-
tions. The relative expense of the nonlinear compressilaigidd-Stokes ROM increases at an
exponential rate witlM. This is a result of the fact that, for the compressible Na@i®kes equa-
tions in the primitive variables, the computation of higloeder ROM coef cient tensors (in the
of ine stage) and tensor/vector products involving thegghbr-order tensors (in the online stage)
is required. Efciency of the nonlinear compressible Naxv&tokes ROMs can be recovered by
using interpolation to handle the nonlinear terms appgannthe ROM equations, e.g., DEIM
[29], “best points” interpolation [74, 75], or gappy POD [3Section 4.4).

Additional numerical results for the viscous laminar cguit which the ROM is constructed from
a total ofKmax= 500 snapshots and run until timMigax= 0:1 seconds, can be found in Appendix
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Table 5.11. CPU times (in seconds) for of ine Galerkin projec-
tion and online time-integration stages of the model radandbor

the ROMs considered (viscous laminar cavity problem)

Of ine stage: Online stage:
POD basis size ROM Galerkin projection | time-integration
(Spirit , 96 procs) | (MATLAB, 1 proc)
Linear
compr N-S 1.46 209
Nonlinear isentropic 1.31 238
_ compr N-S
M=5 z—form
T 1.74 2.93
nonlinear compr N-S
: )
NonlinearL 717 1:01 10
compr N-S
Linear
compr N-S 1.32 27
Nonl(lzr(m)?rrlsl,\(la_rlstroplc 8.81 3.48
M=10 z Form
T 1:13 10t 3.67
nonlinear compr N-S
: y)
NonlinearL 831 10 8.31
compr N-S
Linear
compr N-S 2.80 296
Nonltlrgiz]arrlsl,\le_rgtroplc 1:92 10 5.01
M=15 z fporm
4T 2:98 10 4.51
nonlinear compr N-S
: )
NonlinearL 401 102 1:65 10!
compr N-S
Linear
compr N-S 4.22 >4
NO“'(':r(‘)fn"J‘rr'Sl\f_”Strop'C 482 10t 5.33
M= 20 z fporm
‘T 7:37 10 5.56
nonlinear compr N-S
: y)
NonlinearL 215 108 2:42 10!
compr N-S
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(a) Time of ¥ snapshot (b) Time of 50" snapshot

(c) Time of 108" snapshot

Figure 5.18.u;—velocity contours at several times for FOM com-
pared taM = 20 nonlinear isentropic ROM constructed in the stag-
nation energy inner product (viscous laminar cautg, 1500)

A.6.

5.6 Summary

In this chapter, the energy-stability preserving modelictidn approach developed speci cally for
the equations of linearized compressible inviscid ow i®][57] is generalized: for ROMs con-
structed using the continuous projection approach, it swhthat a transformation of a generic
PDE system of the hyperbolic or incompletely parabolic tigsels to a stable formulation of the
Galerkin ROM for this system. It is then shown that, for mangar PDE systems, the said trans-
formation is induced by a special inner product, referreaistthe “symmetry inner product”. If the
Galerkin projection step of the model reduction procedsneearformed in this inner product, the
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Figure 5.19.FOM vs. ROM kinetic and internal energy for linear
ROMs as a function of basis si# solid lines =L2 ROMs, dashed
lines = symmetry ROMs (viscous laminar caviRe 1000)
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Figure 5.20. FOM vs. ROM speci ¢ and stagnation energy for
isentropic ROMSs as a function of basis size solid lines =L?
ROMs, dashed lines = stagnation energy ROMs, dashed-at lin
= stagnation enthalpy ROMs (viscous laminar caykg, 1000)

resulting ROM is guaranteed to satisfy certain stabilityids regardless of the reduced basis em-
ployed. Examples of the symmetry inner product for lineatems of PDEs that commonly arise
in modeling applications (e.g., the linearized comprdedtuler and Navier-Stokes equations; the
wave equation; the linearized shallow water equationsymen.

Next, approaches for building energy-stable ROMs for theaéigns of nonlinear compressible
ow, the PDEs of interest in the targeted compressible ea@ptiarry application, are explored.
Three forms of the nonlinear compressible Navier-Stokestgns are considered: the full com-
pressible Navier-Stokes equations in the primitive vdegpbthez—form of the full compressible
Navier-Stokes equations, and the isentropic compredsinér-Stokes equations. An inner prod-
uct that induces the integrated stagnation energy or stiagrenthalpy of the ow, proposed origi-
nally by Rowleyet al. in [81] for the isentropic compressible Navier-Stokes diquis, is reviewed.
This inner product motivates the derivation afi@wtransformation and corresponding energy in-
ner product for the full compressible Navier-Stokes edqunetj presented for the rst time in this
report. The proposed new inner product induces the totabgred the uid system, a physically
meaningful quantity that is conserved for problems in whiorexternal forcing is applied. If the
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Figure 5.21.FOM vs. ROM kinetic and internal energy for non-
linear ROMs as a function of basis si solid lines =L.2 ROMs
(viscous laminar cavityRe 1000)
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Figure 5.22.FOMvs. ROM kinetic and internal energy for linear
ROMs as a function of basis si# solid lines =L2 ROMs, dashed
lines = symmetry ROMs (viscous laminar caviRe 1500)

projection step of the model reduction is performed in thaltenergy inner product, the resulting
Galerkin ROM should preserve the stability of an equilibripoint at the origin for the governing
equations.

A stability-preserving discrete implementation of the twomous Galerkin projection method is
developed. A parallel C++ cod8pirit , that was developed as a part of this LDRD project and
builds ROMs for various linearized as well as nonlinear cagspible ow physics using contin-
uous Galerkin projection in several inner products is dbed: The code uses vector data struc-
tures and parallel eigensolvers from the Trilinos projd&j [and the quadrature routines from the
libmesh nite element library [63]. As a stand-alone codgpirit can be synchronized with
any high- delity solver that can output a mesh and snapshtd dtored at the nodes of this mesh,
including the Sandia in-house LES ow solver used in the saptarry applicationSIGMA CFD

The performance of the various ROMs described in this chaptevaluated on three test cases:
a 2D inviscid pulse problem, a 2D viscous pulse problem, amg@ous laminar cavity problem
at several Reynolds numbers. For all three tests, emplsagiaded on reproducing a given CFD
solution for a single set of ow conditions in a stable andwaede fashion, as this is a prerequisite
to using the ROM in a predictive setting. The rst two testeabave effectively linear dynamics,
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whereas the third case has inherently nonlinear dynamarmsely vortices that convect, and is
posed on the geometry of interest in the targeted applicétio openm—shaped cavity).

For the rst two test cases, all linear as well as nonlineatM®considered perform compara-
bly, and capture well the snapshots from which they are coct&td. For these problems, the
linearized ROMs are suf cient and recommended due to tloswel computational cost. The pro-
posed energy-stable ROMs do indeed possess better nuhstaibiity properties than their?
ROM counterparts, which lack in general arpriori stability guarantee. There is, however, an
unexpected discrepancy between the internal energy etdclilising the nonlinear ROMs for the
2D viscous pulse test case and the internal energy caldulaiag the snapshots.

For the third test case, the viscous laminar cavity problatlinear and nonlinear ROM ap-
proaches deliver a solution with approximately the sameraoy. The ROM solutions are reason-
able but convergence of the ROM solution with-re nement is not in general observed, and the
ROMSs do not accurately reproduce the uid total energy fag émtire time interval considered.
Further numerical experiments performed for the viscoosrar cavity (Appendix A.6) demon-
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strate that the POD/Galerkin approach may yield ROMs thauareliable for longer time cavity
simulations, even when an energy inner product is employeatbtthe Galerkin projection. The
method seems highly dependent on the set of snapshots esdglogalculating the POD basis:
when more snapshots are included in the basis calculatiany wf the ROMs exhibit unexpected
instabilities (Appendix A.6).

5.6.1 Prospects for future work

Further code veri cation is recommended to ensure a bug-fnglementation of the proposed
energy inner products iBpirit . It may be possible to improve the accuracy of the proposed
nonlinear ROMs for compressible cavity problems by apgysome recently proposed ideas,
e.g., through the incorporation of ne-scales into the RO&&is [5, 76, 22, 15, 92], through the
addition of LES turbulence closure terms to the ROM equati®], through the incorporation
of boundary condition terms in the ROM equations [39, 57] gépdix A.5), and/or through an
adaptiveh—re nement of the ROM basis [26]. It may also be worthwhilesee if the situation can
be improved by devising specialized snapshot collectaanfding methods (e.g., methods based
on “optimal” sampling strategies [70]; methods in which tewergy modes are included in the
POD basis [82, 15]). It is conjectured that using a set of shafs spaced closer together in time
(i.e., with a smalleDtspap) to construct the POD basis may yield a more accurate antedRahV

for the viscous laminar cavity problem [14]. For problemghaa periodic limit-cycle solution
like the viscous laminar cavity problem, using a snapshbteggresenting just one period of the
solution to calculate the POD basis may also give rise to @bBOM [14]. Lastly, it has been
argued that POD modes corresponding to complex conjugatsipgular values of the snapshot
matrix (eigenvalues of the operat@rin (4.4); see Section 4.1) should be retained in pairs in the
POD basis truncation [82, 14]. This strategy is not emplayeadl the experiments summarized in
this report, and may be considered in the future.

An additional concern worth addressing in future work imed the ef ciency of ROMs con-
structed using the proposed total energy inner productHernonlinear compressible Navier-
Stokes equations. As discussed earlier in this chapterfotimeulation requires the projection
of high-order polynomial terms in the of ine stage of the nebdeduction, and the evaluation of
tensor/vector products involving large ROM coef cient $ens in the online stage of the model re-
duction, which can invalidate the temeducedorder model except for very small. This dif culty
can be overcome through the incorporation of interpolati@thods, e.g., the discrete empirical
interpolation method (DEIM) [29], “best points” interpdilan [74, 75], or gappy POD [33], into
the ROM approach. A theoretical and numerical study of thecebf such interpolation methods
on ROM accuracy and stability would be required.

Per the discussion in Chapter 1, Large Eddy Simulationsetéptive-carry scenario performed
using theSIGMA CFDcode can take on the order of weeks to complete, as long mestand
ne meshes are required. The ultimate goal is to use in plddbease high- delity simulations
a ROM constructed from some set of high- delity snapshotshidving this goal requires the
implementation of model reduction capabilitiesSIGMA CFD a task planned for the near future.
In order to be useful, the ROM approach selected for thisemgintation must:
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Be capable of predicting the cavity dynamics beyond the-kioreon up to which the snap-
shots were collected and for a different set of ow condiioA model reduction method
that delivers ROMs which are robust with respect to paranatanges, e.g., different ow
conditions, is required. A survey of the literature suggektt a general fast and robust
method for adapting pre-computed ROMs to a new set of phiysicaodeling parameters is
still lacking at the present time, although some promisdegas have been proposed [6, 26].

Be reliable and fast enough to be used for on-the-spot arsalgsy., uncertainty quanti ca-
tion, ow control). The ROM-based analysis of particular interest to Sandia ike area of
uncertainty quanti cation (UQ). Here, the idea would be ¢place the high- delity model
in a sampling-based Markov Chain Monte Carlo (MCMC) aldoritwith a ROM, which,
unlike the high- delity simulation, can be queried many &min real or near-real time at
a low computational complexity. For a survey of ROM-based td€hods for the captive
carriage application, the reader is referred to [18]. Almnterest for the captive carriage
application is ROM-based ow control, with is discussedgyiin Appendix A.11 and may
be pursued further in future research.

The numerical tests performed as a part of this LDRD project summarized in this chapter
suggest the POD/Galerkin approach may not be the best chbiw®del reduction method for
the compressible cavity problems simulated usSt@VA CFD Other approaches, e.g., the GNAT
method [27], have yielded promising results for problemehsas these, and may be a better
option.
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Chapter 6

Stable ROMs via discrete projection

Chapter 5 focuses on the construction of energy-stablegtion-based ROMs for linear as well
as nonlinear conservation laws using continuous projecédtention is now turned to developing
stable projection-based ROMs using the discrete projectpproach. Only linear time-invariant
(LTI) systems (Section 4.5) are considered, as a rst steatds the more general nonlinear case.
One advantage of the discrete projection approaches Heddn this chapter over the continu-
ous projection approaches of Chapter 5 is that the discpgimaches can be implemented in a
“black-box” fashion, that is, without requiring accessie governing PDEs or high- delity code
discretizing these PDEs. A consequence of this propertyaisthe approaches are not limited to
a particular physics set (e.g., the compressible captiver@roblem); they can be applied aoy
problem inanyapplication.

In Section 6.1, a discrete counterpart of the symmetry immeduct (developed in Section 5.2
for linearized conservation laws) is derived. This innesdarct is termed the “Lyapunov inner
product”, and was rst proposed in the context of model reaucby Rowleyet al. in [81], but
has not been tested extensively at the present time. A ncahstudy of the performance of ROMs
constructed in this inner product is undertaken here.

In Section 6.2, mewapproach for building stable projection-based ROMs fordyldtems is devel-
oped. The approach, termed “ROM stabilization via eigarwatassignment”, stabilizes unstable
ROMs through ara posterioripost-processing step applied to the algebraic ROM systems T
stabilization step consists of a reassignment of the eajaas of the ROM system matrix and
is motivated by ideas from control theory [11, 96]. Accuradythe stabilized ROM is ensured
through the formulation and numerical solution of a consged nonlinear least-squares optimiza-
tion problem in which the error in the ROM output is minimized

For more detail on the methods described in this chapteneheéer is referred to the following
journal articles and SAND reports, written as a part of tHdRD project: [59, 60, 61].

In each of the main section of this chapter, Section 6.1 antides 6.2, the methods described
therein are tested on the same two test cases, referred e agernational space station (ISS)
benchmark and the electrostatically actuated beam benmkhiflae avoid unnecessary repetition,
the test cases are summarized here. For both examplesrdaheéneéhe ROM output relative to the
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full order model output is computed and reported. This vawealculated using the formula

i
u ' .
B afmeiyon(t)  yom(t)i
Erel;y - 2 Kmax: - .

&, yon(t)]

(6.1)

Here the symbdKmaxdenotes the integer such thiatax= Kmadisnap WhereTyaxis the maximum
time until which the ROM is run. The notatignj in (6.1) denotes the absolute value, which
evaluates to a scalar for the numerical examples consideregin, as they both have one output
(Q= 1in (4.18)).

