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Abstract 
 Time-dependent, two-dimensional simulations based on 
random Voronoi networks have been developed to study 
the internal heating and related breakdown effects in ZnO 
varistors in response to high-voltage pulsing. The focus is 
on internal grain-size variations and relative disorder. Our 
results predict that parameters such as the device hold-off 
voltage, the average internal temperature, and average 
dissipated energy density would be higher with more 
uniform grains. This uniformity is also predicted to 
produce lower thermal stresses and to allow for the 
application of longer duration pulses. Finally, it is shown 
that the principle failure mechanism arises from internal 
localized melting, while thermal stresses are well below 
the thresholds for cracking. 

 
 

I.    INTRODUCTION 
 

 Zinc oxide varistors are ceramic devices made by 
sintering ZnO powder together with small amounts of 
other oxide additives such as Bi2O3, MnO2, Co3O4 etc. 
The resulting structure is granular, with a distribution of 
internal grain sizes. The presence of Bi-ions trapped at the 
grain-boundaries (GBs) is thought to be responsible for a 
highly nonlinear current–voltage (I–V) characteristics.  
Empirically I ~ Va, where a can be 50 or higher, and these 
devices are ideally suited for use in electrical surge 
arresters [1-4]. 
 In the micro-structured ZnO devices, energy states are 
created due to dislocations and dangling bonds arising 
from the crystallographic mismatch between adjacent 
grains. Free carriers (usually electrons present in the 
slightly n-type ZnO material) are trapped, leading to the 
creation of electro-static barriers at the interface. The 
potential barrier prevents current conduction, and offers 
the large impedance at relatively low voltages and non-
linear I-V characteristics. 
 It is also known that not all grain boundaries exhibit 
non-linear electrical properties. A mixture of “good” (i.e. 
highly non-linear double Schottky junctions), “bad” (i.e. 

junction with poor non-linearity) and Ohmic grain 
boundaries are typically representative [5-8] of samples. 
 In this contribution, we focus on both the grain size 
non-uniformity and relative disorder within the ZnO, and 
investigate their influence on the electrical response and 
possible breakdown from high voltage pulsing. A 
physically based numerical model is developed to 
represent the random granular structure with its individual 
grain-boundaries. Variability in GB electrical behavior is 
accounted by incorporating a Gaussian distribution of 
non-linear I-V characteristics.  For self-consistency, a 
coupled electro-thermal analysis, previously reported by 
our group [9], is used to determine the voltage driven 
temperature increases and possible material failure in a 
ZnO varistor. 

 
 

II.    MODELING DETAILS 
 

A. Microstructure model for ZnO varistor 
 In order to include the stochastic granular aspects, the 
polycrystalline material has been modeled in terms of a 
random, two-dimensional, Voronoi [10] network. As an 
example in Fig. 1, a total of 986 grains have been used. 
The Voronoi structure is set up by generating N random 
seeds that correspond to N locations (xi, yi) within the 
entire simulation region. The polygons are then formed 
by the intersection of perpendicular bisectors from lines 
that connect neighboring seeds. 
 While the above includes granularity, variations in the 
internal disorder can be represented by appropriately 
controlling the positions of the N random seeds. The 
position of these seeds can be allowed to deviate by a 
displacement vector determined by two parameters: (i) 
the disorder length d (d>0) and, (ii) an angle θ 
( 0 2θ π≤ ≤ ). The radius and angle of the displacement 
vector are uniformly distributed within the intervals [0, 
d s× ] and [0,2π], respectively. Fig. 2 shows the Voronoi 
networks with different values of the disorder parameter 
d.  For very small values of d (e.g., d=0), a completely 
ordered honey-comb pattern results. 
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Figure 1. Voronoi network containing 986 cells. 
 

  
Figure 2. Voronoi networks with different disorder 
lengths “d.” 
 
