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Introduction

The primary goal of our local team is to develop new theory (and software implementations
thereof) for solving large polynomial systems arising from the analysis of petascale data.
Some of the notation and background has been detailed in the original project proposal,
and the preceding (Year 1 and 2) reports. So let us now summarize more recent progress.
(The mentoring of postdocs and graduate students, as well as presentations and conferences
organized, are described in Section 4, toward the end of this report.)
Some of the advances of this project during Year 3 include the following:

(1) An efficient new method to estimate the complex roots of a polynomial system
(2) Tighter upper and lower bounds for the number of roots of sparse polynomial systems

over arbitrary local fields (including the p-adic rationals, as well as the real and
complex numbers)

(3) New connections between the quantitative behavior of sparse polynomials over local
fields and the VP vs. VNP question

These results, as well as others supported by our current grant, are contained in the 9 papers
[PRS11, AIRR12, BHPR11, PR13, RSS11, Hau11, KL12, BCR12, AKNR13] (submitted for
publication, accepted for publication, or published, during this reporting period), and the
recently published AMS proceedings volume [GPRT11] co-edited by Rojas, Sandia Livermore
co-PIs Pébay and Thompson, and Sandia Los Alamos scientist Leonid Gurvits.
We now give a brief overview of results (1)–(3).

1. Fast Tropical Approximations of Complex Algebraic Sets

We show how to define a simple, polyhedral approximation of any complex al-
gebraic hypersurface. Our approximation implies an efficient (albeit coarse)
approximation to the roots of any complex polynomial system. [AKNR13] con-
tains further details.

One of the happiest coincidences in algebraic geometry is the fact that norms of roots of
polynomials can be estimated through polyhedral geometry. Perhaps the earliest incarnation
of this fact was Newton’s use of a polygon to determine Puiseux series expansions for algebraic
functions, as described in a letter to Henry Oldenburg dated October 24, 1676 [New76].
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Newton’s result, in more modern terminology, corresponds to computing norms of roots
where the underlying field is C〈〈t〉〉.
Newton’s result has since been extended to other non-Archimedean fields (e.g., Qp and

Fp((t))); and now tropical geometry [LS09, IMS09, BR10, MS12] continues to deepen the
links between algebraic and polyhedral geometry. However, the Archimedean case presents
certain subtleties not present in the non-Archimedean case.

Definition 1.1. We use the abbreviations [N ] :={1, . . . , N}, x :=(x1, . . . , xn), and let
Conv(S) denote the convex hull of a set S. Let us then define the function Log|x|
to be (log |x1|, . . . , log |xn|) and, for any f ∈C

[

x±1
1 , . . . , x±1

n

]

, we define Amoeba(f)

to be {Log|x| | f(x)=0 , x∈(C∗)n}. Also, writing f(x)=
∑t

i=1 cix
ai with ci 6=0

for all i, we define the support (or spectrum) of f to be Supp(f) :={ai}i∈[t], the
(ordinary) Newton polytope of f to be Newt(f) :=Conv(Supp(f)),
and the Archimedean Newton polytope of f to be ArchNewt(f)
:=Conv

(

{(ai,− log |ci|)}i∈[t]
)

. We also define the Archimedean tropical
an outer normal of a positive-dimensional face of ArchNewt(f). Finally,
given any subsets U, V ⊆Rn, their Hausdorff distance, ∆(U, V ), is defined
to be the maximum of sup

u∈U
inf
v∈V

|u− v| and sup
v∈V

inf
u∈U

|u− v|, where | · | denotes

the usual L2-norm on Rn. ⋄

Example 1.2. When t = 2 it is easy to show that Amoeba(f) and Trop(f) are identical
(n− 1)-flats in Rn. More generally, Trop(f) is an unbounded (n− 1)-dimensional polyhedral
complex and, when t ≤ dim(Newt(f)) + 1, it is not hard to show that Rn \ Trop(f) is a
translate of a disjoint union of exactly t open n-dimensional cones. ⋄

Example 1.3. Taking f(x)=1 + x3
1 + x2

2 − 10x1x2, an illustration of Amoeba(f) ∩ [−7, 7]2

and Trop(f) ∩ [−7, 7]2 appears above. (Amoeba(f) is lightly shaded, while Trop(f) is the
piecewise linear curve.) While Trop(f)⊆Amoeba(f), and Trop(f) and Amoeba(f) are in
fact homotopy equivalent, neither need hold in general. ⋄

The Newton Majorant, mentioned by Ostrowski around 1940 [Ost40], is essentially the
univariate case of Trop(f). Trop(f) has appeared, in different notation and different contexts,
in various papers since at least 2000 (e.g., [PR04, Mik05, PRS11, TdW13] to name just a
few). Our main contributions here are simple and explicit bounds for how well Trop(f)
approximates Amoeba(f) in arbitrary dimension.