Benchmark #1: International space station (ISS)

The rst numerical example involves a structural model @ Bussian service module component
of the international space station (ISS) [10]. This sermic&lule is a large exible structure whose
dynamics can be described using a linearized form of thetemssof motion (a second order PDE
system). Written in rst order LTI form, the model consistsasystem of the form (4.18) with
N = 270. The matrice$\, B andC de ning (4.18) are downloaded from the ROM benchmark
repository [28]. The matriA is sparse, as it comes from a nite element discretizatiorsirfgyle
output is considered, corresponding to the rst row of thenwraC. It is veri ed that the FOM
system is stable: the maximum real part of the eigenvaluésisf 0:0031.

Benchmark #2: Electrostatically actuated beam

The second numerical example is that of an electrostatieatuated beam. Applications for this
model include microelectromechanical systems (MEMS) aksuch as electromechanical radio
frequency (RF) lters [68]. Given a simple enough shapesthdevices can be modeled as one-
dimensional beams embedded in two or three dimensionakspHte beam considered here is
supported on both sides, and has two dofs: the de ectionguelioular to the beam (the exural
displacement), and the rotation in the deformation plahe @xural rotation). The equations of
motion are determined from a Lagrangian formulation. Itdswamed that the beam de ection is
small, so that geometric nonlinearities can be neglectbd.r&sulting linear PDEs are discretized
using the nite element method following the approach présd in [54, 68]. The result of this
discretization is a second order linear semi-discreteegysif the form:

MX(t) + Ex(t) + Kx(t)
y(t)

Bu(t)

Cx(t); (6.2)

whereX % The input matriXB corresponds to a loading of the middle node of the domain, and
y(t) is the exural displacement at the middle node of the domaime damping matrik is taken
to be a linear combination of the mass matixand the stiffness matriK :

E=cuM + ckK; (6.3)

with cy = 107 andck = 10 2. LettingX(t)  x(t), the second order system (6.2) can be written as
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the following rst order system:

To 0t o X9 = o U0 6
o = co X |
or ~
R
wherez(t) igg 2 RN and
A Wik v B g i € Ccoo (6.6)

The matriceM andK in (6.2), which are sparse, as they come from a nite elemeurdtization,
are downloaded from the Oberwolfach model reduction bemchroollection [3]. These global
matrices are then disassembled into their local countes;pand reassembled to yield a discretiza-
tion of any desired size. In the full order model for whichuks are reported her&l = 5000, so
(6.5) has 10,000 dofs. Itis veri ed that the full order systis stable: the maximum real part of the
eigenvalues oA is 0:0016. It is worthwhile to note that, unlike for the ISS examphe matrix

A that de nes the system (6.5) for the electrostatically atdd beam test casenst sparse. In
particular, it is straightforward to see from (6.5) thasthatrix is of the formA = A1, Az
whereA; 2 RN N s sparse, bub, 2 RN Nis dense.

6.1 Stability-preserving Lyapunov inner product

In Chapter 5, a method for constructing energy-stable ROBIsantinuous projection of a system
of PDEs was presented. The discussion in Chapter 5 motitlaée®llowing question: can the
energy inner product be determined in a black-box fashioary given full order model system?
It is shown in the present section that there is a discretategpart of the symmetry inner product
(recall that the symmetry inner product is the energy inmedpct for linear conservation laws;
Section 5.2), rst derived by Rowlegt al. [81] and termed the “Lyapunov inner product” herein.
Although the Lyapunov inner product has appeared in seyetaications [81, 85, 8], to the au-
thors' knowledge, a numerical study of the properties anmtbpmance of POD ROMs constructed
in the Lyapunov inner product is lacking from the literatatethe present time, and one of the
contributions of this work.

Consider an LTI system of the form (4.18). Suppose the sysatable in the sense of Lyapunov,
i.e., all eigenvalues of the matri have non-positive real parts (Theorem 3.2.3). Silaée stable,
there exists a Lyapunov function for

Xn(t) = Axn(t): (6.7)
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In particular,
V(Xn) = XGPX; (6.8)

is a Lyapunov function for (6.7), wheReis the solution of the following Lyapunov equation:
ATP+PA= Q: (6.9)

Here,Q is some positive-de nite matrix [11]. A positive de nite Bdion P to (6.9) exists provided
A is stable. Moreover, iQ is symmetricP is symmetric as well. GiveA andQ, a solution to the
Lyapunov equation (6.9) can be obtained, for instance,guialyap function in the MATLAB
control toolbox [2]:

P = lyap(A, Q, [I, speye(N, N))
Assume the system (6.7) is stable and a positive-de nitersgtric P has been computed from
(6.9). SinceP is symmetric positive-de nite, the following

xﬁ,l);xﬁlz) o xﬁ,l)TPx(Nz); (6.10)

de nes an inner product. Ldt ; be a reduced basis of sik&, so that
XN(t) F MXM(t); (6.11)

wherexy (t) denotes the ROM solution. Theorem 6.1.1 (summarized hene [81] to keep this
report self-contained) shows that (6.10) is the energyripneduct for this system.

Theorem 6.1.1 (from [81]): Assume the linear full order system (6.7) is stable. SuppdR©M
for (6.7) is constructed via a Galerkin projection in thg)p inner product (6.10), to yield the
following reduced linear system:

xm = F [y PAF wxXum; (6.12)

where it has been assumed that the bRsjshas been constructed to be orthonormal in(thep
inner product, i.e.FI,,PFM = |l wherely denotes thé1 M identity matrix. Then, the ROM
(6.12) is energy-stable, time-stable and stable in theesehlsyapunov.

Proof. Itis shown that the enerdsy %jj xijg of the ROM system (6.12) is non-increasing:

9 = 28 (XM Xm)s

= X;\rAF;\rAPAF MXM

= xF i %PA+ Q%LPTA F mXm (6.13)
= xF i ?PA+ SATP Fuxu

= :—2LX-,\I;|F MQF MXM

<0

sinceQ > 0. It follows that (6.12) is time-stable, stable in the sendeyapunov and energy-stable
(Section 3).
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The Lyapunov inner product (6.10) is a discrete counterpathe continuous symmetry inner
product (5.16). This inner product can be employed to cansstable Galerkin ROMs for LTI
systems of the form (4.18) using discrete projection. Aan@sting question that arises is whether
the matrixP de ning the Lyapunov inner product (6.10) is related in sowey to the matriX\Vv
(5.67) that is used to perform the continuous projectiomesgymmetry inner product. In general,
the answer is no. In particulad is by construction a sparse matrix (Figure 6.1(a)), whelreagy

be dense even A is sparse. This is clear from Figures 6.1(b) and (c), whidwsfrespectively)
the sparsity pattern of a sampematrixt, and its corresponding matrix.

2000 10
4000 20
6000 30
8000 40
10000 50
12000 60

14000 70

16000 80

0 5000 10000 15000 0 20 40 60 80 0 20 40
nz = 252028 nz = 382 nz = 7056

(@ w (b) A (©P

60 80

Figure 6.1. Sparsity structure of representatiPematrix for a
given sparsé\ matrix compared to sparsity structure of represen-
tative W matrix

One downside of the Lyapunov inner product is that the m&tivhich de nes this inner product

is admittedly expensive to compute: the cost of solving tlgapunov equation (6.9) requires
O(N3) operations. As a consequence, the Lyapunov inner prodsctieasame downside as
another model reduction approach withapriori stability guarantee, namely balanced truncation
[73, 42]: it may not be practical to compute the matfixle ning the Lyapunov inner product for
very large systems.

It is worthwhile to note that computing (6.9) is less computationally intensive than reducing a
system using balanced truncation, which requires theisolaff two Lyapunov equations for the
so-called observability and reachability Gramianslthe factorizations of these Gramians [73, 42]
(see Appendix A.7). The computational cost of calculatimg weighting matrix that de nes the
Lyapunov inner product relative to the computational cdsteducing a system using balanced
truncation is studied numerically in Section 6.1.1. Notattih can be shown that the balanced
truncation algorithm may be viewed as a projection algatith a special Lyapunov inner product
[81]. A proof uncovering this connection is given in Appexdi.8.

As observed earlier for the symmetry inner product, it iscfeom (6.12) that the Galerkin projec-
tion of the system (6.7) in the Lyapunov inner product (6.d&)) be viewed as a Petrov-Galerkin
projection of this system in the regul&éf? inner product, with the reduced test basis given by

The A matrix whose sparsity pattern is shown in Figure 6.1(b) & “RDE example” in the SLICOT model
reduction benchmark repository [28].
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Y m = PFy, whereF y is the reduced trial basis.

6.1.1 Numerical experiments

The performance of POD/Galerkin ROMs constructed in thepuy@v inner product is now eval-
uated on two examples: the international space stationgmgland the electrostatically actuated
beam problem, introduced at the beginning of this chapter.

International space station (ISS) test case

To generate the snapshots from which the POD bases are waestr the full order model is
solved using a backward Euler time integration scheme witimiial condition ofxn(0) = 0 and
up(t)=(1 10%d=q. Thatis, at timeg = 0, an impulse of magnitude 110* is applied. A total

of Kmax= 2000 snapshots are collected, evBtyap= 5 10 5 seconds, until tim&@max= 0:1
seconds. These snapshots are used to construct POD bagesbfs 5, 10, 20, 30, and 40. For
eachM, a POD basis is computed using ttfeinner product, as well as the Lyapunov inner product
(6.10). The matrixP de ning the inner product (6.10) is obtained using tlgg function in
MATLAB's control toolbox withQ = Iy, theN N identity matrix (Section 6.1). The POD ROM
solutions are compared with solutions obtained by reduttiegsystem using balanced truncation
[73, 42]. First, the eigenvalues of the ROM matAx, for eachM are computed to determine
stability using Theorem 3.2.3. The maximum real part of tigemvalues of these ROM system
matrices is plotted in Figure 6.2 as a functionMf The reader can observe that the Lyapunov

700

® BT
POD L2
5001 POD Lyapunov P

600

400

3001

2001

Maximum Real Part of AN|

100r

()T o o o T
-100 L L L L L L
5 10 15 20 25 30 35 40
M

Figure 6.2. Maximum real part of eigenvalues of ROM system
matrix Ay for ISS problem

inner product POD ROMs and balanced truncation ROMs aréestaball M considered — all the
real parts of the eigenvalues of these systems' matrices 8rdn contrast, th&? POD ROMs are
unstable for alM.
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Having checked stability, each ROM is run until a speci ediTax and the average error in the
output relative to the full order model (6.1) is computedeTalative errors (6.1) in the output for
ROMs of different sizes run up to different valueslgfax are summarized in Table 6.1. In the case
a ROM went unstable and (6.1) over owed, the table contamerary of ~ .

The objective of theKmax= 2000 Tmax= 0:1 seconds) run is to test how well the POD bases
can reproduce the snapshots from which they were constieseexactlKnax= 2000 snapshots
(taken up tdTmax= 0:1 seconds) were used to generate these bases. AlthoughP@D ROM is
unstable for all values d#l considered (Figure 6.2), this ROM still produces a reaskensdiution
forM = 5andM = 10 (Figure 6.3(a) and Table 6.1). The instability maniféstf if a larger basis
size is used, however. The Lyapunov ROM remains stable andate — orders of magnitude more
accurate than the balanced truncation ROM for ddatonsidered (Table 6.1).

The objective of th&max= 5000 Tmax= 0:25 seconds) anlnax= 10;000 (Tax= 0:5 seconds)
runs is to test the predictive capabilities of the POD ROMatree to the balanced truncation
ROMs for long-time simulations. The reduced order modedsian for a much longer time horizon
than the run used to generate the POD bases employed inrgutltk ROMs. FoKnax= 5000,
The L2 POD ROM exhibits an instability for aM considered excepil = 10. For this value of
M, the balanced truncation ROM and Lyapunov POD ROM are morarate than thé2 POD
ROM, however (Figure 6.3(b) and Table 6.1). Fafax= 10;000, theL? POD ROM is unstable
for all M considered. This instability is apparent in Figure 6.3k¢nce, the instability identi ed
in the earlier eigenvalue analysis (Figure 6.2) manifastdfiif the L2 POD ROM is run for a long
enough time. FoKpnax= 5000 andKmax= 10;000, the Lyapunov POD ROM is more accurate
than the balanced truncation ROM for smidll However, its accuracy is limited, as there does not
appear to be a convergence withire nement.

Table 6.1. Relative errors (6.1)Fy in ROM output for ISS

problem
M
Kmax Method 5 [ 10 | 20 | 30 | 40
Balanced truncatior] 9:80 10 2 | 6:39 10 956 10°| 234 103|834 10°
2000 PODL?2 .09 10 4| 314 10

113 106|844 107|922 107
814 103[187 103|558 104

POD Lyapunow || 8:69 10 6| 4:05 10

Balanced truncatior] 7:64 10 ? | 4:68 10
5000 PODL? 2:41 4:73 10
POD Lyapunow’? 288 102|524 10
Balanced truncatior] 6:87 10 2 | 4:47 10
10,000 PODL? 165 3.24
POD Lyapunow’ || 525 102|646 102|992 102|108 101|992 10?2

1:31 102|121 102|286 10°?
708 10°[1:78 103[576 10°

N w N N N NN
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(@) Kmax= 2000 (b) Kmax= 5000 (©) Kmax= 10;000

Figure 6.3.yom(t) for M = 10 ROMs (FOM = full order model)
for ISS problem

Electrostatically actuated beam test case

To generate the snapshots from which several POD basesrastied for the electrostatically
actuated beam example, the full order model (4.18) is sakg@ty a backward Euler time integra-
tion scheme with an initial condition ofy(0) = 0 and an input corresponding to a periodic on/off
switching, i.e., 8
< 0:005< t < 0:01;0:015< t < 0:02
up(t)=  1; 0:03< t< 0:035 (6.14)
" 0; otherwise

A total of Kmax= 1000 snapshots are collected, ev@tynap= 5 10 5> seconds, until time
Tmax= 0:05 seconds. From these snapshots, 5, 10, 20 and 30 mode R@MNarastructed using
POD in theL? inner product, and POD in the Lyapunov inner product. Inisgjthe Lyapunov
equation (6.9) for the Lyapunov inner product weighting mxaP, the matrixQ is taken to be the
N N identity matrix. The system (4.18) is reduced also usinghatd truncation.

As for the ISS example, the rst step is to study the stabitityeach ROM. Figure 6.4 shows the
maximum real part of the ROM system matridgg for eachM considered. It is found that the
L2 ROM is unstable for each, and becomes more unstable with increadvhglin contrast, the
balanced truncation and POD Lyapunov inner product ROMstatale for allM considered, as
expected.

