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Abstract

Increasing interest in polarimetric characterization of atmospheric aerosols has led to the development of complete sample-
measuring (Mueller) polarimeters that are capable of measuring the entire backscattering phase matrix of a probed volume. These
Mueller polarimeters consist of several moving parts, which limit measurement rates and complicate data analysis. In this ar-
ticle, we present the concept of a less complex polarizationlidar setup for detection of preferential orientation of atmospheric
particulates. On the basis of theoretical considerations of data inversion stability and propagation of measurement uncertainties,
an optimum optical configuration is established for two modes of operation (with either a linear or a circular polarized incident
laser beam). The conceptualized setup falls in the categoryof incomplete sample-measuring polarimeters and uses fourdetection
channels for simultaneous measurement of the backscattered light. The expected performance characteristics are discussed through
an example of a typical aerosol with a small fraction of particles oriented in a preferred direction. The theoretical analysis suggests
that achievable accuracies in backscatter cross-sectionsand depolarization ratios are similar to those with conventional two-channel
configurations, while in addition preferential orientation can be detected with the proposed four-channel system for awide range of
conditions.
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1. Introduction

Lidar techniques have been applied since the late 1960’s and
have become indispensable tools for characterization of the at-
mosphere [1]. The laser light used to interrogate the atmo-
sphere leaves the dynamics of the probed fluid unperturbed and
therefore enables characterization of conditions in the atmo-
sphere with high temporal and spatial resolution. Polarization
lidar systems provide information on changes in the polariza-
tion state induced by the scatterers in the probed volume ele-
ment, which are commonly quantified in terms of changes in
the overall backscatter coefficient and in the linear (or circular)
depolarization ratio [2]. The backscatter coefficient quantifies
the amount of light scattered into the backward direction and
thus characterizes the optical properties of a probed region in
the atmosphere [1]. Depolarization ratios have been used exten-
sively to discriminate between ice and water phases in clouds
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[2–8], and serve as indicators for multiple scattering and for the
presence and discrimination of nonspherical scatterers [9, 10].
Preferential orientation of nonspherical particles may result in
significantly higher (or lower) effective cross-sections for ex-
tinction of incident radiation than expected from orientation-
averaged cross-sections, and may thus cause significantly more
(or less) participation in radiative energy exchange. An ex-
ample reported in this paper shows that the scattering cross-
sections for the studied particles vary over more two ordersof
magnitude depending on the particle orientation relative to the
propagation direction of the incident light.

Kaul et al. [11] showed with their measurements of the
backscatter phase matrix that large hexagonal faces of ice crys-
tals in cirrus clouds tend to align with a horizontal plane, and
produce visually observable sundogs and light pillars. Airborne
particulates, mostly inorganic dust particles, biogenic particles,
and soot aggregates [12], are considerably smaller than icecrys-
tals (a few nanometers to several micrometers versus tens of
micrometers to several millimeters) [13], and typically have
nonspherical shapes. For theses particulates, gravitational, fluid
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dynamic, electric and magnetic forces have conveniently been
assumed to be ineffective in producing appreciable particle ori-
entation, but the validity of that assumption has been questioned
in recent years based on theoretical considerations and experi-
mental evidence [14, 15]. Whether caused by preferential ori-
entation or by insufficient population size (when the number of
particles of a kind is too small for each sampled particle to have
a particle in reciprocal orientation present), an imbalance in the
particulate orientation may lead to erroneous interpretation of
depolarization ratios. Measurements sensitive to detecting par-
ticle ordering therefore complement traditional depolarization
measurements and could provide valuable insight into atmo-
spheric aerosol dynamics, enabling better, unbiased interpreta-
tion of lidar returns.

Over the past forty years, the merits of measured depolariza-
tion ratios in the characterization of atmospheric aerosols have
led to wide-spread application of polarization lidar systems in
various configurations. Early systems fall into the category
of Stokes polarimeters (or light-measuring polarimeters [16]),
which measure the polarization states of the returning light. For
instance, Pal and Carswell used a three-channel system to de-
termine the first three Stokes parametersI,Q,U [17]. A four-
channel Stokes polarimeter has been investigated by Houston
and Carswell [18], who, based on their findings, concluded
that the increased complexity outweighs the benefits of four-
component measurements and recommended two-channel mea-
surements as the most efficient lidar approach [18]. The system
described in [3] uses two channels for detection, but it is ca-
pable of measuring the full Stokes vector of the backscattered
light by utilizing three switchable ferroelectric cells together
with a quarter-wave plate to vary the polarization states for sig-
nal generation and analysis. The instrument allows for quasi-
simultaneous measurement of both linear and circular depolar-
ization ratio, and was proposed mainly for detection of oriented
ice platelets in clouds. A single-detector system with similarly
switched polarization states of the incident beam is described
in [19].

