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CONSTRUCTION OF DIFFERENCE EQUATIONS USING LIE GROUPS

[ g

by
Roy A. Axford*

ABSTRACT

The theory of prolongations of the generators of groups of point transformations to
the grid point values of dependent variables and grid spacings is developed and
applied to the construction of group invariant numerical algorithms. The concepts of
invariant difference operators and generalized discrete sources are introduced for the
discretization of systems of inhomogeneous differential equations and shown to
produce exact difference equations. Invariant numerical flux functions are
constructed from the general solutions of first order partial differential equations
that come out of the evaluation of the Lie derivatives of conservation forms of
difference schemes. It is demonstrated that invariant numerical flux functions with
invariant flux or slope limiters can be determined to yield high resolution difference
schemes. The introduction of an invariant flux or slope limiter can be done so as not
to break the symmetry properties of a numerical flux function.

1. INTRODUCTION

The technical meaning of the term, “invariant difference scheme”, is not unique in numerical
analysis literature. In Shokin [1] a difference scheme is said to be invariant if its first differential
approximation in parabolic form admits the same transformation group as the system of differential
equations that is being discretized. This definition is the basis of the Shokin classification of

difference schemes into one of two types, namely, (1) schemes that satisfy group axioms and (2)
schemes that do not satisfy group axioms in the sense of an invariant first differential
approximation. In Dorodnitsyn [2,3] an invariant difference scheme is conceived of as a scheme
whose functional form in terms of difference derivative invariants is the same as the functional
form of the system of differential equations written out in terms of the differential invariants of a
transformation group.

In this study invariant difference schemes of a more general character are constructed in terms
of invariant difference operators and generalized discrete sources and in terms of invariant
numerical flux functions. These two methods require the evaluation of the Lie derivatives of the
grid point values of the dependent variables and the grid spacings. Such evaluations are based
upon formulae that give the group action on derivatives up to infinite order rather than up to some
finite order as is the case for invariant first differential approximations, which are the same as
modified equations [4, 5] of difference schemes.

Prolongations of the generators of groups of point transformations to the grid point values of
dependent variables and grid spacings are derived in Section 2. Once the prolongations of this
more general type have been found, it is possible to calculate the extensions of group generators to
various types of ordinary and partial difference derivatives. However, the theory of invariant
difference operators and of invariant numerical flux functions is based upon the direct application
of the prolongations to the grid point values of the dependent variables and the grid spacings.

*Consultant, University of Illinois, 224 Nuclear Engineering Laboratory, 103 S. Goodwin, Urbana, IL 61801




The concept of invariant difference operators is developed in Section 3 and applied to the
construction of invariant difference schemes with generalized discrete sources. This development
is done for systems of inhomogeneous first and second order ordinary differential equations. The
resulting invariant difference schemes are shown to be exact; that is, their exact solutions predict

the exact solutions of the differential equations for arbitrary size grid spacings.

The theory of invariant numerical flux functions is worked out in Section 4 and applied to the
construction of invariant difference schemes in conservation form. When the Lie derivative of the
conservation form of a difference scheme written in terms of the numerical flux function is
evaluated, it is shown that the flux function must satisfy a first order partial differential equation to
ensure the existence of an invariant difference scheme. The general solution of the invariant-
numerical-flux-function partial differential equation is an arbitrary function of the solutions of its
characteristic equations. This fact implies the existence of an infinite number of invariant numerical
flux functions with either low order or high order. It is shown that numerical flux functions can be
constructed with invariant flux limiters or slope limiters. Hence, the introduction of flux or slope
limiters to develop high resolution difference scheme can be done so as not to break symmetry.
The minmod function slope limiter, for example, preserves invariance properties of conservative
difference schemes for both the advection equation and the inviscid Burgers equation.

2. DISCRETIZED PROLONGATIONS OF GROUP GENERATORS

The generators of multiparameter groups must be extended to grid spacings, grid point values
of dependent variables, and difference derivatives to construct invariant numerical schemes. In the
case of differential equations, prolongation of group generators need be carried out only to the
highest order derivatives that appear in the system of differential equations. Determining the Lie
derivatives of the grid point values of dependent variables and difference derivatives requires a

knowledge of the group action on ordinary or partial derivatives up to infinite order. Accordingly,
in this section the Lie derivatives of ordinary and partial derivatives of arbitrary order are found and
used to obtain the Lie derivatives of grid point values of dependent variables. Once these are
known, the Lie derivatives of difference derivatives can be computed.

Variables in physical problems are classified as dependent and independent. This distinction
should be kept in mind when working out the prolongations of group generators for invariant
numerical schemes. Four cases of group generation prolongations are considered below, namely,

(1) one dependent and one independent variable,
(2) one dependent and n independent variables,

(3) m dependent and one independent variable, and
(4) m dependent and » independent variables.

The group generator prolongations found for each of these four cases are applicable to the
construction of invariant numerical schemes for (1) ordinary differential equations, (2) partial
differential equations, (3) systems of ordinary differential equations, and (4) systems of partial
differential equations, respectively. A discretized prolongation is defined as a group generator
prolongation to grid spacings, grid point values of dependent variables, and difference derivatives.

2.1 Lie Derivatives of Adjacent Grid Point Values of Dependent Variables
In this section extensions of group generators to grid point values are determined under the

assumption that only a single independent variable is incremented. This type of extension is
sufficient for explicit difference schemes. -



2.1.1 Case 1. Discretized Prolongations with One Dependent Variable and One
Independent Variable

With the kth order derivative denoted by

d*u(x)
== (2.1)
the total derivative operator is
A d o=
D=— , 2.2
pRPILE a (2.2)
and the shift operator to the right is
o hk
— (2.3)
=X WP
where h is the grid spacing. Also, the shift operator to the left is
S =" | (2.4)

If the grid spacing is not uniform, let 4™ denote the grid spacing to the right of a grid point, and let
h™ denote the grid spacing to the left of a grid point. Then the shift operator to the right is

Sr=€"0 | (2.5)

and that to the left is

A

§ =e?P0 | (2.6)

Shift operators acting on the dependent variable u(x) yield

S*w(x) =u(x+h) , 2.7)
and

§'(u(x)) =u(x—h) (2.8)
for uniform grids, or

S‘*(u(x)) = u(x + h”) , (2.9)
and .

S (w(x) =u(x-n") , (2.10)

for nonuniform grids.




To construct an invariant numerical scheme to integrate the second order ordinary differential
equation,

flouu’ u”)=0 (2.11)

assumed to admit the group of point transformation generated by
A d d
U=&x,u)—+n(x,u)— , 2.12
&) 2+ n(x) 2 212)

the group is extended to grid spacings and the grid point values u(x + ) of the dependent variable.
The coordinate function &(x,u) is the Lie derivative,

Ox

?5:1- =&(x,u) , (2.13)
and the coordinate function n(x, u) is the Lije derivative

ou

-5; = n(x, u) i (2.14

where a is the group parameter. The prolongation of the group generator is

_ g0 _3_+£h_i ou(x+h) O +5u(x—-h) d

09 =E—+ + 2.15
ST nt e m & aein & aeh) (2.15)
To obtain the Lie derivative of the grid spacing first note that
h=x+h-x=8"(x)-x . (2.16)
Taking the Lie derivative of this equation yields
oh & 4 ox a4
—==85(x)-—=8%(&)-¢& . 2.17
5= E=5(¢)-¢ 2.17)

The Lie derivative of the grid point value u(x+ ) can be evaluated by several methods, the
most direct of which starts from

wx+h)=Y —u, . (2.18)

The Lie derivative of this series is

ou du(x) < | B o h* Su
)= OAX) on L noh
() =2 +2, |:(k_l)!6auk+k! ) (2.19)




in which the Lie derivative of the grid spacing is given in (2.17). The Lie derivative of the kth
order derivative u, is found from those of the sequence of one forms,

du=u dx |, (2.20)
du,=u, dx (2.21)
du, =u, dx (2.22)
du,_,=u, dx |, (2.23)
du, =u,, dx . (2.24)

That is, taking the Lie derivative of this sequence gives

) oy, o
_d =__dx — .
u +u,—dx (2.25)

5. &u 5

—du, =—=dx —dx , .
BTG Ty (2.26)
o ou o

-5—6'1"1,{,‘_1 =§f‘dx+uk de . ) 2.2

Since the differential and Lie derivative operators are commutative, we have

oy _d(ou)  ~dfé

5a—dx(5a) uldx(ﬁa) ’ (2.28)

B _d (), d(ix)

8a dx(&z “e\a) (2:29)

f_d(B) 4 (5)

5 _dx( = _"“dx =) - (2.30)
These equations become

ou, A A A

5, = Dn-uDE=D(n-ué)+ut (2:31)



 _pfda_ ) - B(n—
&‘D(aa wé |+l =D (n-ué)+ué | (2.32)

u,
P

Upon substituting (2.33) into (2.19) there follows

= ﬁk (Tl - ulé) + uk+l§’ (k = 1’ 2, 3, esey °°) . (2.33)

AL S Y
—( +h)———(x) Z {(k it —[D"(n~ u1§)+uk+.§]} (2.34)
The summations in (2.34) are simplified as follows:
o hk—l Sh an ad hi . A,
2 womia SO T =[5@)-¢f W) (2.35)
2 %f)k(n w&)=w&—-n+8(n)- 5 (wé) (2.36)
2 },i— o §=§ 8" (1) - g . (2.37)
As
$* () =8"(w)8*(8) - (238)

combmmg (2.34), (2.35), (2.36) and (2.37) produces, for the Lie derivative of the grid point value
u(x + h), the result

& vn)=8"m) . (2.39)
oa
The Lie derivative of the grid point value u(x —£) is found by a similar derivation to be

2 lemh)=5(n) - (240
To obtain (2.40), we note that

h=x—(x~h)=x-§(x) , (2.41)



so that, alternatively, the grid spacing Lie derivative is

oh a
a=§-S & . (2.42)

In view of (2.17), (2.39), and (2.40) the prolongation of the group generator to grid spacings and

grid point values of the dependent variable takes the form,

~ d d [a 8 a J
00 =2 o+ n L 18+ (E)~ St +S" _— 2.43
for a uniformly spaced grid. For the case of a nonuniform grid with grid spacing h* to the right of
a grid point and a grid spacing &~ to the left, the prolonged group generator is

09 =2 = +ngu—+[S*(§) ¢ 82* +[¢ —3"(5)]%
+§+(n)-a'u—(-§—) (71) (x K (2.44)

where the right and left shift operators §* and §~ are given by (2.5) and (2.8), respectively.

With the Lie derivative results for the grid point values u(x+#4) and u(x — k) found in (2.39)
and (2.40), respectively, it is possible to calculate the Lie derivatives of difference derivatives. The
forward difference operator is defined by

a 1ra
+ _ + _
At = h[s 1] , (2.45)
and the backward difference operator by
a1 o
A= ;[1 -5 ] . (2.46)
The forward difference derivative is
e + 1
A (u) = [S (w)—u]= ~ulx+ )= u(x)] - (2.47)
and the backward difference derivative is
~_ 1 A 1
K () = —[u= 5 (@)= fut)-u(x=n)] . (2.48)

The Lie derivative of (2.47) yields



2 b= L)~ 20 |- e -} L2
_—.%[S\'*(n)—17]—-}lz[u(x+h)——u(x)]%[3'+(§)——5] e

or )
% ()= A (m) - K )A'(E) (2.50)

This result for the Lie derivative of the forward difference derivative is the finite difference
equivalent to the Lie derivative of the first order deriative given in (2.31). Also, the Lie derivative
of (2.48) is

B =ty B | M) ue- ) 2

h[" 5 (”)]“[”(x) u(x~h)]- [5 ()] @.51)

i‘}l(u) NONSONGE | (2.52)

In terms of the forward and backward difference operators defined in (2.45) and (2.46), the

three-point central difference approximation of a second order derivative is
KA ()= KA (u) = [u(x +h)+u(x—h)—2u(x)] . (2.53)

The Lie derivative of this equation is

;A Au )——%[%(x+h)+%(x—h)—2%(x):l
2L fule+ )+ = ) =202
= alS" )+ 3 -2n] 28 @)~k 254
or
2 Kk )=k A (n) -2k R WA | (2.55)

which gives the group action on the three-point central difference formula. The two-point central
difference formula approximation for the first order derivative is



Aeu) = i[u(x +h)—u(x—h)]= %[Z\’f(u) +h@)]

The Lie derivative of this is

S
8a

9
3

&@:Ti&@+

= A‘(u)] ,

which in view of (2.50) and (2.52) becomes
) A 1 At e AF - - e
5 &= E[A (m) =& @& (€)+ & (n)- & ()& ©] .

and for a uniform grid this simplifies to

2 R =a[d )+ k()] - (@ LA W+ )] .

or

%Aﬁ () = & () — R )&+ (©)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

Lie derivatives of other finite difference approximations for first, second, and higher order
derivatives can be derived by the methods used above which are based upon first finding the Lie
derivatives of the grid spacings and the relevant grid point values of the dependent variables.

