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ABSTRACT 
Since the muon has a short lifetime, fast acceleration is essential for high-energy applications 
such as muon colliders, Higgs factories, or neutrino factories. The best one can do is to make a 
linear accelerator with the highest possible accelerating gradient to make the accelerating time as 
short as possible. However, the cost of such a single linear accelerator is prohibitively large due 
to expensive power sources, cavities, tunnels, and related infrastructure. As was demonstrated in 
the Thomas Jefferson Accelerator Facility (Jefferson Lab) Continuous Electron Beam 
Accelerator Facility (CEBAF), an elegant solution to reduce cost is to use magnetic return arcs to 
recirculate the beam through the accelerating RF cavities many times, where they gain energy on 
each pass. In such a Recirculating Linear Accelerator (RLA), the magnetic focusing strength 
diminishes as the beam energy increases in a conventional linac that has constant strength 
quadrupoles. After some number of passes the focusing strength is insufficient to keep the beam 
from going unstable and being lost.  In this project, the use of fast pulsed quadrupoles in the linac 
sections was considered for stronger focusing as a function of time to allow more successive 
passes of a muon beam in a recirculating linear accelerator. In one simulation, it was shown that 
the number of passes could be increased from 8 to 12 using pulsed magnet designs that have 
been developed and tested. This could reduce the cost of linac sections of a muon RLA by 8/12, 
where more improvement is still possible.  The expense of a greater number of passes and 
corresponding number of return arcs was also addressed in this project by exploring the use of 
ramped or FFAG-style magnets in the return arcs. A better solution, invented in this project, is to 
use combined-function dipole-quadrupole magnets to simultaneously transport two beams of 
different energies through one magnet string to reduce costs of return arcs by almost a factor of 
two. A patent application was filed for this invention and a detailed report published in Physical 
Review Special Topics. A scaled model using an electron beam was developed and proposed to 
test the concept of a dog bone RLA with combined-function return arcs. The efforts supported by 
this grant were reported in a series of contributions to particle accelerator conferences that are 
reproduced in the appendices and summarized in the body of this report. 
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FINAL REPORT 

Overview 
Both Neutrino Factories (NF) and Muon Colliders (MC) require very rapid acceleration due 
to the short lifetime of muons. After a capture and bunching section, a linac raises the 
energy to about 900 MeV, and is followed by one or more Recirculating Linear Accelerators 
(RLA), possibly followed by a Rapid Cycling Synchrotron (RCS) or Fixed-Field Alternating 
Gradient (FFAG) ring. A RLA reuses the expensive RF linac sections for a number of passes 
at the price of having to deal with different energies within the same linac. Various 
techniques including pulsed focusing quadrupoles, beta frequency beating, and multipass 
arcs have been investigated via simulations to improve the performance and reduce the 
cost of such RLAs.  
 
This project considered the design a single-linac RLA that incorporates pulsed focusing 
quadrupoles for use with ILC-type SRF accelerating structures at 1.3 GHz. Technical 
solutions for fast pulsed quadrupoles were investigated to determine feasibility and 
potential cost savings. The design included optics for the multi-pass linac and droplet-
shaped return arcs where chromatic effects are assessed and appropriate compensation 
schemes designed.  
 
There is no compatibility problem between the pulsed quadrupoles and the TESLA cavities 
from a magnetic standpoint. All the RLA pulsed quadrupoles must be placed outside of the 
cryomodules due to their magnetic fields and their heat load. Their fringe fields fall off very 
quickly with distance due to their small apertures. However, since the apertures of the 
quads are much smaller than that of the cavities, the question of wakefields must also be 
carefully considered.   
 
Our study of RLAs based on the ILC linac with pulsed linac quads assumes a 90 degree 
phase advance/cell FODO optics configured with ILC-style cryomodules joined by normal-
conducting quadrupole girders. We assume a conservative quad pulsing ramp rate of 
1 Tesla pole field over 1 ms. Details of the quad ramping scheme are described in 
Appendix III. 
 
Since the beam traverses the linac in both directions throughout the course of acceleration, 
one would like to maintain a 90° phase advance per cell for the lowest energy pass (the 
initial half-pass) by scaling the quad gradients with increasing energy along the linac. In 
order to mitigate the underfocus beta beating for the subsequent passes, the other half of 
the linac would have the inverted scaling of the quadrupole gradients – the so called 
‘bisected linac’. The resulting mirror symmetric focusing profile supports maximum 
number of passes in a ‘dogbone’ RLA as described in detail in Appendix I. 
 
FODO lattice droplet arc design: includes the design of the separator region where the 
opposite muon charge species are steered in opposite directions around the arc. At the 
ends of the RLA linacs the beams need to be directed into the appropriate energy-
dependent (pass-dependent) ‘droplet’ arc for recirculation. For practical reasons, 
horizontal beam separation was chosen. Rather than suppressing the horizontal dispersion 
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created by the spreader, the horizontal dispersion has been smoothly matched to that of 
the outward 60 deg. arc. Then, by an appropriate pattern of removed dipoles in three 
transition cells, the dispersion for the inward bending 300 deg. arc is flipped. The entire 
‘droplet’ arc architecture is based on 90 degree phase advance cells with uniformly 
periodic Twiss functions. 
 
Chromatic effects and compensation schemes have been addressed. Even with uniform 
multi-pass linac optics (bisected quad profile), considerable betatron matching is required 
between the linac and the droplet arcs. This involves a number of matching quads in the 
spreader-recombiner region of the droplet arc, which in turn ‘breaks’ the intrinsic 
cancellation of chromatic effects offered by the 90 degree phase advance/cell optics. For 
muon beams with momentum spread ~ 1%, this would still result in horizontal emittance 
dilution across the spreader/recombiner region. To mitigate that, one can use two families 
of sextupoles placed in the dispersive regions of spreader/recombiner. This scheme is very 
effective and completely eliminates emittance dilution. 
 
Energy deposition from muon decay simulation and mitigation. For the cavities, the 
greatest difference between electrons and muons is that the latter decay. The energy 
deposited somewhere along the linac beamline by the decay electrons for the 30-2000 GeV, 
16 pass Barbell with 2E11 muons will be about 27 mJ/m/cycle. This is too large to be 
ignored and too small to be a show-stopper. As the aperture of the pulsed quadrupoles will 
be smaller than that of the cavities, the quadrupoles provide a serendipitous collimator to 
absorb the decay electrons and positrons and their synchrotron radiation. This idea could 
be augmented by tungsten beam-pipe liners upstream and absorbers downstream of the 
pulsed quadrupoles. By these means a large fraction of the energy could end up in the 
warm rather than the cold components, and the deposition in the cold components would 
be spread over a larger volume.  
 
The full accelerator complex for TeV energies is shown schematically in Fig. 1 below. After 
the pions are produced and the muons are collected, cooled and accelerated to 3 GeV, the 
first RLA is used to accelerate to 30 GeV where the muon bunches are coalesced.  They are 
then accelerated in a second RLA to 750 GeV and injected into the collider ring. 
 
To provide sufficient muon flux for either a MC or NF will require a high power proton 
driver over 4 MW of beam power at some energy greater than 6 GeV. Intense proton 
bunches are tightly focused onto a target capable of many MW operation [1] to produce an 
intense pion beam. The pions are captured in a strong solenoidal field where they decay 
into muons (and neutrinos). At the end a 40 m pion decay channel the muon beam has 
transverse normalized emittances of around 40,000 mm-mr and is spread in time over tens 
of ns. The transverse dimensions of the beam must be cooled to be small enough and 
bunches must formed to fit into reasonable accelerating structures. For a MC, this is about a 
factor of a thousand in each transverse plane, or a factor of a million in six-dimensional 
emittance reduction. 
 
The first RLA proper goes from about 3 to 30 GeV.   The goal is to increase the number of 
passes through the linac in a RLA in order to reduce the cost.  Our new bisected optics, in 

5 of 47



08ER86351  Pulsed-Focusing Recirculating Linacs Muons, Inc. 
which the quadrupole strengths increase with distance to the center of the linac, allows an 
increase in the number of passes via beta function beating, while ramping up the 
quadrupoles in time (pulsing them) further increases the number of passes.  The muons 
large emittance limits the number of arcs at each end to be about 3, so the advantage of 
multiple passes through the linac is limited by the return arcs. 
 

 
Figure 1: Conceptual diagram of a high energy muon collider with dog bone RLAs using 
multipass teardrop return arcs to minimize the costs of acceleration. Five km of RF 
structures accelerate both signs of muon for 1.5 TeV COM collisions on a small 
footprint that easily fits on the Fermilab site. The ILC requires over 30 km of RF 
structures to achieve 0.5 TeV COM e+e- collisions. 
 
Three Gev linear pre-accelerator 
A single-pass linac “pre-accelerator” raises the beam energy to 3 GeV. This makes the 
muons sufficiently relativistic to facilitate further acceleration in an RLA. In addition, the 
longitudinal phase space volume is adiabatically compressed in the course of 
acceleration [2]. The large acceptance of the pre-accelerator requires large aperture and 
tight focusing at its front-end. Given the large aperture, tight space constraints, moderate 
beam energies, and the necessity of strong focusing in both planes, we have chosen 
solenoidal focusing for the entire linac [3]. To achieve a manageable beam size in the linac 
front-end, short focusing cells are used for the first 12 cryo-modules. The beam size is 
adiabatically damped with acceleration, and that allows the short cryo-modules to be 
replaced with the intermediate length cryomodules, and then with 22 long cryomodules as 
illustrated in Fig. 2.          
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Figure 2:  Transverse optics – uniform periodic focusing with 12 short, 18 medium, and 
22 long cryo-modules. 
 

 
Figure 3:  Particle tracking results showing adiabatic bunch compression along the 
linac. The longitudinal phase-space (z, ∆p/p) is shown at the linac entrance, at the 
middle and at the linac end. Particle marked in green are lost during tracking (outside 
the 20 cm aperture). 
 
The initial longitudinal acceptance of the linac is chosen to be 2.5σ, i.e. ∆p/p = ±17% and RF 
pulse length ∆φ = ±72º. To perform adiabatic bunching [2,3], the RF phase of the cavities is 
shifted by 72º at the beginning of the pre-accelerator and then gradually changed to zero 
by the end of the linac. In the first half of the linac, when the beam is still not completely 
relativistic, the offset causes synchrotron motion which allows bunch compression in both 
length and momentum spread, yielding ∆p/p = ±7% and ∆φ = ±29º. The synchrotron 
motion also suppresses the sag in acceleration for the bunch head and tail. In our tracking 
simulation we have assumed a particle distribution that is Gaussian in 6D phase space with 
the tails of the distribution truncated at 2.5σ, which corresponds to the beam acceptance. 
Despite the large initial energy spread, the particle tracking simulation through the linac 
does not predict any significant emittance growth. There is a 0.4% beam loss coming 
mainly from particles at the longitudinal phase space boundary. Results of the simulation 
are illustrated in Fig. 3, which shows ‘snapshots’ of the longitudinal phase space at the 
beginning and at the end of the Pre-accelerator. 
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Multi-pass linac optics 
The superconducting accelerating structure is by far the most expensive component of the 
accelerator complex. Maximizing the number of passes in the RLA can significant lower the 
cost [4] of the overall acceleration scheme. 
 
There are two notable advantages of the ‘Dogbone’ configuration compared to the 
‘Racetrack’ (such as CEBAF) 

• Better orbit separation at the linac ends resulting from larger (factor of two) energy 
difference between two consecutive linac passes.  

• Favorable optics solution for simultaneous acceleration of both µ± species can be 
supported by the ‘Dogbone topology’, which allows both charge species to traverse 
the RLA linac in the same direction while passing in the opposite directions through 
the mirror symmetric optics of the return ‘droplet’ Arcs.  

 
The key element of the transverse beam dynamics in a ‘Dogbone’ RLA is an appropriate 
choice of multi-pass linac optics [5]. The focusing profile along the linac (quadrupole 
gradients) need to be set so that one can transport (provide adequate transverse focusing 
for given aperture) multiple pass beams within a vast energy range. Obviously, one would 
like to optimize the focusing profile to accommodate maximum number of passes through 
the RLA. The RLA layout illustrated in Figure 4, features a ‘Dogbone’ based on a 500 meter 
long (20 FODO cells with 8 RF cavities/cell) 4 GeV linac with the injection energy of 3 GeV. 
The alternative structure is called a racetrack, where the CEBAF machine at Jefferson Lab is 
an example. 
 
 

 
Figure 4:  The RLA layout features a ‘Dogbone’ based on a 250 meter long linac (20 
FODO; 4 RF cavities/cell).  
 
 
 
 
 
 
 
 
 
 
 
Figure 5:  Bisected linac Optics – mirror symmetric quadrupole gradient profile 
minimizing under-focus beta beating.  
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Since the beam is traversing the linac in both directions throughout the course of 
acceleration, one would like to maintain a 90° phase advance per cell for the lowest energy 
pass (the initial half-pass) by scaling the quad gradients with increasing energy along the 
linac. In order to mitigate the beta beating due to reduced focusing for the subsequent 
passes, the other half of the linac would have the inverted scaling of the quadrupole 
gradients. The resulting mirror symmetric focusing profile of the linac is illustrated in 
Fig. 5. 
 
Now we consider a ‘Pulsed’ linac Optics for the same RLA layout. Here we assume a time 
varying quad strength in the RLA linac described in the previous section. A feasible quad 
pulse would assume a 500 Hz cycle ramp with the top pole field of 1 Tesla. That would 
translate to a maximum quad gradient of Gmax =2 kG/cm (5 cm bore radius) ramped over 
τ = 1 ms from the initial gradient of G0 =0.1 kG/cm. We have used a fairly conservative rise 
time based on similar applications for ramping the new corrector magnets for the Fermilab 
Booster that have 1 kHz capability [4].  
 
For simplicity, we consider a linear ramp according to the following formula:  
 

      (1) 
   
A single bunch travelling with a speed of light along the linac with quads ramped according 
to Eq.(1), ‘sees’ the following quad gradient passing through the i-th cell along the linac 
(I = 1,…20) 
 

      (2) 
 
where         is the cell length and i defines the bunch position along the linac.  
 
For multiple passes through the linac (the index n defines the pass number) the above 
formula can be generalized as follows: 
 

      (3) 
 
where         is the full linac length and         is the length of the lowest energy droplet arc. 
Here we also assume that the energy gain per linac is much larger than the injection 
energy. Fig. 6 illustrates the multi pass optics for the pulsed linacs. As one can see below, 
there is sufficient phase advance to support up to 12 passes. 
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Pass 8 (31-35 GeV) 
 Fixed       Pulsed 

 
 
Pass 12 (47-51 GeV) 
 Fixed       Pulsed 
 

 
 
Figure 6:  The 8-th pass and the last one (12-th) of the pulsed linac optics. By pulsing 
the focusing quads as described in Eq.(3), the additional 4 passes increase the output 
energy from 35 to 51 GeV. Red is horizontal and green is vertical. 