Next, the accuracy of each ROM is examined. Table 6.2 sunzemthe errors (6.1) in the ROM
solutions relative to the full order model solution for taneins of different lengths. As before, an
entry of © "in the table indicates that the error over owed due to artabdity in the ROM.

The objective of the rst runKmax= 1000) is to study how well the POD ROMs can reproduce
the snapshots from which they were constructed, and to cantpase ROMs' performance with
the performance of ROMs constructed using balanced triomcathe reader can observe that the
POD ROM constructed in the Lyapunov inner product is the raostirate. The POD? ROM is
both unstable as well as inaccurate (Figure 6.5(a)).

The second two rungax= 2000 anKmax= 5000) are aimed to study the predictive capabilities
of the ROMs for long-time simulations. The full order modeftun until times L and 25 seconds
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respectively. As before, only snapshots up to tirse0:05 seconds are used to construct the POD
bases for the ROMs. In addition to the signal (6.35), theofeihg inputs are applied in both the
full order model and the ROM:

up(t) =

%
%

0:055< t < 0:06;0:065< t < 0:07;
0:08< t< 0:0850:105< t < 0:11;
0:115< t < 0:120:13< t < 0:135
0:205< t < 0:21;,0:215< t < 0:22

1, 0:23<t< 0:235
0; otherwise

(6.15)

The reader may observe by examining Table 6.2 and Figuréét Bite balanced truncation ROMs
are in general the most accurate. The POD ROMSs constructdteihyapunov inner product
nonetheless produce reasonable results (Figures 6 §jlgnd appear to be converging to the full
order model solution witiM-re nement (Table 6.2). The POD? ROM result is not shown in
Figures 6.5(b)-(c), as the solution produced by this ROMwvslap around timé= 0:02 seconds.

Table 6.2. Relative errors (6.1f1,y in ROM output for electro-
statically actuated beam problem

M
Kmax Method 5 \ 10 \ 20 30
Balanced truncatiorff 6:29 10 2 [ 451 103[693 10°[ 360 10 °©
1000 PODL?2 856 101 6:62
POD Lyapunow’ || 205 10 °|6:23 10°|209 108|135 108
Balanced truncatior] 5:84 10 ° | 447 103[629 10°] 317 10°
2000 PODL? 7:76 4:26 10°
POD Lyapunow’ || 3:62 10 2| 1:12 10 2| 347 104|413 10°
Balanced truncatiorff 7:36 10 2 | 477 103[548 10°] 277 10°®
5000 PODL?2 4:40 10°
POD Lyapunow’ || 1:80 10 1| 1:09 101! |2:03 102 |6:09 10 3

Lastly, the level of computational resources required famputing the Lyapunov inner product
and the level of computational resources required for perifog model reduction via balanced
truncation [73, 42] are compared. Table 6.3 gives the CPl@gifor the sum of the following
operations in the balanced truncation [73, 42] algorithra &sction ofN, the problem size: cal-
culation of the observability Gramian, calculation of ttetrollability Gramian, and calculation
of the balancing transformation (Appendix A.8). All comatibns are performed in serial using
MATLAB's linear algebra capabilities and MATLAB's contraébolbox [2], on a Linux workstation
with 6 Intel Xeon 2.93 GHz CPUs. Both methods exhi{N®) scaling. Although the Lyapunov
inner product computation is costly, as it requires the tsmhuof a Lyapunov equation, it com-
pletes in 2-3 times less CPU time than the balanced truncatgorithm. This is because balanced
truncation requires the solution tfo Lyapunov equations for the observability and reachability
Gramians, as well as the Cholesky and eigenvalue factamimabf these Gramians.
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Figure 6.4. Maximum real part of eigenvalues of ROM system
matrix Ay for electrostatically actuated beam problem

Table 6.3. CPU times (in seconds) for balanced truncation vs.
Lyapunov inner product computations (electrostaticaliyuated
beam problem)

N

Method 1250 | 2500 | 5000 | 10,000

Lyapunov Inner Producf 5:08 10' | 460 10° | 402 1C° | 6:09 10
Balanced Truncation || 1:09 10% | 1:10 10° | 1:04 10* | 1:24 10°

6.2 ROM stabilization via optimization-based eigenvalue eas-
signment

In this section, twanewalgorithms for stabilizing LTI systems of the form (4.18) modifying
the unstable eigenvalues Af, through a “black-box” post-processing step applied to tiverg
(unstable) ROM system are proposed. These algorithms vex@&aped as a part of the LDRD
project summarized in this report. It will be assumed froms foint onward that the matrif
de ning the FOM system (4.18) is stable. Algorithm 2 is thénpary contribution of this report.
Algorithm 1 is provided, as it served as a strategic fourmtefor the nal development (Algorithm
2). Itis given here not only for the sake of completenessalag because it is shown in Section
6.2.3 that Algorithm 2 can be seen as a variant of Algorithm 1.

6.2.1 Algorithm 1: ROM stabilization via full state feedbadk (a.k.a. pole
placement)

The rst ROM stabilization algorithm is motivated by the @pgation that (4.20) is an LTI system,
and, as such, can be stabilized using full state feedbagiglerplacement, methods from control
theory [11, 96]. The general approach of stabilizing an Lydtem using full state feedback is
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Figure 6.5.yom(t) for M = 10 ROMs (FOM = full order model)
for electrostatically actuated beam problem

reviewed below.

Consider the open loop ROM LTI system (4.20), where it is as=iu(t) is given, so thaByu(t)
represents, for instance, a given source for the equaftidresobjective of full state feedback (pole
placement) is to redesign the dynamics of the system (4h20)gh feedback of the state Afy is
unstable, it is desired to redesign the system such thastaide. Towards this end, the open-loop
system (4.20) is transformed into a closed-loop system,aafe@dback controller that positions
the closed loop eigenvalues of the system is developed. M®iestep is to select a control matrix
Bc 2 RM J for some integed, and modify the system (4.20) by adding to it the conBglc(t):

Amxm(t) + Bmu(t) + Beuc(t)
Cmxm(t):

Xm(t)

(D) (6.16)

Here,uc(t) 2 RY is a control that will be designed to modify the dynamics @ thiginal system
(4.20) such thatitis stable. For an LTI system represersiomye physical dynamicBg¢ is typically
selected to represent a physical control that can be impmséloe system, e.g., actuation applied
to a boundary of a uid domain. Next, a linear control law oktformuc(t) = Kcxp(t) is
assumed, wherkc 2 R? M is the control matrix, to be determined. Substituting this into
(6.16) and rearranging, the following is obtained:

Xm(t)
ym(t)

(Am  BcKe)xm(t)+ Bmu(t)

(0 (6.17)
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The system (6.17) is a system of the form (4.20) but Withreplaced byAy, where
Av Am BcKc: (6.18)

The reader can observe that if it is possible to compute tidr@omatrix K¢ such thatAy is
stable, the ROM system (6.16) will be stable.

In order to formulate a well-posed ROM stabilization algfom based on the approach outlined
above, a number of questions need to be addressed:

(i) How should the control matriBc be selected? Typically, when applying pole placement
algorithms, aphysicalsystem is stabilized using physicalcontroller. In this case, the
controller matrixBc is added at the level of the algebraic system (6.16). In torgext,
what doeBc mean? What should it mean?

(i) What eigenvalues should the stabilized ROM matkiy (6.18) be prescribed to have? It is
clear that the eigenvalues should lie in the stable half@ttimplex plane, but what physical
values should they have?

(iif) Does the solutiorK ¢ to the pole placement problem exist?

(iv) How has the stabilization affected the accuracy of tR By modifying the ROM system
(4.20), inconsistencies between the FOM and ROM physice haen introduced.

In this subsection, only question 3, the existence questioih be addressed. Answering this
guestion gives rise to a preliminary ROM stabilization aithon, referred to as “Algorithm 1”.
The remaining questions are addressed through the forimlat “Algorithm 2”, described in
Section 6.2.2.

Before formulating an algorithm which guarantees the exis¢ of the solution to the pole place-
ment problem described above, it is useful to recall thefalhg theorem.

Theorem 6.2.1quoted from [11]): If the pai{Am;Bc) is controllablé, there exists a feedback
uc(t) = Kcxm such that the eigenvalues Afy (6.18) can be arbitrarily assigned.

In general, the paifAm; Bc) may not be controllable. However, it is possible to apply drieen
6.2.1 by working in the controllable and observabibspaces oAy and Bc, which can be
isolated through the Kalman decomposition. A detaileduismn of the Kalman decomposition

2An LTI system (4.18)is controllable (a.k.a. reachablepifdnyxo; x; 2 RN, there exists @ > 0 andu:[0;T]! R
such that the corresponding solution satisx{f) = xg andx(T) = x; [11, 96]. To test for controllability of a linear
system, it is suf cient to check the rank of the controllayimatrix

W B; AB; . AN 1B (6.19)

The LTI system (4.18) is controllable if and only if the casitability matrix (6.19) is invertible [96, 11].
3An LTI system (4.18) is observable if for affy> 0 it is possible to determine the state of the syst¢i) through
measurements gft) andu(t) on the interval0; T] [11, 96]. To test for observability of a linear system, itig sient
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can be found in classical control theory texts, e.g., [1], B6e key result of the Kalman theorem
is that the state space can be decomposed into four partst thgias reachable and observable, a
part that is reachable but not observable, a part that issachiable but observable and a part that
is neither reachable nor observable. The procedure is sumedan Algorithm 1.

Algorithm 1
Pick a control matri¥Bc, e.g.,B¢c = 1m.
GivenBc, use the Kalman decomposition to isolate the controllabte @servable parts of
Awm andBc, call themA{? = UAy uT andB& = UBc respectively.
Compute the eigenvaluég®;:::; 1 G2 of AR,
Reassign the unstable eigenvalueafjf to make them stable, e.g., for 1 toM®, set

I'v= minf Rl £%; Re(l &g+ i Im(/ &); (6.21)

whereR€2) aBdIm(z) denote respectively the real and imaginary parts of a comuplenber
z2 C, andi 1.

ComputeKc such thaAfy  KcBE has these eigenvalues using full state feedback (a.k.a pole
placement) algorithms from control theory.

SetAm = UT(AS® KcBL)U.

Typically in full state feedback, the matrB¢ represents a physical control that would be applied
to a physical system of the form (4.20) so as to stabilize siigem. The situation of interest
here is not entirely comparable, as it has been assumedtaltysicalsystem underlying (4.20)

is stable (and hence does not need stabilization via full $¢stgback); it is thealgebraicROM
system (4.20) that is unstable, and hence the m&ixs added to the system at the algebraic
level. This scenario complicates the interpretation otl(drerefore the choice oB¢. In general,

it can be argued that the choiceBf does not matter provided the unstable eigenvaluégpére
controllable and observable given the choicdegf In the numerical example studied beldsg

is selected to be a vector of all ones.

It remains to provide some discussion of approaches foctseiethe eigenvalues of the stabilized
matrix Ay. One possible choice is to replace the real parts of the biestégenvalues ohy with
their negatives (6.21), or some negative scaled multipteege values. Another option is to try to
match the eigenvalues of the stabilized ROM madxix with the eigenvalues of the FOM matrix
A (provided the computational resources to compute the FQnealues are available, which
may not be the case for very large systems). In general, gemnedlues of a stable ROM will lie
on or near the manifold of the eigenvalues of the FOM from Wwhtte ROM was constructed.
This is illustrated in Figure 6.6, which shows the eigeneatuanifold of the FOM matriXA and

a ROM matrixAp for anM = 20 mode ROM constructed via balanced truncation [73, 42hfor
variant of the international space station benchmark. ¢ty faM = N in a ROM, that is, a ROM

to check the rank of the observability matrix
w/ C; CA; . caAN 1 o (6.20)

The LTI system (4.18) is observable if and only if the obsbifity matrix (6.20) is full rank [11, 96].
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is constructed with a full basis of the spaRE, Ay A (as can be seen from (4.21)), so thaj
will have the same eigenvaluesAs
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Figure 6.6. Eigenvalue manifold of FOM matriXA and ROM
matrix Ay for anM = 20 mode ROM constructed via balanced
truncation for a variant of the ISS benchmark

6.2.2 Algorithm 2: ROM stabilization through solution of constrained non-
linear least squares optimization problem

The primary downside of Algorithm 1 (Section 6.2.1) is it iscleara priori how a particular
choice of the control matriBc and stabilized eigenvalues will affect the accuracy of #msult-
ing stabilized ROM. This problem is remedied in the preseuwtien through the development of
a new algorithm, “Algorithm 2”. In this algorithm, the eigalues of the stabilized matriy
are determined such that the ROM output solution deviategmaily from the FOM output solu-
tion. Hence, questions 2 and 4 in Section 6.2.1 are address#ditly. As will be clear shortly,
Algorithm 2 does not require the selection of a control nxaB¢ (question 1).

Consider the ROM LTI system (4.20). Note that it is possiblevbrk out analytically in closed
form the exact solution to this system. The reader may véhidy the solution to this system is

given by z,
Xm(t) = exp(tAm)xm(0) + Oexp‘(t t)AmgBmu(t)dt: (6.22)

In equation (6.22), exp) denotes the matrix exponential. It is worthwhile to notd thas quantity
is not an issue to compute, as the ROM system ma&fjxis small. Given the solution for the
ROM state vector (6.22), the ROM output is given by
yA t
ym(t)= Cuy exptAm)xm(0)+  expf(t  t)AmgBmu(t)dt (6.23)
0
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The existence of an analytical solution to the ROM LTI sys{dr20) motivates the formulation of
the following optimization problem, to be solved for theengalues of the stabilized ROM system:

K
min ;
ki k?.1113/ Ymll2 (6.24)

st. RgIM)<0i=1;:L

The optimization is over the unstable eigenvalues of thgimed ROM system matriA, denoted
byl Y fori= 1;::;L whereL M is the number of unstable eigenvalues®qj. The shorthand
yK denotes the FOM output at tinig i.e.,y¥ y(t). In a model reduction approach based on
an empirical basis computed from a set of snapshots of the Helity solution, e.g., the POD
or BPOD method, these values are available at the snapsheg.tiThe shorthangf, denotes the
ROM output at timety, i.e., y,'\<,I ym(tk). It is given by the formula (6.23). The constraint in
(6.24) ensures that the stabilized ROM eigenvalues areeiattible half of the complex plane Here
Rd2) denotes the real part of a complex numb@&rC. Equation (6.24) is a constrained nonlinear
least-squares optimization problem with inequality comists.

Remark that the optimization problem (6.24) is small: theme at mosM dofs, and solving the
problem does not require operating on any matrices thatfasieeO (N). This optimization prob-
lem can be solved using standard algorithms for constrapédization, e.g., an SQP algorithm
with line search globalization, BFGS for Hessian approxiores, and an interior point method to
handle the inequality constraints [77].