When the group of point transformations that is generated by (2.12) is extended to two
neighboring grid point values, to forward and backward difference derivatives, and to two and

three-point central difference formulas, the generator of the prolonged group is

d | a d

09 ==+ n1=-+[8(¢) _§]%+S+(n)m
Sy - R
HA (m)-4& (”)A-(g)]a&i()
{B)-RWE O]
B -2k 0 O

(2.61)




for uniform grid spacings. If a group of point transformations is given by specifying the two
coordinate functions &(x,u) and 7(x,u) for the independent and dependent variables, respectively,

_then by solving the linear first order partial differential equation formed with the prolonged
genertator (2.61), namely,

U9F=0 | (2.62)

by the method of characteristics, the general forms of first and second order difference equations
that are invariant under the group generated by (2.12) can be found. Since the general solution of a
linear first order partial differential equation is an arbitrary function of the solutions of the
characteristic equations, it is possible to construct, in principle, an infinite number of difference
equations that are invariant under a given group. If the selected group of point transformations is
also admitted by a first or second order ordinary differential equation, then difference equations
that are invariant under the same group can be found by the above method.

For example, consider the scaling group generated by

[j=x%+mu% . (2.63)

The prolongation of this group generator to the grid spacing, forward grid point value of the
dependent variable, and first order forward difference derivative is

~

ﬁ(G)=x£-+mu(x) J +é718+5u(x+h) J +5Au J

= 2.64
ox ou(x) Sa dh da Ju(x+h) dba IAu (2.64)
in which the Lie derivatives are
oh
—=h , 2.65
= (2.65)
____5u(§a+ h_ S*M)=mu(x+h) , (2.66)
and
LA O (m—1A ) . (2.67)
da
The characteristic equations of the linear first order partial differential equation,
U9F=0 |, (2.68)
formed with the prolonged generator (2.64) are
dx _dh _ du(x) _ du(x+h) __ dA(u) (2.69)

x h  mu(x) mu(x+h) (m—1)A"(u)

10



The solutions of these characteristic equations are

%: constant , (2.70)
L,J:) = constant |, 2.71)
x
u(J;; h) = constant , (2.72)
and
A+
— = constant . (2.73)
Hence, it is found that
A (u) = 5™ (%,——uif),—u(zj h) ) , (2.74)

where f is an arbitrary function of the indicated arguments, is the general form of a first order
difference equation that is invariant under the scaling group generated by (2.63). This follows
simply by solving the partial differential equation by the method of characteristics.

2.1.2 CASE 2. DISCRETIZED PROLONGATIONS WITH ONE DEPENDENT
AND n INDEPENDENT VARIABLES

In this section discretized prolongations of the group generator,

Aoy O d
U=Z§'§+n— , (2.75)

i-1

are determined. Here the coordinate function for the Zth independent variable x’ is

R (2.76)

the Lie derivative of x’, and the coordinate function for the dependent variable is

5i=n(x", X%, v X ) 2.77)

The derivation will assume uniform grids for which #; is the grid spacing of the Zth independent
variable x’. The removal of this assumption causes no fundamental difficulty.

The shift operator to the right for the 7 th independent variable is

11




Sr=ed (2.78)

and the shift operator to the left is

A

S =t (2.79)

1

In these last two equations the total derivative operator ﬁi with respect to the Zth independent
variable is defined as

D, =—. +2 i _+l§} J};u,ﬂ au, (2.80)
= = 4]

in which the partial derivatives are denoted by subscripts, that is

du

u=— , 2.8 1
t &1 ( )
= tu
Al (2.82)
83
"= Slarar (2:83)
and so forth. The forward partial difference derivative operator is
At 1 q+ __
A= E(S,. 1) (2.84)
and the backward partial difference derivative operator is
Ao 1 n
A _—h—_(l—s,.) , (2.85)

]

both with respect to the Zth independent variable. Shift operators acting on the dependent variable
produce

u(x', XX th X" ): .§,.+(u(x’, Xt X" )) , | (2.86)
and
u(x', x L x = By x" ) = A,."(u(xl, X2, x, X" )) ; (2.87)
Since
h=x"+h-x'=8§(x)-x" | (2.88)

12



the Lie derivative of the grid spacing for the 7 th independent variable is

5hi_"+ iy _ gi
2-§(8)-¢ (2.89)

where (2.88) has been used. Alternately from

h=x—(x'—h)=x"-8(x) , (2.90)
it follows that

6h; —E__o-(gi

S=E-8(E). (2.91)

For nonuniform grids, the Lie derivatives of the grid spacing to the right, A, and to the left, h;,
are given by (2.89) and (2.91), respectively.

From (2.86) the forward grid point value of the dependent variable with respect to the Zth
independent variable is

w(x', Xy X B " Y= ux, 2 )+Z k'l u® (2.92)

in which u® denotes the kth other derivative with respect to the 7th independent variable. Let
H} denote the Lie derivative of the forward grid point value, that is,

H} = %(xl, X Xy p X)L | (2.93)
Taking the Lie derivative of (2.92) yields
su | Bt oo, h ou®
Hf =—+ Y| ety L 2.94
P Z{[(k—l)!&zu’ K oa (2.94)

By a straightforward but long calculation the Lie derivative of the kth order derivative with respect
to the Zth independent variable is found to be given by

&P A z : u
i =DM~y ull
5 i (n Zu;é J ;a( )k

I (2.95)

Combining (2.14), (2.89), (2.95), and (2.94) yields

=+ 3 0t +[81(6) - €15, sl

13



SR A e e B dw
=Y 2N DEuE)+Y L g (2.96)
P
The summations in (2.96) may be simplified as follows:
A B oA
Si(m)y=n+3, <= DHn) 2.97)
k=1 -
N Bt (k) = B (k+1) _ G+
—y = —u; =8 (u) . (2.98)
Z{ (k—1) ; k! ( )

S RS ) =3 Bl B ue)+ 3, D)
= ko = k! f::
=8 (w8) -t + Y, $(g) -3 u . 299
i B

o h_,k n 8kuj i ™ Zl,_k_ 3ku, . n akuj ;
2w o R W g
=§i[—ui+.§',.+(u,.)]—i we +Y E5 () - (2.100)
j=l j=1
J#i Ji

By combining (2.96), (2.97), (2.98), (2.99), and (2.100), it is found that the Lie derivative of the
forward grid point value of the dependent variable with respect to the Zth independent variable is
given by

Hf = S‘,-*(n)—g S ()8 (E)-#]. (2.101)

J

Let H; denote the Lie derivative of the backward grid point value of the dependent with respect to
the Zth independent variable, that is,

=2

, aa(xi, X2 X =y, x") (2.102)

A derivation similar to that giving (2.100) produces

14



AOEDY §(w)e-5(&)] - (2.103)
Jei
With the Lie derivatives obtained in (2.89) and (2.103), the prolongation of the group generator

(2.75) to backward and forward neighboring grid point values of the dependent variable and grid
spacing is

U‘G)—E E— = +n—+2 [S+ ‘] o

i=1

+2 e +h)+; 'Eﬁ : (2.104)
where

ulx' +h)=u(x, 2, X Ry X" (2.105)
and

ux' ~h)=u(x', 2, . x ~h, ., 2") (2.106)

Prolongations of the type found in (2.104) are used to find invariant difference schemes for partial
differential equations.

2.1.3 CASE 3. DISCRETIZED PROLONGATIONS WITH m DEPENDENT AND
ONE INDEPENDENT VARIABLE

The generators of 'groups of point transformations that are admitted by systems of ordinary
differential equations take the form,

(2.107)

in which the Lie derivative of the independent variable is

-g-z— = §(x, ul, i, .., u'") , (2.108)

and the Lie derivative of the vth dependent variable is

ou’

=n"(x, 0,1, ... u™) . (2.109)

s ) e, D
D=—+3, Zum-;u—; , (2.110)

15



the shift operator to the right is

§t=eP (2.111)

and the shift operator to the left is
S =eMP (2.112)

Extending the group generator (2.107) to neighboring grid point values of all of the dependent
variables is done by calculating the Lie derivatives of u"(x+h) for v=1,2,...,m. As

w'(x+h)=8*(u’) =§ %—u,‘:(x) , (2.113)
the Lie derivative is
ézi(x+h)= o’ + [ o ,j+hk 5”"] . (2.114)
oa ba = |(k-1) Sa ! da
The Lie derivative of the grid spacing is
%=§+(§)_§ , (2.115)

and the Lie derivative of the kth order derivative of the vth dependent variable is

O, _ ~p

s =D "' -wé)+u, & . (2.116)

Hence, equation (2.114) becomes

[5+(&)-&]8*()

+2 __Dk( )_,_i _};c_ Eul, (2.117)

k=1

which, as in the derivation of (2.39), simplifies to

6” =§*(n") 2.118)

to yield the Lie derivative of the forward grid point value. In the same way the Lie derivative of the
backward grid point value of the vth dependent variable is
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ou’
é&a

With the results (2.118) and (2.119), the prolongation of the group generator (2.107) to
neighboring grid point values of all of the dependent variables and the grid spacing is

(x—h)=5(n") . (2.119)

00 =624 208 )2

ou’ o ou’(x+h)
ar 19 B Al d
+[S (é)—é]_az+; S (TI )auv(x__h) : (2.120)

Further extension of this generator to forward and backward difference derivatives, to two-point
central difference derivatives, and to three-point central difference derivatives can be done as in
CASE 1 above.

214 CASE 4. DISCRETIZED PROLONGATIONS WITH m DEPENDENT AND
n INDEPENDENT VARIABLES

Systems of partial differential equations in n independent variables x',i=1,2, ..,n, and m
dependent variables u’,v=12,..,m, with symmetry properties admit groups of point
transformations with generators of the form,

R R R d
U= —+ e— 2.121
2 &5 2 M5 (2.121)
in which the Lie derivative of the Zth independent variable is

&

= Ex', 22, X"l ) (2.122)

and the Lie derivative of the vth dependent variable is

z =nv (x17x2’ b} xn’ ul’u27 Al um) hd (2.123)

Forward and backward neighboring grid point values of the vth dependent variable with respect to
the Zth independent variables are given by

w(x', 2, x thy, ., 1) =SEw) : (2.124)

H

where the right and left shift operators with respect to the Z th independent variable are

§% = g*hD (2.125)

in terms of the total derivative operator,
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A_d B ,0 Bw 0
D,._gxﬁ; u au“+§; ,Z' Tl (2.126)

Here partial derivatives are denoted by subscripts, that is,

u}’=zi , (2.127)
2. v
Uy = ai.-;x, : (2.128)

and so forth.