Ramped Quad Magnets 
The issue of rapidly ramped magnets has been studied previously and the values reported 
here are based on that work [6]. Assuming the muons have normalized emittances of ~40 
mm-mr and beta functions ~20 m, at 3 GeV the largest aperture needs to be  
 

      (4) 
 
The energy stored in the yokes is small with respect to that in the vacuum since the energy 
density goes as 1/μ, so with a 1m quadrupole of gradient ~1 T/m the stored energy is only 
 

      (5) 
 
The stored energy increases by the square of the gradient, so at 33 GeV the stored energy 
would be ~380 J/m, requiring ~400 kW/m driving power. Roughly similar magnets are 
already in use [7].  
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Droplet Arcs 
In a ‘Dogbone’ RLA one needs to separate different energy beams coming out of a linac and 
to direct them into appropriate ‘droplet’ arcs for recirculation [2]. For multiple practical 
reasons, horizontal rather than vertical beam separation was chosen. Rather than 
suppressing horizontal dispersion created by the Spreader, it is smoothly matched to the 
horizontal dispersion of the outward 600 arc. Then by the appropriate pattern of removed 
dipoles in three transition cells, one ‘flips’ the dispersion for the inward bending 3000 arc, 
etc. The entire ‘droplet’ Arc optics architecture is based on 900 betatron phase advance 
cells with uniform periodicity of Twiss functions. The resulting ‘droplet’ Arc optics based 
on FODO focusing [3] is illustrated along with its ‘footprint’ in Figure 7. 
 
Arc 1 

  
 
Arc 4 

 
 
Figure 7:  ‘Droplet’ Arc optics and its ‘footprint’ − uniform periodicity of beta functions 
and dispersion. The design offers both compactness and modularity; the top plot 
illustrates the lowest energy arc. The higher arcs based on the same bending field are 
configured by adding periodic cells in the outward and inward bending sections, 
extending the circumference and increasing the quadrupole strength according to the 
momentum. The bottom plot illustrates Arc 4.  
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High Energy RLA 
An RLA for a high energy MC (much greater than 30 GeV) is different from one intended 
only for a NF. The survival of the muons is essentially dependent just on the average 
accelerating gradient over the entire path. The arc magnets represent a very large part of 
the path.  It quickly becomes impractical to build single-pass or even NS-FFAG arcs, and one 
can consider pulsed (also called fast ramped) arc magnets. This ramping and the size of the 
arcs precludes any possibility of using the same magnets for both polarity muons travelling 
in opposite directions   To limit the size of the arcs, strong static superconducting dipoles 
are needed, while to ramp up the field quickly enough fast normal conducting dipoles are 
needed used too, leading to a hybrid design.[8] Such a hybrid is limited by the strength of 
the dipoles and the momentum range it need span, but could have a dual bore design to 
accommodate muons of both signs to reduce cost.  Such large RLAs begin to resemble a 
Rapid Cycling Synchrotron (RCS); the final choice of dogbone, racetrack or circle becomes a 
question of cost. A much better solution for high and lower energy RLAs is described next. 

Multi-pass arcs using combined function dipole-quadrupole magnets 
Using pulsed quad focusing profile in the linac increased number of passes from 8 passes to 
12 leading to cost savings. However, in that scheme, one needs to separate different energy 
beams coming out of a linac and to direct them into appropriate droplet-shaped arcs for 
recirculation. Each pass through the linac would call for a separate fixed energy droplet arc, 
increasing the complexity of the RLA.  
 
We first considered ramped and Fixed Field Alternating Gradient (FFAG) droplet arcs.  Arcs 
using ramped or pulsed magnets are limited by the speed of the ramping and their 
maximum field and cannot accommodate simultaneous passes of µ+ and µ- traveling in 
opposite directions.  FFAG arcs accept multiple momenta at a given field and can 
simultaneously accommodate µ+ and µ- traveling in opposite directions.  However, FFAG 
arcs have dipoles with reverse bends, which makes them longer and more expensive.   
 
However, an even more attractive solution is the use of combined-function magnets that 
allow two or even three passes of muons in one droplet arc.  This invention is described in 
appendix VI and a corresponding patent application [9]. A complete description of the 
work was published in PRSTAB [10], which is reproduced in Appendix IX. 
 
A dogbone RLA model with combined-function magnet recirculating arcs was proposed to 
experimentally verify the concepts developed in this project with a scaled model using 
electrons instead of muons. This concept was developed and proposed as described in 
appendix VII as a possible straightforward test by scaling a GeV scale muon design. Scaling 
muon momenta by the muon-to-electron mass ratio leads to a scheme, in which a 4.5 MeV 
electron beam is injected at the middle of a 3 MeV/pass linac with two double-pass return 
arcs and is accelerated to 18 MeV in 4.5 passes. All spatial dimensions including the orbit 
distortion are scaled by a factor of 7.5, which arises from scaling the 200 MHz muon RF to 
the frequency readily available at CEBAF: 1.5 GHz. The footprint of a complete RLA fits in 
an area of 25 by 7 m. The scheme utilizes only fixed magnetic fields including injection and 
extraction. The hardware requirements are not very demanding, making it straightforward 
to implement. 
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CONCLUSIONS 
Intense muon beams for Muon Colliders, Neutrino Factories, and other physics and 
commercial ventures demand extensive use of linac technologies for their production, 
cooling, capture, beam formation/shaping and acceleration. The short muon lifetime and 
large emittance when they are created drives the technology. Recirculating Linear 
Accelerators (RLAs) can provide exceptionally fast and economical muon acceleration.  
They are limited to the extent that the focusing range of the RLA quadrupoles allows each 
muon to pass several times through each high-gradient cavity and by the return arcs. The 
new concepts of rapidly changing the strength of the RLA focusing quadrupoles and use 
beta function beating as the muons gain energy has been developed that significantly 
increases the number of passes that each muon will make in the RF cavities, while the ideas 
of rapidly ramping the arc magnets and the use of NS-FFAG magnets reduces the cost and 
complexity of the return arcs. A droplet arc design based on combined-function magnets 
has been developed to transport muon beams of two passes for both charge species. This 
lowers the number of arcs and eases the design of a muon RLA. A complete linear lattice for 
the 3 to 33 GeV RLA has been designed (multi pass-linac with pulsed quads and 12 droplet 
arcs).  A scale-model test of the dog bone RLA with combined function magnets using an 
electron beam has been proposed. Such a demonstration would lead to more confidence 
that the numerical simulations are correct and that there is a path for affordable 
acceleration of high-energy muon for neutrino factories and muon colliders.  
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Abstract 
Recirculating linear accelerators (RLAs) using both 

pulsed quadrupoles and pulsed dipoles can be used to 
quickly accelerate muons in the 3 – 2000 GeV range.   
Estimates on the requirements for the pulsed quadrupoles 
and dipoles are presented. 

RAMPED MAGNET LIMITATIONS 
For a single return arc of a muon RLA, the radius is 

determined by the momentum and the magnetic dipole 
field averaged over the arc: 

Rarc= Pmax/(300MeV/T-m)/Bavg 

 It is not feasible to ramp superconducting magnets fast 
enough to accelerate short-lived muons [8]; only magnets 
that are normally conducting might ramp fast enough. In a 
hybrid cell consisting of normal and superconducting 
magnets, the normally conducting magnets fields can 
swing from –Bn to +Bn while the field Bs in the 
superconducting magnets remains constant.  The largest 
average field is determined by a combination of the limits 
on Bs and Bn, the fraction of the cell filled with dipoles f, 
and the ratio of final to initial energy. 

Pmax/Pmin = Bmax/Bmin = (Bs·Ls +Bn·Ln)/(Bs·Ls -Bn·Ln) 

x ≡ (Pmax/Pmin - 1)/(Pmax/Pmin + 1) 

Bavg = f  Bs (x+1)/(x(Bs/Bn)+1) 

Given the current state-of-the art, approximately Bs=8.8 
T, Bn=1.8 T and f=1, so as Pmax/Pmin→∞, Bavg→3.0 T and 
for 2 TeV, Rarc=2.2 km and Larc=16.3 km.    

3-30 GEV CONCEPT 
For lower energies, it is not necessary to consider the 

complexities of ramped magnets at all; Bogacz et al. [1] 
have shown that a bisected linac could accommodate up 
to 7 passes, while Wang et al [2] have shown that that 
linac with arcs based on a NS-FFAG lattice could 
accommodate multiple passes through a single arc. 

A simple 3-30 GeV dogbone has one small 
superconducting single pass arc and a much larger, 
multiple pass NS-FFAG arc at each end with the beam 
injected in the middle of the linac going to the right. 

Adding pulsed quadrupoles to the linac and another pair 
of NS-FFAG arcs to the ends increases the number of 
passes to 12 and the energy to 50 GeV  [2].  Ramping the 
NS-FFAG arcs themselves is far less advantageous, as the 

increased path length due to the relatively low Bavg (~1/3 
Bmax) bending field of a NS-FFAG leads to excessive loss 
of the muons by decay.  

 
Figure 1:  Conceptual design of a “dogbone” RLA for 
muon acceleration. 

30-2000 GEV CONCEPT 
As the ratio of maximum to minimum energy increases, 

the proliferation of arcs leaves little alternative to ramping 
the magnets.  The basic concept of the barbell RLA is to 
inject the muons of both signs into an end of the linac 
going in the same direction.     

Since the momentum of the muons does not change 
while in an arc, there would be a mismatch between the 
momentum and the local field if the same ramping magnet 
apertures were used for muons of both polarities. 

This problem can be avoided by using either two sets of 
magnets or very large acceptance NS-FFAG magnets.   
The latter option increases the radius and hence the muon 
decay loss unacceptably. 

Here, droplet-shaped return arcs are used.  Each 
teardrop arc bends outward 60º, then inward 300º, then 
outward 60º again for a 180º turn, for a total 
circumference of (420º/360º)2πR. The optics advantages 
of droplet arcs are described elsewhere [1].   

 
Figure 2:  Conceptual design of a “barbell” RLA  for 
muon acceleration.   

The survival of muons through acceleration is 
determined by just the mean gradient over the whole 
acceleration path. 

N/No ≈ (Ei/Ef) (λμ mμ)/(gLinac c) ·(1+Larc/Llinac) 

         ≈ ( N/Nostraight-linac) (1+Larc/Llinac) 

The design of the accelerator is a compromise among 
many variables, the most important being the gradient and 
length of the linac and the average magnetic field Bavg of 
the arcs.  The details of the arcs become relatively less 

_______________________ 
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important as the linac gradient increases.  An ILC-like 
1.3GHz superconducting linac may provide as much as 
~30 MeV/m of real estate gradient (including drifts, 
quadrupoles, etc.) averaged over the length of the linac.  

As a starting point, consider a 4 km linac with 123 
GeV/pass (30.8 MV/m).   Using two identical teardrop 
arcs of radius 2.2 km and Bavg=3.0 T, only 1 msec and 16 
passes would be required to reach full energy and 90% of 
the muons survive. 

The normal magnets, though, would need to ramp from 
-1.8 to 1.8 T in one msec, for a rate of 3700 T/s. A similar 
barbell using only normal magnets in the arc would have 
a radius of 3.7 km, require 1.7 msec to ramp, and have 
only 84% of the muons survive. 

RAMPED ARC MAGNETS 
D.J. Summers et al. have considered the issues 

concerning rapidly ramping magnets for some time and in 
depth and these estimates in this paper are all heavily 
based on that work.[3][7][11]  

Since the energy stored in a magnetic field volume goes 
as 1/µ, the energy stored in the iron is small compared 
with that stored in the vacuum.     

For the proposed Low Emittance Muon Collider, the 
emittances of the muon beams are small, so the apertures 
may also be small.  Assuming the muons have normalized 
emittances of 2.1 mm-mrad, beta functions < 20 m, at 
30+123=153 GeV the aperture needs to be  

10 σ ⊥ = 10√[(ε ⊥N /βγ) βy] = 1.7 mm. 

To begin, consider an arc made only of normal magnets 
(Bavg≈1.8 T); the stored energy in the dipoles is 

W = 1/(2µ) ∫B2 dV  = ½ L I2 = 3.7 J/m 

dW/dt= 2.2 kW 

The current through the magnet depends on the number 
of turns Nturns (here taken to be 1): 

I= B h / µo Nturns = 2400 A 

L= 2W/I2 = 1.3 µH 

V= -L dI/dt =  4.5 kV 

This voltage is under the limitof 5 kV recommended by 
Ken Bourkland [11].   The arcs here are 27.15 km long 
(the circumference of the LHC!), so each requires 60 MW 
of ramp power.  That leads to the suggestion that a 
resonant circuit could be considered.   Roughly, the 
frequency ought to be ~150 Hz (4x the ramp time), so for 
a simple LC circuit: 

C= 1 / (2 π L f2) = 5.4 F/m 

A 3rd order component would probably need be 
superimposed to maintain a more linear ramp to match the 
energy gain of  the linac; alternatively, the phasing of the 
linac could be modified during the ramp to make the 
energy gain match the magnets at some sacrifice in muon 
survival.  

Using a laminated dipole design very similar to that 
proposed by D.J.Summers[7],  the core losses for 12 mil 
3% silicon steel can be described as [9]: 

Watts/kg= 1.49E-3 ·f 1.55 B1.71 ~ 10 W/kg. 

Assuming the magnet is about 2”x1.5” overall gives about 
13kg/m of steel, or about 130 W/m from core  losses.    
Ohmic heating of the copper conductors is about 800 
W/m. 

 
Figure 3: Alternating layers of a laminated normal ramped 
arc dipole magnet [7]. 

It is reasonable to have the two normal conducting 
magnets share the return yoke as in the LHC, reducing the 
size and cost of the two arcs.  If the muons travel the same 
direction around the arc, the fields are equal and opposite. 

 

  
Figure 4:  LHC shared yoke dipole schematic [10] and a 
cartoon of a dual warm ramped dipole.  

A hybrid normal/superconducting magnet allows a 
higher average magnetic field; however, the rapidly 
changing field from the normal magnets must not 
penetrate the superconducting magnets.  Due to the very 
small apertures, however, the required gaps have little 
impact on the overall length of the cell.  The range of the 
momentum of the beams determines the maximum 
average field that can be made by the hybrid. 

In this case, it may become advantageous to divide the 
momentum range between two arcs.  Any   advantage is 
greatly reduced as the energy/pass of the linac is 
increased. 

For the hybrid case with a single arc at each end, Bavg=3 
T, so the total ramp time is about 1 ms.  The normal 
magnets swing from – to + 1.8 T, so the frequency is 
about 500 Hz, and the superconducting magnets remain 
unchanged. While the stored energy in the normal 
magnets is the same as before, the ramping power and 
voltages are about 3.3x as high and the core losses are 
about 6.5x as high.  The cell length is dominated by the 
normal dipole (Ln=4.74 Ls), so averaging over the whole 
arc the power/length by is only decreased ~17%. 
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RAMPED QUAD MAGNETS 
Both the linac and a single arc in a barbell will require 

very similar ramped quadrupole magnets.   
At 30 GeV, the aperture needs to be also ~3 mm and the 

gradient ~10T/m for a 1 m quadrupole, while for 2000 
GeV the aperture only needs to be ~0.5 mm and the 
gradient needs to be about ~300 T/m. Again the energy 
stored in the yokes is small with respect to that in the 
vacuum since the energy density goes as 1/μ.  