An interesting question that arises is whether the solutiothe optimization problem (6.24) is
unique. A suf cient condition for a minimization problem tfe form

mxin f(X); (6.25)

wherex 2 R" is a real vector and : R"! R is a smooth function, to have a unique solution is
for f to be convex [77]. In this case, any stationary pointfas a global minimizer off, and
hence a local minimizer of will be the global minimizer off. It is straightforward to show that
the objective function in (6.24) is not necessarily convéice convexity is a suf cient but not a
necessary condition for uniqueness of the solution to {6tBé optimization problem could have
a unigue solution, but this scenario is not guaranteed. Timeenical tests performed in Section
6.2.4 suggest that the optimization problem (6.24) has rege multiple solutions.

It turns out that it is convenient to implement and solve tp&mization problem (6.24) in the
“characteristic variables”, de ned bgu(t) = S,/xm(t), whereS! is the matrix that diagonal-
izesAwm, i.e., Ay = SMDMSWl. The steps of the stabilization are detailed in Algorithm\te
that, although it is assumed hekg, is diagonalizable, the extension to non-diagonalizéjeis
straightforward. In this case, the eigenvalue decompusiti Algorithm 2 (6.26) is replaced with
the Jordan decomposition.
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Algorithm 2
Diagonalize the ROM matriApy:

Anm = SuDwS,*" (6.26)
Initialize a diagonaM M matrix Dum.
Setj = 1.
fori= 1toM

if RgDw(i:i)) < O
SetDw(i:i) = Du(i:i).

else
SetDu(i;i)= 11"

endif
endfor
Incrementj j+ 1.
Solve the optimization problem (6.24) for the eigenvarUIe#g with ym(t) given by

Zy
ym(t)= Cm Swexp(tDm) Sy xm(0) + . Swexg (t t)DwgSy'Bwu(t)dt ;  (6.27)

using an optimization algorithm.
EvaluateDy, at the solution of the optimization problem (6.24).
The stabilized LTI ROM system is now given by

Amxm(t)+ Bumu(t)
Cmxm(t);

Xm(t)

(1) (6.28)

whereAy = SuDuS, .

6.2.3 Connection between Algorithm 1 and Algorithm 2

One notable difference between Algorithms 1 and 2 is thdikeithe former algorithm, the latter
algorithm does not employ directly full state feedback @.kole placement) routines from control
theory to solve for the stabilized ROM matry,. However, it turns out that it is possible to show
that Algorithm 2 is equivalent to Algorithm 1 for a speci c clte of control matriceBc andKc.

SupposeéAy hasL M unstable eigenvaludg/, each with corresponding eigenvecglr Let INIE
denote the stabilized value bf', obtained by solving the optimization problem (6.24). Teader
can verify thatAy in (6.28) is equivalent to

Am = Am BcKc; (6.29)

where
Bc= & ;g 2RM L (6.30)
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6.2.4 Numerical experiments

The performance of the ROM stabilization algorithms ddssdiin this section is now assessed
on the two benchmarks considered in this chapter: the 1S8Shoeark, and the electrostatically
actuated beam benchmark, both introduced earlier.

Typically, the size of a reduced POD basis, nhamdlyis calculated using the energy criterion
(4.6). ThatisM is selected such that the reduced b&sjscaptures some xed percentage of the
snapshot energy, e.g., 95% or 99% (see [71, 50]). For thégansxonsidered her®| is chosen to

be the smallest integer such that: (1) the bksjscaptures at least 99% of the snapshot energy, (2)
the resulting POD/Galerkin ROM has at least one unstabkneaue, and (3) the POD/Galerkin
ROM goes unstable during the time horizon considered. Thaseg)y of choosing/ is a natural
one given the objective of this chapter: to evaluate the R@Mikzation algorithms developed in
this section.

For the ISS example the performance of Algorithm 1 and théopmance of Algorithm 2 are
evaluated. This comparison is intended to highlight theesiopity of Algorithm 2 over Algorithm
1. For the sake of brevity, results for only Algorithm 2 (ddished in the context of the ISS
example as the superior algorithm) are shown for the elsi@ttically actuated beam example.

To solve the constrained nonlinear least squares optiioizat the heart of Algorithm 2 (6.24),
thefmincon function in the MATLAB optimization toolbox [1, 77] is empyed. TheAlgorithm
option required by this function is set taterior-point with exact (analytic) Jacobians. An
analytic expression for the Jacobian of the objective floncfor the speci c case ofi(t) = 0
and one output of interest in (6.24) can be found in AppendB Aeriving and implementing
an analytic Jacobian is recommended over using nite déffiee Jacobians calculated within the
MATLAB optimization toolbox. Since analytic Jacobians aseact, they are accurate. In contrast,
nite difference Jacobians can be inaccurate for some groBlas a result of an arbitrary selection
of the nite difference increment. Moreover, the solutiohtbe optimization problem (6.24) is
much faster with exact Jacobian due to fewer required fanavaluations. With exact Jacobians,
the number of function evaluations per optimization stegisstant. In particular, it does not grow
with L, the number of eigenvalues reassigned by the optimizatgmrithm. The defaultmincon
settings for this method are used, which can be found in [1].

Note that the@mincon function will compute only real solutions to an optimizatiproblem. In
general the eigenvalues of the mathy, may be complex, however. To allow tifreincon al-
gorithm to compute complex eigenvalue solutions of the R@abiszation optimization problem
(6.24), a complex-valued functional form fb]J may be assumed. In this approablﬁ,in line 9 of
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Algorithm 2 is replaced with

[V pe2c; 2R, (6.32)

(wherei P ~ 1) and (6.24) is solved fari'";1 {'°2 R subject to the constraint tha}" < 0. Since
complex eigenvalues & occur in complex-conjugate pairs,lif has the form (6.32), theih;+ 1
in Algorithm 2 must have the form

pi= e i1 2C THgI 2R (6.33)

It follows that the approach of assuming complex-conjugaie solutions to (6.24) does not give
rise to more dofs than the default approach of solving fol selutions to this problem. In fact,
the former approach has fewer constraints.

The numerical results section includes comparisons ofdlh@fing CPU times for both problems
considered:

The CPU time required for the time-integration of the FOM.

The CPU time required for the of ine (snapshot collectiaradiing of system matrices/snaptions,
calculation of the POD basis, Galerkin projection, and nuecaésolution of the optimization
problem (6.24)) stage of the POD/Galerkin ROMs.

The CPU time required for the online (time-integrationpstaf the POD/Galerkin ROMSs.

All computations are performed in serial using MATLAB's éar algebra capabilities on a Linux
workstation with 6 Intel Xeon 2.93 GHz CPUs. Note that the FGMU times do not include
the time to discretize the relevant PDEs using the nite edahmethod and assemble the global
system matrix. This is due to the fact that the matrices degrthe FOM were downloaded from
a model reduction benchmark repository, and access to tjte tielity code that generated these
matrices is not available to the authors.

In general, ROMs are employed for many-query and/or rea¢-tanalysis. In these contexts, it is
critical that the online time-integration stage of the RO&&la low computational cost and fast run-
time. Although the of ine construction of the reduced ordeodel, which includes the collection
of snapshots, the construction of the POD basis, the Gal@rkijection, and the solution of the
optimization problem (6.24), can be computationally isiga, this step is done onlgnetime
when the ROM is constructed. The cost of this computatiors due affect the run-time of the
online step of the model reduction, the step relevant toyarsblsing the ROM. Nonetheless, it
may be of interest how many times the ROM would need to be rating®) to compensate the
cost of the (of ine) pre-processing step. For this reasatineates of the number of online ROM
runs that would be required to offset the of ine ROM cost aneeg for each example considered
following the CPU time data (Tables 6.8 and 6.12).
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Figure 6.7. Outputs forM = 20 unstabilized POD/Galerkin ROM
vs. FOM output for ISS problem

International space station (ISS) test case

As before (Section 6.1.1), to generate the snapshots froithvthe POD bases are constructed,
the full order model (4.18) is solved using a backward Euleetintegration scheme with an
initial condition of xy(0) = 1n (N 1 vector of all ones) and no inpt(t) = 0). A total of
Kmax= 2000 snapshots are collected, evtyrap= 5 10 5 until timeTymax= 0:1 seconds. These
shapshots are used to compute a POD basis of\ize20, and a POD/Galerkin ROM of size
M = 20 is constructed using this basis. For this problemMe 20 mode POD/Galerkin ROM
is found to be unstable with four unstable eigenvalues. basss captures essentially 100% of the
snapshot energy, and the valMe= 20 is the smallest basis size such that the ROM exhibits an
instability. The numerical values of the unstable eigemesalare] ' = 2425,/ J'= 32:90+ 26:99i,
[§=3290 2699,/ = 2:712. Figure 6.7 shows the FOM output) (in red) compared to the
unstabilized ROM output (in blue). The unstabilized ROMpuitdiverges from the FOM output
around tima = 0:05 and approaches¥ ast! ¥ due to the ROM instability. The relative error
Erel;y in the unstabilized ROM output (6.1) is 1737.9.

TheM = 20 mode POD/Galerkin ROM for the ISS problem is stabilizest oy Algorithm 1, then
by Algorithm 2. These results illustrate the superiorityAdgorithm 2 over Algorithm 1.

Stabilization via Algorithm 1

First, theM = 20 mode unstable POD/Galerkin ROM is stabilized using Athar 1 with the
control matrixBc selected to be aM 1 vector of all ones:Bc = 1q. The next step in the
stabilization is to select the desired eigenvalues of thkilted ROM matrixAy. Let/ ! for k=

1;::1;4 denote the unstable eigenvaluesAgr, and Ietl}J denotes the corresponding eigenvalues of
Aw (that is, the values will be replaced within the stabilization algorithm). Hetke following
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functional form forl ¢ will be considered:
Y= a RgIY+iIm(lY); a>o0; (6.34)

fork= 1;:::;4, whereRg2) Igmdlm(z) denote respectively the real and imaginary parts of a com-
plex numberz2 C andi 1. The transformation (6.34) ips the sign of the real partaof
unstable eigenvalue @&, (thereby making it stable), and scales this value by a pesiibnstant

a. Three choices of the parametein (6.34) will be tested here:

a=0:1.
a=1
a = 10.

The objective is to study the error in the stabilized ROM fevezral choices ofi“; The choices
are admittedly ad hoc, as there is no clear guideline for ietigenvalues ofy should be.
Note that asa is increased, the eigenvaluks are pushed further into the left (stable) half of the
complex plane.

Figure 6.8 shows the outputs computed by the three stathik@Ms obtained using Algorithm
1. The relative errors in the stabilized ROM outputs are giveTable 6.4. All three ROMs are
stable (by construction). The ROM stabilized by Algorithwith a = 1 is slightly more accurate
than the ROM stabilized by Algorithm 1 with = 0:1. This may lead the reader to conjecture that
the accuracy of the stabilized ROM will improve as the eigdnes are pushed further and further
into the left half of the complex plane. However, the ROM giaéd by Algorithm 1 witha = 10
results demonstrate that this is not the case: the ROM vgitigienvalues pushed the most into the
left half of the complex plane is the least accurate.

0.1

0.05f

—FOM
— Unstabilized ROM
_ Stabilized ROM:

Algorithm 1, a = 0.1
K ~__ Stabilized ROM:
-0.05 i AIgorithm l,a=1
_ Stabilized ROM:

Algorithm 1, a =10 ‘
0 0.02 0.04 0.06 0.08 0.1
t

Figure 6.8. Outputs forM = 20 POD/Galerkin ROMs stabilized
via Algorithm 1 vs. FOM output for ISS problem
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Table 6.4.Relative errors itM = 20 POD/Galerkin ROM for ISS
problem stabilized via Algorithm 1

ROM Erel;y
Unstabilized 17378
ROM stabilized via Algorithm 1 witta = 0:1 | 1:51 10 ?
ROM stabilized via Algorithm 1 witta = 1 | 1:16 10 2
ROM stabilized via Algorithm 1 witta = 10 | 2:26 10 2

The numerical results presented here show that Algorithrorksiin the sense that it will stabilize
an unstable ROM. Unfortunately, the accuracy of a ROM gtaddll using this algorithm is in
general unknown before the ROM is stabilized and the ROMwtligpcomputed. Moreover, for
some choices df" the accuracy may be unacceptable.

Stabilization via Algorithm 2

TheM = 20 POD/Galerkin ROM for the ISS benchmark is now stabilizeshg Algorithm 2. Let
I for k= 1;::;4 denote the four unstable eigenvaluesA@f. Two options for the eigenvalue
solutions to the optimization problem (6.24) are considere

Option 1: Solve forl “ 2 R subject to the constraint that' < 0 fori = 1;:::;;4.

Option 2: Solve for/ 1;13";15%14 2 R subject to the constraint that;/ ;";/4 < 0 and
setl = HiSC 1S = l ur? il J¢ (that is,/ §' is set to be the complex-conjugatel/df:

/2)

Per the discussion at the beginning of Section 6.2.4, Of@imnmore general than Option 1 and
has fewer inequality constraints. The optimization probl@.24) at the heart of Algorithm 2 is
solved using thémincon function in MATLAB's optimization toolbox. TheAlgorithm  option
required by this function is set toterior-point , and an initial guess of 1 for all the variables
is used. For functional forms of the eigenvalues given by ligption 1 and Option 2, the opti-
mization algorithm converges to a local minimum solutioness than 30 optimization iterations
and 30 function evaluations. Table 6.5 shows some key irdtian about the convergence of the
optimization algorithm. The reader may observe that feteations and function evaluations are
required with Option 2 than with Option 1, which has more d¢aaists. Figures 6.9 and 6.10 illus-
trate further the performance of the optimization algantior Option 1 and Option 2 respectively.
For both options, the optimality conditions are satis edhe speci ed tolerance at the value of
the optimal solutiofy

An interesting question that arises is how the numbers ineTalb change wittM, the reduced
basis size. Numerical experiments reveal that it is not seardy the case that a4 increases,

4For a constrained optimization problem such as (6.24), teeorder optimality conditions require that the gradi-
ent of Lagrangian of the objective functiag/ ;';:::;/ ) be equal to zero, i. e%u = Oforallk= 1;::;;LwhereL< M

is the number of eigenvalues 8fy stabilized by Algorithm 2. A detailed dlscussmn of this amttier optimality
conditions for the problem (6.24) can be found in [1, 77].
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Table 6.5. Performance ofmincon

interior point

Algorithm 2 applied to ISS problem

Algorithm 2
with Option 1 (real
eigenvalues)

method for

Algorithm 2
with Option 2 (complex-
conjugate eigenvalues)
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Objective function value

Objective function value
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Figure 6.9. Performance of interior point algorithm for Algo-
rithm 2 with Option 1 (real eigenvalues) as a function ofatem
number (ISS problem)
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Figure 6.10. Performance of interior point algorithm for Algo-
rithm 2 with Option 2 (complex-conjugate eigenvalues) asrec{
tion of iteration number (ISS problem)

more optimization iterations and function evaluationsragiired to obtain the solution to the op-
timization problem (6.24). The performance of the integomt method depends on a number of
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factors, including: (1) the number of optimization dof®(j.the number of unstable eigenvalues
of a ROM), (2) the number of upper bound constraints, (3) tleacter of the objective function,
(4) the proximity of the initial guess to the optimal solutjcand (5) the tolerances used in the
optimization algorithm; noM, the reduced basis size, directly. Some additional pedoa re-
sults of themincon interior point method for Algorithm 2 applied to the ISS pkern for different
(larger) values oM are given in Appendix A.10 (Tables A.3—A.4). For the ISS pealn, the ROM
does in general become more unstable with increddinigut more optimization iterations are not
always required (Table A.3).