Definition 1.4. Let the vertical distance from a point (x1, . . . , xn, xn+1) to a set S⊆Rn+1 be
sup

(x1,...,xn,yn+1)∈S

|xn+1 − yn+1|. We say that a face of ArchNewt(f) is a lower face iff it has an

outer normal of the form (w,−1). Finally, for any σ>0, we say that f is σ-bowed iff, for
any lower face Q of ArchNewt(f) of dimension Newt(f), (1) Q has exactly dim(Newt(f))+1
vertices and (2) for any (aℓ,− log |cℓ|) not a vertex of Q, the vertical distance of (aℓ,− log |cℓ|)
to the flat containing Q is at least σ. ⋄

In essence, σ-bowedness forces certain monomial term norms |ciζ
ai | to exceed other |cjζ

aj |
by an increasing function of σ, at any root ζ of f . As detailed further in [AKNR13], this in
turn forces Amoeba(f) to be close to Trop(f).
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Theorem 1.5. For any f ∈C
[

x±1
1 , . . . , x±1

n

]

with exactly t monomial terms and Newt(f) of
dimension k, we have:

(0) If t ≤ k + 1 or Newt(f) ∩ Supp(f) = Supp(f) then both of the following hold:
Trop(f)⊆Amoeba(f), and Trop(f) and Amoeba(f) are homotopy equivalent.

(1) Unconditionally, sup
u∈Amoeba(f)

inf
v∈Trop(f)

|u− v|≤ log(t− 1).

(2) When t≥k + 2 and f is log(2(t− k)2)-bowed, we also have
sup

v∈Trop(f)

inf
u∈Amoeba(f)

|u− v|≤ log(4(t− k)2). �

An immediate consequence of Assertion (1), for n = 1, is that the norm of any root of f
is always within a factor of t − 1 of the exponential of the slope of some edge of the lower
hull of ArchNewt(f). Alexander Ostrowski proved a similar result in [Ost40, Cor. IX, pg.
143], but his bounds depend on the degree. In particular, for sparse univariate polynomials
and roots of near median absolute value (ordering roots by their absolute value), our bounds
significantly improve Ostrowski’s result.
For multivariate polynomials, our bounds appear to be the first allowing dependence on

just the number of terms t. In particular, letting T denote the number of lattice points in
the Newton polytope of f , Mikhalkin proved that sup

u∈Amoeba(f)

inf
v∈Trop(f)

|u− v| ≤ log(T − 1), in

the special case n=2 [Mik05, Lemma 8.5, pg. 360]. Assertion (1) of Theorem 1.5 is thus at
least sharp and allows n to be arbitrary.
As far as we are aware, Assertion (2) is the first result asserting that every point of Trop(f)

is close to some point of Amoeba(f). Based on some computational experiments, we suspect
that the assumption of σ-bowedness will eventually be removed.
Assertion (0) is included for completeness: the case t≤k + 1 is likely folkloric, while the

case assuming that the support be the vertex set of the Newton polytope was first derived
by Passare and Rullg̊ard [PR04, Thm. 2]. It is worth comparing Theorem 1.5 to two other
methods for approximating complex amoebae: Purbhoo, in [Pur08], describes a uniformly
convergent sequence of outer polyhedral approximations to any amoeba, using cyclic re-
sultants. While Trop(f) lacks this refinability, the computation of Trop(f) is considerably
simpler, with arithmetic complexity polynomial in t when n is fixed. Trop(f) is in fact closer
in spirit to the spine of Amoeba(f). The latter construction, based on a multivariate version
of Jensen’s Formula from complex analysis, is due to Passare and Rullg̊ard [PR04, Sec. 3]
and results in a polyhedral complex that is always homotopy equivalent to Amoeba(f). Un-
fortunately, the computational complexity of the spine is not as straightforward as that of
Trop(f). [The02] contains further discussion on the computational complexity of amoebae.

1.1. Applications: Roots of Polynomial Systems. An immediate consequence of As-
sertion (1) of Theorem 1.5 is an estimate for the norms of roots of arbitrary systems of
multivariate polynomial equations. In what follows, for any subsets A,B ⊆ Rn, A + B
denotes the Minkowski sum {a+ b | a∈A , b∈B}.

Corollary 1.6. Suppose f1, . . . , fk∈C
[

x±1
1 , . . . , x±1

n

]

where fi has exactly ti monomial terms
for all i. Also let Br denote the (standard L2) ball of radius r centered at the origin in Rn.
Then any root ζ∈(C∗)n of F =(f1, . . . , fk) satisfies

Log|ζ|∈(Trop(f1) + Blog(t1−1)) ∩ · · · ∩ (Trop(fk) + Blog(tk−1)). �
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Example 1.7. Thanks to Corollary 1.6, we can isolate the log-norm vectors of the complex

roots of the 3×3 system F :=(f1, f2, f3) :=
(

x1x2 −
1

166
− x2

1, x2x3 − 1−
x2
1

166
, x3 − 1−

x2
1

1618

)

to

the intersection of neighorhoods of 3 Archimedean tropical varieties. Here, the intersection
X :=Trop(f1) ∩ Trop(f2) ∩ Trop(f3) consists of exactly 4 points, so the log-norm vectors of
the complex roots of F lie in the union of 4 parallelepipeds that we can easily visualize below
(with some transperancy in the right-hand illustration):

Truncations of Trop(f1), Trop(f2), and Trop(f3) are respectively drawn in red, green, and
blue, while the parallelepipeds are drawn lighter in yellow. In particular, the coordinate-
wise exponentials of the coordinates of X are exactly

(

1
166

, 1, 1
)

, (1, 1, 1), (166, 166, 1), and
(1612, 1612, 166). Coordinate by coordinate, these points actually agree to at least 7 digits with
the true roots of F . In particular, the margin of error of the corresponding log-norm vectors
is no worse than 0.11 × 10−6 (< 0.693< log 2), which is well in accordance with Corollary
1.6. (See [PR13] for the relevance of this system to fewnomial theory over local fields.) ⋄

2. Improved Fewnomial Bounds Over Local Fields and Tropical

Illustrations

We study the distribution of the roots of F in the multiplicative group (L∗)n —
for L any local field — as a function of n, k, and L only. Our main focus will
be the number of roots in a fixed angular direction from the origin. See [PR13]
for further details.