B. Currents and Joule heating in ZnO varistors 
 In ZnO varistors, the dominant resistance arises from 
the GB, while each grain has a significantly lower 
resistance by comparison. Hence, only the non-linear 
current-voltage characteristics of each GB were 
considered. In particular, the following J-V characteristics 
(after [11]) were used to model each GB:  
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where Jij denotes the current density flowing through the 
GB between grains i and j in A/cm2, and ( )ij i jU U U= −  , 

with 
iU and 

jU being the voltages across grains i and j, 
and T the grain boundary temperature in Kelvin.  Also in 
(1), VB is the barrier voltage taken to be non-uniform, 
random variable for each grain boundary chosen from a 
normal distribution function p(VB) given by: 
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The parameter α denotes a nonlinear coefficient and also 
follows a normal distribution p(α): 
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Finally, VU  is the critical upturn voltage in the high 
electrical field region, ( )1/

2/U B UV V J A α= , where JU is the 
critical upturn current in high electrical field region [11].  
Here JU was chosen to be 103 A/cm2 as reported 
elsewhere [11].  The other parameters in (1) are listed in 
Table 1.   

Table 1. The various parameters of Eq. (1). 
Symbol Meaning Unit Value 

A1 constant /A cm⋅Ω  162.5 10×  
A2 constant 2/A cm⋅Ω  0.01 

gbρ  resistivity of 
grain boundary 

cmΩ⋅  1210  

gρ  resistivity of 
grain 

cmΩ⋅  1 

gE  barrier height eV 0.8 

β constant eV1/2 22.83 10−×  

bK  Boltzmann’s 
constant 

eV/K 58.625 10−×  

 
 The above formulation allows for stochastic variations 
via the barrier voltage VB. For example, we adopt a mean 
barrier voltage of 3.2 V with different variances. The 
external, electrical voltage was applied between the top 
and bottom edges of the Voronoi network. The nodal 
voltage equations were derived from the branched circuit 
schematic shown in Fig. 3 by applying the Kirchhoff 
current law at the ith node of an N-node circuit. The 
solution then yields currents flowing through the GBs as 
calculated by (1). The Joule heat generated at each GB is 
given as: ij ij ij ijP sl V J= , where Vij and Jij denote the 
voltage difference and current density between adjacent 
granular regions, and lij is the length of their common GB, 
and s is the thickness of the sample.  Here, s is assumed to 
equal the average size of the grains. 
 
C. Heat transfer and thermal stress calculations 
 It is assumed that the average temperatures of cells i 
and j are Ti and Tj, and that their initial values are at the 
ambient temperature (300K in this paper).  The heat (dQi) 
transferred into cell i during time duration dt is 
approximately determined by: 
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where lij is the length of the common side between 
adjacent grains, dij is the distance between the centers of 
the two adjacent grains, Tj the average temperature of the 
adjacent grain j, and kT the thermal conductivity of ZnO 
varistors taken to be: 2 1 15.7 10Tk W cm K− − −= × ⋅ ⋅ .  

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Conceptual circuit for the microscopic 
simulation of a ZnO varistor. 
 
 The temperature rise dTi of grain i during dt is then 
given by the following equation: 
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where Si denotes the area of the grain i, the ZnO varistor 
film thickness s is the average grain size,  ρ = 5.6 g/cm3 is 
the mass density of ZnO, Pi = 0.5Pij , and Cp is the 
thermal capacity of ZnO ceramics taken to be:  
 

( ) ( )0.498 1 0.000828 20 /p iC T J g K= + − ⋅    . (5) 

 
If the temperatures between two adjacent grains (say i and 
j) are unequal, then a thermal stress fij develops between 
them [12]. The expression for fij is given by: 
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where E  is the Young’s modulus taken to be 

46.9 10× MPa, µ is the Poisson ratio equal to 0.3, and α is 
the linear expansion coefficient of ZnO varistor ceramics 
of about 6 14.86 10 K− −×  [11]. 
 With large current flowing through ZnO varistors, the 
localized temperature at grain boundaries can 
dramatically increase and even exceed the 820˚C melting 
point of Bi2O3 in the GB [11]. Upon melting as the barrier 
in the GB vanishes, the conductivity is assumed to then 
switch over to an Ohmic, highly resistive characteristic:  

 
( )7 2/(2 10 ) /J V A cm= ×   . (7) 

 
Though other I-V representations are possible, the general 
qualitative features and trends are expected to remain well 
represented by this current approach. 
 In order to study the failure of GB barrier dominated 
ZnO samples, simulations were carried out with a bias 
chosen to make the current density equal to 100A/cm2. 
Two different disorder parameters d=1 and d=5 were used 
in a Voronoi network with 492 grains. For each disorder 
parameter, the average grain size was varied from 1 µm to 
30 µm. For grains reaching this melting threshold, the I-V 
characteristics were switched to those of (7) in a dynamic 
fashion. Thus, this procedure allowed the sequential 
analysis of successive localized failures and phase-
transitions.  Our time-dependent simulations were 
continued in time without any dynamic I-V updates as 
long as the grains remained below 820˚C and the 137.9 
MPa critical stress threshold [13] was not reached.  
 