The eigenvalue solutions to the optimization problem (bv2#h both Option 1 and Option 2 are
given in Table 6.6, compared with the values of the originadtable eigenvalues &y. It is
interesting to observe that the eigenvalues computed bgtlimization algorithm with Option
1 are very different in their numerical values than those pated by the optimization algorithm
with Option 2. Both are local minimizers of the optimizatimction (6.24). As discussed in
Section 6.2.2, the optimization value is not guaranteecttorbque.

Table 6.6. Original (unstable) eigenvalues @&fy for M = 20
mode POD/Galerkin ROM and new stable eigenvalues computed
using Algorithm 2 (ISS problem)

Algorithm 2 Algorithm 2
Original UnstableA with Option 1 with Option 2
(real eigenvalues) (complex-conjugate eigenvalues)
u 2142 10° 1:32 1:98
13| 329 10'+ 270 10% 2:12 10 2 6:47 10 3+ 1:42 10%
141329 100 270 104 2:13 10 2 6:47 10 3 1:42 10%
I 2:71 1:33 10 4 1:38 10 4

Table 6.7 gives the error in the ROM algorithm relative tof@#Vi output for arM = 20 POD/Galerkin
ROM stabilized via Algorithm 2 with Option 1 and Option 2 fdret ISS problem. Both options
give a ROM with a relative error between526 and 26%. This is a signi cant improvement in
accuracy compared to the same ROM stabilized via Algorithfiable 6.4). Most importantly,

in contrast to Algorithm 1, Algorithm 2 guarantees some ll@f@ccuracy in the stabilized ROM,
as it minimizes the error in the ROM output by constructiorec&l that the accuracy of a ROM
stabilized via Algorithm 1 is unknowa priori, and it may require some trial and error to obtain a
stabilized ROM with an acceptable error (Section 6.2.4).

Figure 6.11 shows the output computed from ROMSs stabilizaaguAlgorithm 2. The reader may
observe that the stabilized ROM outputs are in much bettereagent with the FOM output than
the ROMs stabilized using Algorithm 1 (Figure 6.8).

Table 6.8 summarizes the CPU times for the time-integragtep of the FOM, in addition to the
CPU times for the of ine and online stages of thie= 20 POD/Galerkin ISS ROM. The reader can
observe by examining Table 6.8 that te= 20 online stage of the POD/Galerkin ROM requires
approximately 45 times less CPU time than the time-intégmnagtage of the FOM. To offset the
total preprocess time of the ROM (the time required to rurROM to collect snapshots, calculate
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Table 6.7.Relative errors itM = 20 POD/Galerkin ROM for ISS
problem stabilized via Algorithm 2

ROM H Erel;y
Unstabilized 1.74 10°
ROM stabilized via Algorithm 2 259 10 2
with Option 1 (real eigenvalues) '
ROM stabilized via Algorithm 2 52 10 2
with Option 2 (complex-conjugate eigenvalues?'
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Figure 6.11.Outputs foiM = 20 POD/Galerkin ROMs stabilized
via Algorithm 2 vs. FOM output for ISS problem

the POD basis, perform the Galerkin projection, and soleedjstimization problem (6.24)), the
ROM would need to be run approximately 53 times. It is worthevto note that the optimization
step of the model reduction, which consists of the solutibthe optimization problem (6.24) is

very fast: it takes less than a minute to complete.

Electrostatically actuated beam test case

The second numerical example is that of the electrostatiaatuated beam, detailed at the begin-
ning of this chapter. This example tests the performancdgdithm 2 on a problem de ned by a
dense matriA and from a different application than the ISS example. Trargde also demon-
strates the methodology presented in this section on arlaogde problem with has a forcing term

(Buu(t) 6 0).

To generate the snapshots from which POD bases are comestruice full order model (6.5) is
solved using a backward Euler time integration scheme witmiial condition ofz(0) = 0 and
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Table 6.8. Time-integration CPU times for ISS problem: FOM
vs. M = 20 POD/Galerkin ROM stabilized via Algorithm 2

Model | Operations | CPU time (sec)
FOM Time-Integration 171 167
Snapshot collection (FOM time-integration) 1:71 107
Loading of matrices/snapshots 6:99 10 ?
ROM - of ine stage POD 6.20
Projection 818 10 °
Optimization 2:28 10t
ROM - online stage Time-Integration 3:77

Optimization times reported are means of the time requvesblve (6.24) with real eigenvalues and the time
required to solve (6.24) with complex-conjugate eigensalu

an input corresponding to a periodic on/off switching,i.e.

u(t) = 1: 0.005<. t < 0:01;0:015< t < 0:02,0:03< t < 0:035 (6.35)
0; otherwise
A total of Kmax= 1000 snapshots are collected, evBiyhap= 5 10 5 seconds, until tim&ax=
0:05 seconds. From these snhapshotsiian 17 mode POD/Galerkin ROM is constructed. The
ROM is found to be unstable, with four unstable eigenvalliégse eigenvalues have the following
numerical valuest ;' = 16,053,/ ' = 48:985,/ §' = 12:650,/ ;= 0:05202. The basis si2d = 17
is selected since this is the smallest integer for which @®&Rexhibits an instability. It captures
effectively 100% of the snapshot energy. Figure 6.12 shbe/§OM outpuy/(t) (in red) compared
to the unstabilized ROM output (in blue). The relative elirothe unstabilized ROM output (6.1)
evaluates tdNaN (“not a number”) on a nite precision arithmetic machine doeover ow caused
by the ROM instability. TheM = 17 mode POD/Galerkin ROM is stabilized by Algorithm 2.
Algorithm 1 is not considered for the sake of brevity, andtsithe superiority of Algorithm 2 has
been established already.

Stabilization via Algorithm 2

TheM = 17 POD/Galerkin ROM for the electrostatically actuatedrbd@enchmark is stabilized
using Algorithm 2. The four unstable eigenvaluesAgj will be denoted byl /' for k= 1;:::;4.
Similarly to the ISS test case, two options for the eigerwaloiutions to the optimization problem
(6.24) will be considered:

Option 1: Solve for/ 2 R subject to the constraint that' < 0 fori = 1;:::;4.

Option 2: Solve forl {";1 %1 5,1 5° 2 R subject to the constraint that";/ ;; < 0 and set
PEATHIYS =0 i /g=_/u2w+ i3 15 = 14" il§°(thatis,/ § is taken to
be the complex-conjugate 68" / 5= 15").

Option 2 is more general than Option 1 and has fewer inequatihstraints; however, Option 1
may be more consistent with the system dynamics, as thehlagigenvalues oA are all real. As
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Figure 6.12. Outputs forM = 17 unstabilized POD/Galerkin
ROM vs. FOM output for electrostatically actuated beam prob
lem

before, thdmincon function in the MATLAB optimization toolbox will be used tmbse the opti-
mization problem (6.24), with th&lgorithm  option set tanterior-point and an initial guess
of 1 for all four variables optimized over in (6.24). For the étional form of the eigenvalues
assumed in Option 1, the algorithm converges in 60 optinuraterations, and requires 64 func-
tion evaluations. For the functional form of the eigenvalassumed in Option 2, which has less
constraints than Option 1, fewer optimization iterations &unction evaluations are required to
achieve convergence: 31 optimization iterations, and 82tfan evaluations. Some key informa-
tion about the convergence of the optimization algorithmbioth of these options is summarized
in Table 6.9, and Figures 6.13 and 6.14. For both optiongptienality conditions are satis ed to
the speci ed tolerance at the value of the optimal solution.

Table 6.9. Performance ofmincon interior point method for
Algorithm 2 applied to electrostatically actuated beanbfsm

Algorithm 2 Algorithm 2
with Option 1 (real| with Option 2 (complex-
eigenvalues) conjugate eigenvalues)

# upper bound constraints 4 2

# optimization iterations 60 31

# function evaluations 64 32
rst-order optimality at convergencgNLj) 2:27 107 843 10

Similarly to the ISS problem, Appendix A.10 (Tables A.5—pPgéses some additional performance
results of themincon interior point method for Algorithm 2 for different (largevalues ofM.
ROMs with larger basis sizes possess in general more uagtgjdnvalues, and more optimization
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Figure 6.13. Performance of interior point algorithm for Algo-
rithm 2 with Option 1 (real eigenvalues) as a function ofatem
number (electrostatically actuated beam problem)
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Figure 6.14. Performance of interior point algorithm for Algo-
rithm 2 with Option 2 (complex-conjugate eigenvalues) asrecf
tion of iteration number (electrostatically actuated bgaoblem)

iterations are required to obtain the solution of the optation problem (6.24) using the interior
point method.

The solutions obtained by Algorithm 2 with both Option 1 anpitiOn 2 are given in Table 6.10,

compared with the values of the original unstable eigemsatiA . As for the ISS benchmark, the
eigenvalues computed by the optimization algorithm withi@pl are different in their numerical

values from those computed by the optimization algorithihv@ption 2. This suggests that the
optimization function (6.24) for this problem has multipdeal minimizers/minima.

Table 6.11 gives the error in the ROM algorithm relative te HfOM output for anM = 20
POD/Galerkin ROM stabilized via Algorithm 2 with Option 1&®ption 2. For both options,
the relative error in the stabilized ROM output is approxietna2%.

Finally, Figure 6.15 shows the output computed from ROMbiBzed using Algorithm 2. There
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Table 6.10. Original (unstable) eigenvalues 8fy for M = 17
mode POD/Galerkin ROM and new stable eigenvalues computed
using Algorithm 2 (electrostatically actuated beam prot)le

Algorithm 2 Algorithm 2

Original UnstableAy, | with Option 1 with Option 2
y 1.61 10° 6:88 10° | 116 10° 2:25 10%
Iy 4:90 10 354 107 | 116 10°+2:25 104
Iy 1:27 10t 1:.97 104 | 332 10° 1:81 1(%i
Iy 5:20 10 2 1:40 10* | 332 10°+1:81 107

Table 6.11. Relative errors ifM = 17 POD/Galerkin ROM for
electrostatically actuated beam problem stabilized vigo#ithm 2

ROM | Eely
Unstabilized NaN
ROM stabilized via Algorithm 2 194 10 2
with Option 1 (real eigenvalues) '
ROM stabilized via Algorithm 2 02 10 2
with Option 2 (complex-conjugate eigenvalues?'

is good agreement between the FOM output and stabilized R@puts.

25
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Figure 6.15. Outputs forM = 17 POD/Galerkin ROMs stabi-
lized via Algorithm 2 vs. FOM output for electrostaticallgtaated
beam problem

Table 6.12 summarizes some CPU times for the electrostgtmetuated beam problem: the CPU

times for the FOM, as well as the CPU times for the of ine andirm stages of thévl = 17
POD/Galerkin electrostatically-actuated beam ROM. Tiselts in this table reveal that the online
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stage of the model reduction, the stage relevant to rea-tiatculations involving the ROM, took
only 6.78 seconds, compared td@ 10* seconds for the time-integration stage of the FOM. To
offset the total preprocess time of the ROM (the time reqglicerun the FOM to collect snapshots,
calculate the POD basis, perform the Galerkin projectiod solve the optimization problem
(6.24)), the ROM would need to be run approximately 10* times. This large number of online
ROM runs required to offset the of ine ROM cost is due to thegaCPU time associated with the
FOM run for this large dense problem. As for the ISS probldra,dptimization step of the model
reduction does not contribute signi cantly to the CPU tinfelee of ine stage of the ROM, taking
just 1.5 minutes.

Table 6.12. Time-integration CPU times for electrostatically ac-
tuated beam problem: FOM vl = 17 POD/Galerkin ROM sta-
bilized via Algorithm 2

Model | Operations | CPU time (sec)
FOM Time-Integration 7:10 10°
Snapshot collection (FOM time-integratioh) 7:10 10*
Loading of matrices/snapshots 5:17
ROM - of ine stage POD 1:09 10
Projection 2:55 10t
Optimization 879 10
ROM - online stage Time-Integration 6:78

Optimization times reported are means of the time requvexblve (6.24) with real eigenvalues and the time
required to solve (6.24) with complex-conjugate eigenalu

6.3 Summary

It is demonstrated in this chapter that a discrete countegbahe symmetry inner product devel-
oped in Chapter 5 is a weightéd inner product obtained by solving a Lyapunov equation, rst
derived in [81] by Rowle\et al. For completeness, this inner product, referred to as thapupov
inner product”, is re-derived here, and it is shown usingahergy method that this inner product
gives rise to stable ROMs constructed via discrete prajactiThe performance of POD ROMs
constructed using the symmetry and Lyapunov inner prodgcéssessed on several numerical
examples for which POD ROMs constructed in tfeénner product manifest instabilities.