Let L be any local field, i.e., C, R, any finite algebraic extension of Qp, or Fq((t)). Also let
f1, . . . , fn ∈L

[

x±1
1 , . . . , x±1

n

]

be Laurent polynomials such that the total number of distinct
exponent vectors in the monomial term expansions of f1, . . . , fn is n + k. We call F :=
(f1, . . . , fn) an (n + k)-nomial n × n system over L. The distribution of the roots of F in
(L∗)n is a fundamental problem in fewnomial theory over local fields. We will sometimes
refer to the cases L∈{R,C} as the Archimedean case.
Fewnomial theory over R has since found applications in Hilbert’s 16th Problem [Kal03],

the complexity of geometric algorithms [GV01, VG03, BRS09, PRT09, BS11, BHPR11,
Koi11, KPT12], model completeness for certain theories of real analytic functions [Wil99,
Ser08], and the study of torsion points on curves [CZ02]. Fewnomial theory over number
fields has applications to sharper uniform bounds on the number of torsion points on elliptic
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curves [Che04], integer factorization [Lip94], additive complexity [Roj02], and polynomial
factorization and interpolation [Len99b, Kal03, AKS07, GR10, CGKPS12]. Since any num-
ber field embeds in some finite extension of Qp, we thus have good reason to study fewnomial
bounds over non-Archimedean fields. (Applications of general fewnomial bounds to circuit
complexity were also mentioned in Section 1 of this report.) However, for n, k ≥ 2, tight
bounds remain elusive [LRW03, Roj04, BS07, AI10, AI11].

Definition 2.1. Let y∈L∗. When L∈{R,C} we let |y| denote the usual absolute value and
define φ(y) := y

|y|
to be the generalized phase of y. In the non-Archimedean case, we let M

denote the unique maximal ideal of the ring of integers of L and call any generator ρ of M a
uniformizer for L. Letting ord denote the corresponding valuation on L we then alternatively
define the generalized phase as φ(y) := y

ρord y mod M. Finally, for general local L, we define

YL(n, k) to be the supremum, over all (n+ k)-nomial n×n systems F over L, of the number
of non-degenerate roots of F in Ln with all coordinates having generalized phase 1. ⋄

Note that y∈C has generalized phase 1 if and only if y is positive. In the non-Archimedean
case, φ(y) can be regarded simply as the first digit of an expansion of y as a Laurent series in
ρ. It is well-known in number theory that φ(y) is the natural analogue of the argument (or
angle with respect to the positive ray) of a complex number. Our choices of uniformizer and
angular direction above are in fact immaterial for the characteristic zero case: see Proposition
2.8 below, which also discusses the positive characteristic case.
Descartes’ classic 17th century bound on the number of positive roots of a sparse univariate

polynomial [SL54, Wan04], along with some late to post-20th century univariate bounds of
Voorhoeve, H. W. Lenstra (Jr.), Poonen, Avendano, and Krick, can then be recast as follows:

Theorem 2.2. Let p be prime and k ≥ 1. Then: (1) YR(1, k) = k and YC(1, k) = k,
(2) YQ2(1, 1)=2, (3) YQ2(1, 2)=6, (4) YQp

(1, 1)=1 for p≥3, (5) YQp
(1, 2)=3 for p≥5, and

(6) YFq((t))(1, k)=
qk−1
q−1

for any prime power q. Also: (7) YQ2(1, k)≥2k, (8) 3≤YQ3(1, 2)≤9,

(9) YQp
(1, k)≥2k − 1 for p≥3, and (10) YQp

(1, k)≤k2 − k + 1 for p>1 + k. �

Remark 2.3. The assertions above are immediate consequences of [SL54, pg. 160], [Voo76,
Cor. 2.1], [Len99b, Example, pg. 286 & pp. 289–290], [AK11, Thm. 1.4, Ex. 1.5, & Thm. 1.6],

and [Poo98, Sec. 2]. Also, the polynomials
∏k

i=1(x1 − i), 3x10
1 + x2

1 − 4,

x1+pp−1

1 − (1+ pp−1)x1 + pp−1,
∏

z1,...,zk−1∈Fq

(x1 − z1 − z2t− · · · − zk−1t
k−1), and

∏k

i=1(x
2
1 − 4i−1)

respectively attain the number of roots stated in Assertions (1), (3), (5), (6), and (7). ⋄

YL(1, 1) can in fact grow without bound for finite extensions of Qp: for instance, when L is
the splitting field of g(x1) :=xp

1 − 1 over Qp, g has roots 1, 1 + µ1, . . . , 1 + µp−1 where the µi

are distinct elements of L, each with valuation 1
p−1

(see, e.g., [Rob00, pp. 102–109]). Note

also that for any local field L 6=C and fixed (n, k), the supremum of the total number of roots
of F in (L∗)n — with no restrictions on the phase of the coordinates — is easily derivable
from YL(n, k) (see Proposition 2.8 below).
That YR(n, k)<∞ for n≥2 was first proved around 1979 by Khovanskii and Sevastyanov

[Kho80, Kho91], yielding an explicit, singly-exponential upper bound. Based on the seminal
results [DvdD88, Pg. 105] and [Lip88, Thm. 2] the second author proved in [Roj01, Thm.
1] that YL(n, k)<∞ for any fixed n, k, and non-Archimedean field L of characteristic zero.

i.e., roots with Jacobian of rank n
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(See [Roj04], and below, for explicit upper bounds.) The finiteness of YFq((t))(n, k) for n≥2
remains unknown, in spite of recent results of Avendaño and Ibrahim [AI11] giving explicit
upper bounds for the number of roots in Ln of a large class of n × n systems over any
non-Archimedean local field L. Nevertheless, certain cases are easy.