As the beam energy is increased for a given beta 
function, the required aperture decreases and the gradient 
increases such that the stored energy would remain about 
the same, corresponding to about 0.2 J/m of stored 
energy.  However, since the quadrupoles can’t change 
aperture as the energy increases, the stored energy 
increases by the square of the gradient.   By 2 TeV, the 
stored energy is 1.5 J/m and the power 1.5 kW.  With 3% 
silicon steel return yoke, the core losses would be only ~ 
80W/m at 2000 GeV.  

As in the case of the dipoles, a resonant circuit to move 
the energy in and out of the field is a possibility.   

It ought to be noted that while the arc quadrupole 
gradients do scale with the average B·dl of a cell, they do 
not scale with the normal components of a hybrid cell, 
making a combination design problematic. 

The Fermilab Booster is upgrading to ramped 
combination corrector magnets as shown in Figure 5 [4].  
These have about ~6x the stored energy/length of RLA 
quadrupoles and can switch full quadrupole field polarity 
in 1 ms. 

 
Figure 5:  FNAL booster ramped multipole magnet [4]. 

Also, the HCX fusion experiments use pulsed 
quadrupoles that store about 840 times the energy of the 
RLA quadrupoles, but are used only for very low duty 
cycles (Figure 6) [5]. 

 
Figure 6:  HCX pulsed quadrupole cross section [5]. 

CONCLUSION 
While challenging, ramped quadrupole, dipole, and 

combination magnets do not appear unrealistic.   Much 
work remains to be done to model these devices and the 
optics of the whole accelerator system in detail. 

REFERENCES 
[1] G. Wang et al., this Conference  
[2] S.A. Bogacz,  et al., this Conference  
[3] D.J. Summers, et al., PAC 2005  
[4] V.S. Kashikhin et al., PAC 2005  
[5] D. Shuman, et al., PAC 2005  
[7] D.J. Summers, et al., PAC 2007  
[8] I.V. Bogdanov, et al., RuPAC 2008  
[9] W. McLyman, Magnetic Core Selection for 

Transformers and Inductors, 2nd Ed., ISBN 0-8247-
9841-4, p.160 

[10] http://quench-analysis.web.cern.ch/quench-
analysis/phd-fs-html/node7.html 

[11] D.J. Summers, LEMC2007 Workshop, 
http://www.muonsinc.com

 

Proceedings of PAC09, Vancouver, BC, Canada WE6PFP097

Lepton Accelerators A09 - Muon Accelerators and Neutrino Factories

317 of 47



MULTIPASS ARC LATTICE DESIGN FOR RECIRCULATING LINAC 
MUON ACCELERATORS*

     G.M.Wang , Muons, Inc., Batavia IL, and Old Dominion University, Norfolk, VA, USA                   
R.P. Johnson, Muons, Inc., Batavia, IL, USA                                                                   

S.A Bogacz, Jefferson Lab, Newport News, VA, USA                                                             
D. Trbojevic, BNL, Upton, NY USA 

Abstract
Recirculating linear accelerators (RLA) are the most 

likely means to achieve rapid acceleration of short-lived 
muons to multi-GeV energies required for Neutrino 
Factories and TeV energies required for Muon Colliders. 
A drawback of this scheme is that a separate return arc is 
required for each passage of the muons through the linac. 
In the work described here, a novel arc optics based on a 
Non-Scaling Fixed Field Alternating Gradient (NS-
FFAG) lattice is developed, which would provide 
sufficient momentum acceptance to allow multiple passes 
(two or more consecutive energies) to be transported in 
one string of magnets. An RLA with significantly fewer 
arcs will reduce the cost. We will develop the optics and 
technical requirements to allow the maximum number of 
passes by using an adjustable path length to accurately 
control the returned beam to synchronize with the linac 
RF phase. 

INTRODUCTION
In a companion paper [1], we proposed a muon RLA 

consisting of a single linac with pulsed quads and separate 
teardrop return arcs, as shown in Figure 1. That pulsed 
linac dogbone-shaped RLA increases the number of 
passes; from 8 passes to 12, leading to cost savings. 
However, in that scheme, one needs to separate different 
energy beams coming out of a linac and to direct them 
into appropriate droplet-shaped arcs for recirculation. 
Each pass through the linac would call for a separate fixed 
energy droplet arc, increasing the complexity of the RLA. 
Here, we propose to employ a novel arc optics based on a 
NS-FFAG [2] lattice which would provide sufficient 
momentum acceptance to allow multiple passes (two or 
more consecutive energies) to be transported in each 
string of magnets (single beam-line). Studies show that 

this arc structure is very compact and the momentum 
acceptance could be from -30% to +90%. 

DROPLET ARC REQUIREMENTS 
The new concept of a large momentum acceptance 

Non-Scaling FFAG-like arc in a dogbone RLA is to 
maximize the number of passes that ± can be accelerated 
through a single linac. The arc layout is similar to the 
separated arcs structure in Figure 1. It is composed of a 
large number of two types of unit cells, Bp and Bn, to form 
a closed 180 degree arc. The dipoles in unit cells Bp and 
Bn bend in opposite directions. The numbers of unit cells 
are Np and Nn, which satisfy the requirements that the 
displacement in the transverse plane is 0disx and the 

total bending angle is 180p n unitN N .

In the linac, + and - experience the same transport 
optics. After the linac, they are bent in opposite directions 
by the spreader bending magnet. To transport + and -

with the same arc structure, the arc should have these 
basic characteristics: 
1)  The arc must be achromatic and mirror symmetric, so 
that + and - pass through the same lattice in opposite 
directions   s e , s e .
2)  The phase advance per cell should be 90 degrees 
(especially in the bend plane), so that the variation of 
Twiss functions is minimized and it is easier to match the 
linac optics.  
3) The beam phase relative to the SRF cavity must be 
accurately controlled due to the fixed RF frequency, so 
the path length in the arc needs to be adjustable. 

Besides the above requirements for each pass, this arc 
also has the ability to accommodate multi-pass beam 
transport, i.e. large momentum acceptance. In each pass, 
all the above conditions should be fulfilled and the beam 
orbit offset should be small to make the vacuum aperture  

4 GeV/pass

3 GeV

33  GeV

Figure 1:  Layout of an 8-pass ‘Dogbone’ RLA with the top-to-injected energy ratio of 11. 
____________________________________________
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size acceptable. The aperture for the low-momentum 
muon beams is determined by the muon emittances, beta 
functions, and dispersion.  

The NS-FFAG lattice provides extremely strong 
focusing, resulting in very small beta functions, very 
small dispersion, and very small transverse aperture.  

NS-FFAG BASIC CELL STUDY 
The NS-FFAG basic cell [2] (assuming that the beam 

bends in the horizontal plane) contains a triplet magnet 
arrangement composed of an inward bending magnet at 
the center with negative gradient (“combined function” 
magnet, horizontally defocusing), and two outward 
bending magnets located at each side with positive 
gradient. To simplify the structure, it is symmetric with 
respect to the center of the middle combined function 
dipole (we will later see the advantage of this symmetric 
structure). By using a combined function magnet, the arc 
structure is very compact.   
     Assuming that the combined function magnet field is 
linear, we can express it as 0yB B Gx , xB Gy
Where, 0B  is the central field and G is the field gradient. 

By optimizing 0B  and magnet length, the total bend 
angle through one cell is  

2QD QF
unit

QD QF

L L

Once the geometric structure is set, the central field and 
magnet length cannot be changed, but gradients are still 
adjustable. By adjusting the gradients, the betatron 
oscillation frequencies and the dispersion can be changed.  

In a periodic lattice, we can express the transverse 
transport matrix as  

11 12 16

21 22 26

'

'

0 0 1

cos sin sin 1 cos sin sin
sin cos sin sin 1 cos sin
0 0 1

M M M
M M M M

D D
D D

where , ,  are periodic Courant-Snyder functions, 

D , 'D  are periodic dispersion, and  is the phase 
advance per period. The dispersion can be expressed as  

16 261 cos sin sin
2 1 cos

M M
D

' 16 26sin 1 cos sin
2 1 cos

M M
D

According to the arc requirements, we have 90 .
To simplify the dispersion match between the Bp and Bn

unit cells, the achromatic lattice with '0, 0D D is
one of the best choices. An advantage of an achromatic 
unit cell is that it is easy to insert dispersion-free matching 
cells.

A symmetric system can be treated as two mirror 
systems, N and mirrorN . The matrix M  can be 
expressed with N  as 

12 21 12 22 12 26

11 21 12 21 11 26

1 2 2 2
2 1 2 2

0 0 1

N N N N N N
M N N N N N N

We get that 11 22M M  is automatically satisfied, so 

0 . For '0, 0D D , we get 16 260, 0M M .

16M  and 26M  have a common item 26N , which lowers 
the number of conditions from two to one. With this 
symmetric structure, 90 phase advance and the achromatic 
condition corresponds to 26 0N  at the middle plane 

and 11 0M for the basic cell, giving the magnet 
gradients as two adjustable knobs.  

OPTIM has been used to optimize the lattice, where 
table 1 lists the magnet properties of the two basic cells 
designed for a 6.2 GeV muon beam. The layouts are BD-
o-BF-o-BD and BDre-o-BFre-o-BDre. The drift distance 
o is 40cm. Comparing the focusing from bends 21 and

quads G B ,  we find that the focusing from the 
bends can be ignored compared to that from quads. So the 
quad focusing strengths are totally dominant in the optics. 
In the basic cells Bp and Bn, the quad strengths are the 
same but the bending angles are opposite.  

Table 1:  Combined Function Magnet Properties 
Mag. L(cm) B(kG) G(kG/cm) (deg) 
BD 0.5233 35.08 -2.28 5 
BF 0.5233 -35.08 5.60 -5 

BDre 0.5233 -35.08 -2.28 5 
BFre 0.5233 35.08 5.60 -5 

Due to the very strong focusing magnets, the beta 
functions and dispersion are small, as shown in Figure 2.  
The maximum beta functions in the x and y planes are 
4.92 m and 3.39 m. The maximum and minimum 
dispersions are 7.21 cm and -7.21 cm. The beta functions 
and dispersion naturally match well for the two basic cells 
that bend in opposite directions.

Figure 2:  Beta functions and dispersion in unit cells. 

To study the momentum acceptance and optics of the 
NS-FFAG structure for different energies, the code 
MADXP- Polymorphic Tracking Code (PTC) [3] is used. 
Since the beam energy change is large for successive 
passes, a perturbation method such as OPTIM for beam 
optics study does not work well. PTC allows symplectic 
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integration through all elements with user control over the 
precision (with full or extended Hamiltonian).  

Figure 3 shows beta functions, orbit displacement, 
dispersion, and path length of the basic cell Bp at different 
energies. The energy acceptance ranges from -30% to 
+90% or from 4 GeV to 10.8 GeV. Based on the linac 
optics design in [1], this arc can accommodate at least two 
passes of the beam. Scaling the reference energy to 
26 GeV, then the energy accommodated ranges from 
18 GeV to 53 GeV. So the total number of separate arcs is 
reduced from 6 to 3. It can be seen that as the energy 
increases, the beta function changes in a small range, less 
than 20 m, the maximum orbit offset is about 4 cm, and 
the maximum dispersion is around 10 cm, which is 
acceptable for a large momentum muon beam. The path 
length changes as a parabolic function of energy rather 
than linearly, which allows the relative RF phase change 
to be limited to a small range. (Minus ds means the path 
length is longer than that of the reference particle.)  

Figure 3: Beam optics for different energies at Bp cell. 

For the optics of the basic cell Bn, the beta functions 
have the same property as those of Bp, but the orbit offset 
and dispersion have the opposite value, as expected since 
they have opposite bending. To match the dispersion, beta 
functions and orbit offset between unit cells Bp and Bn,
the –I section should be used. Here, taking advantage of 
the 90 degree phase advance per cell and the very small 
focusing from the bend, it is easy to see that the –I section 
can be achieved by inserting two periods of a unit cell 
without bending. Here, it should be noticed that this –I 
section is referred to the reference particle.  

Figure 4 illustrates the droplet arc optics. At the bottom 
the quadrupoles are depicted in red and the combined-
function bending magnets in blue. Between the outward 
bend and inward bend section, there is a –I section. The 
total circumference is about 200 m with 2*60 degrees 
outward bend and 300 degree inward bend. This arc is 
very compact compared with a general FODO arc lattice, 
which is very important for the short lived muon beam.  

To control the returned beam phase to synchronize with 
the RF, there are usually three ways to change path 
length; using an achromatic magnet structure, 

mechanically moving the arc, or changing the RF 
wavelength. Considering this RLA structure is to 
accelerate muon beams in two directions in a large arc, 
the best choice to adjust path length is using an 
achromatic structure. A chicane structure [4] is very 
simple, with the property that the higher energy, the 
shorter the path length. It is widely used in various 
facilities. Figure 3 shows that the path length change as a 
function of energy is a parabolic curve. For one arc to 
transport two passes, it is best that the energy of the two 
passes is located at two sides of the curve, symmetric 
about the peak, so that the path length change due to the 
chicane can be minimized.  

Figure 4: Droplet arc optics. 

CONCLUSION 
  A droplet arc based on a NS-FFAG lattice has been 

designed to transport multipass beams, lowering the 
number and hence the total cost of the arcs for a muon 
RLA. Studies show that such a lattice can accommodate 
beam energies over a very large range and have the 
property of small beta functions and small dispersion due 
to the strong focusing of a NS-FFAG. The special optics 
match required inside the droplet structure is solved by 
inserting –I section. To synchronize the beam phase with 
RF, a chicane structure is adopted to adjust beam path 
length. 

More studies will be investigated to scale this design to 
higher energy and to improve the matching of the beam 
optics between the arc and linac.   
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PULSED-FOCUSING RECIRCULATING LINACS FOR MUON 
ACCELERATION* 

S.A. Bogacz♦, Jefferson Lab, Newport News, VA, USA 
G. Wang, Muons, Inc., Batavia IL, and Old Dominion University, Norfolk, VA, USA 

R.P. Johnson, Muons, Inc., Batavia IL, USA.

Abstract 
Neutrino Factories and Muon Colliders require rapid 

acceleration of short-lived muons to multi-GeV and TeV 
energies. A Recirculating Linear Accelerator (RLA) that 
uses superconducting RF structures can provide excep-
tionally fast and economical acceleration to the extent that 
the focusing range of the RLA quadrupoles allows each 
muon to pass several times through each high-gradient 
cavity. A new concept of rapidly changing the strength of 
the RLA focusing quadrupoles as the muons gain energy 
is being developed to increase the number of passes that 
each muon will make in the RF cavities, leading to greater 
cost effectiveness. We discuss the optics and technical 
requirements for RLA designs, using RF cavities capable 
of simultaneous acceleration of both μ+ and μ- species, 
with pulsed Linac quadrupoles to allow the maximum 
number of passes. The design will include the optics for 
the multi-pass linac and droplet-shaped return arcs [1]. 