Mueller-matrix polarimetric lidar systems for measurement
of the entire backscatter matrix have been described by Kaul
et al. [11], and more recently by Haymanet al. [20] (these
systems are considered complete sample-measuring polarime-
ters [16] for their ability to fully determine the backscatter ma-
trix). Since preferential orientation can be detected through
evaluation of the magnitudes of off-diagonal elements of the
backscatter phase matrix, these systems can provide informa-
tion regarding the presence of oriented particles. However,
for the measurement of a scattering matrix it is necessary to
vary polarization states of both sounding beam and analyzers,
which is commonly achieved by means of rotating retarders
[21]. The scattering matrix from these measurements is thus
determined by combining signals acquired at different sampling
times. The results are consequently only reliable if the probed
sample is temporally sufficiently stable. Validity of this as-
sumption is clearly questionable in the light of inherent tem-
poral and spatial variability of composition and characteristics
of atmospheric aerosols. Variation of the retardances withrota-
tion angle may produce additional systematic error, and spatial

and temporal resolutions are limited by the maximum rotation
speeds to maintain well-controlled alignment of retarders.

As an alternative to these Mueller polarimeters, we inves-
tigate a polarization lidar setup with stationary, standard op-
tical components in this study. The conceptualized system is
free of moving parts and therefore more robust, and permits
faster sampling rates than conventional Mueller polarimeters.
It is, however, an incomplete sample-measuring polarimeter
that provides information only for a subset of backscatter ma-
trix elements. This solution is still adequate for approximate
characterization of the probed volume, and in addition has the
potential of providing data with increased spatial and tempo-
ral resolution. This new concept can thus be placed between
the afore-mentioned complete Mueller polarimeters and Stokes
polarimeters. Accepting partial information on the backscatter
phase matrix enables reduction of the instrument complexity
that translates to increased reliability, which is particularly im-
portant for applications in extreme environments such as the
Arctic region. Application of high-quality lasers, detectors
and data acquisition equipment with the outlined system en-
ables measurements with higher spatial and temporal resolution
than polarimeters with rotating optical components. Absence
of moving parts facilitates processing of detected signalsbe-
cause of the less-demanding need for component modeling to
properly account for imperfections and angular alignment un-
certainties. The design concept of the instrument featuressi-
multaneous measurement of all pieces of information that are
used in the data inversion. This eliminates uncertainties asso-
ciated with temporal variabilities in the probed aerosol, and fa-
cilitates application of advanced denoising approaches tothe
recorded data stream.

In this theoretical study, we explore the feasibility of such
a polarization lidar system for the measurement of the degree
of preferential orientation, depolarization ratio, and backscatter
coefficient. Specifically, our focus lies on theoretical develop-
ment of configurations that exhibit optimal measurement sta-
bility when the polarization state of the incident probe beam is
held fixed. For the development, we first discuss the general
structure of the backscatter phase matrix and establish combi-
nations of matrix elements suitable for indication of preferen-
tial orientation. We then determine the configuration of a four-
channel system with either a linearly or a circularly polarized
incident beam that measures the desired quantities with min-
imum uncertainties. Finally, the expected performance of the
optimum configuration is compared with the performance of
traditional two-channel systems for measurement of depolar-
ization ratios and backscatter coefficients. The capabilities of
detecting preferential orientation are discussed on the basis of
an aerosol consisting of prolate ellipsoidal particles with optical
properties of typical atmospheric inorganic dust.

2. Theoretical Background

The assumption that the probed volume contains a large num-
ber of randomly oriented particles is valid in many practical
situations, but may not be completely justified when ice crys-
tal and other nonspherical hydrometeors and dust are present.
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While for large preferentially oriented particles the effect on
the measured depolarization ratio may be strong enough for dis-
crimination, it becomes increasingly difficult to detect preferen-
tial orientation with conventional techniques when the number
of particles or their size decreases. With the aim of improving
the capabilities for detection of preferential orientation, we ex-
plore the feasibility of measuring some of the off-diagonal ele-
ments (or combinations thereof) of the backscatter phase matrix
that vanish when the probed aerosol consists of fully randomly
oriented particulates. Statistically significant nonzerovalues in
these off-diagonal elements should thus reliably indicate pref-
erential orientation.

Light scattering characteristics of an individual particle is
commonly described with the 4× 4 scattering phase matrix
Z, which transforms the Stokes vector of incident lightSinc =

(I,Q,U,V)t
inc to that of the scattered lightSsca (we define all

vectors as column vectors and uset to indicate transposition).
For an ensemble of randomly positioned, independently scatter-
ing particulates, the ensemble-averaged scattering phasematrix
is given by the superposition of individual scattering phase ma-
trices, i.e. 〈Z〉 =

∑N
n=1 Zn. For single scattering in the exact

backward direction, the phase matrix of an individual particle
in fixed orientation is composed of nine independent elements
[22]:

Z =





























Z11 Z12 Z13 Z14

Z12 Z22 Z23 Z24

−Z13 −Z23 Z33 Z34

Z14 Z24 −Z34 Z44





























, (1)

with Z11 − Z22 + Z33 − Z44 = 0. For a collection of indefinitely
many, randomly oriented particles of arbitrary shapes, thescat-
tering matrix simplifies to [22]

Z =





























Z11 0 0 Z14

0 Z22 0 0
0 0 −Z22 0

Z14 0 0 Z44





























, (2)

where in general 0≤ Z22 ≤ Z11, Z44 = Z11 − 2Z22, and
Z22 − Z11 ≤ Z14 ≤ Z11 − Z22. If each particle has a plane of
symmetry,Z14 = 0; in addition, for homogeneous, optically in-
active, spherical particlesZ11 = Z22 = −Z44 [22]. Comparison
of Eqs. (1) and (2) clearly reveals that the key to sensitive de-
tection of preferentially oriented particles lies in the analysis of
off-diagonal elements other thanZ14. Although the gas back-
ground may contribute significantly to the diagonal elements of
the overall ensemble-averaged scattering matrix〈Z〉, this con-
tribution can be subtracted using complementary Raman-lidar
measurements, for instance [1]. But regardless of the back-
ground correction, nonzero ratios of off-diagonal elements to
Z11 indicate preferential orientation (the strength of the indi-
cation certainly improves, however, when contributions from
randomly oriented scatters (such as the gas molecules) are sub-
tracted). The effect of molecular backscattering is therefore not
considered in the following development.

2.1. Structural dependence of backscatter phase matrix on ori-
entation angles

For the choice of an appropriate lidar configuration it is in-
structive to examine the orientation dependence of the backscat-
ter matrix for axisymmetric particles, which in many cases ap-
proximate reasonably well the shape of solid particulates or
aerodynamically distorted water droplets. As an example of
an axisymmetric particle, we use a prolate ellipsoidal particle.
The particle is assumed to be located in the origin of a lab co-
ordinate system whosez-axis is aligned with the propagation
direction of the incident light. Adopting Mishchenko’s defi-

Figure 1: Euler angles of rotationα, β, andγ. Laboratory reference frame:
{x, y, z}; particle reference frame:{x′, y′, z′}. Reproduction of Fig. 2 in [23].

nitions [23], we assume thez′-axis of the particle coordinate
system is aligned with the particle symmetry axis (see Fig. 1).
The angleβ ∋ [0,180◦] then measures the angle between prop-
agation direction and the particle symmetry axis;α ∋ [0,360◦)
specifies the rotation angle about thez-axis such that forα = 0
the particle symmetry axis lies in thexz-plane of the lab co-
ordinate system (the third Euler angle,γ, has no significance
for axisymmetric particles and is set equal to zero). According
to the analysis by Huet al. [24], axisymmetric particles fall
into Class (̄A). The symmetry properties of any scatterer in that
class manifest themselves through regularities in the backscat-
ter phase matrix with respect to the azimuthal orientation an-
gle α: Z12 andZ34 are proportional to cos 2α, Z13 andZ24 to
sin 2α, andZ23 to sin 4α, with proportionality constants depen-
dent on the polar angleβ. Z11 andZ44 are independent ofα,
whereasZ22 andZ33 haveα-independent components with su-
perimposed cos 4α components. The overall magnitudes of the
matrix elements are functions of the polar angleβ, particle size
and the refractive index. As an example, Fig. 2 shows the orien-
tation dependence of the backscatter phase matrix elementZ11

and the other independent elementsZi j relative toZ11 for a pro-
late ellipsoid with an aspect ratio of 2 : 1 (Z14 = Z41 = 0 for
particles in this class and is therefore omitted in Fig. 2).

Fig. 2 illustrates the sine-cosine dependences with respect to
the azimuthal angleα, but also shows the range in magnitude of
the backscatter coefficientZ11. While independent fromα, Z11

varies over more than two orders of magnitude over the entire
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Figure 2: Backscatter phase matrix elements relative toZ11 (in cm2/sr) as a
function of the azimuthal (α) and polar (β) orientation angles for a prolate ellip-
soid with aspect ratio 2 : 1 and a major axis size parameterxb = 2πb/λ = 49.6.
This size parameter corresponds to a 10µm long particle illuminated with vis-
ible light at 632.8 nm wavelength. The particle refractive index ism = 1.53+
i0.008, which is a typical value for mineral dust particles in theatmosphere; the
refractive index of the surrounding medium (air) is set to 1.0. The calculations
were performed using the extended-precisionT -matrix code by Mishchenkoet
al. [25–27], downloaded from [28]. The angular resolution∆α = ∆β = 1◦ ;
Zi j (180◦ < α < 360◦,90◦ < β ≤ 180◦) = Zi j (α − 180◦,180◦ − β) due to the
particle symmetry.

range of polar anglesβ. This translates to a root-mean-square
(rms)-deviation of the backscattering coefficientZ11(α, β) from
the value for randomly oriented particles〈Z11〉 of about 67%