Proposition 2.4. [PR13] For any k≤0, n≥1, and any local field L, we have YL(n, k)=0.
Also, YL(n, 1)=YL(1, 1)

n. In particular, YQ2(n, 1)=2n and YL(n, 1)=1 for all L∈{C,R} ∪
{Q3,Q5, . . .} ∪ {Fq((t)) | q a prime power}. �

For any j,N ∈N let [j]N ∈{0, . . . , N − 1} denote the mod N reduction of j. The following
theorem summarizes the best general lower bounds on YL(n, k) as of Aug. 2, 2012.

Theorem 2.5. [PR13] For any local field L, YL(n, 2) ≥ max {YL(1, 1)
n−1YL(1, 2), n+ 1}.

More generally, YL(n, k) ≥ max
{

YL(1, 1)
n−k+1YL(1, 2)

k−1, YL

(⌊

n
k−1

⌋

, 2
)k−1−[n]k−1 YL

(⌊

n
k−1

⌋

+ 1, 2
)[n]k−1

}

when n≥k−1, and YL(n, k) ≥ YL

(

1,
⌊

n+k−1
n

⌋)n−[k−1]n
YL

(

1,
⌊

n+k−1
n

⌋

+ 1
)[k−1]n

when n≤k−1.
More explicitly, the following lower bounds hold:

L n≥k − 1 n≤k − 1

R
⌊

n+k−1
k−1

⌋k−1−[n]k−1
⌊

n+2k−2
k−1

⌋[n]k−1
⌊

n+k−1
n

⌋n−[k−1]n ⌊2n+k−1
n

⌋[k−1]n

Q2 2n3k−1 2n
⌊

n+k−1
n

⌋n−[k−1]n ⌊2n+k−1
n

⌋[k−1]n

Qp (p≥3)
⌊

n+k−1
k−1

⌋k−1−[n]k−1
⌊

n+2k−2
k−1

⌋[n]k−1
(

2
⌊

n+k−1
n

⌋

− 1
)n−[k−1]n (

2
⌊

n+k−1
n

⌋

+ 1
)[k−1]n

Fq((t)) max
{

q + 1,
⌊

n+k−1
k−1

⌋}k−1−[n]k−1 max
{

q + 1,
⌊

n+2k−2
k−1

⌋}[n]k−1

(

q
⌊n+k−1

n ⌋−1
q−1

)n−[k−1]n (

q
⌊ 2n+k−1

n ⌋−1
q−1

)[k−1]n

�

The lower bound YR(n, 2)≥n+1 was first proved through an ingenious application of Dessins
d’Enfants [Bih07]. We attain our more general lower bound for YL(n, 2) via an explicit family
of polynomial systems instead. Note also that the L=R case of our general lower bound

slightly improves an earlier
⌊

n+k−1
min{n,k−1}

⌋min{n,k−1}

lower bound from [BRS09]. Non-trivial

lower bounds, for n≥k − 1≥2, were unknown for the non-Archimedean case.
Focussing on L∈{R,Q3,Q5, . . .}, we can further condense the best upper and lower bounds

on YL(n, k) (as of Aug. 2, 2012) as follows:

L Upper Bound on YL(n, k) Lower Bound on YL(n, k)

R 2O(k2)nk−1 [BS07]1 Ω
(⌊

n+k−1
min{n,k−1}

⌋)min{n,k−1}

(Theorem 2.5 here)

Qp (O(k3n log k))
n
[Roj04] Ω

(⌊

n+k−1
min{n,k−1}

⌋)min{n,k−1}

(Theorem 2.5 here)

Also, Bertrand, Bihan, and Sottile proved the (tight) upper bound YR(n, 2) ≤ n + 1 in
[BBS05]. The implied Ω-constants above can be taken to be 1.
Most importantly, note that for the Archimedean case (resp. the p-adic rational case with

p≥ 3), YL(n, k) is bounded from above by a polynomial in n when k is fixed (resp. a poly-
nomial in k when n is fixed). Based on this asymmetry of upper bounds, the second author

While there have been important recent refinements to this bound (e.g., [RSS11]) the asymptotics of
[BS07] have not yet been improved in complete generality.
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posed the following conjecture (mildly paraphrased) at his March 20 Geometry Seminar talk
at the Courant Institute in March 2007.

The Local Fewnomial Conjecture.
There are absolute constants C2≥C1> 0 such that, for any L∈{C,R,Q3,Q5, . . .} and any
n, k≥2, we have (n+ k − 1)C1 min{n,k−1} ≤ YL(n, k) ≤ (n+ k − 1)C2 min{n,k−1}.