MULTI-PASS LINAC OPTICS 
The superconducting accelerating structure is by far the 

most expensive component of the accelerator complex. 
Maximizing the number of passes in the RLA can signifi-
cant lower the cost [2] of the overall acceleration scheme. 

The RLA linac consists of uniformly spaced RF cavities 
phased for a speed-of-light particle. The injection energy 
into the RLA and the energy gain per linac pass were op-
timized so that a tolerable level of RF phase slippage 
along the linac could be maintained. Furthermore, to 
minimize phase slippage at the lowest energy pass, an 
injection at the middle of the linac was chosen. 

The key element of the transverse beam dynamics in a 
multi-pass ‘Dogbone’ RLA is an appropriate choice of 
multi-pass linac optics. The focusing profile along the 
linac (quadrupole gradients) needs to be set, so that one 
can transport (i.e. provide adequate transverse focusing 
for a given aperture) multiple pass beams within a very 
large energy range.  

Since the beam is traversing the linac in both directions 
throughout the course of acceleration, one would like to 
maintain a 90° phase advance per cell for the lowest en-
ergy pass (the initial half-pass) by scaling the quad gradi-
ents with increasing energy along the linac. In order to 
mitigate the beta beating due to reduced focusing for the 
subsequent passes, the other half of the linac would have 
the inverted scaling of the quadrupole gradients. The re-
sulting mirror symmetric focusing profile of the linac is 
illustrated in Figure 2. 

 

4 GeV/pass

3 GeV

33  GeV

 

Figure 1:  The RLA layout features a ‘Dogbone’ based on a 250 meter long linac (20 FODO; 4 RF cavities/cell). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2:  Bisected linac Optics – mirror symmetric quadrupole gradient profile minimizing under-focus beta beating.   
 ___________________________________________  
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 and JSA DOE Contract No. DE-AC05-06OR23177 
♦bogacz@jlab.org 
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Now we consider a ‘Pulsed’ linac Optics for the same 
RLA layout. Here we assume a time varying quad 
strength in the RLA linac described in the previous sec-
tion. A feasible quad pulse would assume a 500 Hz cycle 
ramp with the top pole field of 1 Tesla. That would trans-
late to a maximum quad gradient of Gmax =2 kGauss/cm 
(5 cm bore radius) ramped over τ = 1 ms from the initial 
gradient of G0 =0.1 kGauss/cm. We have used a fairly 
conservative rise time based on similar applications for 
ramping the new corrector magnets for the Fermilab 
Booster that have 1 kHz capability [3].  

For simplicity, we consider a linear ramp according to 
the following formula:  
 

      (1) 

 
A single bunch travelling with a speed of light along the 
linac with quads ramped according to Eq.(1), ‘sees’ the 
following quad gradient passing through the i-th cell 
along the linac (i = 1,…20) 
 

 

      (2) 

 
where         is the cell length and i defines the bunch posi-
tion along the linac.  
For multiple passes through the linac (the index n defines 
the pass number) the above formula can be generalized as 
follows: 
 

      (3) 

 
where          is the full linac length and         is the length 
of the lowest energy droplet arc. Here we also assume that 
the energy gain per linac is much larger than the injection 
energy. Figure 3 illustrates the multi pass optics for the 
pulsed linacs. As one can see below, there is sufficient 
phase advance to support up to 12 passes. 
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Pass 12 (47-51 GeV) 
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Figure 3:  The 8-th pass and the last one (12-th) of the pulsed linac optics. By pulsing the focusing quads as described in 
Eq.(3), the additional 4 passes increase the output energy from 35 to 51 GeV. Red is horizontal and green is vertical. 
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 ‘DROPLET’ ARCS 
In a ‘Dogbone’ RLA one needs to separate different en-

ergy beams coming out of a linac and to direct them into 
appropriate ‘droplet’ arcs for recirculation [1]. For multi-
ple practical reasons, horizontal rather than vertical beam 
separation was chosen. Rather than suppressing horizontal 
dispersion created by the Spreader, it is smoothly matched 
to the horizontal dispersion of the outward 600 arc. Then 

by the appropriate pattern of removed dipoles in three 
transition cells, one ‘flips’ the dispersion for the inward 
bending 3000 arc, etc. The entire ‘droplet’ Arc optics ar-
chitecture is based on 900 betatron phase advance cells 
with uniform periodicity of Twiss functions. The resulting 
‘droplet’ Arc optics based on FODO focusing [2] is illus-
trated along with its ‘footprint’ in Figure 4. 
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Figure 4:  ‘Droplet’ Arc optics and its ‘footprint’ − uniform periodicity of beta functions and dispersion. The design 
offers both compactness and modularity; the top plot illustrates the lowest energy arc.The higher arcs based on the same 
bending field are configured by adding periodic cells in the outward and inward bending sections, extending the circum-
ference and increasing the quadrupole strength according to the momentum. The bottom plot illustrates Arc 4 Optics. 

 
CONCLUSIONS 

A Recirculating Linear Accelerator (RLA) can provide 
exceptionally fast and economical acceleration to the ex-
tent that the focusing range of the RLA quadrupoles al-
lows each muon to pass several times through each high-
gradient cavity. A new concept of rapidly changing the 
strength of the RLA focusing quadrupoles as the muons 
gain energy has been developed. It significantly increases 
the number of passes that each muon will make in the RF 
cavities, leading to greater cost effectiveness. A complete 
linear lattice for the RLA has been designed (multi pass-
linac with pulsed quads and 12 droplet arcs) Technical 
feasibility, ultimate limitations, and cost effectiveness of 
such schemes is presently under studies [4], [5]. 
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MUON ACCELERATION WITH RLA AND NON-SCALING FFAG ARCS* 
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Abstract 

Recirculating Linear Accelerators (RLA) are the most 
likely means to achieve the rapid acceleration of short-
lived muons to multi-GeV energies required for Neutrino 
Factories and TeV energies required for Muon Colliders. 
In this paper, we present a novel return-arc optics design 
based on a Non Scaling Fixed Field Alternating Gradient 
(NS-FFAG) lattice that allows 5 and 9 GeV/c muons of 
both charges to be transported in the same string of 
magnets. The return arcs are made up of super cells with 
each super cell consisting of three triplets. By employing 
combined function magnets with dipole, quadrupole, 
sextupole and octupole magnetic field components, each 
super cell is designed to be achromatic and to have zero 
initial and final periodic orbit offsets for both 5 and  
9 GeV/c muon momenta. This solution would reduce the 
number of arcs by a factor of 2, simplifying the overall 
design.  

INTRODUCTION 
Figure 1 shows a proposed [1] dog-bone-shaped muon 

RLA consisting of a single linac with pulsed quads and 
separate droplet return arcs. In the example illustrated in 
Fig. 1, the number of passes is increased by pulsing linac 
quads from 8 passes to 12, leading to significant cost 
savings. However, in that scheme, one needs to separate 
different energy beams coming out of the linac and to 
direct them into appropriate droplet-shaped arcs for 
recirculation. Each pass through the linac would call for a 
separate fixed energy droplet arc, increasing the 
complexity of the RLA. Here, we propose a novel return-
arc optics design based on a Non-Scaling Fixed Field 
Alternating Gradient [2] (NS-FFAG) lattice, which allows 
two (potentially even more) consecutive passes with very 
different energies to be transported through the same 
string of magnets. 

DROPLET ARC REQUIREMENTS 
Through use of large momentum acceptance NS-FFAG 

arcs in a dogbone RLA, one can maximize the number of 
passes that μ± can be accelerated through a single linac. 
The arc layout is similar to the separated arcs structure in 
Fig. 1. Each droplet arc consists of a 60° outward bend, a 
300° inward bend and another 60° outward bend so that 
the net bend is 180°. This arc geometry has the advantage 
that if the outward and inward bends are made up of 
similar cells, the geometry automatically closes without 
the need for any additional straight sections, thus making 
it simpler and more compact. 

To transport different energy muons of both charges 
through the same arc structure, the arc must possess the 
following properties: 
1) For each transported momentum, the periodic orbit’s 
offset must be zero at the arc’s entrance and exit to ensure 
that the beam goes through the center of the linac. 
2) The arc must be achromatic for each momentum to 
guarantee matching to the linac.  
3) The arc must be mirror symmetric, so that μ+ and μ- 
can pass through the same lattice in opposite directions. 
The symmetry ensures that the periodic beta functions are 
identical at the arc’s ends and that the periodic alpha 
functions and dispersion slope are zero at the ends. 
4) The arc must be near isochronous for both energies to 
ensure proper phasing with the linac. 
5) The orbit offsets as well as beta functions and 
dispersion for both energies should be small enough to 
keep the aperture size acceptable.  

This proposed NS-FFAG lattice meets all these 
requirements.  
 

 

 
 

Figure 1:  Layout of an 8-pass ‘Dogbone’ RLA with the top-to-injected energy ratio of 11. 

___________________________________________  
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ARC DESIGN BASED ON NS-FFAG CELL  
As a basis of our droplet arc design, we used the  

NS-FFAG [2] triplet magnet arrangement, which was 
extensively studied in [3]. The outward-bending triplet 
cell consists of an inward bending combined function 
magnet with positive gradient (horizontally focusing) at 
the center and two outward bending magnets located on 
either side with equal negative gradients. The inward-
bending triplet cell has the same structure but reversed 
dipole fields. The fact that the cells are symmetric with 
respect to their centers ensures that their periodic 
solutions have αx = αy = 0 and D′x = 0 at the beginning 
and the end of the cells. It was demonstrated  
in [3] that, by using combined function magnets, the arc 
structure can be made very compact and that such a lattice 
can accommodate beam energies over a very large range 
and is characterized by small beta functions and small 
dispersion due to the strong focusing of a NS-FFAG.  

The study reported in [3] considered combined function 
magnets with dipole and quadrupole magnetic field 
components only. It was found that, despite a large 
momentum acceptance, the off-momentum periodic 
orbit’s offset and the off-momentum periodic dispersion 
were not zero at the entrance and exit of the triplet cells 
making matching the cells to the linac and matching the 
outward bending cells to the inward bending cells difficult. 
Thus, in our study we used combined function magnets, 
which in addition to the dipole and quadrupole 
components, also included sextupole and octupole ones. 

To study the optics of the NS-FFAG structure for large 
momentum range, we used the Polymorphic Tracking 
Code (PTC) module of the MAD-X program [4]. While 
perturbative method codes are not suitable for such a 
study, PTC allows symplectic integration through all 
elements with user control over the precision (with full or 
expanded Hamiltonian).  

For simplicity we made 5 GeV/c the nominal 
momentum going through the magnet centers. The 
constraint that the 5 GeV/c periodic orbit has to have zero 
offset coming in and out of the cell is then automatically 
satisfied. Besides, once the 5 GeV/c linear optics is 
adjusted with quadrupole gradients, introduction of the 
sextupole and octupole magnetic field components 
required for accommodating the 9 GeV/c momentum does 
not change it. This decouples the 5 GeV/c linear optics 
from the 9 GeV/c optics and ensures that, once the Dx = 0 
and D′x = 0 conditions are satisfied with the quadrupole 
gradients at 5 GeV/c, they are not affected by tuning of 
the 9 GeV/c linear optics with the sextupole and octupole 
components. 

For the triplets, we chose 1 m long magnets separated 
by 20 cm gaps. To simplify the geometry, each magnet’s 
bending angle was set to 5°. We then adjusted the 
quadrupole gradients to make the triplet cell achromatic. 
The quadrupole gradient of the middle magnet was 
adjusted as strong as possible without losing transverse 
motion stability in order to minimize the 9 GeV/c orbit 
offset. This determined the cell’s phase advance. Figures 
2 and 3 show the 9 GeV/c period orbit, beta functions, and 
dispersion for the outward and inward bending cells, 
respectively. Note that, since there is no coupling in our 
case, the Ripken’s β11 and β22 are simply equal 

respectively to the usual horizontal and vertical beta-
functions. Comparing Figs. 2 and 3, one can see that the 
beta functions for the two cell types are the same while 
the dispersion changes sign. Since the cells are achromatic, 
they can be matched together in a natural way. 

 

 

Figure 2: 5 GeV/c periodic orbit, dispersion and beta 
functions of the outward bending triplet cell. 

 

Figure 3: 5 GeV/c periodic orbit, dispersion and beta 
functions of the inward bending triplet cell. 

We next studied the triplet cell’s 9 GeV/c optics by 
introducing sextupole components in the cell’s magnets in 
a symmetric way. The 9 GeV/c periodic orbit’s deviation 
is large in the middle magnet and is much smaller in the 
side magnets. Therefore, the effect of the sextupole 
component is large in the middle magnet and is almost 
negligible in the side magnets. For this reason, it was not 
possible to satisfy, at the same time, the zero orbit offset 
and achromatic conditions by adjusting the sextupole 
components of the middle and side magnets.  

Therefore, we combined three triplet cells into a super 
cell. The sextupole strength of the middle magnets of the 
two outer triplet cells was used as one parameter. The 
sextupole strength of the middle magnet of the central 
triplet cell was the second parameter. This arrangement 
preserves the super cell’s mirror symmetry. By varying 
the above two parameters, we were able to simultaneously 
satisfy the conditions of the super cell being achromatic 
and having zero incoming and outgoing periodic orbit 
offset. To keep the transverse motion stable in both 
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dimensions, we added small octupole components of the 
same strength to the center magnets of all three triplets. 
This modified the field gradient along the 9 GeV/c 
reference orbit in these magnets restoring the stability. 
The periodic orbit and dispersion of the outward bending 
super cell are shown in Fig. 4. Figure 5 illustrates the 9 
GeV/c beta functions of that type of cell. Figures 6 and 7 
show similar graphs for the inward bending super cell. 
Figures 4-7 demonstrate that changing the bending 
direction does not affect the beta functions, but reverses 
the signs of the periodic orbit and dispersion. Since the 
super cell is achromatic and has zero incoming and 
outgoing periodic orbit offset, it is clear that the super 
cells are automatically matched. Since the net bend of 
each super cell is 15°, they can be easily put together to 
form the 60° and 300° bends of the droplet arc. 

 

 

Figure 4: 9 GeV/c periodic orbit and dispersion of the 
outward bending super cell. 

 

Figure 5: 9 GeV/c beta functions of the outward bending 
super cell. 

This design can be further optimized to minimize the 
orbit offset and the required magnetic fields. One can 
consider including more triplets in the super cell. Another 
path for improvement is to choose the reference 
momentum to be between 5 and 9 GeV/c. This would also 
allow one to adjust the path lengths to make the arc closer 
to isochronous for the different momenta. The non-linear 
effects and the dynamic aperture are being studied. 

 

Figure 6: 9 GeV/c periodic orbit and dispersion of the 
inward bending super cell. 

 

Figure 7: 9 GeV/c beta functions of the inward bending 
super cell. 