(rms2 =
∫ 2π

0

∫ π

0
[Z11(α, β) − 〈Z11〉]2 sinβdβdα/4π). This large

orientation-averaged rms value indicates that there is a poten-
tial for massive over- or underestimation of the amount of parti-
cles if the particles are predominantly aligned in a particular di-
rection. As shown in Fig. 2, off-diagonal elements can assume
absolute values as large as the backscatter coefficientZ11. Anal-
ysis for axisymmetric particles with large absorption coefficient
(such as black carbon or soot [29]), reveals that the structure of
the backscatter phase matrix is similar, but that the maximum
absolute values of the off-diagonal elements are considerably
smaller (less than 10%) thanZ11 (results not shown here). The
inherent zero-crossings of off-diagonal elements at someα-β
combinations suggest that linear combinations of off-diagonal
elements produce zero values in some situations of preferential
orientation, thus falsely indicating randomness in the particle
orientation. It appears reasonable to combine off-diagonal el-
ements that are phase-shifted with respect toα, such asZ12 or
Z34 with Z13 or with Z24, to increase the rate of correct indica-
tion of preferential orientation, but there is no real advantage of
one over the other combination. Configurations in whichZ14

combines with one of the diagonal elements, on the other hand,
seem beneficial since many types of atmospheric particles have
a symmetry plane according to Class (Ā) [24]. As Z14 = 0 for
that symmetry class, the element that is combined withZ14 is
determined with little systematic error.

2.2. Signal models and instrument matrix

For the development of a suitable configuration, we assume
a setup with a fully polarized incident beam with either linear
(“L-setup”) or a circular polarization (“C-setup”), similar to the
time-proven configuration of conventional polarization lidar se-
tups. According to [18], polarization states are preservedduring
transmission even through relatively dense clouds,i.e. using the
scalar radiative transfer equation to represent the propagation of
incident and scattered light through the atmosphere is a valid
approximation. The optimum configurations are determined
from the relative magnitudes of the signals in the four chan-
nels, expressed as comparable differential cross-sectionsyi. We
assume that the lidar return light is collected with a singletele-
scope and subsequently split into four beams for analysis, such
that signal ratios become independent of range-dependent ge-
ometry factors. The optical trains for detection of the backscat-
tered light are assumed to consist of beam splitters, linearpolar-
izers, and optional quarter-wave plates, as well as bandpass fil-
ters, mirrors, fast detectors and electronic data acquisition sys-
tems. We assume each of the four sub-beams passes an optional
quarter-wave plate and a linear polarizer before arriving at the
detector face. The system thus employs four analyzer statesto
provide four independent measurements for characterization of
the probed aerosol.

The attenuation-corrected differential cross sectionsyi (in
m2/sr) in each of the four analyzer channelsi = 1, . . . ,4 are
given by

yi = et Pi Qi Z I inc , (3)

whereyi is the measured voltage divided by the respective cal-
ibration constant,e = (1,0,0,0)t selects the first component of
the Stokes vector (which is the only one directly measurable
by a detector),Pi is the Mueller matrix for the linear polarizer,
Qi is the Mueller matrix for the quarter-wave plate. Assuming a
fixed reference plane defined by the direction of the propagating
laser beam and the electric field vector of the linear polarized
laser output (the field vector is parallel to the reference plane),
the normalized Stokes vectors are given byI L,inc = (1,1,0,0)t

or IC,inc = (1,0,0,1)t for L- andC-setups, respectively.
For establishing the best configuration, ideal components and

complete polarization of the probe beam are assumed. The
Mueller matrixPi = P(χi) for the linear polarizer with the trans-
mission axis at an angleχ relative to the reference plane is de-
fined in [30]. The polarizer passes field components parallel
or perpendicular to the reference plane ifχ = 0 or χ = 90◦,
respectively. The quarter-wave plate is modeled as an ideal
retarder with retardanceδi and with the fast axis angleζi rel-
ative to the reference plane. The Mueller matrix of an ideal
retarderQi = Q(δi, ζi) can be found in [30]. The retardance
for a quarter-wave plate equalsδ = 90◦; for detection channels
without a quarter-wave plate,δ = 0◦.

With eq. (3) and the elements of the backscatter phase matrix
Z arranged into a vectorz = (Z11,Z12,Z13,Z14,Z22,Z23,Z24,Z33,

Z34,Z44)t [21], the measured light intensitiesyL,i for theL-setup,
I L,inc = (1,1,0,0)t, are expressed in matrix form as

yL,i =
1
2

(1,1+ ai, bi, di, ai, bi, di,0,0,0) · z = xt
z,L,i z (4)
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where

ai = cos 2χi + (1− cosδi) sin 2ζi sin 2(χi − ζi)
bi = − cosδi sin 2χi − (1− cosδi) sin 2ζi cos 2(χi − ζi)
di = sinδi sin 2(χi − ζi)