Remark 2.6. Should the Local Fewnomial Conjecture be true, it is likely that similar bounds
can be asserted for the number of roots counting multiplicity, in the characteristic zero case.
This is already known for (L, n)=(R, 1) [Wan04], and [Len99b, Roj04] provide evidence for
the p-adic rational case. Note, however, that the equality (x1 +1)q

m+1=x2
1 +2x1 +1 over Fq

(as observed in [Poo98]) tells us that for L of positive characteristic it is impossible to count
roots over L∗ — with multiplicity — solely as a function n, k, and L. ⋄

Theorem 2.5 thus reveals the lower bound of the Local Fewnomial Conjecture to be true
(with C1 = 1) for the special case k = 2. From our table above we also see that the upper
bound from the Local Fewnomial Conjecture holds for n ≤ k − 1 (at least for C2 ≥ 7), in
the p-adic rational setting. We intend for our techniques here to be a first step toward
establishing the Local Fewnomial Conjecture for n>k − 1 in the p-adic rational setting.
Note that the maximal number of roots in (C∗)n of an (n + k)-nomial n × n system F

over C is undefined for any fixed n and k: consider ((xd
1 − 1) · · · (xd

1 − k), x2 − 1, . . . , xn − 1)
as d −→ ∞. Nevertheless, the maximal number of roots in Rn

+ is well-defined and finite for
any fixed n, k ≥ 1. The latter assertion is a very special case of Khovanski’s Theorem on
Complex Fewnomials (see [Kho91, Thm. 1 (pp. 82–83), Thm. 2 (pp. 87–88), and Cor. 3′ (pg.
88)]), which estimates the number of roots in angular sub-regions of Cn for a broad class of
analytic functions. [Kho91] does not appear to state any explicit upper bounds for YC(n, k),
but one can in fact show that it suffices to study the real case.

Theorem 2.7. [PR13] For all n, k≥1, we have YC(n, k)=YR(n, k). �

Let us now see how the value of YL(n, k) depends weakly (if at all) on the underlying
uniformizer, and how counting roots with coordinates of generalized phase 1 is as good as
counting roots in any other direction. In what follows, we let WL(n, k) denote the supremum,
over all (n+ k)-nomial n× n systems F over L, of the number of non-degenerate roots of F
in (L∗)n.

Proposition 2.8. [PR13]
(1) For L any finite extension of Qp, and n, k≥1, the value of YL(n, k) in Definition 2.1 is

independent of the choice of uniformizer ρ. Also, the same holds for L = Fq((t))
when n=1.

(2) YL(n, k) counts the supremum of the number of roots in any fixed angular direction in the
following sense: let θ1, . . . , θn be elements of the complex unit circle, elements of {±1}, or
units in the residue field of L, according as L is C, R, or non-Archimedean. Also, letting
F and G denote (n+k)-nomial n×n systems over L, there is an F with exactly N non-
degenerate roots (ζ1, . . . , ζn)∈Ln satisfying φ(ζi)=θi for all i if and only if there is a G
with exactly N non-degenerate roots in Ln with all coordinates having generalized phase 1.

(3) WC(n, k)=+∞, WR(n, k)= 2nYR(n, k), and WL(n, k)= (qL − 1)nYL(n, k) for any finite
extension L of Qp with residue field cardinality qL. Also, we have

WFq((t))(n, k) ≤ (q − 1)nYFq((t))(n, k) ≤ (q − 1)nWFq((t))(n, k). �
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2.1. Some Tropical Visualizations. A beautiful theorem of Kapranov tells us that, for
non-Archimedean K, we can use polyhedral combinatorics to efficiently compute the valua-
tions of the roots of any polynomial.

Definition 2.9. Suppose K is a complete algebraically closed field and f ∈K
[

x±1
1 , . . . , x±1

n

]

.
We then define AmoebaK(f) := {(ord x1, . . . , ord xn) | f(x1, . . . , xn)=0 , x1, . . . , xn∈K∗}.
Also, if K is non-Archimedean, we define the tropical variety of f over K, TropK(f), to be
the closure of {(v1, . . . , vn)∈Rn | (v1, . . . , vn, 1) is an inner edge normal of NewtK(f)}. ⋄

Remark 2.10. Note that we’ve defined ord y =−Log|y| in the Archimedean case, so our
AmoebaC(f) is in fact a reflection of the usual Archimedean amoeba as defined in [GKZ94].
We also point out that TropK(f) is sometimes defined equivalently in terms of max-plus
semi-rings (see, e.g., [MS12]). ⋄

Kapranov’s Non-Archimedean Amoeba Theorem. [EKL06] For K any complete,
non-Archimedean algebraically closed field, AmoebaK(f)=TropK(f) ∩Qn. �

We now illustrate these ideas through some explicit examples (and some Matlab code
written for this project). First, consider the following 2× 2 polynomial system:

x1x2 − (ε+ x2
1)

x2 − (1 + εx2
1)

Then, according as ε is p or t, the underlying tropical varieties (or closures of the amoebae
over Qp or Fq((t))), intersect in exactly 3 points as illustrated below, on the left. (The
amoebae for the first and second polynomials are respectively colored in dashed red and
solid blue.) The right-hand illustration below shows the corresponding complex amoebae
(with ε=1/4), with their intersection darkened slightly.

Note that the images of the corresponding positive zero sets under the log-absolute value map
are drawn as even darker curves (with 3 marked intersections) in the right-hand illustration
above.
Now consider the following 3× 3 example:

x1x2 − (ε+ x2
1)

x2x3 − (1 + εx2
1)

x3 − (1 + ε3x2
1)
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The resulting tropical varieties (for L non-Archimedean and ε the underlying uniformizer)
are illustrated below: without translucency on the left, with translucency on the right.