The discretized prolongation of the generator (2.121) can be obtained by the method used to
obtain the discretized prolongation given in (2.104). An altemnative method of derivation follows.
With overbars used to denote quantities transformed under the group action, we start with the
infinitesimal transformation,

=l =2

— —i T — 2
u"(x 2 X e X thy, ., x")=u"(x1,x

i n
sy X R,y X )

ou’
da

+0a——(x', 2, X By, X)) (2.129)

1

where the second term on the right contains the Lie derivative of the forward grid point value, the
quantity being sought. Expanding the left side of (2.129) in a Taylor series gives

2%, 2, s Bt by, B)=T(F T By B
o 77k k—v
+y b ow (2.130)

From the meaning of infinitesimal transformations of independent variables, dependent variables,
and various order derivatives, we have

=i

E”(f',)?z,...,x - J?")=u"(x',x2,..., x, ..., x")+7‘["5a (2.131)

=x'+&8 , (2.132)

and

k—v k. v k_ v
du’ _ du 5(8uj 2.133)

A(x)  o(x) o
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The Lie derivative of the kth order partial derivative with respect to the Zth independent variable
appearing in (2.133) can be determined by first evaluating the Lie derivative of the differential
form,

n

du’ =Y wdx' (2.134)
i=l ’
to obtain
0w Al , & . oo
—==D|n =Y, wE |+ u & . (2.135)
ba j=1 j=1
Next the Lie derivative of the differential form,
du = wdx | (2.136)
j=1
yields
Suy ~(8u &
- f[?:i‘g i fkjﬂ“g uy & (2.137)
which with (2.135) becomes
6”: N A v c v gk C v gk
—L=DD|n" =Y, w & |+ u, & . (2.138)
&l ! k=1 k=t

The Lie derivative of tﬁe differential form,

duj =" updi* (2.139)
k=1

ik
is

ik __

oa

ou’ A Ou; & ) x
Dk[ &zj —; ", 1;‘)+H uh &, (2.140)

so with (2.138) we obtain the Lie derivative of third order partial derivatives in the form,

n n

6”‘; AN A A v v
&;" =D, D, D,.(n -y u,§‘)+z 70 S (2.141)
=1 =1

From this equation it is seen that the kth order partial derivative with respect to the zth
independent variable has the Lie derivative,
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o u’ AR o
&’[3(")} (TI 2 é) P 3( )"é (2.142)

The infinitesimal transformation for the grid spacing &, of the Z th independent variable is

oh

h=h+—8a . 2.143
= ht (2.143)

As

hi = S\i+(xi) —xf , (2.144)
the Lie derivative of the grid spacing is

Oh.  a.,.. ,

—L=8FE)-& . 2.145

= =57(&)-¢ (2.145)
From the binomial theorem

Bt =ht +kh,.""§h—"6a+ (2.146)

da

to first order terms in da. By taking into account (2.130), (2.133), (2.14), and (2. 146), equation
(2.129) reduces to

> B 9w & K oA,
i - v D v
Sh & BV oMW > pk AR
+—L : -y YD u. &
RN IR PR
Lo K u’
+1=1 é:JH - 8(x"3k } , (2.147)

to first order terms in da. The summations in this equation can be simplified as seen in the
following identities:

u“(xi, x, ..., xi+lz,., e x")=u"(x",x )+i %

k=1

(2.148)

a(x')
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e S IR 2.149)

o k .
)y E;D.-" n=-n"+8 (1) . (2.150)
k=1 .

o k n n A -

> h—i.Dikz we =Y, [-ue + 8 (we)] 2.151)
k=1 % =l j=t

k Bku; n ! .
=R o =&+ &8 (w)] - (2.152)

Substituting (2.145), (2.148), (2.149), (2.150), (2.151), and (2.152) into (2.147) produces

—yf—] — - . 7 — 2 i
u”(x',xz,...,x’+h.,...,x" )=u"(x1,x ,...,x'-i-h,.,...,x")

#3, [+ 85 () + 8 -5 (w)] } - 2.153)
Since
$H(w&) =8 ()8 (&) (2.154)

splitting off the j=i term in (2.153) produces the following result for the infinitesimal
transformation of the forward grid point value of the Zth independent variable:

Z(2, 2 X Ry, B ) =0 (2 2 X Ry, )

Jj=1
_]#l

+5a[s+( -3 83 ()- ]} , (2.155)

which holds for 1<i<n and 1<v<m. The curIy bracket in (2.155) is the Lie derivative of the
forward grid point value, which can be written in the alternative form,

=5u”
" ba

(x', x

,...,xf+h,.,...,xn)=§,.+(nv)_i REE @) . @156)

J#i
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in which the forward difference derivative &,’(5’ ) with respect to the Zth independent variable is
defined by

hi(&)=8§(g)-& . 2.157)

A similar derivation to that above shows that the Lie derivative of the backward grid point value of
the Zth independent variable is

L::‘;f (xl,x2,...,xi—hi,...,'x")=.§}'(nv)+i SWle-5E) . @iss

or in terms of the backward difference derivative Z\;(éj ) defined by

hA(E) =€ -5(&) (2.159)

we have

>

x5tk kLX) = ,.'(n”)+ih,.8;(§f)§;(u;) : (2.160)
j=!

J#i

With the results contained in (2.145), (2.156), and (2.160) the discretized prolongation of the
group generator (2.121) to grid spacings and neighboring grid point values is found to be

A Z i a % v a N S g d a
093 ¢ 243 0w 243 [57(e)-£]2

v=1

n m v a n m ) a
+> 2 Rim+2 > L,-m : (2.161)

i=l wv=l]
where
w(x', 2 X L 1) =0 (x 2 h) (2.162)

This result for the discretized prolongation holds for uniform grids and is easily extended to the
case of nonuniform grids.

2.2 LIE DERIVATIVES OF GRID POINT VALUES WITH MULTIPLE
INCREMENTS

Implicit numerical schemes entail grid point values of dependent variables obtained by
simultaneously incrementing no less than two independent variables. Extensions of group
generators to grid point values with multiple incrementing of independent variables are derived in
this section.
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We want to find the discretized prolongation of the group generator,
A d d d
U=¢—=+&—+n1— , 2.163

to the grid point values u(x' +/,x” + 1) and the grid spacings % and h,. For the case of

uniform grids the grid spacing Lie derivatives are

0 o+
E}j‘ =§(&)-¢& (2.164)
or
%=§' -5 (2.165)
and
b _g(e)-& (2.166)
éa
or
oh, Al
= £ - " (52) , (2.167)
in terms of the shift operators,
St=¢*D (2.168)
St =gthlr (2.169)
and total derivative operators,
A J d
D'=§+%8u+u"3ul+uzla_+" (2.170)
A ity ,—+ (2.171)
2 8x2 uz au u2,l aul 2,2 auz e .
Here, subscripts are used to denote partial derivatives, that is
am+n l, 2
W) (%', %) (2.172)

a(x' )m a(xz)”
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The grid point value of the dependent variable at the point (x1 +h,x" + hz) is given by

W(x' + by, X" + ) = i y fith, (x' %) . (2.173)

minl ™"
m=0 n=0 sibe

Splitting off the m =0 and » =0 terms yields

M h SR
+&l _m§=:(l) 'um+10+”§) ; minl um+ln
Mg B, 35 HE
The Lie derivatives of the partial derivatives that appear in (2.175) are
ou,, . (ou
et (g—umf' — 162) Ui +10,,8 (2.176)
ou,, . fou
=Dj| =~ ol ~up & |+, E +uy, & 2.177)
oa oa
and
o, , g OU
Y—D b ( — &' uO.léz)-l_um-H.nél+um.n+l§2 . (2.178)

Substituting (2.176), (2.177), and (2.178) into (2.175) gives

ou ou & Ko (6u
wlns w38 or(E)
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—w %lem(uloél‘i‘uoléz) Z thn(ulogl’*‘”Olgz)

! n=1 '

_i i hl h’z DmD"(uLO§I+uOJ§2)

m=l n=l m!n!
+Z };,( Upirob + ,152)'*'2 %(Lq,n§'+uo'n+l§2)
m=1 n=1 .
+Z Z min ( Upi, ngl mn+l§2)
m=1 n=l
LIPS SR AL
+E-"§) m! m+10+mz—o ; min m+ln]
+%ﬁi —u0"+1+i > mn+l:| 0 . (2.179)
ba L n=0 nl m=1 n=0 ' !

The first four terms on the right hand side of (2.179) are
838 (m)
The fifth, sixth, and seventh terms on the right hand side of (2.179) are
ul,oél + ”‘0,152 = 3:: §1+(u1.o§l + ”o,léz)
The eighth, ninth, and tenth terms on the right hand side of (2.179) are
_ul,oél - "‘0,162 "'élul,o(-xl +hy,x*+h, )+ 52"‘0,1(-7‘:l +hy, x> +h, )

The bracket in the eleventh term on the right hand side of (2.179) is

wo(¥ +h,+1) =3 Y ’;'1 !”’Z Uy (2.180)

and the bracket in the twelfth term on the right hand side of (2.179)

(¥ + Iy, Xy ) = ZZ ,,,.,,+1 : (2.181)

m=0 n=0

Accordingly, equation (2.179) becomes
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which simplifies to

By a similar calculation the Lie derivative of the grid point value u(x1 —hy, x> +h, ) is

We also find that

and

26

%(x‘ +h,x*+h, ) = §;3‘,*(n) - -§2+§1+(uxo§l +u0',§2)

+§1um(x1 +hy, X +h )+§2Mo,1(x1 +hy, x* +hy )

+[*§1+(§l) - él]ul.o(xl +h, X+ hy )

A8(8) - s (3 +h " +1)

Bt ) = S50 - 557 (a8 0
487 (B Y gx + b 41y
85 (& oy (' + 1o 41, )

%(x‘ ~h X+ by )= 857 (1) = 8587 (o8 + 10,87

+5 (o =, 5 1y )

+§{(§2)u0_l(xl —h,x*+h, ) :

'§1+(77) - "2—5;»(%,051 + ”0,152)
+'§1+(€1 )ul.o(x1 +hy, x*— h, )
+§2_(§2)“o,1 (xl +h, x* - h, ) )

%(xl —h,x*—h, ) = AZ_ST(U) - Az_SAl_(ul,Oél + u0,1§2)

+57(E Yy ox' = P, x* — 1y )

(2.182)

(2.183)

(2.184)

(2.185)



+ 85 (8o (' ~ iy x> =1, ) (2.186)

for the indicated grid point values of the dependent variable.

3. INVARIANT DIFFERENCE OPERATORS

Invariant difference schemes for second order inhomogeneous linear ordinary differential
equations and for linear systems of first and second order inhomogeneous ordinary differential
equations can be constructed by using the concept of invariant difference operators. An invariant
difference operator is a difference operator that inherits symmetry properties of the system of
differential equations being discretized. To construct such operators requires a knowledge of how
group generators are prolonged to grid point values of dependent variables.

3.1 CONSTRUCTION OF INVARIANT DIFFERENCE OPERATORS

3.1.1 INVARIANT DISCRETIZATION OF SECOND ORDER ORDINARY
DIFFERENTIAL EQUATIONS

The methods for constructing invariant difference operators will be developed first for the
diffusion equation,

¥)-ap)+ D o G.1)
for 0<x<a. Let

A d

u =77(x)a—¢' (3.2)

be the generator of a group of point transformations admitted by the diffusion equation. The
second extension of this generator is

N d 0 a
U@ = +1 +1n” 33
n(x)a¢ n(x)a¢, n(x)a¢,, (3.3)
By operating on (3.1) with the second extension we see that the Lie derivative
¢
x = x 3.4
s, (X)=1(x) (3.4)
is a solution of the homogeneous diffusion equation
n"(x)—-o’n(x)=0 . (3.5)

Also, from (2.39) and (2.40) the Lie derivatives of neighboring grid point values of the dependent
variable are '

27




B+ ) =8 =niax+h) | (3.6)
and
D (k) =§ () =nx—F) - G

Accordingly, the discretized prolongation of the group generator (3.2) is

50) J 9 e —
09 = (o) gy + 1 ) s h—s (38)
Let the discretized diffusion equation be
Qo(x)+Q(x)=0 , (3.9)

in which the difference operator Q is to be determined such that (3.9) admits the group of point
transformations that is generated by the discretized prolongation (3.8). The solution of the
diffusion equation (3.1) can be written as the sum of the general solution of the homogeneous
equation and a particular integral, that is,

$(x) = 9u(x)+0p(x) , (3.10)
where ¢,(x) is the particular integral. Substituting (3.10) into the difference equation (3.9) gives

Qpy(x) +Qp(x)+ 0(x)=0 . (3.11)
The difference operator Q is determined such that the difference equation,

Qo (x)=0 (3.12)
is invariant under the extended group generated by (3.8). When this is done, the difference

operator & is said to be an invariant difference operator. Then the generalized discrete source term
in the discretized diffusion equation takes the form,

0(x)==0¢(x) (3.13)

which is not necessarily the same as evaluating the source term in the diffusion equation itself at a
single grid point, as will be seen below.