Examination of the measurement vectorxz,L,i in eq. (4) re-
veals thatZ33, Z34, andZ44 cannot be determined since no com-
bination of retardance, fast axis angle and polarizer anglewill
result in signal contributions from these elements. Moreover,
elementsZ14 andZ24 cannot be distinguished because for any
choice ofδi, ζi andχi the two elements contribute equally to
the measured intensity. The same is true for elementsZ13 and
Z23. ElementsZ11, Z12 andZ22 are linearly linked and any com-
bination (δi, ζi, χi) provides information for only two out of the
three. A configuration with four or more detection lines, each
of which consisting of a linear retarder and a polarizer, anda
linearly polarized probe beam thus enables determination of
at most four independent pieces of information. In our four-
channel configuration the four independent pieces of informa-
tion, denoted as parameter vectorξL, are fully resolved.ξL is
naturally defined, based on the analysis above, as

ξL =





























ξL,1
ξL,2
ξL,3
ξL,4





























=





























Z11 + Z12

Z12 + Z22

Z13 + Z23

Z14 + Z24





























. (5)

The equation for the detected intensity in thei-th channel,
eq. (4), can thus be rewritten as

yL,i =
1
2

(1, ai, bi, di) · ξL = xt
ξ,L,i ξL . (6)

The measurement matrixXL for the four-channel system,
which relates the vector of the combination parametersξL to
the vector of measured intensitiesyL = (yL,1, . . . , yL,4)t, is com-
piled from the row vectorsxt

ξ,L,i defined in eq. (6) according to

yL =

































xt
ξ,L,1

xt
ξ,L,2

xt
ξ,L,3

xt
ξ,L,4

































ξL = XL ξL . (7)

The conventional two-channel system with{δ, ζ, χ}1 =

{0◦,0◦,0◦} and {δ, ζ, χ}2 = {0◦,0◦,90◦} yields, according to
eq. (4),xz,L,1 ∝ (1,2,0,0,1,0,0,0,0,0)t and xz,L,2 ∝ (1,0,0,
0,−1,0,0,0,0,0)t. This gives the linear depolarization ra-
tio δL = yL,2/yL,1 = (Z11 − Z22)/(Z11 + 2Z12 + Z22) or
dL = yL,2/

(

yL,1 + yL,2
)

= (Z11 − Z22) /2(Z11 + Z12) [31]. If
the probed aerosol truly consists of randomly oriented parti-
cles (Z12 = 0), both backscatter cross sectionZ11 and ele-
ment Z22 can be determined correctly, otherwiseZ11 and Z22

are biased. With the chosen parametrization forξL, the depo-
larization ratios follow asδL = (ξL,1 − ξL,2)/(ξL,1 + ξL,2) and
dL = (1 − ξL,2/ξL,1)/2, which shows that the measured, com-
bined parametersξL can be easily transformed into the tradi-
tional depolarization ratios.

For theC-setup,IC,inc = (1,0,0,1)t, the configuration vector
is different, but structurally similar. Now, the measured light
intensitiesyC,i are given by

yC,i =
1
2

(1, ai, bi,1+ di,0,0, ai,0,−bi, di) · z = xt
z,C,i z (8)

with ai, bi, anddi as defined earlier.
By examining the measurement vectorsxz,C,i in eq. (8) it can

be concluded thatZ22, Z23, andZ33 cannot be determined and
elementsZ12 andZ24, as well asZ13 andZ34 are indistinguish-
able. As for theL-setup, at most four independent parameters
can be determined, regardless of the number different detection
lines. To determine the full parameter vectorξC defined as

ξC =





























ξC,1
ξC,2
ξC,3
ξC,4





























=





























Z11 + Z14

Z12 + Z24

Z13 − Z34

Z14 + Z44





























(9)

we again use four detection lines, specified throughi = 1, . . . ,4.
The detected intensity in thei-th channel follows from eqs. (8)
and (9):

yC,i =
1
2

(1, ai, bi, di) · ξC = xt
ξ,C,i ξC (10)

Similar to eq. (7), the vector of measured intensitiesyC =

(yC,1, . . . , yC,4)t = XC ξC, with the row vectorsxt
ξ,C,i (eq. (10))

stacked to obtain the measurement matrixXC. By compar-
ing eqs. (10) and (6) one can easily see thatXL = XC. With
this, the task of finding an optimal configuration as discussed
below simplifies since best-possible performance for both sys-
tem configurations is achieved with the same set of parameters
{δ, ζ, χ}i=1,...,4.