The key properties of the symmetry inner product and Lyapumeer product are summarized in
Table 6.13. Both inner products are weightedinner products and have the same origin: they
are induced by the Lyapunov function for the governing systé equations. The symmetry inner
product is a continuous inner product derived for a specDE%ystem of the form (5.1). Projec-
tion in this inner product requires access to the governiDg$? which gives rise to a projection
algorithm that is embedded. The Lyapunov inner productssréte, on the other hand, and op-
erates on an LTI system of the form (4.18) arising from themszation of a PDE of the form
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Table 6.13. Comparison of symmetry inner product and Lya-
punov inner product

Symmetry Inner Product (5.16) \ Lyapunov Inner Product (6.10)

Continuous Discrete

For linear PDE system of the form For linear ODE system of the form
2

q+Ai,777—2+ Kijﬂl‘l?x,--*_Gq:f XN = AXN

De ned for unstable systems but

time-stability of ROM is not guaranteedUnde ned for unstable systems

Induced by Lyapunov function Induced by Lyapunov function
for the system for the system
Equation speci ¢ Black-box

Computed numerically
by solving a Lyapunov equation
Sparse Dense

Derived analytically in closed form

(4.17) in space using some numerical scheme, e.g., the adment method. Projection in the
Lyapunov inner product is therefore a black-box algoritta®,only theA, B andC matrices in
(4.18) are needed; in particular, access to the governingtems isnot required. The symmetric
positive de nite matrix that de nes the Lyapunov inner prad can also be computed numerically
in a black-box fashion by solving a Lyapunov equation. Thistexce of a solution to this Lya-
punov equation is certain only if the full order system (4.iE8stable; hence the Lyapunov inner
product is not de ned for unstable systems. In contrast,symametry inner produds de ned

for unstable systems. In this case, a ROM constructed inrthex product will be energy-stable,
by construction. However, it will not be time-stable, ii&may produce (physical) solutions that
are unbounded as! ¥. The discussion above may lead the reader to prefer the byapin-
ner product to the symmetry inner product, as the formerripmeduct can be computed in a
black-box fashion for any stable linear system, and can led ts build a ROM for this system
without accessing the PDEs. One of the biggest drawbacksdfytapunov inner product projec-
tion approach involves its large computational cost. Teesolumerically the Lyapunov equation
that de nes this inner produc(N?) operations are required. Moreover, since the matrix that
de nes the Lyapunov inner product is typically dense (intrast to the matrix de ning the sym-
metry inner product, which is sparse), at le@$N?) storage is required [43]. As a result, creating
ROMs using the Lyapunov inner product may not be practicasystems of very large size. The
Lyapunov inner product may nonetheless be preferable tmbatl truncation, which requires the
solution of two Lyapunov equations, and the storage of twan@ans, in addition to Cholesky
and eigenvalue factorization of these Gramians. For lacgde unsteady problems, the symmetry
inner product combined with the continuous projection apph is recommended by the authors,
despite its more involved implementation.

In the second part of this chapter, a new approach for staiglunstable reduced order models for
LTI systems through aa posterioripost-processing step applied to the algebraic ROM system is
developed. This stabilization step consists of a reassegof the eigenvalues of the ROM system
matrix. First, it is shown how the system's eigenvalues camiodi ed by adding to the system a
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linear control term, and solving for the control matrix ugiull state feedback (a.k.a. pole place-
ment) algorithms from control theory. This approach wiklg a stable ROM provided the ROM
system's unstable eigenvalues are controllable and o#éiskervhowever, although the stabilized
ROM will be stable, it may not be accurate. To ensure accuratlye stabilized ROM, a second
algorithm is developed, in which the eigenvalues of theibtaidl ROM system are computed by
solving a constrained nonlinear least-squares optinozgtroblem in which the error in the ROM
output is minimized. This problem is smail O (M), whereM is the number of dofs in the ROM),
and therefore computationally inexpensive to solve ustagdard optimization algorithms. The
second stabilization algorithm is the primary contribataf this chapter, but both algorithms are
presented and evaluated, as the rst algorithm led to theddeition of the second. The proposed
ROM stabilization approaches are applicable to ROMs coottd usingany choice of reduced
basis foranyapplication. The two algorithms are evaluated on two beraske the ISS problem
and the electrostatically actuated beam problem. Nunidgsts reveal that the second algorithm
effectively stabilizes an unstable ROM, delivering a madi ROM that is both stable as well as
accurate.

6.4 Prospects for future work

An interesting and useful future research endeavor is thension of the “ROM stabilization
via eigenvalue reassignment” method (Algorithm 2) desatiin Section 6.2 to general nonlinear
problems and predictive applications.

For nonlinear problems with stable xed points and/or lirojicle solutions (e.g., the classical
uid mechanics problem involving ow around a cylinder), atural extension of the algorithm
would involve: (1) determining the stable xed points of tegstem, (2) linearizing the system
around these points, and (3) using the algorithms develop®ection 6.2 of this report to stabilize
the linearized system. Extensions of Algorithm 2 to genednlinear problems would require a
precise de nition of stability, and perhaps a reformulatiaf the optimization problem (6.24), as
it is likely not possible to work out analytically the expsesn for ypm(t) (6.23) for the general
nonlinear case.

In order to use Algorithm 2 in predictive applications, thalslized ROM must be constructed
such that it is robust with respect to parameter changes.thigran error indicator that would
estimate the ROM error in a regime for which high- delity gishots are not available is required.
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Appendix A

A.1 Gronwall's lemma

Gronwall's lemma (also known as Gronwall's inequality)aa#ls one to bound a function that is
known to satisfy a certain differential or integral inegtyaby the solution of the corresponding
differential or integral equation [41]. The differentiairin of this inequality is used herein:

x(t)  bOx(®) ) x(T) X(O)eROT b, (A.1)

forb2 L%, t:T O.

A.2 Linearized compressible Navier-Stokes equations witthe
viscous work terms included

In Section 5.2.2, the linearized compressible Navier-&aquations with the viscous work terms
omitted were given (5.26). The full version of these equatjonamely the equations with the
viscous work terms included, is now given. In this case, theegning system (in non-dimensional
form; Appendix A.3) is as follows:

%+ (A Aal [Kijadli+ Gq°= 0; (A.2)

instead of (5.26) where th; for i = 1;2;3 matrices are given by:
0 1 0 1

0 0 0 0O 0 0 0O 0O
0 0 0 0O 0 0 0O 0O
~ 2 R 2
A ZE 0 o0 o0o00& A ZEO0 0 0 00
t1n totiz 0 O tor top tz 0 O
0 0 0 (b 0 P 0 0O 0O
0 0 0O 0O (A-3)
) 0 0 0 00
A; ZB 0O 0 0 00O
tz1 t3p t3z 0 O
0 0 0O 0O

Here,R denotes the dimensionless gas constant (Appendix A.3)rérhaining matrices in (A.2),
as well as the symbols appearing in (A.3), are de ned in $achi.2.2.
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Note that the stability result of Corollary 5.2.1 breaks ddwthe casé\; 6 0, i.e., in the presence

of viscous work, which can offset the energy balance of th&/R@stem. To the authors' knowl-

edge, the viscous work terms are invariably neglected frloenlinearized compressible Navier-
Stokes equations by researchers studying energy-syatiilihese equations [47, 4]. The exten-
sion of the energy-stability symmetrization approach @nésd in Section 5.2 to the linearized
compressible Navier-Stokes equations in which the viseau& terms are retained (A.2) would

be a worthwhile future research endeavor.

A.3 Non-dimensionalization of the compressible Navier-$ikes
equations

In this section, the non-dimensionalization of the comgitde Navier-Stokes equations is detailed.
Let Uet, rref, Tref @andLies denote the reference (non-dimensionalization) valuesher uid
velocities, density, temperature and length scales réspBc Given these values, the reference
pressure, speed of sound and time scales are given by:

Pref = rerrzef;

Cref = ORTet; (A.4)
tef = T2
ref = Uor?

whereR is the universal gas constant ags the ratio of speci ¢ heats. For viscous problems, let
Mme+ denote reference value for the viscosity Then, the reference value for the viscogitys

2

l'ret = émefi (A.5)

from Stokes' hypothesis. Typically the reference valuetfi@r thermal diffusivityke+ is given.

If T denotes the dimensional temperature &ndlenotes the dimensionless temperature, the rela-
tionship between the two is:
T=2"F_. (A.6)

wherep andr denote the dimensionless pressure and density respgcavelR denotes the
dimensionless gas constant:

RT,
R = =L, (A.7)
Cref
with R denoting the dimensional gas constant.
The Reynolds numbeRg is given by
Re= M; (A.8)
Me
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and the Prandtl numbePr, is given by

pr= CpMef. (A.9)
kref

with cp denoting the speci ¢ heat at constant pressure. The referbtach number is:

u
Mref = et (A.10)

For the isentropic compressible Navier-Stokes equatiSest{on 5.3.3), the reference value for
the enthalpyh, denoted b+, is needed. It is straightforward to work out thgts is given by:

her= el = 2 (A.11)

(A.11) is also the reference value for the internal enezgy,

Eref = U (A.12)

A.4 Proof that the total energy inner product (5.59) for the
compressible Navier-Stokes is a valid inner product

Here, it is veri ed that (5.59) is a valid inner product, byedking that the four inner product
axioms hold.
() Bilinearity: g*+9%q® .= ab® o+ dd® L.
R
g+ a2 o = wh @D+ a@)b® + a®(b® + bd)+( a(11) + a(lz))a(13)+(a(21)+ a(zz))a(zs)
+( agl) + agz))aff) dw
R
= Wi a®b®+ a@pd + a@pD + aBp@ + a(11>a(13) + a(12>a(13> + a(zl) a(23)
(2,03 (1,3 (2,03
+??2 a, +aga; +agay dw
= RW% a®p® + aBp@D + a(ll) a(f’) + a(zl) a(23) + agl) a§3) dw
+ w3 a2b®+ a®pd + a(lz)a(f) + a(22) a(23) + agz)ag’) dw
1

= qha® g+ g%’ g
(A.13)

(i) Linearity: agl;q?> ;= a g*g? ., fora2R.

R
Wb a0+ a0+ 28Pa? ¢ adel+ adlde? aw

a qh9? ¢

aqhqt ¢
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(i) Symmetry: gt;0% o= 9%9t .

R
gL g2 e W% aDp@ + 3ApD + a(l)a(2)+ a(l)a(2)+ agl)a(32) dw (A.15)
— 2.4l .
= o%5qt ¢

(iv) Positive de niteness(q;q) 0and(q;q)g = Oif and only ifg = 0.
(@qg=Er O (A.16)
whereEr is de ned in (5.60), since ;e 0 (to be physical).
Suppos€q;q)g = 0. Then, from (5.60):
RW ab+ 3[aZ+ a3+ a3] dW = O; (A.17)

or R R
3 wlag+ a3+ ajldw = abdw (A.18)
The left-hand-side of (A.18) is necessarily0. The right-hand-side is necessarily0 since
ab= a?e= reandr;e 0. The only way for this to be true iséf = 0.

A.5 Boundary conditions for compressible uid ROMs constructed
via continuous projection

Per the discussion in Section 4.3.3, ROMs constructed ukmgontinuous projection approach
may not automatically inherit the boundary conditions @f tinderlying FOM. Lew?2 R2 denote
the domain on which a problem of interest is posed, anfiMétienote the boundary of this domain.
It is useful to partitionffW as follows:

W= TWe[ TWy [ TW; (A.19)

with TWe\ W\ TW = 0. In (A.19), TWE, MWy and W denote the far- eld, solid wall
and in ow boundaries, respectively. Figure A.1 illustratie partition off W (A.19) for a cavity
geometry. In this gure, boundary 1 represefi§f, boundary 2 represenfBM:=, and boundary 3
represent§Wy.

For viscous uid problems, the relevant boundary conditborf/\Wy is typically a no-slip condition
on the velocities and adiabatic wall condition on the terapee [55]; for inviscid uid problems,
a slip wall condition on the velocities is the physicallyaent condition orffWy [57].

The far- eld boundaryfWk is an arti cial boundary introduced due to the fact that tloeibdary
W used in a uid simulation is by construction nite, in constto the in nite physical space
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Figure A.1. Partition of boundaryWfor the cavity con guration
(2 = W = in ow boundary, 2 =Wk = far- eld boundary, 3 =
Wy = solid wall boundary)

on which the physical problem is posed. Without far- eld Indary conditions, non-physical
re ections of unsteady waves may be observed in the far- €lthese unwanted re ections can
affect the accuracy of the simulation and possibly lead toerical instability.

At the in ow boundary W, an in ow solution pro le is typically prescribed using checteristic
variables [57].

One way to implement boundary conditions in a ROM constdiagng the continuous projection
method is through a weak formulation. Consider a system w$éexvation laws of the form (5.1).

Let f . (x) denote a reduced basis mode. Projecting (5.1) bptand integrating the viscous terms
by parts, the following is obtained:

R
waf  dW+ wAlgka'W+ Wﬂﬁ};IJ Pt kdw+ w ﬂkaKlJ dw

(A.20)
fork= 1;:::;M, wherenj is the jt" component of the outward facing normalfaV. The reader can
observe from (A.20) that if a homogeneous Dirichlet bougidandition is desired offW(e.g., the
no-slip boundary condition) and the reduced bases mbgestisfy this boundary condition, the
boundary integral in (A.20) will vanish, and no special iemlentation of the boundary condition
in the ROM is needed. Otherwise, the boundary condition gémented by substituting the value
of f and/or its derivatives into the boundary integral in (A.2@)the case of an inhomogeneous
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Dirichlet boundary condition, it may be necessary to ind¢gthe inviscid terms in (A.20) by parts
as well in order to apply the boundary condition [57].

For a discussion of the implementation of solid wall bougdaonditions in a compressible uid
ROM constructed using continuous projection, the readeefesrred to [57, 19]. Here, some
discussion of the far- eld boundary condition and its implentation is provided. A numerical
study of this boundary condition on ROM stability and aceyravas begun during this project,
and it would be worthwhile to continue this work in the future

Note that an additional way to ensure that a ROM solutionegetsgthe FOM boundary conditions

in the case of the nonlinear compressible Navier-Stokestemms (one that may be studied in
future work) is to factor out the base ow (represented by teePOD mode; Figure 5.15(a)) from

the solution vectorg(x;t) q(x). In the approach taken in Chapter 5, the nonlinear ROMs are
constructed for the full state vectq(x;t). Suppose the POD modes satisfy some steady non-zero
Dirichlet boundary conditions consistent with those infi@M. If the base owqg is not subtracted
from the ROM solution (a linear combination of these mod#s)yalue at the boundaries could
evolve in time, leading to incorrect dynamics predictedimsy ROM [14].