Invariant difference operators are not unique. A possible form is

Q:E(§++§-—2)—a2 (3.14)

in terms of the shift operators, S*. The quantity E is found such that
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Q(x) = E[$*(9) + §(9) - 20| - o9

= E[§(x +h) + ¢(x — b) - 2¢(x)] - &*¢(x) = 0 (3.15)
is invariant under the group generated by (3.8). For this to be true it is necessary that
ﬁ(G)[flgb(x)]:O , (mod Op(x)=0) . (3.16)
This reduces to
E[n(x+ k) +n(x - h) - 2n(x)] - o’n(x) =0 . (3.17)

If we take as a solution of (3.5)
1(x) =cosh(ax) , (3.18)

then from (3.17) we obtain

(3.19)

and the invariant difference operator (3.14) is
(8 + 8 - 2)

4sinh2(%)
2

Combining (3.20) and (3.13) produces the generalized discrete source term for the discretized
diffusion equation, namely,

Q=

-a* . (3.20)

Q(x) — a2¢p(x) 3 a2[¢p(x + h) + ¢p(xa;lh) - 2¢p(x)]
4sinh2(—2—)

3.21)

With the invariant difference operator (3.20) and the discretized source term (3.21) the invariant
discretized diffusion equation is

o [q)(x +h) + ¢2(xo-d—1h) - 2¢(x)] _ 062¢(x) +0(x)=0 . (3.22)
4sinh (—)

Examples of the discretized source follow. If the source term in the diffusion equation is
spatially uniform, a particular integral is )
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S

¢,(x)= 25 (3.23)
and the discretized source (3.21) becomes
O(x)= s . (3.24)
D
Hence, for a spatially uniform source term the invariant discretized diffusion equation is
2
—h)—2
4sinh2(—) b
2
In the small mesh limit,
sinh(gh—) = o +... (3.26)
2 2
and the invariant difference equation (3.9) becomes
1 S
Zz—[¢(x+h) +¢(x—h)-ng(x)]—oﬂgzs(x)+B =0 , (3.27)

which is recognized as the difference equation obtained for the diffusion equation (3.1) when a
standard three-point central difference formula is used to approximate the second order derivative.
The invariant difference equation (3.25) differs from the noninvariant difference equation (3.27) in
that it is exact, while (3.27) is not exact. The invariant difference equation (3.25) is exact because
its exact solutions for various boundary conditions agree with the exact solution of the diffusion
equation for the same boundary conditions. Also, the invariant difference equation (3.25) is able
to produce exact solutions for any grid spacing, but solutions obtained from the non-invariant
difference equation become less precise as the grid spacing is increased.

If the source term in the diffusion equation is parabolic, that is,

S(x) =S[1—(£)z] , (3.28)

a particular integral is

¢,(x)= afD [1— (OZ)Z —(-;fﬂ . (3.29)

The discretized source for the parabolic source from (3.21) is
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S x? 2 | ah)’
o) =2h1-5 -2 @\ (3:30)
D" a (oq) 4sinh2(—)
2
and the corresponding invariant difference equation is
o*[¢(x+h)+¢(x—h) - 2¢(x
[9(x+1)+9( =) =20 1 0200
4sinh2(——)
2
2 2
fShox 2 (“h)ah =0 . (3.31)
Dl a (om) 4sinh2(—)
2

The small mesh limit of this invariant difference equation yields the standard difference equation,

2
hiz[(p(x +h)+¢(x—h)— 2¢(x)] —o’(x)+ %[1 - (g) :l =0 , (3.32)

which is not invariant or exact. The invariant difference equation (3.31) is exact, and its exact
solutions coincide with the exact solutions of the diffusion equation for various boundary
conditions and for arbitrary grid spacing.

An invariant difference equation to discretize the diffusion equation in-spherical geometry,
namely,

¢”(r)+ 2—(])'(7‘) —op(r) + E(Dr—) =0 , (3.33)
r

can be derived by a method similar to that used to obtain the invariant difference equation (3.25) in
slab geometry. The diffusion equation is invariant under the group generated by

A d
U= n(r)—— , (3.34)
ag(r)
in which the Lie derivative of the dependent variable, namely,
—a‘gir) =7(r) (3.35)
is a solution of the homogeneous diffusion equation,
’” 2 2’ 2
n (r)+;n (r)-a'n(r)=0 . (3.36)
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The discretized prolongation of the group generator is

00 =n(r) g+l e s =Ry s (337)
to the neighboring grid point values ¢(r £ 4). The invariant difference equation is
Q) +0(r)=0 , (3.38)
where the invariant difference operator Q is determined to satisfy
09%e(n)]=0 , (mod Qg(r)=0) , (3.39)
and the discretized source term is
- 0()=-04,(r) (3.40)

with a particular integral ¢p(r) of the diffusion equation (3.33) for a specified source term. The

invariant difference operator Q is not unique and can be taken in the form,
Q:E(§++§‘—2)+F(§*—§')—a2 , (3.41)

where the shift operators are $*, and the quantities E and F are determined so that (3.39) is
satisfied. This condition becomes

E[n(r+h)+n(r—h)—2n(r)]+ F[n(r+ B) = n(r - h)] - o’n(r) =0 . (3.42)

This equation has the solution

o w(r) (3.43)
n(r+h)+1(r—k)-2n(r)
and
= az(l — W)Tl(r) (344)
n(r+h)—n(r—h)
where w is a weight factor. By taking the small mesh limit, it is found that
1
==, 3.45
W=3 (3.45)
so that
SIS 7 a8\ o2
mg_?(s +§ —2)+E(S ~$ )—a . (3.46)
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That is, when the weight factor is a third, the invariant difference operator reduces in the small
mesh limit to the non-invariant difference operator formed by approximating the second order
derivative with a three-point central difference formula and the first order derivative with a two-
point central difference formula. Since a solution of (3.36) is

n(r)=:°'i“hr(—“") , (3.47)

the invariant difference equation (3.38) becomes
E[¢(r+h)+@(r — )= 2¢(r)] + F[§(r + B) - §(r — h)] - o*¢(r) + O(r) =0 , (3.48)

where the discretized source is given by (3.40), and

az(r2 - hz) sinh (ar)

-1
=3 {r(r = B)sinh o (r+1)]+ r (r+ B)sinh [0z (r - )] - (r* - 1 )sinh(ar)}

(3.49)

and

2 o*(r* — 1*) sinh (ar)

" 3T Rysimn o ] G+ Aysioh [ G ]

(3.50)

The standard noninvariant difference equation for the diffusion equation (3.33) is

L

hz[¢(r+h)+¢(r——h)—2¢(r)]+%[¢(r+h)—¢(r—h)]—~a2¢(r)+%=0 . G5

The invariant difference equation (3.48) is exact and holds for arbitrary grid spacings 4. The non-
invariant difference equation (3.51) is not exact.

For the case of a spatially uniform source a particular integral of the diffusion equation
(3.33) is .

N
¢,(r)= 7D (3.52)
and the corresponding discrete source in the invariant difference equation (3.48) is

s

0=

(3.53)

If the source term is parabolic, that is, if

S(r)= S[l - Gﬂ (3.54)

for 0 <r < a, then a particular integral of the diffusion equation is
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dp(r) = och {1 - (0:1)2 - (éﬂ , (3.55)

and the discretized source for the invariant difference equation (3.48) is found to be

o(r)= _éﬁbp(r)

S rY 6 SE [ar & )
=B{1‘(Z) “(aa)z]“L(aa)zD(S -5 -2)")

SF A.*. a- 2
Tapl ~SI) 35
o(r) = St (1)2 . (2h°E + 4rhF - 6) (3.57)
p|" &) "(eay ’ '

where E and F are given by (3.49) and (3.50), respectively. The small mesh limit of (3.57)is

lim O(r) =%[1—(§)2] : (3.58)

h—0

as occurs in the non-invariant standard difference equation (3.51) for the parabolic source.

3.1.2 INVARIANT DISCRETIZATION OF SYSTEMS OF FIRST ORDER
ORDINARY DIFFERENTIAL EQUATIONS

The first order system equivalent of the diffusion equation (3.1), namely,

L) +0.9)-5(x)=0 (3:59)
and

2+ Lx)=0 (3.60)

dx’ " D ’ '

will be used to illustrate the construction of invariant difference operators for linear first order
systems. The discretized form of the system is first written as

lej(x)+éz¢(x)_Ql(x)=O > 3.61)

and

Q,0(x) +Q,J(x) + 0, (x) =0 . (3.62)
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The four difference operators, fll, flz, f23 and f24, in these last two equations and the discrete

sources O, and O, are to be found so that the resulting difference scheme will be invariant under a
group of point transformation admitted by the differential equations. The generator of this group
can be taken in the form,

0 =) =2 ()=

¢(x) aI(x) (3.63)

The extension of this group to first order derivatives is

A d J . ()9
U(')=771(x)%+772(x)§+7h(x) +1, (x)ﬁ ’ (3.64)

d
a9’
and the extension to neighboring grid point values of the dependent variables is

d d d

7 =n(x x+h)———
U =m0 70 M

+1,(x)

J

+mu+m—ll—+m&—m~ll—+mu—m56;5

At ) 0(x—1) (3.63)

Operating on the system (3.59) and (3.60) with the first extension of the group generator shows
that the Lie derivatives of the two dependent variables, 77,(x) and 7,(x), are solutions of the
homogeneous system,

m, (x)+o,m(x)=0 , (3.66)
and

1
y(x) +—D—T]2(x) =0 . (3.67)
With &® =0, / D asolution of this system is
1 (x) = cosh(ox) , (3.68)
and

~1,(x) = aDsinh(ozx) . (3.69)

This group will be used to determine an invariant form of the difference equations (3.61) and
(3.62)..

The general solution of the system (3.59) and (3.60) is the sum of the general solution of
the homegeneous system and a particular integral, that is,

¢(x) =9, (x)+ 9p(x) , . (3.70)

and
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Jx)=Ta(x)+ To(x) (3.71)

where the particular integral is denoted by the subscript P. Substituting (3.70) and (3.71) into the
difference equations (3.61) and (3.62) gives

QIJH(X) + Ql"?('x) + §2¢H(x) + Qz¢}>(x) - Q\(x) =0 , (3.72)
and
.0, () + Q0 (%) + QT (%) + @, T, () + O, (%) =0 . (3.73)
The difference opérators are determined so that
0T, (x)+Qy8,(x)=0 (3.74)
and
Quh(2)+ QT (x)=0 (3.75)

are invariant under the discretized prolongation (3.65) to grid point values. Where this is done, the
generalized discretized sources are given by

0,(x)= Qr] p(x)+ Q2¢P (x) (3.76)

and
0,(x) = 0u, (x)+ Q1 ()] - (3.77)

The generalized discretized source Q,(x) appears in the second difference equation of the set
(3.61) - (3.62), even though there is no source in the second differential equation of the system
(3.59) - (3.60), in order to be able to construct invariant difference equations when the source in
the differential system is spatially dependent.

The difference operators in the difference equations are not unique. The following
operators will be developed:

O,=4a(8*-5) , (3.78)
Q,=o0, , (3.79)
Q3=B(.§+—.§'") , (3.80)
A1

Q = .
=5 (3.81)
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where the quantities A and B are found so that the difference equations (3.74) and (3.75) admit
the discretized prolongation (3.65). With these four operators, the difference equation (3.74) and
(3.75) become

AlJ(x+h)=J(x-h)]+0,6(x)=0 , (3.82)
and |
B[¢(x+h)—¢(x—h)]+%=0 : (3.83)

By operating on (3.82) and (3.83) with the discretized prolongation (3.65) and solving the results
for the quantities A and B, it is found that

— —_Ganl (x) 3 8 4
TG+ h)—my(x—F) 559

and

— ~Th(x)
o D[ﬂl(x+h)—ﬂ;(x*h)] ' ‘ (5:83)

With the Lie derivatives in (3.68) and (3.69), these last two equations reduce to

o

and the difference operators le and fl3 become

A a(S‘“ —S“)

=, =——" 3.87
' 2sinh(oh) 387
Consequently, an invariant form of the difference equations (3.61) and (3.62) is given by
o J(x+h)— J(x—h)]
+0 - =0 , 3.88
ZSinh(Olh) a¢(x) Ql (x) ( )
and
+h)—d(x—h
AP+ 1) =9l —h)] TG 90 (3.89)

2sinh(ath) D

where the discretized sources are (3.76) and (3.77), respectively. The small grid spacing limit of
(3.88) and (3.89) recovers standard difference equations constructed with two-point central

difference approximations for the first order derivatives. That is, in the limit as £ — 0, equations
(3.88) and (3.89) become
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I+ ) = I R)]+ 0,9(x) - S(x) =0 (3.90)
and
51;[¢(x+h)—¢(x—h)]+%=0 : (3.91)

For the case of a spatially uniform source, a particular integral of the differential system
(3.59) and (3.60) is

¢,(x) = % : (3.92)
and

I(x)=0 . | (3.93)
The corresponding discretized sources are

ox)=s , (3.94)
and

Oy(x)=0 , (3.95)
so that for this case the invariant difference equations are

a[J(xzzihn)h—(an D, 6 49-5=0 | (3.96)

and

ofp(x+h)—p(x—h)]  J(x) _

2sinh(ozh) D (,) ' 697

These difference equations are exact because their exact solutions coincide with the exact solutions
of the differential equations (3.59) and (3.60). By building a symmetry property of the differential

equations into the discretized formulation, the resulting invariant difference equations are also
found to be exact.