The conventional two-channel system with{δ, ζ, χ}1 =

{90◦,90◦,−45◦} and {δ, ζ, χ}2 = {90◦,90◦,45◦} results in
xz,C,1 ∝ (1,0,0,0,0,0,0,0,0,−1)t andxz,C,2 ∝ (1,0,0,2,0,0,
0,0,0,1)t. This gives the circular depolarization ratioδC =
yC,2/yC,1 = (Z11 + 2Z14 + Z44)/(Z11 − Z44) or dC = yC,2/(yC,1 +

yC,2) = (Z11+2Z14+Z44)/2(Z11+Z14) [31]. Due toZ14 , 0 also
for randomly oriented particulates, both elementsZ11 andZ44

are biased unless the aerosol consists of Class(Ā)-symmetric
particles [24]. With the chosen parametrization forξC, the de-
polarization ratios follow asδC = (ξC,1 + ξC,4)/(ξC,1 − ξC,4) and
dC = (1+ ξC,4/ξC,1)/2. As before, simple manipulation enables
direct comparison with traditional polarization lidar results. Di-
rect interpretation of theyC,i andyL,i is, however, complicated
as the measured signals are linear combinations of several com-
ponents ofξC or ξL.

3. Optimum system configuration

For the system design, specified in terms of the parame-
ters{δ, ζ, χ}i=1,...,4, we use the ratio between the largest and the
smallest singular values of the measurement matrixX as the cri-
terion for the optimization of Mueller matrix polarimeters[21].
Singular Value Decomposition (SVD) ofX yieldsX = UDVt,
whereU andV are orthonormal matrices andD = diag(µ1, ...µ4)
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is a diagonal matrix with the singular values ofX as the diago-
nal elements. If the measured cross-sectionsy = Xξ contain ad-
ditive, independent, identically distributed noise with variance
σ2, i.e. the covariance matrixΣy = σ

2diag(1,1,1,1), then the
covariance matrix of the desired quantitiesξ̂ = X−1y follows as
Σξ = X−1

ΣyX−t= σ2(XtX)−1 [32] (the ˆ is used to distinguish
noisy estimates from the true, underlying quantities). With
the SVD ofX this expression simplifies toΣξ = σ2VD−2Vt=

VΛVt, which is the eigendecomposition ofΣξ with the eigen-
matrixΛ = diag(σ2/µ2

1, . . . , σ
2/µ2

4). The ratio of singular val-
ues measures the degree of singularity ofX (smaller ratios are
the indicators for lower degree of singularity, or good condi-
tioning [33]), and also relates to the amplification of noisein
the signal inversion (a well-conditioned design matrix is as far
as possible from being singular and thus results in a balanced
distribution of noise over the derived quantities). In order to
determine the four unknown quantitiesξ1, ..., ξ4 with our four-
channel system, the 4× 4 matrix X must be full rank, which
implies that all four singular values must be non-zero.

The optimum configuration parameter vector{δ, ζ, χ}i=1,...,4

was determined numerically using a genetic algorithm [34],fol-
lowed by a deterministic optimization routine [35], both part of
the R-code software package [36]. The first step was to find
the smallest possible ratio of singular values by varying all 12
components of the configuration parameter vector in the ranges
0◦ ≤ δi ≤ 180◦, 0◦ ≤ ζi ≤ 90◦, and 0◦ ≤ χi ≤ 90◦. Sev-
eral independent runs of the genetic algorithm converged tothe
one and the same optimum ofµmax/µmin =

√
3, suggesting that

the algorithm parameters (population size, number of genera-
tion, probabilities for mutation and cross-over, etc. [34]) were
chosen adequately. In the second step, the search space for the
configuration parameters was increasingly constrained by re-
ducing the number of varied configuration parameters until the
singular value ratio

√
3 could not be achieved any longer. The

remaining parameters were fixed at convenient values (0◦ for
the angles of the fast axis orientationζi, 0◦ or 90◦ for the re-
tardancesδi). The optimum configuration for four detection
channels from this procedure is given by

{δ, ζ, χ}1 = {0◦,0◦, γ}
{δ, ζ, χ}2 = {0◦,0◦,−γ}
{δ, ζ, χ}3 = {90◦,0◦,90◦ − γ}
{δ, ζ, χ}4 = {90◦,0◦,−(90◦ − γ)} (11)

whereγ = (1/2) arccos (1/
√

3) = 27.37◦. Detection lines 1 and
2 thus consist of only linear polarizers with the transmission
axis at an angle of±27.37◦ with respect to the reference
plane; each of the detection lines 3 and 4 have a quarter-wave
plate with the fast axis aligned parallel to the reference plane
and a linear polarizer with a polarization angle±62.63◦

relative to the reference plane. The four-channel system can
thus be viewed as a combination of the two conventional
polarization lidar systems, but with different polarizer angles
to access off-diagonal elements of the backscatter phase matrix.