Note that each tropical variety above is a polyhedral complex of codimension 1, and that all
the top-dimensional faces are unbounded, even though they are truncated in the illustrations.

3. From Sparse Polynomials to P vs. NP

Here we detail how sharper upper bounds on the number of roots of certain
structured polynomials in one variable imply new complexity lower bounds on
the permanent. The upper bounds needed are coming closer to reality, thanks to
recent work of PI Rojas and Pascal Koiran. See [PR13, GKPR13] for further
details.

A natural notion refining sparsity (a.k.a. lacunarity) is straight-line program (SLP)
complexity.

Definition 3.1. For any field K and f ∈ K[x1] let s(f) — the SLP complexity of f —
denote the smallest n such that f=fn identically where the sequence (f−N , . . . , f−1, f0, . . . , fn)
satisfies the following conditions: f−1, . . . , f−N ∈K, f0 :=x1, and, for all i≥1, fi is a sum,
difference, or product of some pair of elements (fj, fk) with j, k<i. Finally, for any f ∈Z[x1],
we let τ(f) denote the obvious analogue of s(f) where the definition is further restricted by
assuming N=1 and f−1 :=1. ⋄

Note that we always have s(f)≤ τ(f) since s does not count the cost of computing large
integers (or any constants).

Example 3.2. Evaluating x2k

1 via recursive squaring (i.e., (· · · (x2
1)

2 · · · )2), and employing
the binary expansion of d, it is easily checked that s

(

xd
1

)

=τ
(

xd
1

)

=O
(

log2 d
)

. One in fact has
τ(n)≤2 log2 n for any n∈N [dMS96, Prop. 1] and, when n is a difference of two nonnegative
integers with at most δ nonzero digits in their binary expansions, we also obtain s(n)=1 and
τ(n)=O(δ(log log |n|)2). See also [Bra39, Mor97] for further background. ⋄

Computing s(f) and τ(f) exactly appears to be quite difficult [GK96]. More to the point,
relating SLP complexity to the number of roots of polynomials provides a delightfully direct
way to go from the theory of sparse polynomials to deep open questions in complexity theory

9



and computational number theory. In what follows, we let ZR(f) denote the set of roots of
f in a ring R, and use #S for the cardinality of a set S.

Theorem 3.3.
I. (See [BCSS98, Thm. 3, Pg. 127] and [Bür09, Thm. 1.1].) Suppose that for all nonzero f

∈Z[x1] we have #ZZ(f)≤(τ(f)+1)O(1). Then PC 6=NPC, and the permanent of n×n ma-
trices cannot be computed by constant-free, division-free arithmetic circuits of size nO(1).

II. (Weak inverse to (I) [Lip94].) If there is an ε>0 and a sequence (fn)n∈N of polynomials
in Z[x1] satisfying:

(a) #ZZ(fn)>eτ(fn)
ε

for all n≥1 and (b) deg fn, max
ζ∈ZZ(f)

|ζ|≤2(log#ZZ(fn))
O(1)

then, for infinitely many n, at least 1
nO(1) of the n digit integers that are products of exactly

two distinct primes (with an equal number of digits) can be factored by a Boolean circuit
of size nO(1).

III. (Number field analogue of (I) implies Uniform Boundedness [Che04].) Suppose that for
any number field K and f ∈K[x1] we have #ZK(f)≤c11.0096

s(f), with c1 depending only
on [K : Q]. Then there is a constant c2∈N depending only on [K : Q] such that for any
elliptic curve E over K, the torsion subgroup of E(K) has order at most c2. �

The hypothesis in Part (I) is known as the (Standard) τ -Conjecture, and was also stated
as the fourth problem on Smale’s list of the most important problems for the 21st century
[Sma98, Sma00]. Mike Shub informed the authors in late 2011 that, should the τ -Conjecture
hold, its O-constant should be at least 2. The complexity classes PC and NPC are respective
analogues (for the BSS model over C) of the well-known complexity classes P and NP
[BCSS98, AB09]. (Just as in the famous P vs. NP Problem, the equality of PC and NPC

remains an open question.) The assertion on the hardness of the permanent in Theorem
3.3 is also an open problem and its proof would be a major step toward solving the VP
vs. VNP Problem — Valiant’s algebraic circuit analogue of the P vs. NP Problem [Val79,
Bür00, Koi11, BLMW11].
The hypothesis of Part (II) merely posits a sequence of polynomials violating the Standard

τ -Conjecture in a weakly exponential manner. The conclusion in Part (II) would violate a
widely-believed version of the cryptographic hardness of integer factorization.
Some evidence toward the hypothesis of Part (III) is provided by [Roj02, Thm. 1], which

gives the upper bound #ZK(f)≤2O(σ(f) log σ(f)). The quantity σ(f) is the additive complexity
of f [GK96, Roj02] and is bounded from above by s(f). The conclusion in Part (III) is the
famous Uniform Boundedness Theorem, due to Merel [Mer96]. Cheng’s conditional proof
(see [Che04, Sec. 5]) is dramatically simpler and would yield effective bounds significantly
improving known results (e.g., those of Parent [Par99]). In particular, the K=Q case of the
hypothesis of Part (III) would yield a new proof (less than a page long) of Mazur’s landmark
result on torsion points [Maz78].
A natural approach to the τ -Conjecture would be to broaden it to inspire a new set of

techniques, or rule out overly optimistic extensions. For instance, one might suspect that
the number of roots of f in a field L containing Z could also be polynomial in τ(f), thus
allowing us to consider techniques applicable to L. For L a number field, the truth of such
an extension of the τ -Conjecture expands its implications into arithmetic geometry, as we