For the case of a parabolic source distribution for 0 < x < @, namely,

S(x) = S[l —G” , (3.98)

a particular integral of the differential system (3.59) and (3.60) is
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0p(%) =;f:[l— ( oi)z —Gﬂ : (3.99)

and

2xS

7= toay

(3.100)

The discretized sources for the parabolic source are -

Glx)= S{l ) (fz-)z ¥ (OZI)2 [sinl?zlah) - 1]} ’ (3.101)

2xS oh
%)= Dioay [sinh(ah) _1] ‘ (3.102)

and

The invariant difference equations (3.88) and (3.89) become for this case

of J(x +h)— J(x—h)] ¥ 2 o )
2sinh(oth) +ouplx)= S{l - (;) * (0a)’ [sinh( ) 1}} =0 , (3.103)

and

a[¢(x+h)—¢(x—h)]+.](x)+ 2xS [ oh ]_0 (3.104)

2sinh(ot) D ' D(oa) sinh(ozh)_1 N

Again by building in a symmetry property of the differential equations, exact invariant difference
equations are obtained.

The invariant difference equations (3.88) and (3.89) are not unique. They were
constructed in terms of shift operators such that the small grid spacing limit led to two-point central
difference formulae for first order derivatives. It is also possible to construct invariant difference

equations in terms of shift operators whose small grid spacing limit leads to two-point forward
difference formula approximations for first order derivatives. Alternative forms for the operators

Q,, and Q, are

O, =E(8 -1) , (3.105)
and

&, =F(8-1) , (3.106)
in which the quantities E and F are determined so that

E($*~1)J(x)+0,9(x)=0 (3.107)
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and

o+ J (x)

FlIS" -1 —==0 3.108
(8 ~1)o+5 @109
admit the group of point ransformations generated by the discretized prolongation (3.65). It is
found that

— —0, 1 (x) 3.109
R -m,) G109

and

_ —le(x)
F= Dlny(x+m)-n(x)] G-10

With the Lie derivatives (3.68) and (3.69) these last two equations become

Ee acosf;l(ax) —< G.111)
2 cosh[a(x + —)]sinh(—)
2 2
and
Fe ocsinh(ox) (3.112)

o)

For the case of a spatially uniform source an alternative form for the invariant difference equations
(3.88) and (3.89) is given by

occosh(ox)[ J(x +h) — J(x)]

=

acsinh(ox)[¢(x + k) - ¢(x)] | J(x) _

+
ZSinh[a(x + é):ISinh(gh—) D
2 2

This set of difference equations is exact as is the case with the sets (3.96) and (3.97) and (3.103)
and (3.104). The small grid spacing limit of (3.113) and (3.1 14) is

+0,¢(x)-S=0 , (3.113)

and

0 . (3.114)

%[J(x+h)—](x)]+0'a¢(x)—S= 0, (3.115)
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and

Lo+ n-g0]+ T o (3.116)

which corresponds to a standard difference approximation in which the first order derivatives are
approximated by two-point forward difference formulae. However, the set of difference equations
(3.115) and (3.116) is not exact as the invariant set (3.113) and (3.114) is.

3.1.3 INVARIANT DISCRETIZATION OF SYSTEMS OF SECOND ORDER .
ORDINARY DIFFERENTIAL EQUATIONS

In this section an invariant discrete simulation of the two-group diffusion equations,

)= a2, () + 2 <o G.117)
1
and
1(3) - oy () + ZU2 DS G.118)
>
will be constructed. This simulation will be taken in the form,
Q,4,(x)+0(x)=0 , (3.119)
and
Qo () + 0, () + G (x) =0, (3.120)

in which the difference operators f),.j and generalized discrete sources Qj(x) are to be determined

so that these two difference equations will be invariant under a two-parameter group admitted by
the differential equations (3.117) and (3.118).

The general solution of the above diffusion equations can be written as the sum of the
general solution of the homogeneous equations and a particular integral, that is,

&, (x) = ¢I,H(x) + ¢1,P(x) > (3.121)

and

¢2(x) = ¢2,H(x) + ¢2,P(x) ’ (3.122)

where the subscript H denotes the solution of the homegeneous system, and the subscipt P
denotes the particular integral. By substituting (3.121) and (3.122) into the difference equations

(3.119) and (3.120) and by calculating the difference operators €2; so that

én‘ﬁ:,y =0 (3.123)
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and

Q0 (%) + Q8 4(x) =0 (3.124)

admit a two-parameter group that is also admitted by the two-group diffusion equations, it is found
that the generalized discrete sources are given by

O(x)= “Qu‘ﬁl,?(x) > (3.125)
and

0y (x) ==y 0, p(x) — 010, p(x) - (3.126)

When the difference equations (3.119) and (3.120) are constructed by this method they are not
only invariant but also exact.

Let the generator of the second extension of a group of point transformations to be admitted
by the diffusion equations (3.117) and (3.118) be

5@ _ oy @ oy 9 ey Oy Oy O,
U =n(x) 2%, +1(x) a¢2+nl(x) a5 ()5 P (x) P ()5 = (3.127)
n (x)-ofn(x)=0 , (3.128)
and
0 () -l () + ZU2W) (3.129)

D,

as may be shown by operating on the two-group diffusion equations with the generator of the
second extension, namely, U @ The general solution of (3.128) and (3.129) is

1, (x) = A, cosh (0, x) + A, sinh (e, x) (3.130)
and
1,(x) = A;cosh (0,x) + A, sinh (05,x) + ];‘_-ESZ_?Z_)Z)[A, cosh (o x) + 4, sinh (et.x)] ,(3.131)
) 2\*2 T

where the four constants A, ,1<i<4, may be interpreted as four group parameters. This means
that equations (3.130) and (3.131) yield a four-parameter group that is admitted by the two-group

diffusion equations with arbitrary source distributions in each energy group. The basis of the four-
dimensional Lie algebra of this group may be taken in the form,

n d . o (l—2) )
= cosh (04, x) = + —5 "~ — .
U, = cosh (e x) % + D, (ag_alz)cosh (or,x) %, (3.132)
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”L d  o(l-2) d
U, =sinh (ox + sinh (o,x , 3.133
2 =sinh (o) 20+ 3 =)t (%) 55, (3.133)
N d
U, =cosh (0,x)— (3.134)
9%,
and
U, =sinh (0, x)—— J (3.135)
op,
The two-parameter subgroup of point transformation generated by
0 = A, cosh (ctx) 2+ | A, cosh (crx) + 4, S0 2)cosh (o) | 0 (3.136)
l ] 3¢, ’ i l Dz(a; _alz) 3¢2 .

will be used to determine invariant forms for the difference operators Q; in the difference
equations (3.119) and (3.120) together with the corresponding discrete source terms.

The discretized prolongation of the group generator,

0 =1, (1) =2+ 1y (1) =2

3.137
PN Ere 30
to neighboring grid point values of the dependent variables is
N a
U9 = +h)————
nl(x)a¢l( ) nZ( )8¢2( ) nl(x )a(pl(x_*_h)
d d d

+le(x+h)m+nl(x—h)m+ﬂz(x-h)m (3.138)

The Lie derivatives of the dependent variables in this prolongation are interpreted as those of the
two-parameter subgroup given in (3.136). Upon dropping the subscript H in (3.123) and

(3.124), we determine the difference operators Q, by imposing the invariance conditions,

0@ (x)]=0 , (3.139)
and

U (G)[ 2@, () + Q21¢1 (x)] (3.140)

These difference operators are not necessarily unique. The forms that follow will be used:

Q, =Hx)8 +5 -2]-af , (3.141)
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Oy, =Hy()|§* +85 -2]-a2 | (3.142)
and
0, =Gy(x) , (3.143)

where the quantities H,(x), H,(x) and G,(x) are found with (3.139) and (3.140). The first
invariance condition (3.139) reduces to

H, (x)[ﬂn (x+h)+m(x— h)— 2n, (x)] - 0512771 (x)=0 . (3.144)

With the Lie derivative for the dependent variable ¢,(x) given in (3.136), we obtain

aZ
B (x)=—r=< (3.145)
4sinh2(—‘)
2
The second invariance condition (3.140) becomes, with (3.142) and (3.143),
H, (x)[1,(x + B) + 1, (x = b) = 21, (x)] - 373, (x) + G, (x)m, (x) = O . (3.146)

By using the two-parameter subgroup Lie derivatives that appear in the generator (3.136), this last
equation reduces to

H, (x}{ A;[cosh(ar, (x + 1)) + cosh(et, (x + h)) — 2cosh(ar,x)]}

o.(1-2)A

W[ cosh(a, (x + h))

—0; A, cosh(a,x) + H, (x){

_ o (1274,

DZ(OCZ - alz )

+cosh(a (x ~ k) - 2 cosh(e,x) J } cosh(;x)

+G,(x)A, cosh(a,x) =0 (3.147)

This equation must be an identity in the two group parameters A, and A,. From the coefficient of
A, set equal to zero, we obtain

(3.148)

By setting the coefficent of A, equal to zero we obtain




Gy(x) =2 22)% |y 20 (3.149)

Hence, invariant difference operators for the two-group diffusion equations are

2
Q,,=—a‘—h—[S++S‘—2]—af , (3.150)
4sinh2(—“‘—J
2
2
o) % [§++8 -2]-a2 | (3.151)

and

Q=== 1- 2 /0. (3.152)

These difference operators are valid for arbitrary grid spacings 4. The corresponding invariant
difference equatrions (3.119) and (3.120) with the invariant discrete sources (3.125) and (3.126)
are also valid for arbitrary grid spacings. In the limit of very small grid spacings, the invariant
difference operators become the following non-invariant difference operators:

. A 1 ~ 7 I\_

m}gﬁﬁ[sws -2]-af , (3.153)

. A _ 1 A+ A 2

},l_l‘)r(}sz—ﬁ-[S +8 -2]-af , (3.154)
and

. a o(l>2)

lim,, = 5 (3.155)

Hence, in the small grid spacing limit, the invariant difference equations reduce to noninvariant
difference equations obtained with standard three-point central difference formulae approximations
to second order derivatives.

The specific forms assumed by the invariant difference equations (3.119) and (3.120) for
arbtirary grid spacings depend upon the source distributions in the two energy groups. For
example, suppose the fast group source is spatially uniform and the slow group source is zero.
For this case a particular integral is
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Sy

¢.p(x)= 2D, (3.156)‘
and
6, ,(x)= o(l—-2) S (3.157)
a agDz oD, -

Upon evaluating the discrete formulation sources given by (3.125) and (3.126), the invariant
difference equations for this source case are found to be

fl11¢l(x)+§‘—=0 : (3.158)
D,
and
a A o(l—>2) §
QZZ¢2(x)+Q21¢l(x)+ S( D, ) allel

. ah
) smhz(—‘—}
0 (122) o - 2 S

=0 , (3.159)
D, (Ot% -0y ) Sinhz(ﬂ) o5 D,
2

where the invariant difference operators are given in (3.150), (3.151), and (3.152). Exact
solutions of these invariant difference equations are the same as exact solutions of the two-group
diffusion equations.