 

III.  RESULTS AND DISCUSSION 
 

 Figure 3 shows the global voltage for d=1 and d=5 
necessary to drive a sample current density of 100 A/cm2. 
A Voronoi network with 492 grains and a Gaussian 
distribution of barrier voltages VB was used. As evident 
from Fig. 3, the bias voltage is predicted to increase, as 
the disorder parameter gets smaller. A higher disorder  

 
Figure 3. Variation of bias voltage with different grain 
sizes for a current density J = 100 A/cm2. 
 
parameter “d” implies a more heterogeneous granular 
structure with higher variability. A sample under such 
conditions, tends to have many grains that are larger than 
average. If a collection of such larger grains happens to 
lie within a random anode-to-cathode path, then the 
number of grain boundaries encountered between the 
electrodes would correspondingly be lower. Since the 
sample resistance mainly comes from grain boundary 
contributions, such a random path between the electrodes 
would present the weakest resistance to current flow, and 
allow for highest Joule heating.  Thus, the presence of 
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such heterogeneous grains provides a larger probability 
for current channeling via a low resistance path.  The net 
result would be a decrease in the requisite bias voltage as 
predicted here in our simulations. 
 Next, time-dependent simulations were carried out 
starting with the bias voltages of Fig. 3 until the 
maximum temperature of the samples reached the 1093˚K 
melting point.  Figures 4 and 5 show the global average 
temperature and maximum thermal stress for different 
grain sizes, respectively. These plots are snapshots 
obtained at instants that the melting points were reached.  
In Figures 4 and 5, the smaller the grain size, the higher is 
the global average temperature and smaller the maximum 
thermal stress.  Also, the lower disorder parameter (d=1), 

 

 
Figure 4. Variation of global average temperature with 
grain size when the maximum temperature is 1093˚K. 
 

 
Figure 5. Variation of maximum thermal stress with ZnO 
average grain size when the maximum temperautre is 
1093˚K. 

 
yields a higher global average temperature and smaller 
maximum thermal stress. Furthermore, the smaller the 
grain size, the lower is the difference in average 
temperature and maximum thermal stress between the 
d=1 and d=5 cases. For example, for the 1 µm average 
grain size, the differences in temperature and stress were 
as small as 9.2 K and 3.04 MPa, respectively, between the 
d=1 and d=5 configurations. Very simply, these results 
imply that if the average grain size can be made 
sufficiently small, then individual variances in grains will 
have a minimal affect on the thermal characteristics of 

ZnO varistors.  In addition, the maximal thermal stress is 
predicted to be the lowest for smaller grains, indicating an 
optimal strategy for practical varistor design.   
 Figure 6 shows the variation in bias duration until 
localized melting for different grain sizes and disorder 
parameters. The bias duration for d=1 is predicted to be 
longer than that for d=5, with the difference becoming  

 
Figure 6. Relationship between bias durations and grain 
sizes corresponding to the maximum 1093˚K internal 
threshold. 
 
smaller as the grain size reduces from 30 µm to 1 µm. 
With smaller average grains, the average internal 
temperatures generated are larger. Consequently, the 
external bias can only be applied up to a shorter duration 
before internal melting and sample damage. Hence, while 
reductions in grain size have the advantage of higher 
hold-off fields and more compact structures, this occurs at 
the expense of shorter external voltage durations. 
Alternatively, better thermal management and heat 
dissipation systems would be needed for the more 
compact varistors. 

 
Table 2. The relative changes of properties when grain 
size changes from 30 µm to 1 µm. 