A.5.1 Non-re ecting far- eld boundary conditions impleme nted via the sponge
region method

As discussed above, an appropriate far- eld boundary dandis one that will suppress the re ec-
tion of waves from the outer computational boundaries (a2 in Figure A.1). This boundary
condition, known as the non-re ecting boundary conditican be implemented using a sponge
region method. LeWsponge W denote the sponge region, a region near the out ow boundary
(shaded in yellow in Figure A.1). Suppose, without loss afagality, that the sponge region is
given by:

Weponge  X2:X2s X2 XemaxX1;X32 W | (A.21)

whereWis a domain whose boundaries are aligned withxhex, andxs coordinate axes, with
max,f WO = Xomax2 R andxzs 2 R, with Xo.s < Xomax Suppose also that the governing PDEs

have the form:

%+ L (@)+ N ()= 0 (A.22)
whereN is the nonlinear operatol, is the linear operator, angl is the vector of unknowns.
The sponge region implementation of the far- eld non-rdiag boundary condition amounts to

adding a source terfigpongeto (A.22) to yield a system:

1k
T‘j+ L (@)+ N () = fspongdQ); (A.23)
where (
X2 X2is OQtarget 4 .
fapongdc) = PO e b 10 Vnonae (A.24)
0; otherwise
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In (A.24), Gtarget is @ vector of “target” values for the variables in the sporggonWsponge and
Ssponge2 R is a parameter controlling the “strength” of the spongeargirhe reader can observe
by examining (A.24) that the sponge region implementatibthe far- eld boundary condition

is effectively a penalty formulation, witBspongerepresenting a penalty parameter that penalizes
the deviation ofg from Qtarget in the far- eld. The symbolDt in (A.24) is the time step used in
advancing numerically the simulation forward in time.

Plugging (A.24) into (A.23) and rearranging, the followisgobtained:

fq
ﬁ+ L (a)+ L spongdd) + N (Q) = Sspongé (A.25)
where
_ Ssponge Maxxy X209
L spongdd) = Dt Ko Xow oF (A.26)
and
_ Ssponge Maxx; X509 .
Ssponge™ Dt Xomax X2:s Qtarget: (A.27)

The operator de ned by sponge(A.26) gives rise to a mass-like matrix upon discretizatidhe
vector (A.27) is a forcing (load vector) term.

In the special case of the linearized PDEs, the system wélspionge layer source term has the
form:

0 +L ()= fspongdd); (A.28)
whereq®= q Qs the uctuation vector, withg denoting the (steady) mean ow. In this case,
( 0 0
X2 X2is Otarget 9~ .
S ;o In W
fopongd) = PO Romax s DX sponge (A.29)
0; otherwise

Wherquarget = Qrarget q.

The capability to specify a non-re ecting boundary corafitivia the sponge region method has
been added t&pirit as a part of this LDRD project. The implementation of this thdary
condition has been veri ed on a simple test case involvimsicid ow inside a duct (below). The
example demonstrates that a ROM with no boundary conditionstructed from a FOM in which
the non-re ecting far- eld boundary condition is speci aday not reproduce accurately the FOM
solution dynamics. This issue can be remedied by implemetitie far- eld boundary condition in
the ROM using the sponge region method. It would be worthevioilexamine the effect of the far-
eld non-re ecting boundary condition on the compressibleity simulations of interest in future
work. It is conjectured that including the far- eld bounglaczondition can improve the stability
properties of a ROM by damping out any re ections that pradadack into the domain through
the out ow boundary, which could destabilize the ROM. It is@conjectured, as suggested in
[39], that if the domain is large enough, the implementatbthe far- eld boundary condition
may not be necessary.
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Proof of concept: non-re ecting far- eld sponge region boundary condition applied to duct
pressure pulse test case

The implementation of the non-re ecting far- eld boundargndition via the sponge region method
in Spirit  is tested on a 1D test case involving an inviscid pressureepnla duct. The domain
W= (0;50) 2 R is discretized using 501 points, and extruded inxh@ndxs directions by one
element to yield a 3D mesh for ti8pirit  run. The free-stream and reference conditions are as
follows:
pref = 101,325 Pa
Tef = 300 K;
Uef = 1044 m/s
rref = 1:172 kg/nt:

The problem is inviscid. The pressure pulse is triggered smasoidal forcing for thex;—
momentum equation of the form

(A.30)

fu,(t) = 0:005ure cOg2000t); (A.31)

in the region for whichx; 2 (1;1:5). In the high- delity uid code SIGMA CFD a sponge layer
far- eld boundary condition is prescribed near the out owundary

The boundary condition is of the form (A.24) but withreplacingx,. The parametersspongeand
Orarget are as follows:

Ssponge= 0:01; (A.33)
0 1 0
U1;target 1044 m/s
U2;target 0
Otarget = B U3itarget ¢ = 0 ; (A.34)
I target 1:172 kg/n?
Ttarget 300 K

(in dimensional variables). The high- delity simulatioftbe duct pressure pulse test case is runin
SIGMA CFDuntil time Tax= 0:5 seconds. A total dknax= 1000 snapshots are collected (taken
every Dtsnap= 5 10 4 seconds), from which a 20 mode POD basis is computed. A 20 mode
POD/Galerkin ROM is then constructed for the linearized pressible Euler equatiohssing the

L2 inner product, both Withgsponge= 0:01) and without §sponge= 0) the sponge region boundary
condition applied in the far- eld. Figure A.2 shows a timestary of the ROM coef cientsa;(t)
anday(t) compared with the projection of modes one and two onto thpsdras (5.69) for both
cases. The results are as expected: the ROM with the spoygjedaforcement of the far- eld
boundary condition (Figure A.2(b)) represents much bettersnapshot dynamics than the ROM
without the sponge layer enforcement of the far- eld bouydaondition (Figure A.2(a)). Since
the POD modes do not satisfy strongly the far- eld boundamdition, the latter ROM is not fully
consistent with the FOM.

1The linearized equations are appropriate here as the pnableamics are effectively linear.
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x 107 M=20 mode linearized L2 ROM x 107 M=20 mode linearized L2 ROM

) 20 40 60 80 ) 20 40 60 80
(a) No sponge £sponge= 0) (b) Sponge §sponge= 0:01)

Figure A.2. Time history of modal amplitudes fod = 20 mode
L2 linear ROMSs (duct pressure test case)

A.6 Additional results for viscous laminar cavity problem with
Kmax= 500snapshots

In this section, some additional results for the viscousamcavity problem (considered in Sec-
tion 5.5.3) are given. The same Reynolds numbBes, 1000 andRe 1500, as before are
considered. Now, however, a total l6f,ax= 500 snapshots are collected fr@&GMA CFDtaken
everyDisnap= 1:0 10 4 seconds, starting at tinte= 5:0 10 2 seconds until tim@max= 0:1
seconds. The snapshots are used to construct POD bases &f 4i@, 15 and 20 modes in the
various inner products evaluated (for each Reynolds nummdesidered), as before, but now the
ROMs are run up to tim&nax= 0:1 seconds. The snapshot energies captured by the POD bases ar
approximately the same as before (Table 5.8), and the dd¢hg singular values of the snapshot
matrix is also comparable (Figure 5.16).

Tables A.1-A.2 reveal that the ROMs evaluated (Table 5.2)atqerform very well for this in-
stance of the problem. Most of the ROMs go unstable. The ntabtesand accurate ROMs are
those constructed for the isentropic compressible N&viekes equations. It is interesting that
the isentropic ROMs constructed in the stagnation energysgagnation enthalpy inner products
(5.49) exhibit an instability. The cause of this instagikhould be investigated in future work.
It is worthwhile to comment that the Reynolds numbers cargid here are much higher than
the Reynolds number considered in [81], an earlier work inctviihe effectiveness of ROMs
constructed using the stagnation energy and stagnatibalpgtinner products (5.49) for the isen-
tropic compressible Navier-Stokes equations was evaluéte noted earlier, the use of an energy
inner product to do the Galerkin projection step of the modeéuction does not guarantee that the
stability of an equilibrium point other than the origin isegerved, nor does it guarantee that the
stability of limit cycles is preserved [81]. Moreover, arudidprium point of a dynamical system is
not necessarily an attractor of the system. Hence, a ROMmmbsd in an energy inner product
may not preserve a Navier-Stokes attractor. This may be wihaippening here. Itis also possible
that boundary effects at the far- eld boundary of the cawtg destabilizing the ROM (Appendix
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A.5). This can be remedied by implementing a non-re ectimgitidary condition at the far- eld
boundary in the ROM or solving the problem on a larger domaithat the boundary effects are

negligible [39].

It is noted that a ROM with much better stability propertiesswobtained when the snapshot set
employed to compute the POD basis includes the initial teemigresent in the high- delity so-
lution between timeé = 0 and timet = 5:0 10 2 seconds (results not shown here). Given that
the quality of the ROM seems to be highly dependent on whielpsinots are employed to con-
struct the POD basis, it would be worthwhile to examine tHeotfof various snapshot collection
strategies (e.g., [70, 82, 15]) on ROM stability and accyraduture work.

Table A.1. ROM relative errorsEel,q (viscous laminar cavity,

Re 1000,K = 500 snapshots)

Inner

Physics M=5 M= 10 M= 15 M= 20
product
Linearized L? 5.56 5.63 34.0 33.3
compr N-S symm 5.05 511 27.5 27.1
Nonlinear compr L2 799 102[596 102]939 102|834 10°7
sentropic N-5 | Stagene| 3:94 10 2| 406 10 2 NaN NaN
stag enth| 4:05 10 2 | 402 10 2 NaN NaN
z-formnonlinear || 2 | 754 191|254 101|158 10|  NaN
compr N-S
Nonlinear L? NaN 1:27 101 NaN 7:06 10 ?
compr N-S
Table A.2. ROM relative errorsEel,q (viscous laminar cavity,
Re 1500,K = 500 snapshots)
Physics Inner M=5 M = 10 M= 15 M = 20
product
Linearized L2 9.13 9.26 9.08 13.2
compr N-S symm 8.35 8.55 8.54 11.2
Nonlinear compr L2 934 10°[1:26 10 1]443 10°]844 10°
isentropic N-S stag ene|| 5:28 10 2| 554 10 2| 6:58 10 2 NaN
stag enth| 5:59 10 2 |5:81 10 2| 6:58 10 2 NaN
z—form nonlinear L2 7:98 101 NaN NaN NaN
compr N-S
Nonlinear L2 NaN 241 101 NaN 1:88 101
compr N-S

A.7 Balanced truncation algorithm for model reduction

The balanced truncation algorithm, rst introduced by Me¢r3], assumes a semi-discrete full
order model of the form (4.18). The linear system (4.18) & transformed into a balanced form
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that isolates observable and reachable (or controllabbeles: This is achieved by simultaneously
diagonalizing the reachability (or controllability) andservability Gramians. The reachability (or

controllability) Gramian (Chapter 30 of [23])
Z

P O¥ ABBTA L, (A.35)
is the unique symmetric (at least) positive semi-de nitkuon of the Lyapunov equation

AP+ PAT + BBT = 0 (A.36)
The observability Gramian (Chapter 30 of [23])

Q ZO¥ AT el (A.37)

is the unique symmetric (at least) positive semi-de nitkion of the Lyapunov equation
ATQ+ QA+ CTC= 0 (A.38)

It will be assumed herein that the matAxde ning the full order system (4.18) is stable, i.e., it has
no eigenvalues with a positive real part. It will also be ased(A;C) is observable an¢iA;B)

is reachable (controllable). If this is true, the Lyapunopations (A.36) and (A.38) will have
positive de nite solutiond® andQ respectively (Chapter 6 of [62]). For a discussion of badahc
truncation applied to unstable systems, the reader isreef¢o [21].

The balanced truncation algorithm is summarized belowtferspeci ¢ case of real system matri-
ceg A, B andC. First, the reachability GramiaR is obtained by solving the Lyapunov equation
(A.36). Next, the observability GramiaQ is obtained by solving the Lyapunov equation (A.38).
The Cholesky factorization d? is computed,

P=UUT: (A.39)
followed by an eigenvalue decompositionf QU:
U'QU= KSK: (A.40)
The balancing transformation matrices:
Tpa = S2KTU L T, 4= UKS % (A.41)

can now be computédwhere the entries db are in decreasing order. The change of variables
Xn(t) = Tpaxn(t) is applied to the full-order LTI system (4.18) to yield:

Xn(t) ToalAT L 2 %N() + ToaBup(t);
yon(t) = CTa&n(t):

2In the case these matrices are complex, the transpose ioperan the algorithm (and all analysis of this algo-
rithm) should be replaced with a Hermitian transpBse

3In practice, the transformation matrices (A.41) are tyiljoeomputed asl g = V2T, andTb&ﬁ = UW, where
Z is the Cholesky factor of the observability Grami@ ¥ ZZT), andW is the left singular vector o7z (UTZ =
WSVT). This is due to numerical stability issues that could ainssomputingS 72 in (A.41).

(A.42)
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Next, the matriced TpaAT, 2, B TpaB,C CT,} are partitioned as follows:
~ A1 | A ~
A= : B=
Agp | A2
C= Cl ‘ C2 .

Here, the blocks with subscript 1 correspond to the mostrebbte and reachable states, and
blocks with subscript 2 correspond to the least observalleeachable states. Finally, the reduced
system for a ROM of siz# is given by:

Xm(t)

W'Wl
N P

! (A.43)

Amxm(t) + Bmup(t);

- A.44
yom(®) = Cwxm(t); (A.44)

whereAy = A1, By = By, Cy = C1. The left and right reduced bases are given respectively by:
Yv=T(51:M);  Fu= Sa(;1:M); (A.45)

whereSpa Ty

In effect, balanced truncation is a method for computingtést and trial base¥ yy andF y in
(4.20). Given the test and trial bases de ned in (A.45), ti@MRsystem matrices (A.44) can be
obtained from the formulas (4.21). The entries of the diafjomatrix S in (A.41) are known as
the Hankel singular values of the system (4.18). Assumin@®Rf sizeM has been constructed
using balanced truncation, the following error bound onahgut can be shown [95]:

N
jivon() yom®iiz 2 & sijup()jiz: (A.46)
i=M+1

Generally, balanced truncation is viewed as the “gold stegidn model reduction. Although it
is not optimal in the sense that there may be other ROMs witllemerror norms, the approach
hasa priori error bounds that are close to the lowest bounds achievabény reduced order
model [79]. Unfortunately, balanced truncation becomesmatationally intractable for systems
of very large dimension (e.g., of sidé¢  10;000), and hence is not practical for many systems of
physical interest [81]. This is due to the high computati@oat of solving the Lyapunov equations
(A.36) and (A.38) for the reachability and observabilityg@rians O (N°) operations). The storage
requirements of balanced truncation can be prohibitive @l iEven ef cient iterative schemes
developed for large sparse Lyapunov equations computethea to (A.36) and (A.38) in dense
form, and hence requi®(N?) storage [43]. Unlike POD, balanced truncation delivers RQNt
preserve stability of a stable system (4.18) [73], however.