3.2 ALGORITHMS FOR SOLVING INVARIANT DIFFERENCE EQUATIONS

3.2.1 SOLUTION OF SECOND ORDER INVARIANT DIFFERENCE
EQUATIONS

The invariant exact difference equation,

o(x+h)+¢(x — h)—2¢(x) S
—¢(x)+——==0 , (3.160)
4sinh2(£‘;ﬁ) oD

obtained in (3.25) for the diffusion equation for 0 < x < a can be solved in a number of ways. By
setting

x=x,=mh,m=0,1,2,3,..,N (3.161)

a set of algetraic equations for ¢,, = ¢(xm) is obtained. This set has a tridiagonal coefficient matrix

and can be solved with a tridiagonal matrix algorithm. A simpler procedure that inverts the matrix
is the following.
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Since the difference equation (3.160) is exact, it is valid for any choice of the grid spacing
h. First set x=0 and h=a in this difference quation to find that

$(a)+¢(—a)—2¢(0) _ S _
" 4sinh2(%) ¢(0)+a2D 0 . (3.162)

If Dirichlet boundary conditions are imposed at x = +a, then ¢(+a)=0, and we obtain

. of0a
g Zsmh(z)

2
oD 1+2sinh2(%)

S [l L :l (3.163)

@D cosh(aa)

$(0)=

which is, in fact, the exact solution of the diffusion equation at the center with a spatially uniform
source and for the case of Dirichlet boundary conditions.

Nextset x=a/2 and h=a/2 in the difference equation (3.160) to find that

¢(a) + ¢(0)—2¢(a/2) S
~¢lal2)+——==0 . (3.164)
4sinh2(—04£) @D

With ¢(a)=0 and ¢ =(0) known from (3.163) we obtain

< . 2sinh2(%)
[1 + Zsinhz(%)]q’)(g—) - 23inh2(7) + 2 (3.165)

2 ’
2) oD 1+2sinh2(%)

which simplifies to

s cosh(%)
¢(—€) = 1- 2 . (3.166)

o*D cosh(oa)

This agrees with the exact solution of the diffusion equation at x =a /2 with Dirichlet boundary
conditions and a uniform source.

Nextset x=a/4 and hA=a/4 in the difference equation (3.160) to find that
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Gl

a*D
With ¢(0) given in (3.163) and ¢(a/2) given in (3.166), the solution of (3.167) is found to be

¢(ﬁ)= > 1—COSh(%) , (3.168)

a’D|  cosh(oa)

which is the exact solution of the diffusion equation at x=a/4. Nextset x=3a/4 and h=a/4
in the difference eugation (3.160) to find that

3
¢(a): ig?(ég(f)_ ¢(§g) N &S_ ~0 (3.169)

With ¢(a)=0 and ¢(a/2) given in (3.166), solving (3.169) produces

- ]

a’D cosh(oa)

cosh(3—a€)
¢(3—a)= S 11 4 (3.170)

the exact solution of the diffusion equation at x =3a /4. By repeatedly halving the grid spacing &
in the difference equation (3.160), the solution of this difference equation at as many grid points as
desired may be obtained sequentially without using a tridiagonal matrix algorithm. If we set
h=a/8 in the difference equation (3.160), then by letting x=a/8, x=3a/8, x=5a/8, and
x="7a/8 and by using (3.163), (3.166), (3.168), and (3.170) we obtain the exact results for

#(al8), p(3a/8), $(5a/8), and ¢(7a/8).

Exact solutions of the invariant difference equation (3.160) have been calculated above for
the case of homogeneous Dirichlet boundary conditions at x ==*a. It is also possible to do this for
the case of homogeneous boundary conditions of the third type at x=*a. For the diffusion
equation, homogeneous boundary conditions of the third type correspond to vanishing inward
partial currents and are consistent with the F,. approximation to the transport equation. The flux
does not vanish on the surface when homogeneous boundary conditions of the third type are used.
On the surface at x = a, a vanishing inward partial current leads to the homogeneous boundary
condition,

¢(a)+2D¢'(a)=0 . (3.171)

When the first order derivative is thought of as being approximated by a two-point central
difference formula, the invariant discretization of the boundary condition (3.171) is given by
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Oy + 2aD(¢iN+l — ¢N—l) =0
2sinh(oh)
where ¢, = §(Nh) = ¢(a). Evaluating the invariant difference equation (3.160) at x = a yields

(3.172)

Pray — ¢N_10:h2¢N — ¢y + ._‘29_ =0 . (3.173)
4sinh2(—2—) o°D

The quantity ¢,,, is eliminated from (3.172) and (3.173) in order to apply the zero inward partial
current boundary condition at x =a. Both equations (3.172) and (3.173) are valid for an arbitrary
grid spacing h.

To evaluate the flux at the center and on the surface for the zero inward partial current case,
we first set x =0 and % = a in the difference equation (3.160) to get

¢(a) — ¢(=a) —2¢(0) S
"¢(0)+T‘=O . (3174)
4sinh2(%€) o"D

Then set x =a and h=a in (3.160) to get

9(2a) - ¢(0) —2¢(a)

S
-¢(a)+——==0 (3.175)
4sinh2(%) a'D
Set 2 =a in the invariant discretized boundary condition (3.172) to get
200]$(24) - 9(0)]
+ =0 . 3.1
#a) 2sinh(oa) (3.176)
By noting that
¢(-a)=¢(a) (3.177)

in (3.174) because of symmetry and by eliminating ¢(2a) from (3.175) with (3.176), the
following two algebraic equations are found for ¢(0) and ¢(a):

—cosh(oa)$(0) + ¢(a) +[cosh(ca) — 1] afD =0 , (3.178)
and
¢(0) - [cosh(aa) + %:‘(p(a) +[cosh(om) —1] afD =0 . (3.179)

Solving these last two equations yields

49




_ S| 1
¢(O)—azp[1 cosh(aa)-i—ZaDsinh(aa)] (3.180)

and

¢(a) =

S [ 20D sinh(oa) } (3.181)

o’D| cosh(om) + 2aD sinh(aa)

The results obtained in (3.180) and (3.181) from the invariant difference equation (3.160) and
invariant discretized boundary condition of the third type (3.172) both agree with the analytical
solution of the diffusion equation with a spatially uniform source and a zero inward partial current
boundary condition on the surface. By systematically halving the grid spacing in the difference

equation (3.160) resuits for ¢(a/2), @a/4), ¢(3al4), ¢(a/8), ¢(3a/8), ¢(5a/8),
¢(7a/8), and so on can be calculated sequentially for the boundary condition of the third type.

3.2.2 SOLUTION OF SYSTEMS OF FIRST ORDER INVARIANT DIFFERENCE
EQUATIONS

The system of invariant first order difference equations,

o J(x + k) - J(x - h)]
2sinh(oh)

+0,0(x)-S=0 , (3.182)

and

o ¢(x +h)— ¢(x —h)] N J(x) ~0

, 3.183
2sinh(ath) D (.183)

which discretize the differential system (3.59) and (3.60) with a spatially uniform source, is valid
for an arbitrary grid spacing 4. This fact leads to the following algorithm for their solution.

Set h=a/2 and x=0 in (3.182) to get

alJ(al2)—J(-al2)]

2sinh (%)
2

—J(—al2)=J(al2) (3.185)

+0,6(0)-5=0 (3.184)
in which

due to symmetry. Set z=a/2 and x=a/2 in (3.183) to get

af¢(@)-¢(0)] , J(a/2) _,,

2sinh(%) D
2

(3.186)
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Imposing the Dirichlet boundary condition ¢(a)= 0 and solving (3.184) and (3.186) yield

s 2sinh2(%‘i) |
¢(0)=0—a cosh(o) (3.187)
and
. oa
_ SaD smh(—z—)
Jal2)= p—r (3.188)

These last two results agree with those obtained by solving the differential system analytically and
evaluating the solutjons for ¢(x) at x=0 and J(x) at x=a/2.

Set h=a/4 and x=0 in (3.182) to get .

a[](a/4)—J(—a/4)]+o_a o(0)-S=0 . (3.189)
2sinh(%)

Because of symmetry
J(-ald)=-J(al4d) , (3.190)
so solving (3.189) with ¢(0) from (3.187) yields

sinh{ 22
SoD 4
o, cosh(oa)

a

Jal4)= (3.191)

which is an exact result for the netcurrent at x=a/4. Set h=a/4 and x=a/4 in (3.182) to
get

ofJ(al2)-J(0)]

2sinh(%)
4

Because of symmetry J(o) =0, and the solution of (3.192) with result for J(a/2) in (3.188) is

cosh'(%)
__\4)

cosh(oa)

+0,¢(a/4)-S=0 . (3.192)

S|
¢la/4)= S |! , (3.193)

a
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the exact result for the flux at x=a/4. Set h=a/4 and x=h/4 in (3.183) to get

af¢(a’2)—¢(0)]

2sinh(%)
4

which with (3.187) and (3.191) yields the exact solution,

+%Jl(a/4)=0 , (3.194)

g cosh(—)
oal2)={1-—2L| (3.195)

c cosh(om)

a

Set h=a/4 and x=a/2 in (3.182) to get

o[ J(3a/ 4)—J(al4)]

+0,0(al/2)-S=0 . (3.196)

. [oa

2smh(—)
4
Solving (3.196) with (3.191) and (3.195) produces
snt( 222 )
SoD 4

J3al4)= 3.197
(a/4) o, cosh(oa) (3.197)

an exact result. Set h=a/4 and x=a/2 in (3.183) to get

of¢(3al4)—¢(a/4)]

23inh(%)
4

which with (3.188) and (3.193) gives the exact result,

+%J(a/2)=0 , (3.198)

S COSh(T)

a

Set h=a/4 and x=3a/4 in (3.182) to get
ofJ(a)-J(al2)]

4sinh(%)
4

Solving (3.200) with (3.188) and (3.199) yields the following exact result for the net current on
the surface:

+0,0(3a/4)-S=0 . (3.200)
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J(a)= S:D

a

tanh(oa) . (3.201)

Further results for the flux and net current at additional grid points can be calculated from the exact
invariant difference equations (3.182) and (3.183) by continuing to cut the grid spacing in half.

4. CONSTRUCTION OF INVARIANT DIFFERENCE SCHEMES IN
CONSERVATION FORM

Difference schemes that are constructed by using group generators extended to grid point
values of dependent variables and grid spacings for the case of two independent variables are
worked out in this section. The starting point is the conservation form of a difference scheme
written in terms of numerical flux functions thought of as functions of p+g+1 arguments which
are grid point values of the dependent variables. The requirement that the difference scheme admit
the same group of transformations as that admitted by the differential equation being simulated is
determined by evaluating the Lie derivative of the conservation form itself. This produces a partial
differential equation for the numerical flux function whose solution provides invariant flux
functions that yield group invariant difference schemes. :

4.1 LIE DERIVATIVES OF CONSERVATION FORMS OF DIFFERENCE
SCHEMES

Invariant difference schemes are invariant functions of a transformation group. If a
conservation law is given in the form,

du  d _
-§+§f(u)—0 , 4.1)

the conservation form of an explicit difference scheme may be taken as

n n T n n n
uj+l — ] +Z[F(uj_p, Uiparses Ujygs h,’t’)
—F(u}'_,_p,u}’_p,...,u}'_,w;h,'r )]=O , (4.2)
where
u; =u(jh,nt) 4.3)

the spatial grid spacing is 4, the time grid spacing is 7, and F (u}'_p, Ui patseeos Wjsys BT ) is the

numerical flux function. The integers p and g in (4.2) define the number of support points

p+q+1 for the numerical flux function. Let W(u}'”, Uiy Ui pats +ees Upyys h,'r) denote the left
hand side of the difference scheme (4.2). Then the condition that this difference scheme is an
invariant equation of a transformation group is
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w

= =9(u”+] u ut u}'w;h,'L')W , (4.4)

2 Yjepr Wjmpaas e

in which the left hand side is the Lie derivative of the function W, and the function 6 is an

-arbitrary function of the indicated arguments. If the group action on a grid point value of the

dependent variable is
ou}
. & b4
on the spatial grid spacing is
a
5a 2
and the time grid spacing is
ot
o

the explicit form of the conservative difference scheme invariance condition (4.4) is

it & (16 oh n n
L;la _%“F( - )[F(”i-v""’ oo )

_F(u}'_,_p, TS h,'r) ]+ %[%(u}_p, e U h,'t)
—6—F(u}'_l_p, R T h,’L') = 9{ ;™ —uf

+%[F(u}'_p,...,u}‘+q;hl'r)—F(u}'_,_p,...,u}'_“q;hl'r)]} . (45

The Lie derivative of the numerical flux function that appears in (4.5) is given by

SF ou;_, OF ouj,, oF  S6hoF &6t JF
L pstlyshyt) = a2 | Sy OF | OROF OTOF 4.
g Ve ingt ) == Stk e e B 0 @0
that is,
5F n n . _ G n n
g(uj_p,...,ujw,hl'r)—U F(uj_p,...,uj+q,hl’€) s (47)

where U@ is the prolongation of the group generator to grid point values of the dependent
variable and the grid spacings. The invariance condition (4.5) is a linear first order partial
differential equation whose solutions provide numerical flux functions that yield explicit difference
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schemes in the conservation form (4.2). These also admit the same transformation group as that
under which the conservation law (4.1) is invariant.