The schematic shown in Fig. 3 is an example of an optical
train of the analyser side for both setups. The overall in-

strumentation is envisioned to be similar to conventional po-
larization lidar systems. The generator side involves separate
conditioning of the pulsed laser beam to produce the desired
polarization state, beam expansion to reduce beam divergence,
and steering of the beam to align it with the optical axis of
the receiver telescope. The analyser side consists of a tele-
scope, optical components as shown in Fig. 3, detectors (photon
counters or photomultiplier tubes), and electronics to simulta-
neously record the signals in the four analyser channels andan
optional channel to monitor the intensity of the laser beam.A
conventional two-channel polarization lidar system can thus be
upgraded in a straight-forward manner. Placing the four polar-
izer angles as specified in eq. (11) and calibrating the detec-
tion side is somewhat more complicated, but could be based on
Rayleigh-scattering from a gas with known scattering crosssec-
tion [30] to minimize systematic errors. As discussed in more
detail below, the measured signals follow trigonometric rela-
tionships with respect to the polarizer angle, which may be uti-
lized in that procedure.
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Figure 3: Schematic of an optimum four-channel polarization lidar system.

Examination of eq. (11) shows that the optimum configura-
tion is represented by a single characteristic angleγ defining all
four polarizer anglesχ1, . . . , χ4. With the waveplate retardances
and orientation given in eq. (11), the measurement matrixX for
both configurations is given by

X =
1
2





























1 cos 2γ − sin 2γ 0
1 cos 2γ sin 2γ 0
1 − cos 2γ 0 sin 2γ
1 − cos 2γ 0 − sin 2γ





























. (12)

For statistically independent measured cross-sectionsy with
equal variances the covariance matrixΣy = σ

2diag(1,1,1,1),
which yields the diagonal covariance matrix

Σξ = σ
2diag

(

1,
1

cos2 2γ
,

2

sin2 2γ
,

2

sin2 2γ

)

. (13)

In this case, the noise variances in the calculatedξ3 andξ4 are
equal regardless ofγ. For the optimalγ, which yields highest
possible fidelity in all four derived quantities, the variances of
ξ2, ξ3, andξ4 coincide.

For an ideal photon counting system for light detection, the
observed counting noise is proportional to the detected radiant
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flux, i.e. σ2
i ∝ yi. Assuming channel-independent transmission

characteristic, the covariance matrixΣy = Kdiag(y1, . . . , y4).
Usingy = Xξ gives

Σξ,sh =
Kξ1
2





































1 (ξ2/ξ1) (ξ3/ξ1) (ξ4/ξ1)
(ξ2/ξ1) 1

cos2 2γ
(ξ3/ξ1)
cos 2γ − (ξ4/ξ1)

cos 2γ

(ξ3/ξ1) (ξ3/ξ1)
cos 2γ

2+2(ξ2/ξ1) cos 2γ
sin2 2γ

0

(ξ4/ξ1) − (ξ4/ξ1)
cos 2γ 0 2−2(ξ2/ξ1) cos 2γ

sin2 2γ





































(14)
In this case, correlations can be avoided only ifξ2, ξ3 and ξ4
are equal to zero (i.e. randomly oriented particles withδL = 1
or δC = 1 for the L- and C-setup, respectively). It is worth
noting that the variances in the calculatedξ’s are determined
by ξ1 andξ2, apart fromγ. For theL-configuration, in which
ξ2 assumes nonzero values also for randomly oriented values,
the uncertainties in the determined orientation markersξ3 and
ξ4 are dependent on the depolarization characteristics of the
probed volume. In contrast, with circular polarized light,the
variances of all four calculatedξ’s are only proportional toξ1
when probing randomly oriented particulates (sinceξ2 = 0).
This polarization-insensitivity suggests that theC-setup is su-
perior with respect to the noise transmission characteristics.

Fig. 3 illustrates the sensitivity of expected uncertainties ac-
cording to eqs. (13) and (14) as a function of the angleγ for the
two limit noise conditions discussed (assumingσ2 = Kξ1/2 =
1). As clearly seen, the optimumγ is given by the intersec-
tion of the curves for the standard deviationsσ(ξ2), . . . , σ(ξ4)
for signal-independent measurement noise (σ = const.). For
the photon-counting caseσ(ξ3) andσ(ξ4) increasingly devi-
ate from the thick lines forσ = const. with increasingξ2/ξ1.
The optimumγ, corresponding now to the intersection of the
curves forσ(ξ2) and for the larger ofσ(ξ3) andσ(ξ4), is there-
fore slightly larger (e.g.γopt = 30◦ for ξ2/ξ1 = ±1). However,
the increased uncertainty when usingγ = 27.4◦ is small, jus-
tifying the optimization approach followed. Fig. 3 also shows
that withγ = 0 andγ = 45◦, which represent the conventional
system configurations,ξ3,4 or ξ2 cannot be determined (as indi-
cated by enormous standard deviations).
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Figure 4: Distribution of measurement noise in calculated quantitiesξ1, . . . , ξ4
in dependence of the design angleγ for uncorrelated measurement noise with
(a) equal, varianceσ2(yi) = σ2, and (b) signal-proportional varianceσ2(yi) =
yi(γ) for typical ratiosξ2/ξ1.