CONCLUSION 
A droplet arc design based on a NS-FFAG lattice has 

been developed to transport both 5 and 9 GeV/c muon 
beams of both charges. This lowers the number of arcs 
and eases the design of a muon RLA. The arc properties 
of being achromatic and having zero periodic orbit offset 
for the two momenta facilitates matching of the arc to the 
linac. As the next step, we plan to study matching of our 
NS-FFAG arc to the multi-pass linac optics by lifting the 
symmetry requirements in some of the cells adjacent to 
the droplet arc ends and using the additional parameters to 
satisfy the matching conditions. 
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RECIRCULATING LINEAR ACCELERATORS FOR FUTURE MUON 
FACILITIES* 

S.A. Bogacz♦, Jefferson Lab, Newport News, VA, USA 
K.B.Beard, R.P. Johnson, Muons, Inc., Batavia, IL, USA 

Abstract 
Neutrino Factories (NF) and Muon Colliders (MC) re-

quire rapid acceleration of short-lived muons to multi-
GeV and TeV energies. A Recirculating Linear Accel-
erator (RLA) that uses superconducting RF structures 
can provide exceptionally fast and economical accelera-
tion to the extent that the focusing range of the RLA 
quadrupoles allows each muon to pass several times 
through each high-gradient cavity. A new concept of 
rapidly changing the strength of the RLA focusing quad-
rupoles as the muons gain energy is being developed to 
increase the number of passes that each muon will make 
in the RF cavities, leading to greater cost effectiveness.  

ACCELERATION SCHEME OVERVIEW 
To provide sufficient muon flux for either a MC or NF 

will require a high power proton driver over 4 MW of 
beam power at some energy greater than 6 GeV. 

Intense proton bunches are tightly focused onto a tar-
get capable of many MW operation to produce an in-
tense pion beam. The pions are captured in a strong so-
lenoidal field where they decay into muons (and neutri-
nos). At the end a 40 m pion decay channel the muon 

beam has transverse normalized emittances of around 
40,000 mm-mr and is spread in time over tens of ns. The 
transverse dimensions of the beam must be cooled to be 
small enough and bunches must formed to fit into rea-
sonable accelerating structures. For a MC, this is about a 
factor of a thousand in each transverse plane, or a factor 
of a million in six-dimensional emittance reduction  

3 GEV LINEAR PRE-ACCELERTOR 
A single-pass linac “pre-accelerator” raises the beam 

energy to 3 GeV. This makes the muons sufficiently 
relativistic to facilitate further acceleration in a RLA. In 
addition, the longitudinal phase space volume is adia-
batically compressed in the course of acceleration [1]. 
The large acceptance of the pre-accelerator requires 
large aperture and tight focusing at its front-end. Given 
the large aperture, tight space constraints, moderate 
beam energies, and the necessity of strong focusing in 
both planes, we have chosen solenoidal focusing for the 
entire linac [3]. The beam size is adiabatically damped 
with acceleration, and that allows the short cryo-modules 
to be replaced with the intermediate 

 

 
Figure 1:  Transverse optics– uniform periodic focusing with 12 short, 18 medium, and 22 long cryo-modules. 

 
and finally long cryo-modules as illustrated in Fig. 1. In 
the initial part of the linac, when the beam is still not 

completely relativistic, the offcrest causes synchrotron 
motion which allows bunch compression in both length 
and momentum spread. The synchrotron motion also sup-
presses the sag in acceleration for the bunch head and tail. 

 ___________________________________________  

*Supported in part by US DOE-STTR Grant DE-FG02-08ER86351 and
JSA DOE Contract No. DE-AC05-06OR23177 
♦bogacz@jlab.org 
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There is a 0.4% beam loss coming mainly from particles 
at the longitudinal phase space boundary.  

MULTI-PASS LINAC OPTICS 
The superconducting accelerating structure is by far the 

most expensive component of the accelerator complex. 
Maximizing the number of passes in the RLA can signifi-
cant lower the cost [2] of the overall acceleration scheme. 

There are two notable advantages of the ‘Dogbone’ 
configuration compared to the ‘Racetrack’: better orbit 
separation at the linac ends resulting from larger (factor of 
two) energy difference between two consecutive linac 
passes. Furthermore, more favorable optics solution for 
simultaneous acceleration of both μ± species can be sup-

ported by the ‘Dogbone topology’, which allows both 
charge species to traverse the RLA linac in the same di-
rection.  

The key element of the transverse beam dynamics in a 
multi-pass ‘Dogbone’ RLA is an appropriate choice of 
multi-pass linac optics. Since the beam is traversing the 
linac in both directions throughout the course of accelera-
tion, one would like to maintain a 90° phase advance per 
cell for the lowest energy pass (the initial half-pass) by 
scaling the quad gradients with increasing energy along 
the linac. In order to mitigate the beta beating due to re-
duced focusing for the subsequent passes, the other half of 
the linac would have the inverted scaling of the quadru-
pole gradients, as illustrated in Figure 3. 

4 GeV/pass

3 GeV

33  GeV

 
Figure 2:  The RLA layout features a ‘Dogbone’ based on a 250 meter long linac (20 FODO; 4 RF cavities/cell). 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3:  Bisected linac Optics – mirror symmetric quadrupole gradient profile minimizing under-focus beta beating.  
 
Now we consider a ‘Pulsed’ linac Optics for the same 

RLA layout. Here we assume a time varying quad 
strength in the RLA linac described in the previous sec-
tion. A feasible quad pulse would assume a 500 Hz cycle 
ramp with the top pole field of 1 Tesla. That would trans-
late to a maximum quad gradient of Gmax =2 kGauss/cm 

(5 cm bore radius) ramped over τ = 1 ms from the initial 
gradient of G0 =0.1 kGauss/cm.  
Figure 4 illustrates the multi pass optics for the pulsed 
linacs. As one can see below, there is sufficient phase 
advance to support up to 12 passes. 

 

Pass 8 (31-35 GeV):   Fixed       Pulsed 
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Pass 12 (47-51 GeV):   Fixed       Pulsed 
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Figure 4:  The 8-th pass and the last one (12-th) of the ‘fixed’ vs ‘pulsed’ linac optics - additional 4 passes gained. 

 
‘DROPLET’ ARCS 

In a ‘Dogbone’ RLA one needs to separate different en-
ergy beams coming out of a linac and to direct them into 
appropriate ‘droplet’ arcs for recirculation [1]. Rather than 
suppressing horizontal dispersion created by the Spreader, 
it is smoothly matched to the horizontal dispersion of the 
outward 600 arc. Then by the appropriate pattern of re-

moved dipoles in three transition cells, one ‘flips’ the dis-
persion for the inward bending 3000 arc, etc. The entire 
‘droplet’ Arc optics architecture is based on 900 betatron 
phase advance cells with uniform periodicity of Twiss 
functions. The resulting ‘droplet’ Arc optics based on 
FODO focusing [2] is illustrated along with its ‘footprint’ 
in Figure 5. 
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Figure 5:  ‘Droplet’ Arc optics and its ‘footprint’ − uniform periodicity of beta functions and dispersion.  
 

MULTI-PASS FFAG ARCS 
Usage of pulsed quad focusing in the linac increased 

number of passes significantly, leading to cost savings. 
However, one needs to separate different energy beams 
coming out of a linac and to direct them into appropriate 
droplet-shaped arcs for recirculation. Each pass through 
the linac would call for a separate fixed energy droplet 
arc, increasing the complexity of the RLA. We also con-
sider a novel return-arc optics design [4,5] based on a 
Non-Scaling Fixed Field Alternating Gradient (NS-
FFAG) lattice, which allows two (potentially even more) 
consecutive passes with very different energies to be 
transported through the same string of magnets.  

CONCLUSIONS 
Recirculating Linear Accelerators (RLAs) can provide 

exceptionally fast and economical muon acceleration. 
They are limited to the extent that the focusing range of 
the RLA quadrupoles allows each muon to pass several 
times through each high-gradient cavity and by the return 

arcs. The new concepts of rapidly changing the strength 
of the RLA focusing quadrupoles and use beta function 
beating as the muons gain energy has been developed that 
significantly increases the number of passes that each 
muon will make in the RF cavities 

A droplet arc design based on a NS-FFAG lattice has 
been developed to transport muon beams of two passes 
for both charge species. This lowers the number of arcs 
and eases the design of a muon RLA. A droplet arc based 
on NS-FFAG lattice, allowing two consecutive passes 
with different energies to be transported through the same 
beamline is being considered.  

REFERENCES 
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MULTIPASS MUON RLA RETURN ARCS  
BASED ON LINEAR COMBINED-FUNCTION MAGNETS* 

V.S. Morozov#, S.A. Bogacz, Y.R. Roblin, Jefferson Lab, Newport News, VA, USA 
K.B. Beard, Muons, Inc., Batavia, IL, USA

Abstract 
Recirculating Linear Accelerators (RLA) are an 

efficient way of accelerating short-lived muons to the 
multi-GeV energies required for Neutrino Factories and 
TeV energies required for Muon Colliders. In this paper 
we present a design of a two-pass RLA return arc based 
on linear combined function magnets, in which both 
charge muons with momenta different by a factor of two 
are transported through the same string of magnets. The 
arc is composed of 60�-bending symmetric super cells 
allowing for a simple arc geometry closing. By adjusting 
the dipole and quadrupole components of the combined-
function magnets, each super cell is designed to be 
achromatic and to have zero initial and final periodic orbit 
offsets for both muon momenta. Such a design provides a 
greater compactness than, for instance, an FFAG lattice 
with its regular alternating bends and is expected to 
possess a large dynamic aperture characteristic of linear-
field lattices. 

INTRODUCTION 
Figure 1 shows a schematic layout of a dog-bone-

shaped muon RLA [1] consisting of a single linac with 
droplet return arcs. Reusing the same linac for multiple 
beam passes provides for a more compact accelerator 
design and leads to significant cost savings. In the 
conventional scheme with separate return arcs, different 
energy beams coming out of the linac are separated and 
directed into appropriate arcs for recirculation. Each pass 
through the linac requires a separate fixed-energy arc, 
increasing the complexity of the RLA. We present a novel 
return-arc optics design based on linear combined 
functions magnets with variable dipole and quadrupole 
field components, which allows two consecutive passes 

with very different energies to be transported through the 
same string of magnets. 

In the scheme illustrated in Fig. 1, a 0.9 GeV/c muon 
beam is injected in the middle of a 0.6 GeV/pass linac. 
The linac is then traversed by the beam four times. 
Therefore, one of the return arcs accommodates 1.2 and 
2.4 GeV/c muon momenta, while the other arc 
accommodates 1.8 and 3.0 GeV/c momenta. The two arcs 
can be designed using the same approach. Below we will 
focus our discussion on the 1.2/2.4 GeV/c arc whose 
design is somewhat more challenging due to the greater 
fractional momentum difference of the two passes. 

OPTICS DESIGN 
Arc Design Concept 

Each droplet arc consists of a 60� outward bend, a 300� 
inward bend and another 60� outward bend so that the net 
bend is 180�. This arc geometry has the advantage that if 
the outward and inward bends are composed of similar 
cells, the geometry automatically closes without the need 
for any additional straight sections, making it simpler and 
more compact. 

The super cells constituting the arc are designed to 
satisfy the following basic conditions: 

� Each super cell possesses periodic solutions for the 
orbit and the Twiss functions. 

� At the beginning and at the end of each super cell, 
the periodic orbit offset, dispersion and their slopes 
are all zero. 

These conditions are met at both momenta. The former 
condition ensures that the super cells bending in the same 
direction are optically matched while the latter one  
 

 

 
Figure 1: Schematic layout of a 4.5-pass 3.6 GeV/c muon RLA. 

 
ensures optical matching of the cells bending in the 
opposite directions. The latter condition also implies that 
the beam is centered in the linac and that the linac is 
dispersion free. 

___________________________________________  
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Linear Optics 
We earlier developed a linear optics solution for a 

multi-pass arc [2-4] based on the conventional linear  
NS-FFAG lattice [5]. The disadvantage of such a 
conventional FFAG approach is an inefficient usage of 
the channel’s length due to the alternating outward-
inward-outward bends in the underlying triplet structure. 
In other words, bending the beam by a certain net angle 
requires a total bend of three times that angle. That made 
the multi-pass arc very long and hard to compete with the 
separate arc solution. In the design presented in this 
paper, we deviate from the conventional FFAG scheme 
by not requiring regular alternating bends.  

A solution satisfying the requirements discussed in the 
section above can be obtained using only same-direction 
bends, which can shorten the arc by almost a factor of 3. 
However, in our parameter range of relatively low 
energies and large momentum ratio such a solution would 
still not be optimal in terms of the channel length and 
magnet parameters. The number of magnets required to 
meet all of the requirements would make the channel 
unnecessarily long. Therefore, we introduce another 
innovation to increase the number of available parameters 
without increasing the number of magnets. We make the 
bending angle of each combined function magnet variable 
with a constraint that the bending angles of all magnets in 
a super cell must add up to the required fixed total bend. 
Such a solution combines compactness of the design with 
all the advantages of our earlier linear NS-FFAG  
solution [4], namely, large dynamic aperture and 
momentum acceptance essential for large-emittance muon 
beams, no need for a complicated compensation of non-
linear effects, simpler combined-function magnet design 
with only dipole and quadrupole field components, etc. 

To study the optics for large momentum offsets, we 
used the Polymorphic Tracking Code (PTC) module of 
MAD-X [6]. While perturbative method codes are not 
suitable for such a study, PTC allows symplectic 
integration through all elements with user control over the 
precision with full or expanded Hamiltonian. 

We assume that the arc is composed of identical super 
cells. In our energy range, we use the maximum possible 
bend of 60� per super cell to have the largest possible 
number of magnets in the super cell and therefore the 
largest number of free parameters for optics tuning. The 
super cell consists of 24 combined function magnets with 
dipole and quadrupole field components. The magnets are 
0.5 m long and are separated by 0.2 m gaps. The total arc 
length is 117.6 m. 

Due to the arc’s geometric closing, the first and the last 
few magnets of the arc overlap. These magnets cannot 
contain quadrupole field components because the 
symmetry would otherwise lead to the quadrupole fields 
having opposite slopes in the overlapping magnets. 
Therefore, we keep the first two magnets of each super 
cell as pure dipoles. Their bending angles are fixed and 
are chosen to provide a sufficient separation of the 
incoming and outgoing higher-momentum beam while 

keeping the separation of the lower and higher-
momentum beams within acceptable limits. Also based on 
these considerations, we choose the higher 2.4 GeV/c 
momentum as the reference momentum going through the 
magnet centers. The beam trajectories at the beginning of 
the arc are shown in Fig. 2. 

The super cell is symmetric with respect to its center. 
Therefore, out of the 24 magnets constituting the super 
cell, 12 are independent. As discussed above, 2 of these 
magnets are pure dipoles with a fixed bending angle of 6� 
each. The remaining 10 magnets each have variable 
dipole and quadrupole field components with a constraint 
that the bending angles of all super cell’s magnets add up 
to a net bend of 60�. This gives a total of 19 independent 
parameters. 