4.2 INVARIANT NUMERICAL FLUX FUNCTIONS FOR THE ADVECTION
EQUATION

The advection equation,
w+cu, =0 ' (4.8)

is invariant under a four-parameter group with the Lie algebra of generators,

A d

O ==, (4.9)
A d

0= (4.10)
V.

Oy=x=ti= (4.11)

and
0, =ul (4.12)
4 au .

The prolongations of these group generators to the grid point values of the dependent variable and
the grid spacings are

A d
pe-9. 4.13
== (4.13)
A J
U == , 4.14
== (4.14)
n Jd 0 d )
U9 =x—+t—+h—+7— , 4.15
ST T w Y am T (15
and
A J d d J
U§G)=u__+u}'+‘ P O TR
ou 8uj auj_p auj
l d Jd
u’.'+ - + u’.‘_l_ —'n'— +...+ u’-’_l_{_ —n_ ? (4‘ 1 6)
j+q auj+q j=1=p auj_l_p j~1+q auj-—l+q
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as computed from the prolongation formulae derived in Section 2. From (2.104) note that for the
fourth group generator we have

ou;
—6; = uJ N (4 17)
and
6"‘;“ n+l
AR (4.18)

For the case of the advection equation (4.8) the difference scheme invariance condition
(4.5) is satisfied with 8 =0 for each of the one-parameter subgroups generated by Ij,(G), (750),
and ﬁf’ in (4.13), (4.14), and (4.15), respectively.. For the fourth one-parameter subgroup

generated by U'? in (4.16), the invariance condition (4.5) reduces to

%(u}'_p, oW HT) = F(i) o, ST (4.19)
that is,
ﬁﬁG)F(u}'_p, e Uy h,'r) = F(u}'_p, coes Uy hl'c) (4.20)

when 6 =1 and in view of the Lie derivatives (4.17) and (4.18). This is a linear first order partial
differential equation for the numerical flux function F which takes the explicit form,

u: oF +u’ __BF +...+u; oF
j=p 3, n j=p+l 3 n o J¥q 3 .n
aui—p auj-m-l auiﬂi

=F . (4.21)
Solutions of this partial differential equation yield numerical flux functions which result in
invariant, conservative difference schemes for the advection equation.

The general solution of the numerical flux function partial differential equation (4.21) is an
arbitrary function of the solutions of the characteristic equations, which are

dh_ds By M B 8
0 0 ujr'l—p u;'l-pH u}l‘“l F

with solutions
h=const. , (4.23)
T=const. , (4.24)
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=L =const. (4.25)
u"
J
Lizen ~*L =const. (4.26)
U
J
L:" =const. , @4.27
u:
J
and
En =const. . (4.28)
Uu.

J

Hence, the general solution for the invariant numerical flux function is given by

n n n
u, U, u, T

F=ug|-Lp frd i | (4.29)
u; u; u; h

where H,is an arbitrary function of the indicated arguments. The fact that an arbitrary function
appears in this result for the invariant numerical flux function shows that an infinite number of
invariant conservative difference schemes of the form (4.2) can, in principle, be constructed for the
advection equation.

Numerical flux functions that lead to difference schemes in conservation form and that have
been reported in the literature can be obtained as special cases of the general result obtained in
(4.29) with invariance arguments. If we set p=0 and g=0 and take H,=c, we get the
numerical flux function for the upwind scheme, namely,

F(u})=cu} ,forc>0 . (4.30)
Ifwetake p=0 and ¢ =1 and

H=c2L | (4.31)
we obtain

F(u" ) =cu;

J+l1 2

forc<0 (4.32)

the upwind scheme for negative values of ¢. With p=0 and g=1 and
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2 AL PO T TR P/ (4.33)
27 u; 2 u;

J J

equation (4.29) becomes the numerical flux function for the Lax-Friedrichs scheme [6], namely,

h
n n — n n
Ii(uj, ujH) ——'—'2T (uj — uj+l

)+§(u}' +ul,) (4.34)

Also with p=0 and ¢g=1 and

n 2 n
H =<|1+52 _B Ba g (4.35)
2 u; 2h \ u;

équation (4.29) is the numerical flux function for the Lax-Wendroff scheme [6], namely,

2

Flih, h0) = 2 (o +5) = (11 =) (4.36)

If p=1and ¢g=2, numerical flux functions for the Crowley, Rusanov, and Burstein and Mirin
schemes come out of the general result (4.29). For the Crowley algorithm [7]

c u; 1t | u; u’ u;
H=_|1+-I2 4= 22 Mg T
2 u: 8h u; u: u:

7] J ]
23y U
—fzch( ;‘;2 - ;‘;‘ 1+ ;;‘] , (4.37)
J J J

and the corresponding numerical flux function is

c
n n _n n _ n n
F(uj_l, u;, uj+1,uj+2) = E(uj + uj+,)

2
Tc n n n n
+_8h (uj+2 +uj+1 _uj _uj_l)

7’c’
_W(u;;_z —ul, - ) (4.38)

For the Rusanov [8], and Burstein and Misin [9], algorithm we take

5o

n W) (4.39)

n n n
(uj—l’ Wiy Ujps

where the numerical flux function is given by
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c
n n _.n n >, n n
F(uj_l, u;, uj+l,uj+2) = 2(uj+l + uj)

2

+--C;(u'.'+2 — U, —U; +u’.'_1) +Ti(u’.’+1 —u'.’)
12 J J J 7 2h J )
2 2.3
c . ) TC .
+~§;(u}'+2 =3u;, +3 u}' —uj_,)——12h2 (uj+2 —u}‘H — U +uj_,)
ha) n n n n
~oag i =3 3 —u) (4.40)
With p=1 and ¢=0 and
c c*
H, =5(3 U —uj_,)—a}?( W -ul,) (4.41)

we obtain the numerical flux function for the Beam-Warming upwind scheme [10], namely,

2

Flig 1) = 2 (30 =) =2 —u) (4.42)

It should be noted that the numerical flux functions for the upwind scheme with ¢>0 in (4.30),
for the upwind scheme with ¢ <0 in (4.32), for the Lax-Friedrichs scheme (4.34), for the Lax-
Wendroff scheme (4.36), for the Crowley scheme (4.38), for the Rusanov, and Burstein and
Misin scheme (4.40), and for the Beam-Warming scheme (4.42) are all invariant under the four-
parameter group with the generators (4.9), (4.10), (4.11), and (4.12) that is admitted by the
advection equation.

The numerical flux function for the Fromm algorithm [11], is also a special case of the
general result (4.29). The Fromm algorithm is intended to reduce dispersion by constructing a
numerical flux function as a linear combination of numerical flux functions which have opposite

phase errors. Let FLW( Jis j}‘+,) denote the numerical flux function for the Lax-Wendroff method
given by (4.36). Let F;,W( Ji-1s jj”) denote the numerical flux function for the Beam-Warming

method given by (4.42). Then the numerical flux function for the Fromm algorithm is

=17

F (un U, u}lﬂ) = %’[E&w(u}'-l’ u;') + ‘F}.W(u_:"’ Ujsps )] . 4.43)

The Fromm scheme has a reduced phase error due to the cancelling of the lagging phase error of
the Lax-Wendroff scheme and the leading phase error of the Beam-Warming scheme. The
numerical flux function for the Fromm algorithm is also invariant under the four-parameter group
admitted by the advection equation and, therefore, is not symmetry breaking.

If we set p=1 and g =2 and specialize the general invariant result (4.29) to the consistent
numerical flux function,
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Fl (u

n n
i l,u u 7uj+uj_|)

jH u1+2) _162( o2 = Uy

2

< T( Up,o —15u;

2 o 1507 — u}‘_l) ,

the corresponding difference scheme in conservation form is

T
nel _ o Y n - Flu"
u _uj h[F(uJ ,,u uj+l’uj+2) (uj_zyuj_l’u uj+l)] ’

that is,

n+l _ n n R
=y 8uj+,+8uj_l uj_z)

12h( 2

i =, 160

a o 300 — 160 +ul,)

This invariant conservative difference scheme also follows from

i, (%,1)
with
|
u(xt)—ﬂ( Ujyy + 807, —8ul_, + ) ,
and
—1 n n
un(x,r)=12h2( o~ 1605, +30u] ~ 1607, +u,)

which are fourth order accurate approximations to the first and second order derivatives. -

4.3 INVARIANT NUMERICAL FLUX FUNCTIONS FOR THE INVISCID

BURGERS EQUATION

If f(u)=u’/2, the conservation law (4.1) becomes the inviscid Burgers equation,

w+uu =0 ,

which admits the four-parameter group with the Lie algebra of generators,
~ 4
U 1 = g s
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(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)




A~ _d

~ Jd  .d ‘

U?=x§+t5t- s (4.53)
and

A d .  d

U4 =x§+uz . (454)

When this group is extended to grid point values of the dependent variable and the grid spacings,
the group generators are

N d
U(G) == 4.55
L T (4.55)
~ 0
09==, 4.56
2 Ty (4.56)
A Jd J d o
U9 = x—+t=+h—+7— , 4.57
T (4.57)
and
N d d 0 0
(G — n n+
U4 )—x§+u5;+h—é;+uj -§u7+uj lau}ﬂ_l
+u; J +.. U o +u; 9
YL Py N e
Jj=p 9“,--,, Jtq 9uj+q J P auj—]—p
Ul —— (4.58)
j-l+q auj_lﬂl

For the case of the inviscid Burgers equation the invariance condition (4.5) is satisfied for
the one-parameter subgroups with generators (4.55), (4.56) and (4.57) with 8 =0. The fourth

one-parameter subgroup with the generator U (%) is admitted by the difference scheme provided that
the numerical flux function satisfies the linear first order partial differential equation,

%(u;_p, coos W I T) = 2F (W)t T (4.59)
that is,
ﬁﬁG)F(u;‘_p, e U hl‘L')'z 2F(u}'_p, T h,'L') , (4.60)

as follows from the Lie derivative (4.5). The detailed explicit form of (4.60) is
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haF+u" oF +...+u; oF +u; oF +...+u; i
E R T R T v B B e R S P iy
o P o, ™ Gu - 7% A 7

J+q j-1-p j-l+g

=2F ,  (46])

for invariant numerical flux functions for the inviscid Burgers equation. The characteristic
equations of (4.61) are

41 _ _d_li _ du}’_p _ du’ a'u]'f_,_p _ a’uj'.'_Hq _ﬂi'_

n n" = - (4.62)
0 k Ujp Ujrg Ujt-p Uj-1+q 2.F
with solutions
f;— =const. , (4.63)
T=const. , (4.64)
Y — const. | (4.65)
h
%iva _ const, , (4.66)
i-i=p _ const. , (467)
h
and
izfi = const. (4.68)

Therefore, the general solution for the invariant numerical flux function for the inviscid Burgers
equation can be written as

F= th{”fr;" o u}}:,, , ”;2‘" e, ”7;:"" : 7] , (4.69)

in which H, is an arbitrary function of the indicated arguments. As was the case for the advection
equation, it is possible, in principle, to construct an infinite number of invariant conservative
difference schemes for the inviscid Burgers equation because of the arbitrary function in (4.69).