Lipton’s main result from [Lip94] is in fact stronger, allowing for rational roots and primes with a mildly
differing number of digits.
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already saw in Part (III) of Theorem 3.3. However, the truth of any global field analogue of
the τ -Conjecture remains unknown.
Over local fields, we now know that the most naive extensions break down quickly: There

are well-known examples (fn)n∈N, from the dynamical systems and algorithms literature,
with τ(fn) = O(n) and fn having 2n real roots (see, e.g., [BC76, PS07]). However, no
such example has contradicted the τ -Conjecture so far. Constructing “small but mighty”
polynomials over Qp is also possible, even over several such fields at once.

Lemma 3.4. [PR13] Let S be any non-empty finite set of primes, cS :=
∏

p∈S p, k :=maxS,

and consider the recurrence satisfying h1 := x1(1 − x1) and hn+1 :=
(

c3
n−1

S − hn

)

hn for all

n≥ 1. Then hn(x1)
x1(1−x1)

∈ Z[x1] has degree 2n − 2, exactly 2n − 2 roots in Zp for each p ∈ S,

and τ
(

hn(x1)
x1(1−x1)

)

= O(n+#S log k). However, hn(x1)
x1(1−x1)

has no real roots, and thus no integer

roots. �

Similar to the real case, no known p-adic examples contradict the Standard τ -Conjecture
either. Note that it is possible for a univariate polynomial to have roots in R, and Qp for all
primes p, but no roots in Q: (x2

1 − 2)(x2
1 − 17)(x2

1 − 34) [Kat07, Pg. 47, Ex. 46] is one of the
simplest such examples.
So let us now formulate a potentially safer extension of the τ -Conjecture to local fields,

and apply it to a more restricted family of expressions: sum-product-sum (SPS) expressions.

Definition 3.5. (See [Koi11, Sec. 3].) Let us define SPS(k,m, t, d, δ) to be the family of non-

constant polynomials presented in the form
∑k

i=1

∏m

j=1 fi,j where, for all i and j,

(1) fi,j∈Z[x1]\{0} has degree ≤d and ≤ t monomial terms
(2) each coefficient of fi,j has absolute value ≤2d, and is the difference of two nonneg-

ative integers with at most δ nonzero digits in their binary expansions. ⋄

The family SPS(k,m, t, d, δ) is motivated by circuit complexity, but has precursors coming
from fewnomial theory: [LRW03, Lemma 2], [BBS05, Prop. 4.2, pg. 375], and [Ave09, Thm.
1] (in rather different notation) respectively derived upper bounds on the number of real
roots of certain sub-families of SPS(k,m, 2, 1, δ), SPS(2,m, d+1, d, δ), and SPS(k, 2, 2, 1, δ),
independent of δ.

Adelic τττ-Conjecture. [PR13] For any k,m, t, d, δ ∈ N and f ∈ SPS(k,m, t, d, δ), there is
a field L∈ {R,Q2,Q3,Q5, . . . } such that f has no more than (kmt + δ + log d)O(1) distinct
roots in L.

It is easily checked that τ(f) = (kmt + δ + log d)O(1) for any f ∈ SPS(k,m, t, d, δ). The
Standard τ -Conjecture then easily implies that we can always find a prime p such that
the number of powers of p dividing an integer root of f is (kmt + δ + log d)O(1) [Koi11,
Sec. 3]. The latter statement, also implied by the Adelic τ -Conjecture, already implies the
complexity lower bound on the permanent stated in Part (I) of Theorem 3.3 [GKPR13].

In fact, even the truth of a looser 2(kmt+δ+log d)o(1) upper bound would yield new, hitherto
unprovable complexity lower bounds for the permanent [GKPR13].
The Adelic τ -Conjecture thus allows us expand the real-analytic toolbox suggested by

[Koi11, Sec. 6] and [KPT12]. In particular, the key issue now is to find a root count over
SPS(k,m, t, d, δ), with sub-exponential dependence on t, over some local field.
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4. Dissemination and Development of Personnel

Local co-PI Rojas co-supervised 4 postdocs (Avendaño, Hauenstein, Kadish, and Nisse,
with Hauenstein and Kadish receiving funding from this grant) and directly supervised 2
graduate students (Philipson (née Hellenbrand) and Rusek, both receiving funding from this
grant). Hauenstein has since gone on to a tenure-track position at NC State (Raleigh) and
Kadish has gone on to work as a consultant for Ab Initio. Rusek will finish his Ph.D. degree
during summer 2013 and Philipson is on track for completing her Ph.D. by 2015 or earlier.
Some of the presentations resulting from this work are the following:

(1) * “An application of quasi-inverse rings,” A&M Algebraic Geometry Seminar, No-
vember 2012. (Speaker was postdoc Harlan Kadish.)

(2) * “Gradient descent homotopies and real solving,” MAA Mathfest 2012, Madison,
August 2012. (Speaker was postdoc Jon Hauenstein.)

(3) “Arithmetic Approaches to P vs. NP,” Microsoft Research (New England), Cam-
bridge, Massachusetts, July 30, 2012.