A.8 Lyapunov inner product associated with balanced trunca
tion

In comparing the steps of the balanced truncation algorithth the discussion in Section 6.1,
the reader may observe some similarities. In particulah hégorithms require the solution of a
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Lyapunov equation for a Gramian used to transform and rethesystem. Here, this connection
is investigated further. In particular, it is shown that tiedanced truncation algorithm (Appendix
A.7) may be viewed as a projection algorithm in a special yayy inner product.

Suppose the stable LTI system (4.18) has been reduced imgrgptanced truncation model re-
duction algorithm summarized in Appendix A.7. In order t@waver the inner product associated
with balanced truncation, several transformations araired.

The rst step is to substitute (A.41) into (A.45). Then, tla@léwing expressions for the left and
right bases are obtained:

Y= Toa(l:M;:)= S2(1:M;)KTU L (A.47)
Fm= Sa(ii1:M)= UKS 2(:;1:M): (A.48)

Remark that (A.47) and (A.48) satisfy the following identit
S Y(a:M;1:M)Y,P=F[; (A.49)

whereP is the reachability Gramian (A.39). It follows that the RONstem matrices in (A.44)
are:

Aw=YLAF = YLAPTY S Y(1:M;1:M); (A.50)
Bw = YyB; (A.51)
Cw=CF=CP'YuS }1:M:1:M): (A.52)
De ning
zv(®) S P21 :M;1:M)xm(t); (A.53)

and employing the symmetry property of the reachabilityrGiesm P = PT), (A.44) becomes:

2u(®) = YWAPY mzu(t)+ ¥ yBup(t);

(A.54)
yom(t) = CPY mzm(t);

where
Yv YwmS F(1:M;1:M): (A.55)

It is clear that (A.54) de nes a projection of the original ILdystem (4.18) in a2 inner product
weighted by the reachability Gramian matf®x This matrix de nes a true inner product in the
case wher is symmetric positive-de nite, which will hold ifA; B) is reachable (controllabl&)

A property of balanced truncation is that it preserves $itglwhen applied to stable systems [42]
(Appendix A.7). This result can be proven using the energthot The proof is analogous to the
proof of Theorem 6.1.1.

4Reachability (a.k.a. controllability) is a standard cqutd@ control theory. The author is referred to [11] for a
detailed discussion of reachability (controllability).
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A.9 Jacobian of objective function in ROM stabilization opti-
mization problem (6.24)

In this section, an analytic expression for the Jacobiah@bbjective function in the optimization
problem (6.24) for the speci c case whelft) = 0,y 2 R (there is a single output of interest), and
"2 Ris derived. In many cases, it is possible to derive analiyithe Jacobian of the objec-
tive function in (6.24) without these simpli ed assumptgrbut this derivation will be problem-
dependent (i.e., it will depend on the speci c forcingf)). Lety yk2 Randy, y& 2 R. If
u(t) = 0, the objective function in (6.24) evaluates to:

f = jiFii% (A.56)
where 1
CSexp(Dt1)S x(0) !
CSexp(Dt2)S x(0) y?
ADL)S (O Y &, ok, (A.57)
CSexp(Dtk)S 1x(0) ¥
Let J denote the Jacobian 6f(A.56). The reader can verify that

J=2)lF2R: (A.58)
where the(k; )" entry of Jg is given by
Je(k;1) = t,CSexp(Dit)S x(0); (A.59)
fork= 1;:;;K andl = 1;:::;L. In equation (A.59),
0 0 1
A 0
D 1Y 2 RM M. (A.60)
0
0

that is,D; is a matrix with a single entry df" in the position([; ), wherel is the position of the
I'h reassigned eigenvalue in the original mafix

A.10 Additional performance results for ROM stabilization via
eigenvalue reassignment Algorithm 2

The following tables give some additional performance lteqthe number of unstable eigenval-
ues, the number of upper bound constraints, the number ohiggtion iterations, the number
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of function evaluations, and the rst order optimality athvergence) for Algorithm 2 applied to
the ISS and electrostatically actuated beam problems deresi in Sectiond?). These results
enable one to study how these quantities changd ahe reduced basis size, is increased. The
performance of the interior point method depends more ontingber of dofs in the optimization
problem (6.24), rather than the basis dizalirectly. For the problems considered hereinivags
increased, in general so does the number of unstable eigesvaf the ROM.

Table A.3. Performance ofmincon interior point method for
Algorithm 2 applied to ISS problem as a functionMf(real eigen-

values)
M H 20 \ 40 \ 60
# unstable eigenvalues 4 5 6
# upper bound constraints 4 5 6
# optimization iterations 29 58 45
# function evaluations 30 59 46
rst-order optimality at convergencgNLj) || 400 10 7| 9:88 10 7| 2:46 10 '
Table A.4. Performance ofmincon interior point method for
Algorithm 2 applied to ISS problem as a functionMf(complex-
conjugate eigenvalues)
M H 20 \ 40 \ 60
# unstable eigenvalues 4 5 6
# upper bound constraints 3 3 3
# optimization iterations 27 50 62
# function evaluations 30 52 64
rst-order optimality at convergencgNLj) || 5:51 10 7| 2:46 10 7| 3:94 10
Table A.5. Performance ofmincon interior point method for
Algorithm 2 applied to electrostatically actuated beanbfgm as
a function ofM (real eigenvalues)
M H 17 34 51
# unstable eigenvalues 4 10 14
# upper bound constraints 4 10 14
# optimization iterations 60 78 96
# function evaluations 64 82 100
rst-order optimality at convergencgNLj) || 2:27 10 7| 461 10 7| 213 10
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Table A.6. Performance ofmincon interior point method for
Algorithm 2 applied to electrostatically actuated beanbfgm as
a function ofM (complex-conjugate eigenvalues)

M | 17 | 34 | 51

# unstable eigenvalues 4 10 14

# upper bound constraints 2 5 7

# optimization iterations 31 35 78

# function evaluations 32 36 79
rst-order optimality at convergencgNLj) || 8:43 10 7| 6:20 10 6| 1:08 10 ’

A.11 Flow control using ROMs

Flow control refers to the ability to manipulate a uid ow tochange its behavior in a desirable
way, e.g., to reduce the noise in the ow, to increase theiehcy of a combustion process, to
modify the stability of a laminar ow, or to reduce structurabration caused by a ow passing
over a structure. There exist a variety of schemes for opeplas well as closed-loSgontrol of
complex physical systems [11, 96]. Unfortunately, for Ridhlity uid models, the discretized
systems are often too large to be able to apply classical omtrol methods. This is especially
the case if an optimal controller is sought in real or neaf-tiene. Because reduced order models
are small and inexpensive by construction, they have a gagantial for making the ow control
problem feasible.

In the targeted compressible captive-carry problem, a @ntool strategy that minimizes cavity
oscillations (i.e., resonances) is sought. Suppose a lpghds ow passes over the cavity (Fig-
ure A.3). A shear layer will form at the cavity's upstreammer. This shear layer will amplify
disturbances in the ow and convect them downstream, stadgt¢hem into pressure uctuations
on the cavity's downstream wall. These pressure uctuatiall propagate back upstream, and
excite further disturbances in the shear layer near theegst corner. The result is a feedback
loop of self-sustained cavity oscillations [53, 51]. Thegsure uctuations on the downstream
wall of the cavity translate to large pressure loads withmdavity, which are undesirable as they
can lead to damage of the cavity and/or components withindligy. Hence, an optimal feedback
controller is one that minimizes the pressure uctuationsttte downstream wall, and therefore
the oscillations within the cavity.

In designing a closed-loop controller for the system désctiabove, it is necessary to have a
sensor (or set of sensors) and an actuator (or set of actjiatbhe former provides an output
to be controlled, whereas the latter represents an inpticrabe tuned to achieve the desired
output. Typically in ow control, the controller consist$ actuation, either in the form of a body

5An open-loop controller is a non-feedback controller, isecontroller that does not use feedback to determine if
its output has achieved the desired goal of the input.

6A closed-loop controller is a feedback controller, i.e.,amtcoller consisting of a set of sensors for the mea-
surement of some system parameter that can communicat@sith of actuators, which can subsequently alter the
dynamics of the underlying system.
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force or boundary actuator (sucking or blowing), in an ugestn section of the domain. For the
compressible cavity, a reasonable location to apply theadicin is in a region near the upstream
corner of the cavity where the shear layer originates. Aaealle output of interest is the root-
mean-square pressure uctuatigopfJ) halfway up the downstream wall of the cavity. This value
correlates well with the pressure loads within the cavity an the cavity walls. The ow control
con guration is illustrated in Figure A.3.

Following standard control theory terminology [11, 96},tlee “plant” refer to the physical system
to be controlled, and let the “estimator” be the model usedstimate the state from which the
controller will be calculated. Here, the plant is the higtelity model of the compressible cavity
based on the nonlinear compressible Navier-Stokes eaqsatiRecause of its large computational
cost, it is not feasible to use the high- delity simulatios the estimator. An alternative is to use
as the estimator a ROM for the high- delity model, compute tiontroller based on the ROM, and
then apply the ROM-based controller to the high- delity neb¢{see Figure A.4 for an illustration
of the general approach). This idea has been studied by aeruoflauthors, e.g., lllingworth
et al. [53], Rowleyet al. [82], Barbagelloet al. [17], Bagheriet al. [13], llak [52], mostly in
the context of incompressible ow. These works have prordabe use linear control theory, i.e.,
using alinear low-dimensional model of the uid ow to calculate a feedbacontroller for the
original nonlinearsystem. Here, the idea is applied to the compressible N&t@kes equations.
The ROM-based control approach explored as a part of thjegins summarized in the following
steps (illustrated in Figure A.4).

Step 1: Collect snapshots from a nonlinear high- delity CFD sintida for some set of inputs
u(t), and construct a POD basis from t his snapshot set.

Step 2: Build a ROM for a linearized version of the governing uid $gs.
Step 3: Compute the optimal controller, denotedy(t), using the ROM.
Step 4: Apply the optimal ROM-based controller at the high- delityodel level.

A particular kind of linear controller is amenable to the a@@ntrol problem of interest, namely a
linear quadratic regulator (LQR) controller, described@tail in [11, 96]. The optimal LQR con-
troller ugpe(t) is one that minimizes (for the con guration of interest) fo#owing cost functional:
Z
14T

J= f 0 [p\%all + tugpt]dt; (A-Gl)
wherep?,_, is the pressure uctuation at the downstream wall of thetyeadt > 0 is a parameter
that controls the cost of the contrady:. It can be shown [11, 96] that the solution to the LQR
problem is obtained by solving a Lyapunov equation. The migaksolution of this equation is,
in general, tractable only if it is computed for a relativedw-dimensional model.

The capability to apply body force actuators has been aduléueiSpirit  code as a part of this

LDRD project to enable ow control. As a preliminary stepethroposed ROM-based ow control

approach outlined above is tested on a proof of concept ebearmplriven inviscid pulse test case.
The design of LQR ROM-based controllers for the compressiaVity may be the subject of future
work.
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Figure A.3. Target cavity ow control problem
A.11.1 Proof of concept: control of a driven inviscid pulse

The ROM-based ow control algorithm outlined above is telst a simpler problem than the
targeted compressible cavity con guration, namely thebpem of a driven inviscid pulse in a
uniform base ow. Consider the compressible Euler equati{22) on the 2D domaidvV =

( 1;1)2in a uniform base ow having the following values:

p= 10:1325 Pa
T =300K;
r==2=117 10 4kg/n?; (A.62)

U= uz= 0:0m/s
c= 3479693 m/s

_RT
us =
Driving the ow is a force for thexo—-momentum equation. The force is given by the following

oscillatory function
fu,(;t)=(1 10 %) cog200Qpt); (A.63)

and is applied in four elements near the center of the dorf@in,2 ( 0:1;0)2 (Figure A.5). The
high- delity solution is obtained in th&8IGMA CFDcode using a mesh with 3362 nodes. The high-
delity simulation is run until timeTmax= 5 10 2 seconds. A total oKmax= 2500 snapshots
(saved everntsnap= 2 10 5 seconds) are collected and used to construct a 20 mode P@D bas
using the symmetry inner product (withgiven by (5.25)).

The following ow control problem for the driven pulse exafeps formulated:

Compute the body force actuatiogg(t) in the regionx 2 ( 0:1;0)2 such that the root-mean-
square pressure uctuationd, at the pointx = ( 1;0) is minimized (black dot in Figure A.5).

The controller is computed using the LQR approach and a symrROM estimator based on the
linearized compressible Euler equations (Section 5.2hge the optimal input is calculated, it is
applied to the high- delity simulation for the purpose ofting its ef cacy. Effectively, this is a
veri cation problem, as it is knows priori what the controller should beippe(t) =  fu,(X;t).
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Figure A.4. POD-Based cavity ow control road map

First, the 20 mode symmetry ROM is run in the uncontrolledmeyg to verify that it can reproduce
well the dynamics of the FOM. Figure A.6 shows the time higiofrthe modal amplitudesy;;
compared to the projection of the POD modes onto the snapéheitp; f;) for i = 1;2 (5.69).
One can see good agreement between the ROM coef cients anprdiection of the snapshots
onto the POD modes for all times considered. Figure A.7 shewsmparison of the snapshots
with the ROM solution at the time of the 1®0Gnapshot. Again, good agreement is observed.

Figure A.5. Domain with forced/actuated nodes (red) and re-
sponse node (black) (driven inviscid pulse problem)

Having veri ed the uncontrolled ROM's ability to reprodutiee snapshots from which it is con-
structed, the sought-after LQR ROM-based controller isudated using thigr function in MAT-
LAB's control toolbox [2]. Figure A.8(a) shows the optimadmtroller up: obtained by the LQR
algorithm. As expected, the optimal controller is pregistle functionugpe(t) =  fy,(X;t) to
machine precision. Figure A.8 (b) shop¥0; 1:t) for the uncontrolled FOM, compared with this
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x 107 M=20 mode linearized symmetry ROM

0 0.002 0.004 0.006 0.008 0.01
time

Figure A.6. Time history of ROM coef cientsa; anda, (driven
inviscid pulse problem, uncontrolled)

(a) FOM (b) 20 Mode Symmetry ROM

Figure A.7. Pressure uctuation contours at time of 108nap-
shot (driven inviscid pulse problem, uncontrolled)

value when the controller is applied. The reader can obgbatehe controller effectively wipes
out the pressure uctuation at the point where it is miningize
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(a) Force (A.63) (red) and LQR controller (blue) (b) pY0;1;t) for uncontrolled (red) and con-
trolled (blue) FOM

Figure A.8. ROM-computed LQR controller solution (driven in-
viscid pulse problem)
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