Examples of difference schemes whose numerical flux functions for the inviscid Burgers
equation are special cases of the invariant result (4.69) include (1) Lax-Friedrichs, (2) Lax-
Wendroff, (3) forward-backward MacCormack, (4) backward-forward MacCormack, (5)
Richtmyer two-step Lax-Wendroff, and (6) Beam-Warming. The first five of these difference
schemes are included in the p=0 and g =1 case of the conservation form (4.2), namely

= = B, ) - Flur )] (4.70)
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The corresponding invariant numerical flux functions for the inviscid Burgers equation that come
out of the choice of the function H, in (4.69) are as follows:

(1) For the Lax-Friedrichs scheme, we obtain

Flu),u, )= %(u}’ — i}, )+ %[(u}')z +(uf,, )2] : @.71)
(2) For Lax-Wendroff,
F (u;' ’ u_;',+l) = i[(u; )2 + (”;H )2] - g%(uf + )[(u;+1)2 - (u;‘ )2] . 4.72)
(3) For forward-backward MacCormack,
2
N U R Y . 1)
)=l Syl . e

(4) For backward-forward MacCormack,

| ’.‘ 2 2
FERT RGNS A1 P 7t
(5) For Richtmyer two-step Lax-Wendroff,
1 s 2
F(u;,u}'+l)=§[uj+f] , (4.75)
where
n+-£- 1
wit =5 )= {n) - ()] (476)

The Beam-Warming scheme isa p=1 and g =0 case of the conservation form (4.2), that is,

wit = [ Fluty, )~ F(i, 1)) (4.77)

and the corresponding invariant numerical flux function for the inviscid Burgers equation is

F) =5[] - -+ - ()] - @)

It will be noted that all of the invariant numerical flux functions that have been found in equations
(4.71)-(4.75), and (4.78) for the inviscid Burgers equation are all consistent, that is,
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2

Flu,u) =§ . (4.79)

Also, if each of these results is divided by /7, they are seen to be a special case of the general
result (4.69).

4.4 INVARIANT FLUX LIMITERS

The method of flux limiters combines low and high order numerical flux functions in such a
way that the resulting numerical flux function reduces to high order in smooth regions and to low

order near discontinuities. Let F, be the numerical flux function of a high order scheme, such as

Lax-Wendroff or Beam-Warming, and let F, be the numerical flux function of a lower order
scheme, such as upwind or Lax-Friedrichs. Then

F,=F,+(F,-F) , (4.80)

in which the term F,, — F} is called the antidiffusive flux. In a numerical flux function with a flux
limiter denoted by @, the antidiffusive term is weighted with the limiter to obtain the numerical
flux function with a flux limiter, namely, F, given by

F,=F, +®(F,-F) . (4.81)
Flux limiters tend to be near unity in smooth regions and near zero around discontinuites. If both
the low and high order flux functions used in a flux limited numerical flux function are group
invariant, the introduction of the flux limiter can conceivably lead to a breaking of the symmetry of
the flux. A proof follows that shows the argument of the flux limiter can be constructed so as to
maintain the invariance properties of a flux limited numerical flux function.

A measure of data smoothness used is the ratio of consecutive gradients given by

]}:

4.82
Py (4.82)

If this ratio is near unity, the data is presumably smooth near u;, but if it is far from unity, then the

data is not smooth. If the limiter is taken as a function of the ratio of consecutive gradients, the
resulting numerical flux function is, in fact, also invariant if the low and high order components
are. To illustrate this let the low order component be the numerical flux function,

Fo=cuj, ifc>0 , (4.83)
of the upwind scheme,
n n CT n n
Wt =ul - —h-(uj ~ul,) (4.84)

for the advection equation. Also, let the high order component be the numerical flux function,
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2

Fy = (i + i)~ (5a~15) (4:585)

of the Lax-Wendroff scheme,

2
n+l _ _n c n n 1 T n n n

uj+ —uj --.-Z-(uj+l —uj_,)+§(7) (um +uj_, -2uj) , (4.86)
for the advection equation. With

@, =a(r) , ' (4.87)

J

the flux limited numerical flux function is

o c CT Y » "
F=cu'+®, -2-(1—7)(% ) . (4.88)
By rewriting this as
izc_,_q),_c_(l_ﬁ) h_l , (4.89)
u; 12 h A u;
and noting that
u’
r=—_, (4.90)
L:“‘ -1
U

we see that the flux function (4.8) with the limiter (4.87) is a special case of the general invariant
result given in (4.29) for the advection equation. The high resolution difference scheme that is
obtained with the flux limited flux (4.88) is

u = _%(u}' —u}’_,)—%%(l—-chl)[d) i — ) =@, (i —u}‘_l)] . (4.91)

This scheme is conservative and admits the same four-parameter group as that admitted by the
advection equation. The flux limiter (4.87) does not break symmetry.

Limiters that yield TVD methods are discussed by Sweby [12]. These include Roe’s
“superbee limiter”

®(r;) = max|0, min(1, 2r;), min(r;, 2)] (4.92)

and the von Leer limiter,
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| ) : (4.93)

both of which are non-symmetry breaking.

In the case of the advection equation flux limiters and slope limiters o} discussed in
Section 4.5 are related by

ho'
®,=—>_ . (4.94)
Ujer —U;
Hence, the minmod function slope limiter,
ho} =minmod (], —u}, u} —1},) (4.95)
corresponds to the flux limiter,
0 if <0
®;,=q5 if 0<r<1l . (4.96)
1 if 521

The numerical flux function (4.88) with the flux limiter (4.96) is also invariant and TVD.

High resolution invariant numerical flux functions for the inviscid Burgers equation are
derived in Section 4.5 by the method of slope limiters.

4.5 INVARIANT SLOPE LIMITERS

An alternative point of view for construction high resolution numerical schemes to that of
the flux limiter method is that of the slope limiter method as discussed in LeVeque [6]. In the latter
method, data at the nth time level are represented by piecewise linear functions rather than by
piecewise constant functions as in the first order Godunov- method. Proofs are given below to
show that slope limiter algorithms for the advection equation and the inviscid Burgers equation can
be constructed in such a way that the numerical flux functions are invariant under four-parameter
groups admitted by these two scalar conservation laws.

The basic significance of numerical flux functions can be seen by integrating the
conservation law du +d, f(u) =0 over the nth time interval and the 7 th spatial cell to obtain

1 X1 _1 XL _z_l_'m
Z x_lz dxu(x, t"“)"ZLj_f dxu(JC, tn) h{'cJ:n dtfliu(xj%,tﬂ

J2 2

1 J’ " fl:u(x_ I,t)] } . (4.97)
T < =3
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This shows that

numerical flux function = -i— L " dt f {u[x_ 1 JJ] =F , (4.98)
n ]+E

and

1px.
+1 —_ j—
u}' _—-Jx’ 2 dxu(x,tm)

. 4.99
il (4.99)

To construct slope limited algorithms linear interpolation of the data at the nth time level is used,
that is,

w'(x.5,)=u; +075(x—x,) for xj_%SxSxﬂ% , (4.100)
and

u"(x,tn)=u;.‘_,+O'}'_l(x—xj_,) for x ;<x<x |,

2 1 , (4.101)
where o7 is the slope in the jth cell.
The exact solution of the advection equation,
u,+cu, =0 (4.102)
satisfies
ulx—c(t+2))=u(x—h-ct) , (4.103)
SO

u(x, th) = u(x -7, tn) (4.104)
Substituting (4.104) into (4.100) and (4.101) and using the results to evaluate (4.99) produces

j~1
1
i

1 px | +ct
wt =7 dxlu’, +0" (x—CT—x. )
i hix i1 j-1

+11[JJ_ dx[uj +0}(x—ct-x))] (4.105)

which simplifies to
(4.106)
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The numerical flux function for this scheme is
N .., € cT n
Fu},...)=cu] +—2—(1——h—)h0']. (4.107)

in terms of the slope limiter. As written, this result is not necessarily invariant; that is, a special
case of the invariant numerical flux function obtained in (4.29) for the advection equation.
However, examples of choices of the slope limiter in (4.107) that yield invariant numerical flux
functions include the following:

(1) If we take
c;=0 , (4.108)
then (4.107) reduces to the upwind flux which in iﬁvariant.
(2) I we take
hol =ul,, —u (4.109)

then (4.107) reduces to the Lax-Wendroff flux,
Flu, )=§(u'.‘ vl ) - S () (4.110)

which is a special case of the invariant flux (4.29).

(3) If we take
no__ U; 1 _u'}—l
hoj =—= T 4.111)
then (4.107) reduces to
v C Y . .
Fluy w1y, ) = c u? Jrz(l—-h—)(uj+I —u) . (4.112)

This is the numerical flux function for the Fromm algorithm which is the average of those for the
Lax-Wendroff and Beam-Warming methods.to cancel leading and lagging phase errors. The
Fromm numerical flux function is a special case of the general invariant result (4.29), so the slope
limiter (4.111) does not break symmetry.

(4) If we take
ho! = minmod(u},, — 1, u} —u,) (4.113)

where the minmod function is defined by
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a, if [a<|bo|] and ab>0,
minmod =(a,b)=4b, if |b|<[d] and ab>0, 4.114)
0, if ab<0,

then (4.107) becomes

Flup 1, ) =cul + %(1 - fh'f) minmod (u},, -}, 1} —u,) . (4.115)

This is seen to be a special case of the general invariant numerical flux function (4.29) for the
advection equation. Hence, the use of the minmod function for the slope limiter produces a
difference scheme that admits the four-parameter group with the generators (4.13) - (4.16) that is
also admitted by the advection equation.

The slope limiter method for the nonlinear scalar conservation law Ju + d.f(u)=0 may be

derived as follows. On the interval ] <u<uj,,, the flux function is approximated by linear
interpolation, that is,

F)=fu)+(u—1u}) 4, , (4.116)

where

g, = T) = 4)

Ui —U;

(4.117)

is interpreted as an approximation of the derivative of the flux function around x=x .
jts
2
Accordingly, in this neighborhood the conservation law is approximated by
u+Au =0 . (4.118)

For the time interval £, <t <1,

n+l

the exact solution of (4.118) is

u(x.t)=glx—A;(t-1,)] (4.119)

in which g is a function of the indicated argument. By using linear interpolation of the data at the
nth time level, namely,

w(x,0) =1} +07(x—x;) (4.120)
together with (4.119), we construct the approximation
u(x,t)=u;+a;[x—xj—(z—t,,)Aj] . (4.121)

From (4.116) we have
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f[u(x_+l,tj]= f(u}’)+{u(x.+l, t}—u}‘JAj , (4.122)

f,:u(x}l, t]J = flu)+ Aj[g —(t—1,)A, Ja}‘ . (4.123)

2

which with (4.121) becomes

By substituting (4.123) into the integral for the numerical flux function given in (4.98) it is found
that

n n A; T, n
Flu},..)= f(uj)+—§’—(l—7l-Aj)h0'j : (4.124)
The corresponding difference scheme in conservation form is
n+ T n n A, T n A'-— T n
W =i —Z[ Flug) = £(ury) +—2'—(1 -;Aj)hoj ——é—'(l —;Aj_l)hoj_lJ (4.125)

in terms of the slope limiter. For a given flux function f(x) in the conservation law,

du+d, f(u)=0, the choice of the slope limiter may or may not yield an invariant difference
scheme (4.125).

For the inviscid Burgers equation the flux function is #*/2, and the numerical flux
function (4.124) becomes

n 2 n n
F= (ujz ) + (um : U; j[l - 2_1;l(u}’+l + u}')}hc}’ . (4.126)

If the slope limiter in this equation is selected so that it becomes a special case of the general
invariant numerical flux function obtained in (4.69) for the inviscid Burgers equation, then the
conservative difference scheme (4.125) will also be invariant. With the slope limiter (4.109) the
numerical flux function (4.126) reduces to that of the Lax-Wendroff method given in (4.72) for the
inviscid Burgers equation. By writing (4.126) in the form, :

2
F_1{u) tfd, (U 4 )| .
e i el e e e L B PR v . P A 4.127
K 2(}1) .4(h h]{ -Z[h h ! ( )

and the minmod function (4.113) as

n

S Bin _¥ W W)
Gj—mmrnod( ; T h) R 4.128)

we see that the numerical flux function (4.126) with the minmod function for a slope limiter
becomes a special case of the general invariant flux function in (4.69). Accordingly, when the
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minmod function is used as a slope limiter in numerical flux functions in conservative difference
schemes for both in inviscid Burgers equation and the advection equation, these schemes are
invariant under the four-parameter groups admitted by these equations.
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