When solving for the periodic orbit and the periodic 
Twiss functions of the super cell, the initial values of the 
orbit offset, dispersion, their slopes and the alpha 
functions were all set to zero at both momenta. The initial 
values of the horizontal and vertical beta functions were 
set to 2 m at both momenta to provide easy matching to 
the linac and to keep the peak values of the beta functions 
inside the super cell at an acceptable level. The 19 
independent parameters discussed above were then 
adjusted to give zero slopes of the orbit offset, dispersion 
and beta functions at the center of the super cell at the two 
momenta. The super cell’s symmetry then ensures the 
appropriate properties at the super cell’s exit. Since the 
2.4 GeV/c beam goes through the magnet centers, its 
periodic orbit by definition has zero offset everywhere. 
This results in a total of 7 constraints. The extra free 
parameters were used to control the maximum values of 
the orbit deviation, beta functions and dispersion. In terms 
of magnetic field requirements, the maximum needed 
dipole field is about 1.7 T while the maximum quadrupole 
gradient is about 28 T/m. Figures 3 and 4 show solutions 
for the periodic orbit, dispersion, and beta functions of the 
outward-bending super cell at 1.2 and 2.4 GeV/c, 
respectively. An inward-bending super cell is identical to 
the outward-bending cell except that its bends are 
reversed. 

 

 

Figure 2: Beginning of the arc with the pure dipoles 
acting as a spreader/ recombiner of the different momenta 
trajectories. 
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Figure 3: 1.2 GeV/c periodic orbit, dispersion (top) and 
beta functions (bottom) of the outward bending super cell. 

 

 

Figure 4: 2.4 GeV/c periodic orbit, dispersion (top) and 
beta functions (bottom) of the outward bending super cell. 

 
Figure 5 shows geometric layouts of the 1.2 and  

2.4 GeV/c closed periodic orbits. The displacement of the 
1.2 GeV/c orbit was enhanced by a factor of 10. Note that 
because of the varying bending angles, the arc is not 
perfectly circular. The largest orbit separation occurs only 
in a small number of magnets and is caused by the 
necessity to spread/recombine the different momenta 
orbits at the beginning of the arc. The maximum orbit 

deviation is reduced for smaller momentum ratios such as 
that of the 1.8/3.0 GeV/c arc. 

At few-GeV energies muons are not ultra-relativistic; 
there is a non-negligible difference in the speeds of 1.2 
and 2.4 GeV/c muons. Because of the short arc 
circumference it was not possible to compensate the time 
of flight difference by adjusting the path lengths. One can 
attain an appropriate synchronization with the linac by 
placing a path-length chicane in front of the arc. Such a 
chicane would have a cumulative effect on the opposite-
direction passes. 

We are currently studying the dynamic aperture and 
momentum acceptance of the arc. Earlier studies with a 
similar linear lattice yielded promising results [4]. We 
will investigate chromatic effects and if necessary, 
implement their control and compensation. Another 
important aspect that requires investigation is the design 
sensitivity to magnet misalignments and magnetic field 
errors. Establishing tolerance levels on these errors is 
crucial for the costing of large aperture magnets. 

 

 

Figure 5: Horizontal (top) and vertical (bottom) 
maximum-amplitude stable phase-space trajectories for 
the linear and non-linear NS-FFAG designs. 
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RECENT PROGRESS TOWARD A MUON RECIRCULATING LINEAR 
ACCELERATOR* 

S. A. Bogacz, V. S. Morozov, Y. R. Roblin, Thomas Jefferson National Accelerator Facility, 
Newport News, VA, USA 

K. B. Beard, Muons, Inc., Batavia, IL, USA 
A. Kurup, M. Aslaninejad, C. Bonţoiu, J. K. Pozimski 

Imperial College of Science and Technology, Department of Physics, London, United Kingdom 
 
Abstract 

Both Neutrino Factories (NF) and Muon Colliders 
(MC) require very rapid acceleration due to the short 
lifetime of muons. After a capture and bunching section, a 
linac raises the energy to about 900 MeV, and is followed 
by one or more Recirculating Linear Accelerators (RLA), 
possibly followed by a Rapid Cycling Synchnotron (RCS) 
or Fixed-Field Alternating Gradient (FFAG) ring. A RLA 
reuses the expensive RF linac section for a number of 
passes at the price of having to deal with different 
energies within the same linac. Various techniques 
including pulsed focusing quadruopoles, beta frequency 
beating, and multipass arcs have been investigated via 
simulations to improve the performance and reduce the 
cost of such RLAs. 

BACKGROUND 
A  neutrino factory and muon collider share many of 

the same challenges; both must generate pions, then 
collect muons of both signs from pion decay at relatively 
low energy, then very quickly accelerate them before the 
muons all decay.  Their acceleration schemes are not 
quite identical, as the emittance of the beams may not be 
the same, but most of the features discussed here are 
applicable to both. 

A Recirculating Linear Accelerator (RLA) passes 
particles through the same linac multiple times.   To 
maintain a sufficient focusing on subsequent passes, we 
investigated using rapidly ramped quadruopoles [2], but 
found that for this application beta frequency beating [3] 
alone was a sufficient solution. 

INTERNATIONAL DESIGN STUDY 
The International Design Study for the Neutrino 

Factory (IDS-NF) baseline design involves a complex 
chain of accelerators including a single-pass prelinac, two 
recirculating linacs (RLA) and a fixed field alternating 
gradient accelerator (FFAG).[1]  As part of the study, our 
group simulated the muon acceleration from  0.2 to 12.6 
GeV using OptiM [4], Elegant [5] and G4beamline [6] in 
the prelinac and RLAs. 

The baseline design will evolve in light of recent 
measurements, but the current design was basis for this 
work. 

Prelinac 
The first linac follows the capture and bunching section 

and accelerates muons of both signs from about 244 to 
900 MeV [7][8] total energy.  It must accept a high 
emittance beam about 30 cm wide with a 10% energy 
spread.[9] This linac uses counterwound, shielded 
superconducting solenoids and 201 MHz superconducting 
cavities. The prelinac uses two types of cryomodules, 
both with a bore radius of 23 cm.  The first is 3m long 
with a single RF cell, while the second is 5m long with a 
double RF cell. 

 

 
Figure 1a: G4beamline model of a 3m prelinac 
cryomodule. 

 

 
Figure 1b: G4beamline model of a 5m prelinac 
cryomodule. 

 

 
Figure 1c: OptiM model of the prelinac. 

 

Chicane 
The current chicane separates the μ± with a dipole, then 

each is directed down 1.75m into the plane of RLA I, then 
directed by dipoles into the middle of the linac.  On 

____________________________________________  
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subsequent passes, the injection dipole separates the 
returning μ±, so a mini-chicane in the linac is used to 
correct the paths.  

 

 

 
Figure 2a: G4beamline model of the prelinac to RLA I 
chicane. 

 
Figure 2b: OptiM model of the prelinac to RLA I chicane. 
 
 

The current version of the chicane was found to 
interfere mechanically with the cryomodules and is being 
redesigned. 

RLA I 
RLA I is a 4½  pass 0.6 GeV/pass RLA which takes the 

beam from 0.9 to 3.6 GeV.   To preserve the symmetry 
for the beta beating technique, the beam is injected into 
the middle of the linac.   The strength of the quadrupoles 
is set with their gradients decreasing roughly linearly with 
distance from the middle of the linac.  The beta functions 
then oscillate, but remain reasonable at the entrances to 
the arcs. 

 
Figure 3a.  Increasing quadrupole strength with distance 
to center of linac and 1st whole pass beta functions. 

 
Figure 3b.  Beta beating in the RLA I linac for all passes. 

There are 2 teardrop-shaped arcs at either end of the 
linac; each arc is matched to the beta function at that exit 
of the linac for its pass.  Muons of opposite sign travel in 
the same direction through the linac and in opposite 
directions around the arcs.   To avoid interference, dipoles 
lift the plane of the lower energy arc by 1m.  The beam in 
then extracted at the end of the linac. 

 

 
Figure 4a: Top and side views of a G4beamline model of 
the RLA I arcs#1 (1.2 GeV) and #3 (2.4 GeV). 
 

 
Figure 4b: OptiM model of  RLA I arc #1 and #3. 
  
Each switchyard only accommodates only 2 momenta. 
 

 
Figure 5.  G4beamline model of RLA I switchyard for 
arc#1 and #3. 

 

RLA II 
RLA I is followed by very similar, but larger, 4½ pass 

2 GeV/pass RLA II that takes the beam from 3.6 to 12.6 
GeV.
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Table 1: RLA I and II Properties 

 
RLA 

I Lcell Ldipole 
RLA 

II Lcell Ldipole 

 GeV m m GeV m m 

enter 0.9   3.6   

linac 0.6 6.0  2.0 12.0  

arc1 1.2 6.0 1.0 4.6 12.0 2.0 

arc2 1.8 7.0 1.5 6.6 14.0 3.0 

arc3 2.4 8.0 2.0 8.6 16.0 4.0 

arc4 3.2 9.0 2.5 10.6 18.0 5.0 

exit 3.6   12.6    

MULTIPASS ARCS 
If two arcs could be replaced by a single arc that could 

transport two very different momentum beams, the RLA 
could be greatly simplified by eliminating the one arc’s 
chicanes and the most of the switchyard.   

While the concept of a multipass arc is described in 
detail elsewhere [10], a brief description is given here.  
The arc is built of cells, and those cells are constructed of 
linear combined-functions magnets with variable dipole 
and quadrupole field components.  Those components and 
magnet orientations are adjusted to control the optics of 
the multiple passes.  Unlike a fixed field alternating 
gradient design, opposing bends are not required. 

The cells are set such that the dispersion and 
displacement is zero at the end of each cell and the beta 
functions are the same and match that of the linac for each 
pass.  A prototype system using multipass arcs is being 
considered .[11] 
  

 
Figure 6.  Multipass arc with orbits. 

 
 

FUTURE WORK 
Very recent results have significantly altered the 

requirements for a neutrino factory.[12]  The final energy 
is now expected to be 10 GeV, so the RLAs would 
directly feed the decay ring, eliminating the need for a 
synchrotron to follow the RLAs.  This will require a re-
optimization of both the current prelinac and RLA 
designs. 
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SCALED ELECTRON MODEL OF A DOGBONE MUON RLA WITH 
MULTI-PASS ARCS * 

S.A. Bogacz#, A.M. Hutton, G.A. Krafft, V.S. Morozov, Y.R. Roblin, Jefferson Lab, Newport News, 
VA, USA 

K.B. Beard, R.P. Johnson Muons, Inc., Batavia, IL, USA

Abstract 
The design of a dogbone Recirculated Linear 

Accelerator, RLA, with linear-field multi-pass arcs was 
earlier developed [1] for accelerating muons in a Neutrino 
Factory and a Muon Collider. It allows for efficient use of 
expensive RF while the multi-pass arc design based on 
linear combined-function magnets exhibits a number of 
advantages over separate-arc or pulsed-arc designs. Such 
an RLA may have applications going beyond muon 
acceleration. This paper describes a possible 
straightforward test of this concept by scaling a GeV scale 
muon design for electrons. Scaling muon momenta by the 
muon-to-electron mass ratio leads to a scheme, in which a 
4.5 MeV electron beam is injected at the middle of a 3 
MeV/pass linac with two double-pass return arcs and is 
accelerated to 18 MeV in 4.5 passes. All spatial 
dimensions including the orbit distortion are scaled by a 
factor of 7.5, which arises from scaling the 200 MHz 
muon RF to the frequency readily available at CEBAF: 
1.5 GHz. The footprint of a complete RLA fits in an area 
of 25 by 7 m. The scheme utilizes only fixed magnetic 
fields including injection and extraction. The hardware 

requirements are not very demanding, making it 
straightforward to implement. 

MUON RLA WITH TWO-PASS ARCS 
A schematic layout of a dogbone-shaped muon RLA, 

proposed for future Neutrino Factory [2] is illustrated in 
the top portion of Fig. 1. Reusing the same linac for 
multiple (4.5) beam passes provides for a more compact 
accelerator design and leads to significant cost savings. In 
the conventional scheme with separate return arcs [3], 
different energy beams coming out of the linac are 
separated and directed into appropriate arcs for 
recirculation. Therefore, each pass through the linac 
would require a separate fixed-energy arc, increasing the 
complexity of the RLA. We propose a novel return-arc 
optics design based on linear combined function magnets 
with variable dipole and quadrupole field components, 
which allows two consecutive passes with very different 
energies to be transported through the same string of 
magnets [4]. 

 

 

Figure 1: Schematic layout of a GeV-scale muon RLA with two-pass return arcs. A path to an ‘electron model’ is 
outlined: scaling 3.6 GeV muon RLA to 18 MeV model and replacing 200 MHz RF with a 1.5 GHz CEBAF cavity. 
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SCALED DOWN ELECTRON MODEL 
Here, we propose a straightforward test of this concept 

by scaling the above GeV-scale muon RLA design for 
electrons. Scaling muon momenta by the muon-to-
electron mass ratio (~ 200) yields a scheme, in which a 
4.5 MeV electron beam is injected into the middle of a 3 
MeV/pass linac with two double-pass return arcs and then 
is accelerated to 18 MeV in 4.5 passes.  

The second scaling, would involve replacing the 
original low frequency (200 MHz) RF, required to 
accommodate inherently long muon bunches, with readily 
available high frequency CEBAF RF (1.5 GHz). All 
spatial dimensions including the orbit distortion would 
then scale down by the ratio of the two frequencies (factor 
of 7.5). As a consequence, the scaled down electron 
model would fit in a modest test cave of 25 by 7 meters. 

For the remainder of this paper, we will describe the 
principle of multi-pass arc architecture, a possible magnet 
design and field requirements, as well as a complete 
conceptual RLA design. 

MULTI-PASS ARC OPTICS 
Design Concept 

The droplet arc design consists of super cells, which are 
required to satisfy the following basic conditions at two 
discrete energies (6 and 12 MeV): 

 Each super cell exhibits periodic solutions for the 
orbit and the Twiss functions. 

 At the beginning and at the end of each super cell, 
the periodic orbit offset, dispersion and their slopes 
are all zero. 

The first condition ensures that the super cells bending in 
the same direction are optically matched while the second 
one provides optical matching of the cells bending in the 
opposite directions. The second condition also implies 
that the beam is centered in the linac and that the linac is 
dispersion free. 

Linear Optics 
Optics solution satisfying the above conditions can be 

obtained using only same-direction bends, which 
significantly shortens the arc (by almost a factor of 3) 
compared to the conventional linear NS-FFAG lattice [5], 
which involves alternating the ‘outward-inward-outward’ 
bends in the underlying triplet structure. We make the 
bending angle of each combined function magnet variable 
with a constraint that the bending angles of all magnets in 
a super cell must add up to the required fixed total bend. 
Such a solution combines compactness of the design with 
all the advantages of a linear NS-FFAG [6], namely, large 
dynamic aperture and momentum acceptance essential for 
large-emittance muon beams, no need for a complicated 
compensation of non-linear effects, simpler combined-
function magnet design with only dipole and quadrupole 
field components. We use the maximum possible bend of 
60  per super cell to accommodate the largest possible 

number of magnets in the super cell and therefore to have 
the largest number of free parameters for optics tuning. 
The extra free parameters were used to control the 
maximum values of the orbit deviation, beta functions and 
dispersion. Figure 2 shows solutions for the periodic orbit 
and dispersion of the outward-bending super cell at 6 and 
12 MeV/c, respectively. An inward-bending super cell is 
identical to the outward-bending cell except that its bends 
are reversed. The super cell consists of 24 combined 
function magnets with dipole and quadrupole field 
components. The magnets are 6.5 cm long and are 
separated by 3 cm gaps. The total arc length is 16 m. In 
terms of magnetic field requirements, the maximum 
needed dipole field is about 650 Gauss while the 
maximum quadrupole gradient is about 850 Gauss/cm.  