Properties d = 1 d = 5 
Grain size –96.7% –96.7% 

ZnO Sample volume –99.996% –99.996% 
Bias voltage (J=100A/cm2) –4.4% –7.9% 

Average electric field 2767% 2663% 
Average temperature +8% +26% 

Maximum thermal stress –94.6% –91.7% 
Average energy density +20.4% +31.9% 

Bias duration –95.6% –95.1% 
 
 Table 2 lists the relative changes of electrical properties 
of the micro-structured ZnO varistiors with changes in the 
average grain size from 30 µm to 1 µm. The benefits of 
down-scaling the internal granularity is obvious. Stromg 
reductions in maximum thermal stress and sample size are 
predicted with negligible changes in hold-off voltage and 
average temperature. The average energy density is 
predicted to increase by about 20%, with a very large 



  
 

 
 

increase in average electric field.  The table indicates that 
greater uniformity within small grained samples should 
be preferred. 

 
Figure 7. Snapshot of the internal current magnitude 
distribution for d=5 and an average grain size of 10 µm. 
Vertical scale denotes current in Amperes. 
 
 Next, the internal current distributions and temperature 
profiles are shown in Figs. 7 and 8. The former is a 5.8 
ms snapshot of the internal maximum current magnitude 
distribution. The highest density in Fig. 7 is roughly at the 
lower left side, around the (0.2, 0.05) region. This also 
corresponds to the localized melting zone with maximum 
temperature of 1093˚K as predicted in Fig. 8. 

 
Figure 8. Snapshot of the temperature distribution for a 
10 µm average grain size and d=5 sample. Vertical scale 
denotes temperature in Kelvin.  Some specific locations 
are marked. 
 
 Fig. 9 shows the snapshot of GB melting and its 
temporal sequence for a d=5 sample. A progression of hot 
spots and the affected grain boundaries is evident in Fig. 
10. The sequence of internally melted GBs is numbered 
and can be seen moving on either side of an initial “seed 
GB”. For clarity, the cluster of GBs in the bottom-right 
region of Fig. 9 has been enlarged to better show the 
sequence numbering.  For concreteness, the internal 
temperature evolution at four specific locations within the 
sample (as indicated in Fig. 8) is shown in Fig. 10. The 

non-uniformity in heating is obvious. The lowest 
temperature at ~5.8 ms is about 875˚K, while the highest 
is at the 1093˚K melting point. The maximum stress (not 
shown) was predicted to be about 39 Mpa. This is much 
less than the 137.9 MPa critical threshold needed for 
material cracking. 
 

 
 

Figure 9. A 5.8 ms snapshot showing the grain 
boundaries in the granular ZnO sample with d=5. The 
numbers denote the melting sequence and the bottom-left 
shaded portion has been enlarged to reveal the numbers. 
 

 
Figure 10. Time dependent temperatures at locations 
shown in Fig. 13 for d=5 and 10 µm average grain size. 
The simulation was terminated when the maximum 
temperature reached 1093˚K. 
 
 For completeness the above calculations of the time-
dependent internal temperatures and thermal stresses were 
repeated for a lower (d=1) disorder parameter. The 
sequence of internal GB melting for the d=1 case is 
shown in Fig. 11. Since the non-uniformity in current 
distributions for this d=1 case is less pronounced than for 
the d=5 situation, there are fewer regions with large 
temperature differentials. Hence, instead of a few 
localized regions of very high temperature and melted 
GBs, a more gradual and smoother heating pattern results.  



  
 

 
 

Thus, the number of “melted GBs” seen in Fig. 11 is 
higher and relative more spread out than in Fig. 9. 

Figure 11. Snapshot showing grain boundaries in a d=1, 
ZnO sample.  The numbers denote melting sequence. 
 

 
IV.  CONCLUDING SUMMARY 

 
 Time-dependent, two-dimensional simulations based 
on random Voronoi networks have been developed to 
study the internal heating and related breakdown effects 
in ZnO varistors in response to high-voltage pulsing. 
 Our results show that application of high voltage 
pulsing can lead to internal ZnO melting. Comparisons 
between relatively homogeneous (d=1) and more random 
(d=5) granular distributions were carried out. Our results 
predict that parameters such as the device hold-off 
voltage, the average internal temperature, and average 
dissipated energy density would be higher with more 
uniform grains. The d=1 case was also predicted to 
produce lower thermal stresses and to allow for the 
application of longer duration pulses. Furthermore, it was 
shown that scaling down the grain size offered advantages 
of increasing the device voltage hold-off, dramatic 
reductions in internal stresses and longer pulses. 
  Finally, it was shown that the principle failure 
mechanism would arise from internal localized melting 
and the transformation of GB characteristics associated 
with the phase transitions. 
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