(4) “Arithmetic Approaches toP vs.NP,” Meeting in honor of Alan Turing’s Centennial,
day on model theory and circuits, Ecóle Normal Superieure, Lyon, France, July 4,
2012.

(5) * “Real solutions to parameterized polynomial systems,” 2012 SIAM Annual Meeting,
Minneapolis, July 2012. (Speaker was postdoc Jon Hauenstein.)

(6) * “Approaching the P v. NP problem via algebra and geometry,” MIT Lincoln Lab-
oratories, June 2012. (Speaker was postdoc Harlan Kadish.)

(7) “Solving a Real Analogue of Smale’s 17th Problem,” Workshop on Dynamics and
Complexity in honor of Mike Shub, Fields Institute, University of Toronto, Canada,
May 7, 2012.

(8) * “Software for numerical algebraic geometry,” Simons Foundation Roundtable on
Software for Research, New York City, May 2012. (Speaker was postdoc Jon Hauen-
stein.)

(9) “Fast Toric Algorithms Over Local Fields,” number theory seminar, UC Irivine,
California, April 12, 2012.

(10) * “Polynomial Systems, Random Inputs, and Complexity,” Sandia National Labora-
tories, Livermore, CA, March 7, 2012. (Speaker was Ph.D. student Korben Rusek.)

(11) * “An application of quasi-inverse rings,” Special Session on the Mathematics of
Computation, AMS-MAA Joint Mathematics Meeting, January 2012. (Speaker was
postdoc Harlan Kadish.)

(12) * “Numerical solving of polynomial equations and applications, Mathematics Collo-
quium,” University of Wisconsin, December 2011. (Speaker was postdoc Jon Hauen-
stein.)

(13) * “Numerical solving of polynomial equations: from 3264 and 1442 to 83200 and
38475,” University of California, Berkeley, December 2011. (Speaker was postdoc
Jon Hauenstein.)

(14) “Petascale Polynomials and a Real Analogue of Smale’s 17th Problem,” Department
of Energy Applied Mathematics Program meeting, Washington, D.C., October 17,
2011.

(15) “Polyhedral Predictions for Polynomial Root Norms,” SIAM Conference on Applied
Algebraic Geometry, special session on applications to celestial mechanics, Raleigh,
North Carolina, October 8, 2011.
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(16) “Algorithmic Fewnomial Theory Over Qp,” SIAM Conference on Applied Algebraic
Geometry, special session on arithmetic aspects of numerical solving, Raleigh, North
Carolina, October 7, 2011.

(17) * “On the Topology of p-adic Discriminant Amoebae,” SIAM Conference on Applied
Algebraic Geometry, October 7, 2011. (Speaker was Ph.D. student Korben Rusek.)

(18) “Fast Root Counting Over Qp,” SIAM Conference on applied algebraic geometry,
special session on arithmetic aspects of numerical solving, Raleigh, North Carolina,
October 6, 2011.

(19) “How Number Theory Makes Things Easier (and Harder),” Workshop on Mathemat-
ical Aspects of P vs. NP and its Variants, ICERM, Aug. 4, 2011.

(20) “Fast Toric Algorithms Over Local Fields,” Toric Geometry and its Applications,
Leuven, Belgium, June 9, 2011.

Rojas also helped co-organize the following related conferences and workshops:

(I) Texas Algebraic Geometry Seminar, co-organized by J.M. Landsberg, J.M. Rojas,
and F. Sottile, Texas A&M University, Feb. 28 – Mar. 1, 2012.

(II) Workshop on Mathematical Aspects of P vs. NP and its Variants, co-organized by
S. Basu, J.M. Landsberg, and J.M. Rojas, ICERM, Rhode Island, Aug. 1–5, 2011.

(III) Special session on Arithmetic Aspects of Numerical Solving, at SIAM Conference on
Applied Algebraic Geometry, Raleigh, North Carolina, Oct. 6–7, 2011.

Also, outreach and educational opportunities growing out of this work include the follow-
ing:

(a) Teaching middle school students at 3 weekend Math Circles (Feb. 25, May 5, 2012,
and Feb. 16, 2013).

(b) Giving an expository talk to applied mathematics undergraduates at Texas A&M
(Nov. 16).

(c) Leveraging the work of this project to teach two new summer REU courses (during
the summers of 2011 and 2012) to a total of 10 undergraduate students from outside
Texas A&M, 5 of whom were female. (The summer 2012 class also included 2 African
American students and 2 Hispanic US citizen students.)
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de Laurent,” Acta Math. 72, (1940), pp. 99–155.
[Pap95] Papadimitriou, Christos H., Computational Complexity, Addison-Wesley, 1995.
[Par99] Parent, Philippe, “Effective Bounds for the torsion of elliptic curves over number fields,” J. Reine

Angew. Math, 508:65–116, 1999.

16



[Par03] Parrilo, Pablo A., “Semidefinite programming relaxations for semialgebraic problems,” Algebraic and
geometric methods in discrete optimization, Math. Program. 96 (2003), no. 2, Ser. B, pp. 293–320.

[PRS11] Passare, Mikael; Rojas, J. Maurice; and Shapiro, Boris, “New Multiplier Sequences via Discriminant
Amoebae,” Moscow Mathematical Journal, (special issue in memory of Vladimir Igorevich Arnold), vol.
11, no. 3, July–Sept. 2011, pp. 547–560.
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