 

 

Figure 2: 6 MeV (top) and 12 MeV (bottom) periodic 
orbits and dispersions of the outward bending super cell. 

 

Figure 3: Layout of the 6 and 12 MeV reference orbits. 
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Fig. 3 illustrates geometric layouts of the 6 and 12 MeV 
closed periodic orbits. Note that because of the varying 
bending angles, the arc is not perfectly circular. The 
largest orbit separation occurs only in a small number of 
magnets and is caused by the necessity to 
spread/recombine the different momenta orbits at the 
beginning of the arc.  

ARC TO MULTI-PASS LINAC MATCHING  
As a proof-of-principle, one can design a multi-pass 

linac with energy gain of 3 MeV per pass, which is 
matched by-design to previously described two-pass arcs 
for both passes simultaneously. As described in [3] the 
above multi-pass linac optics can be accomplished by 
appropriately ‘tailored’ focusing profile along the linac - 
the strengths of individual linac’s fixed-field quadrupoles. 
Here, they are treated as free parameters used to control 
the beta functions at linacs ends for all consecutive 
passes. The proof-of-principle solution [4] was designed 
by modifying the so-called bi-sected linac profile [3], 
where the quadrupole strengths increase linearly (in a 
mirror-symmetric fashion) from the linac’s center toward 
the ends.  

MAGNET DESIGN AND FIELD QUALITY  
Design Choice 

Each of 7 super-periods required to complete the 
droplet arc is configured with 24 individual combined 
function magnets: 6.5 cm in length and with 5 cm of the 
horizontal aperture. These magnets will be mounted on a 
rectangular vacuum chamber; 2.3 meter long and shaped 
into a 600 arc. As for the magnet design, a combined 
function Panofsky quadrupole with integral dipole 
windings, similar to Jlab’s FEL design [7], provides a 
very attractive solution for an independent electrical 
control of both the magnetic field and its gradient.  

 

Figure 4: Quadrupole and Dipole Current Flows [7]. 

Relatively weak magnets, satisfying our strength 
requirements, can be built ‘flattened’ with no compromise 
to their field gradient uniformity and have a window 
frame-like yoke that, at full quadrupole current, is not 
near saturation [7]. Superposition of a dipole onto the 
Panofsky quad adds current to one of the four coils and 
subtracts it from its opposing coil. This is accomplished 
by adding variable current coils to the vacant corners of 
the original Panofsky design as illustrated in Fig. 4. 

Field Quality Requirements – Error Sensitivity 
The two-pass arc optics, illustrated in Fig. 2, was 

checked for error sensitivity. We launched a mini Monte 
Carlo simulation by creating 25 virtual arc lattices with 
statistically distributed magnet mis-alignment (200 m, 
rms, displacement error) as well as magnet mis-powering 
(with 10-4 relative field error,  rms) for both the dipole 
and quadrulpole components. Using pairs of horizontal 
and vertical correctors placed after each magnet the 
resulting orbit deviation was steered back to to the design 
orbit within 20 m level, which corresponds to the 
accuracy of the orbit measurement (BPM accuracy). 

CONCLUSIONS  
We propose a straightforward test of a GeV scale muon 

RLA by scaling the muon design for electrons (via the 
muon-to-electron mass ratio). Presented ‘electron model’ 
features: a 4.5 MeV electron beam injected at the middle 
of a 3 MeV/pass linac with two double-pass return arcs, 
The beam is accelerated to 18 MeV in 4.5 passes. All 
spatial dimensions of the full scale RLA are shortened by 
a factor of 7.5, as a consequence of using a readily 
available 1.5 GHz CEBAF cavity, rather than the original 
200 MHz RF. The footprint of a complete RLA ‘demo’ 
fits in an area of 25 by 7 m. The scheme utilizes only 
fixed magnetic fields including injection and extraction. 
Engineering design and fabrication of linear-field 
combined-function magnets does not seem to present a 
challenge [7].  
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Linear fixed-field multipass arcs for recirculating linear accelerators
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Recirculating linear accelerators (RLA’s) provide a compact and efficient way of accelerating particle

beams to medium and high energies by reusing the same linac for multiple passes. In the conventional

scheme, after each pass, the different energy beams coming out of the linac are separated and directed into

appropriate arcs for recirculation, with each pass requiring a separate fixed-energy arc. In this paper we

present a concept of an RLA return arc based on linear combined-function magnets, in which two and

potentially more consecutive passes with very different energies are transported through the same string of

magnets. By adjusting the dipole and quadrupole components of the constituting linear combined-function

magnets, the arc is designed to be achromatic and to have zero initial and final reference orbit offsets for

all transported beam energies. We demonstrate the concept by developing a design for a droplet-shaped

return arc for a dogbone RLA capable of transporting two beam passes with momenta different by a factor

of 2. We present the results of tracking simulations of the two passes and lay out the path to end-to-end

design and simulation of a complete dogbone RLA.

DOI: 10.1103/PhysRevSTAB.15.060101 PACS numbers: 29.20.Ej, 29.27.Eg, 41.75.�i, 41.85.Ja

I. INTRODUCTION

Reusing the same linac in a recirculating linear accelera-
tor (RLA) [1] for multiple beam passes provides for a more
compact accelerator design and leads to significant cost
savings. In a conventional RLA [2], the different-energy
passes coming out of the linac are separated and directed
into individual return arcs for recirculation. Thus, each pass
through the linac requires a separate fixed-energy arc, in-
creasing the complexity of theRLA. Themaximumnumber
of passes through the RLA’s linac is often limited by design
considerations for the switch-yard, which first spreads the
different-energy passes to go into the appropriate arcs and
then recombines them to align the beam with the linac axis.
In this paper, we present a return-arc design concept, which
allows two and potentially more consecutive passes with
very different energies to be transported through the same
string of magnets. In the proposed design, the arc is built of
linear combined-functions magnets with variable dipole
and quadrupole field components, which are adjusted to
control the optics of the multiple passes.

Themultipass arc design has a number of advantages over
separate-arc [2] or pulsed-arc [3] approaches. It eliminates
the need for a complicated switch-yard, it reduces the total
beam-line length, there is no need to accommodate multiple
beam lines in the same tunnel or construct separate tunnels
for individual arcs, and there is no need for vertical bypasses,
which may be required for separate arcs complicating the

optics. This helps to increase the number of passes through
the linac thus enhancing the top energy available with the
same-size footprint. The design employs only fixed-field
magnets, which alleviates the requirements on magnets
and power supplies and greatly simplifies injection and
extraction. The fixed-field design also allows for a rapid
continuous-wave (CW) acceleration. Another important
feature of the design is a large dynamic aperture character-
istic of linear-field lattices. It is fairly straightforward and
inexpensive to design and build linear-field combined-
function magnets even with relatively large apertures [4].
A dogbone-shaped RLA [5] with multipass arcs [6] was

initially proposed for accelerating muons in the future
Neutrino Factory and Muon Collider. Of all available
particle species, accelerating a muon beam is, perhaps,
the most challenging due to its large 6D emittance, short
muon lifetime, and the wish to accelerate both muon
charges in the same RLA simultaneously. Therefore, in
this paper, we will be paying special attention to muon
acceleration aspects. However, the multipass arc design
concept is also applicable to both dogbone and racetrack
RLA’s for electrons and ions. Besides high-energy physics,
such RLA’s can find uses in free electron lasers and as
accelerators for nuclear physics. Compact smaller-scale
RLA’s can benefit numerous applications [7–10] in indus-
try, material science, astrophysics, medical isotope produc-
tion, radiation cancer therapy, power generation, homeland
security, and many other areas.

II. DESIGN REQUIREMENTS

Our goal is to configure the arc’s magnetic structure so
that it can accommodate multiple beam passes with sub-
stantially different energies. Keeping the emphasis on
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muon beams, the following constraints are imposed on the
arc design.

(a) The arc’s magnetic optics must be mirror symmetric
for each pass, so that the beams of both charges can
propagate through the arc in opposite directions equiva-
lently. For a symmetric magnetic structure, this leads to the
linear optics requirement that, for all passes, the Twiss �
functions must be equal and have equal-magnitude
opposite-sign slopes (as a function of the longitudinal
coordinate) at the beginning and end of the arc:

�i
x;yB ¼ �i

x;yE; (1)

�i
x;yB ¼ ��i

x;yE; (2)

where �x;y and �x;y are the horizontal and vertical Twiss �

and � functions, respectively, subscripts B and E denote
the locations at the beginning and end of the arc, and
superscript i refers to the pass number.

(b) Assuming a flat horizontal arc, each pass’s reference
orbit must have zero horizontal offset x and zero slope x0
(the prime denotes a derivative with respect to the longi-
tudinal coordinate) at the beginning and end of the arc:

xiB ¼ xiE ¼ 0; (3)

x0iB ¼ x0iE ¼ 0; (4)

to ensure that all energy beams are centered inside the
linac.

(c) The horizontal dispersion Dx and its slope D0
x must

be zero at the beginning and end of the arc for all passes:

Di
xB ¼ Di

xE ¼ 0; (5)

D0i
x B ¼ D0i

x E ¼ 0; (6)

to keep the linac dispersion free.
(d) The times of flight or, equivalently, the path lengths

of the different-energy passes must provide proper syn-
chronization with the linac.

(e) The orbit offsets as well as beta functions and dis-
persion must be maintained within reasonable limits for all
energies to keep the magnet aperture sizes acceptable.

(f) The dynamic aperture and momentum acceptance at
all energies must be adequate for large-emittance beams
such as those of muons.

Since the arc’s magnetic structure is mirror symmetric,
if one chooses some values of �i

x;yB and �i
x;yB and sets

xiB ¼ 0, x0iB ¼ 0, Di
xB ¼ 0, and D0i

x B ¼ 0, it is sufficient to
require that, at the arc’s symmetry point,

�i
x;yS ¼ 0; (7)

x0iS ¼ 0; (8)

D0i
x S ¼ 0; (9)

where subscript S denotes the symmetry point location in
the middle of the arc. The conditions given by Eqs. (7)–(9)
impose a total of 4� i constraints. These constraints are
optimal from the point of view of matching to the linac,
however, they are not necessary requirements. We are
intentionally considering a conservative case with the
most constraints to illustrate the multipass arc concept.
Depending on a specific situation, one might also consider
relieving some of the constraints.
It is often convenient, especially for large arcs, to con-

struct the lattice of identical superperiods. One must then
apply the constraints of Eqs. (7)–(9) to each superperiod,
i.e., indices B, E, and S now refer to the beginning, end,
and symmetry point, respectively, of the superperiod. In
addition, to ensure proper matching between the super-
periods, one must set �i

x;yB ¼ 0. This is equivalent to

requiring that each superperiod has a periodic optics solu-
tion at each energy. Another advantage of this approach is
that, under the discussed constraints, superperiods bending
in opposite directions but otherwise identical are automati-
cally matched to each other. This allows, for instance,
construction of droplet-shaped return arcs, which include
outward- and inward-bending sections. Reversing all bends
in a superperiod preserves the linear optics but reflects the
signs of x andDx. Given the constraints of Eqs. (3), (5), and
(6), the opposite-bending periods are then still matched to
each other.
Note that the points between the superperiods are con-

venient locations for insertion of any additional straight
sections if needed because the dispersion there is sup-
pressed for all passes and all-energy beams are centered
in the beam line as per Eqs. (3), (5), and (6). Therefore,
only � function matching is required. Inserting same-
length straight sections between all superperiods also pre-
serves the arc’s overall geometry.

III. DESIGN APPROACH

We first considered an arc design based on a nonlinear
nonscaling fixed-field alternating-gradient (NS-FFAG) lat-
tice [11]. The underlying structurewas a triplet composed of
in-out-in-(out-in-out-)bending combined-function magnets
with fixed dipole and variable quadrupole, sextupole, and
octupole field components. Having a few multipole compo-
nents in each magnet provides a large number of knobs to
satisfy conditions (7)–(9). An appropriate optics solution
was demonstrated [6,12]; however, optimization of the non-
linear dynamics for multiple passes is rather challenging.
Therefore, we next investigated a linear NS-FFAG arc

design. The lattice structure was similar to that of the non-
linear solution but each combined-function magnet only
had fixed dipole and variable quadrupole field components.
A solution based on the linear NS-FFAG approach was also
demonstrated [13]. It had a number of advantages over the
nonlinear design: (i) much greater dynamic aperture char-
acteristic of linear-field lattices; (ii) simpler optimization of
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the nonlinear dynamics; (iii) simpler control of the refer-
ence orbit at each energy because of a lower sensitivity to
magnetic field parameters than in the nonlinear case, which
makes it easier to minimize the orbit excursion and adjust
the path-length/time-of-flight; (iv) simpler control over the
� functions and dispersion; (v) lower sensitivity to mag-
netic field errors and magnet misalignments and simpler
error correction; (vi) simpler combined-function magnet
design with dipole and quadrupole field components only.

Since each combined-function magnet now only had one
variable parameter, namely, the quadrupole strength, the
number of magnets had to be increased to provide enough
knobs to meet all of the constraints in Eqs. (7)–(9).
Furthermore, because of the mirror symmetry, only one-
half of the magnets in a superperiod are independent. This
made each superperiod longer and/or more finely struc-
tured. Another disadvantage shared by both the nonlinear
and linear NS-FFAG-based designs is an inefficient use of
the channel’s length due to the alternating in-out-in (or out-
in-out) bends in the underlying triplet structure, i.e., bend-
ing the beam by a certain net angle requires a total bend of
3 times that angle. This makes the NS-FFAG-based designs
relatively long and hard to compete with the separate-arc
arrangement. In the concept presented in this paper, we
deviate from the conventional FFAG scheme by not requir-
ing regular alternating bends.

A solution satisfying the requirements discussed in
Sec. II can be obtained using only same-direction bends,
which would shorten the arc by almost a factor of 3.
However, there is still the problem of the large number
of linear combined-function magnets required to satisfy
Eqs. (7)–(9). Therefore, we introduce another concept [14]
doubling the number of available parameters without in-
creasing the number of magnets. We make the bending
angles of some of the combined-function magnets variable
with a constraint that the bending angles of all magnets in a
superperiod must add up to a given fixed total bend:

X

n

�n ¼ �net ¼ const; (10)

where �n is the bending angle of nth magnet in the super-
period defined for a nominal-energy trajectory going along
the center of the magnet and �net is the superperiod’s total
bending angle. Note that the superperiod’s magnetic struc-
ture is maintained mirror symmetric, therefore, only a half
of the magnets in the superperiod can have independent

field parameters, namely, the bending angles and quadru-
pole strengths. Such an approach combines compactness
of the design with all of the above advantages of a linear
NS-FFAG scheme.

IV. LINEAR OPTICS

We demonstrate the multipass arc concept in application
to a proposed dogbone-shaped muon RLA [5] with two
double-pass droplet return arcs. In that scheme illustrated
in Fig. 1, both positively and negatively charged
0:9 GeV=c muon beams are injected in the middle of a
0:6 GeV=pass linac. The linac is then traversed by
the beams 4 times accelerating them to 3:6 GeV=c.
Therefore, one of the return arcs must accommodate 1.2
and 2:4 GeV=c muon momenta, while the other arc must
accommodate 1.8 and 3:0 GeV=c momenta. Since the two
arcs can be designed using the same approach, below we
focus our discussion on the 1:2=2:4 GeV=c arc whose
design is somewhat more challenging due to the greater
fractional momentum difference of the two passes.
Each droplet arc consists of a 60� outward bend, a 300�

inward bend, and another 60� outward bend so that the net
bend is 180�. This arc geometry has the advantage that, if
the outward and inward bends are composed of similar
cells, the geometry automatically closes without the need
for any additional straight sections, making it simpler and
more compact.
To study the optics for large momentum offsets, we used

the polymorphic tracking code (PTC) module [15] of
MAD-X [16]. While perturbative-method codes are not suit-

able for such studies, PTC allows symplectic integration
through all elements with user control over the precision
with full or expanded Hamiltonian.
We assume that the arc is composed of identical super-

periods. In our relatively low energy range, we use the
maximum possible bend of 60� per superperiod to have the
largest possible number of magnets in the superperiod and,
therefore, the largest number of free parameters for optics
tuning. The superperiod consists of 24 combined-function
magnets with dipole and quadrupole field components. For
this initial demonstration, we chose hard-edge sector mag-
nets because it is more straightforward to subdivide them
into thin slices for tracking. The magnets are 0.5 m long
and are separated by 0.2 m gaps. The total arclength is then
117.6 m. Note that, in practice, it is more convenient to use

FIG. 1. Schematic layout of a 4.5-pass 3:6 GeV=c muon RLA.
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rectangular magnets and there is no conceptual problem
with converting the magnet shape in the solution from
sector to rectangular. It is also straightforward to modify
the design to include realistic magnet fringe fields.

Because of the droplet arc’s geometric closing, the first
and last few magnets of the arc overlap. These magnets
cannot contain quadrupole field components because the
symmetry would otherwise lead to the quadrupole fields
having opposite slopes in the overlapping magnets.
Therefore, we keep the first two magnets of each super-
period as pure dipoles. Their bending angles are fixed and
are chosen to provide a sufficient separation of the incom-
ing and outgoing higher-momentum beam while keeping
the separation of the lower- and higher-momentum beams
within acceptable limits. Also based on these considera-
tions, we choose the higher 2:4 GeV=c momentum as the
reference momentum going through the magnet centers.

The beam trajectories at the beginning of the arc are
shown in Fig. 2. After the first two magnets, the distance of
about 33 cm between the incoming and outgoing
2:4 GeV=c orbits is perhaps enough to insert separate
magnets in the incoming and outgoing lines. For simplicity
and to illustrate our multipass concept more clearly, the
design presented in this paper is composed of identical
symmetric supercells, which means that there are pure
dipoles at the beginning and end of each supercell.
However, none of the arc’s inner magnets have to be pure
dipoles. This opens another avenue for design optimiza-
tion, in particular, one can reduce the orbit excursion and
therefore the required magnet apertures inside the arc.

Note that a racetrack geometry does not have the above
pure-dipole spreader/recombiner restriction, i.e., all mag-
nets in a racetrack arc can have both dipole and quadrupole
field components, which can help minimize the orbit ex-
cursion everywhere in the arc. Additionally, neither ge-
ometry requires that one of the passes has to go through the
magnet centers. A solution can be obtained when momenta
of all passes are different from the nominal center-line
momentum [13]. This might be particularly useful for
adjusting the path-lengths/times-of-flight of the different
passes for synchronization with the linac.

As discussed in Sec. II, each superperiod is symmetric
with respect to its center. Therefore, out of the 24 magnets
constituting the superperiod, 12 are independent. The first
two of these magnets are pure dipoles with fixed bending
angles of 6� each. The remaining 10 magnets each have
variable dipole and quadrupole field components with a
constraint of Eq. (10) on the bending angles that the super-
period’s net bend is 60�. This gives a total of 19 indepen-
dent parameters.
Following the description in Sec. II, when solving for the

1.2 and 2:4 GeV=c reference orbits and optics of the super-
period, the beginning values of the orbit offset (xiB), dis-
persion (Di

xB), their slopes (x0iB and D0i
x B), and the �

functions (�i
x;yB) were all set to zero for both momenta.

The initial values of the horizontal and vertical � functions
(�i

x;yB) were all set at 2 m for both momenta to provide

easy matching to the linac and to keep the peak values of
the � functions in the superperiod at acceptable levels. The
19 independent magnet parameters discussed above were
then tuned to meet the requirements of Eqs. (7)–(9), i.e., to
give zero slopes of the orbit offset, dispersion, and �
functions at the center of the superperiod for the two
momenta. The symmetry then ensures that Eqs. (3)–(6)
are satisfied at the superperiod’s exit.
Since the 2:4 GeV=c beam goes through the magnet

centers, its reference orbit by definition has zero offset
everywhere. This results in a total of 2 passes�
4 constraints=pass� 1 ¼ 7 constraints with 19 fitting pa-
rameters available. The extra free parameters were used to
control the maximum values of the orbit deviation, �
functions, and dispersion. The resulting magnet parameters
in the first half of the outward-bending superperiod are
listed in Table I. In terms of magnetic field requirements,
the maximum dipole field in Table I is about 1.7 Twhile the
maximum quadrupole gradient is about 28 T=m.
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FIG. 2. The apex of the droplet arc with the pure dipoles acting
as a spreader/recombiner of the different-momentum trajectories.

TABLE I. Bending angles �, bending radii �, dipole fields B,
and quadrupole strengths @By=@x of the magnets in the first half

of the outward-bending superperiod. The parameters are defined
with respect to the channel’s nominal axis coinciding with the
2:4 GeV=c reference orbit.

Magnet # � (�) � (m) B (T) @By=@x (T=m)

1 �6:000 4.775 �1:677 0.000

2 �6:000 4.775 �1:677 0.000

3 1.976 14.497 0.552 19.529

4 �5:008 5.720 �1:399 �24:584

5 �2:823 10.149 �0:789 28.342

6 �2:572 11.140 �0:719 �22:321

7 0.501 57.222 0.140 21.206

8 �1:950 14.691 �0:545 �21:230

9 �1:763 16.245 �0:493 23.233

10 �2:472 11.588 �0:691 �27:653

11 �1:982 14.456 �0:554 24.536

12 �1:907 15.023 �0:533 �18:612
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Figures 3 and 4 show 1.2 and 2:4 GeV=c solutions,
respectively, for the periodic orbits, dispersion, and �
functions of an outward-bending superperiod. Since the
only difference of an inward-bending superperiod from
the outward-bending one is that its bends are reversed, its

optics is identical to Figs. 3 and 4 except that the signs of
the reference orbits and dispersion are flipped. The
1:2 GeV=c optics of a complete droplet arc is shown in
Fig. 5. It illustrates how the whole arc is built out of
individual outward- and inward-bending superperiods.
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Note, in particular, the matching points between the super-
periods bending in the same and opposite directions. The
2:4 GeV=c optics of a complete arcs can be constructed
similarly using the data in Fig. 4.

Figure 6 shows geometric layout of the 1.2 and2:4 GeV=c
reference orbits. The displacement of the 1:2 GeV=c orbit
was enhanced by a factor of 10. Note that because of the
varying bending angles, the arc is not perfectly circular.
The largest orbit separation of about 19 cm is determined
primarily by the necessity to spread/recombine the different-
momentum orbits at the beginning of the arc. It sets the
requirements on themagnet apertures. However, such a large
separation occurs only in a small number of magnets while
the remaining magnets may have smaller apertures. The
maximum orbit deviation is reduced for smaller momentum
ratios such as that of the 1:8=3:0 GeV=c arc.

The magnet parameters in Table I and the orbit offsets in
Figs. 3–5 are specified with respect to a nominal-
momentum trajectory, which defines the nominal axis of

the magnetic channel. As discussed above, the nominal
momentum in our case was set at 2:4 GeV=c. In practice,
however, the actual magnets do not have to be centered on
the channel’s nominal axis. In fact, to optimally use the
magnets’ good-field regions and minimize the required
apertures, the center of each physical magnet transversely
should be placed approximately halfway between the 1.2
and 2:4 GeV=c orbits. Linearity of the magnetic field
allows for a straightforward transformation of the dipole
component (the quadrupole component is unchanged) to
account for the transverse shift.

V. TRACKING RESULTS

To validate our linear optics design, we used the PTC
module of MAD-X to track a bunch of 3000 muons through
the droplet arc. The tracking results for the 1.2 and
2:4 GeV=c passes are shown in Figs. 7 and 8 respectively.
In each case, the initial bunch distribution was Gaussian
with no cross correlations between the 6D phase-space
coordinates. At each momentum, the horizontal "xN and
vertical "yN normalized rms emittances were both 30 mm

mrad, the rms bunch length �z was 1 cm, and the rms
relative momentum spread �p=p was 1� 10�3.
Figures 7 and 8 compare the horizontal (a), vertical (b),

and longitudinal (c) phase-space distributions of the initial
bunch (shown in blue) to those after the bunch’s single pass
through the complete droplet arc (shown in red). We inten-
tionally chose the values of the initial transverse and
longitudinal emittances at the levels where the bunch was
beginning to get deformed at 1:2 GeV=c to probe the limits
of the arc’s dynamic aperture and momentum acceptance.
Note, in particular, in Fig. 7(c) that the longitudinal dy-
namics starts getting affected by the amplitude path-length
dependence, which is a general problem of large-
transverse-emittance beams [17]. The particle transmission
rates (not including muon decay) were 92.8% at
1:2 GeV=c and 100% at 2:4 GeV=c.
The results shown in Figs. 7 and 8 indicate that, even

without any nonlinear optimization, the arc’s dynamic
aperture might be adequate for deeply cooled muon beams
[18,19]. To accommodate a large momentum spread char-
acteristic of muon beams, the arc’s longitudinal dynamics
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FIG. 6. Geometric layout of the 1.2 and 2:4 GeV=c reference
orbits. The displacement of the 1:2 GeV=c orbit is magnified by
a factor of 10.

FIG. 7. Horizontal (a), vertical (b), and longitudinal (c) phase-space distributions of a 1:2 GeV=cmuon bunch before (blue) and after
(red) passing through the droplet arc.
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needs to be optimized by compensating chromatic and
amplitude-dependent path-length effects and preparing a
proper initial bunch state. On the other hand, even without
any optimization, the arc properties readily meet the dy-
namic aperture and momentum acceptance requirements
for the typical accelerator beam emittances of most other
particle species, such as electrons, protons, deuterons, etc.
The tracking in Figs. 7 and 8 was performed for an ideal
lattice with no magnet misalignments or magnetic field
errors. Studying the sensitivity to such imperfections is
not one of the goals of this paper; however, preliminary
simulations of these effects seem rather encouraging.

VI. MATCHING TO LINAC AND COMPLETE RLA
DESIGN CONSIDERATIONS

A complete end-to-end RLA design is beyond the scope
of this paper. However, as a proof of principle, one can
design a corresponding linac with energy gain of 600 MeV
per pass, which is matched by design to previously de-
scribed two-pass arcs for both passes simultaneously. As
illustrated in Fig. 9, this multipass linac optics can be
accomplished by adjusting the strengths of the linac’s
fixed-field quadrupoles. The presented solution was
accomplished by modifying the so-called bisected linac

profile [20], where the quadrupole strengths increase line-
arly from the linac’s center toward the edges. Perhaps the
Twiss parameters at the entrance into the arcs can be
further optimized from the point of view of better matching
to the linac; optimizing the arc and linac optics is an
iterative process.
Another critical issue that needs to be considered when

developing a complete RLA design is proper synchroniza-
tion of all passes with the linac’s rf. The difference in the
times of flight of the different passes in each arc must be
either close to zero or close to an integer number of rf
oscillation periods. The time-of-flight difference between
the passes arises due to a combination of the differences in
their speeds and path lengths.
Since 1.2 and 2:4 GeV=cmuons are not ultrarelativistic,

there is a non-negligible effect of their speed difference. As
it can be seen from Fig. 6, the 1:2 GeV=c orbit in our
design is clearly longer than the 2:4 GeV=c one. Thus, the
time-of-flight difference between the two passes must be
adjusted to the nearest integer number (including zero) of
rf periods. One option is to manipulate the path lengths
inside the arc. For instance, one can make 1:2 GeV=c to be
the central momentum instead of 2:4 GeV=c in the arc’s
inner superperiods, which would compensate some of the
time-of-flight difference. Another option is to place

FIG. 9. Linac optics matched to both arcs for all passes simultaneously. The arrows indicate arc locations.

FIG. 8. Horizontal (a), vertical (b), and longitudinal (c) phase-space distributions of a 2:4 GeV=cmuon bunch before (blue) and after
(red) passing through the droplet arc.
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path-length chicanes [21,22] between the superperiods or
in front of the arc. A chicane located in front of the arc
would have a cumulative effect on the opposite-direction
passes. Combining both options might be the best
approach.

VII. CONCLUSIONS

We developed a concept of an RLA return arc based on
linear combined-function magnets, in which two and po-
tentially more consecutive passes with very different en-
ergies are transported through the same string of magnets.
We demonstrated that, by adjusting the dipole and quad-
rupole field components of the constituting linear
combined-function magnets, the arc can be made achro-
matic and to have zero initial and final reference orbit
offsets for two beam energies. Such an approach combines
compactness of the design with the many benefits [13,14]
of a conventional linear NS-FFAG scheme.

We applied the concept to design a droplet-shaped return
arc for a dogbone muon RLA capable of transporting two
beam passes with momenta different by a factor of 2. We
obtained solutions for the reference orbits and linear optics
of the two passes. Tracking simulations of the developed
design showed that, with appropriate optimization of the
longitudinal dynamics, it may be adequate for deeply
cooled muon beams and it readily meets the dynamic
aperture and momentum acceptance requirements for the
typical accelerator beam emittances of most other particle
species. There is a straightforward path to a complete RLA
design. In that regard, we showed a proof-of-principle
transverse matching of the arc to the linac for all passes
simultaneously and discussed synchronization of the dif-
ferent passes with the linac’s rf.

The proposed multipass arc concept has a number of
attractive features. It can increase the number of passes
through the linac, thus, leading to a more efficient use of rf
and higher energies available with the same-size accelera-
tor footprint. It eliminates the need for a complicated
switch-yard, it reduces the total beam-line length, there is
no need to accommodate multiple beam lines in the same
tunnel or construct separate tunnels for individual arcs. The
design relies solely on fixed magnetic fields, thus, weak-
ening the requirements on magnets and power supplies and
greatly simplifying injection and extraction. It allows for a
CW operation. Engineering design and fabrication of
linear-field combined-function magnets does not seem to
present a challenge [4] even for relatively large apertures.
Thus, the multipass approach may benefit many applica-
tions in science and industry.
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