For both operation modes (linearly polarized parallel and
right-circularly polarized incident light) the optimum design

matrix equals

X =
1
2

































1 1/
√

3 −
√

2/
√

3 0
1 1/

√
3

√
2/
√

3 0
1 −1/

√
3 0

√
2/
√

3
1 −1/

√
3 0 −

√
2/
√

3

































. (15)

Interestingly, the four vectorsvi formed from thei-th row vector
of X such thatvi = (Xi,2, Xi,3, Xi,4)t span a regular tetrahedron, a
result obtained also by Azzam [37] for the optimum configura-
tion of a quite different four-detector polarimeter. The inverse
of the design matrix for conversion of the measured intensities
y to produce estimates of the unknowns

ξ̂ = X−1 y (16)

follows as

X−1 =
1
2

































1 1 1 1√
3
√

3 −
√

3 −
√

3
−
√

6
√

6 0 0
0 0

√
6 −

√
6

































, (17)

which, for the case of independent, identically distributed mea-
surement noise of varianceσ2, yields Σξ = σ2diag(1,3,3,3)
(see eq. (13). For an ideal shot-noise limited system,Σξ,sh fol-
lows from eq. (14) as

Σξ,sh =
K
2

































ξ1 ξ2 ξ3 ξ4

ξ2 3ξ1
√

3ξ3 −
√

3ξ4
ξ3

√
3ξ3 3ξ1 +

√
3ξ2 0

ξ4 −
√

3ξ4 0 3ξ1 −
√

3ξ2

































.

(18)
For conventional systems, for which the design matrices are

given by

XL =
1
2

(

1 1
1 −1

)

; XC =
1
2

(

1 −1
1 1

)

, (19)

the corresponding covariance matrices are also diagonal, but
uncertainties are distributed differently:Σξ,conv = σ

2diag(2,2).
This suggests that, for comparable random error in the mea-
sured signals, the first combination elementξ1 (either ξ1 =
Z11 + Z12 or ξ1 = Z11 + Z14 for both conventional and alter-
native systems) can be determined more accurately with the
proposed four-channel systems. The variance in the second
combination elementξ2 = (Z12 + Z22) or ξ4 = (Z14 + Z44),
in contrast, is 50% higher. Consequently, the proposed sys-
tem appears to have similar overall performance characteris-
tics as the traditional systems. This analysis, however, neglects
the fact that individual channels may have different levels of
electronic noise and photon-shot noise. The latter is associated
with the finite number of detected photons in photomultiplier
tubes or other photon-counting devices. Its variance is propor-
tional to the mean signal and becomes dominant when detect-
ing low light intensities (corresponding to small photon fluxes)
[38]. A fair comparison must also account for the increased
shot noise caused by the additional beam splitter in each pro-
posed alternative system, and the differences in the magnitudes
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of the measured signals due to the differences in the polarizer
angle settings. It is therefore largely dependent on the probed
environment whether the proposed system out-performs a tra-
ditional one or not, but undoubtedly it offers the advantage of
an extended capability for detection of preferential orientation.

Apart from the full vectorsξ, linear combinations of the mea-
sured cross-sections may be useful as crude indicators for the
presence of preferential orientation. For the system with linear
incident polarization (ξL,3 ± ξL,4) =

√
3/2(−yL,1 + yL,2 ± yL,3 ∓

yL,4), and for circular polarized incident light, (ξC,2 ± ξC,3) =
(
√

3/2)([1∓
√

2]yC,1+ [1±
√

2]yC,2− yC,3− yC,4). In both cases,
the calculated quantities are uncorrelated with variances6σ2 if
theyi’s have identical, independent zero-mean noise with vari-
anceσ2.

Finally, a feature different from conventional setups is that
all four measured lidar return cross-sections are greater than
zero, regardless of the extent of depolarization or preferential
particle orientation. As discussed in more detail in the Dis-
cussion section, the calculated parametersξL,3 andξL,4 (or ξC,2
andξC,3) provide independent estimates of the amount of noise
in the yi if the probed aerosol is composed of randomly ori-
ented particles. Specifically, the noise variances are estimated
as σ̂2 = (ξ2L,3 + ξ

2
L,4)/6 or σ̂2 = (ξ2C,2 + ξ

2
C,3)/6 if the mea-

sured cross-sections contain identical independent zero-mean
noise with varianceσ2. With ideal photon-counting detection,
(ξ2L,3 + ξ

2
L,4)/6 and (ξ2C,2 + ξ

2
C,3)/6 give estimates ofξ1. The

two additional measurements thus provide information to as-
sess uncertainties in reported parameters when all particles are
randomly oriented.

4. Discussion

To illustrate the performance characteristics of the investi-
gated lidar configurations we present examples of expected sig-
nals and retrieved parameters. After some analysis of the uncer-
tainties associated with application of the proposed system as a
replacement of the traditional two-channel systems, the applica-
tion to ultra-short pulse lidar systems is discussed. For simplic-
ity, we assume an artificial aerosol composed of monodisperse
mineral particles. The particles have typical refractive index,
aspect ratio and size as listed in the caption of Fig. 2. The sys-
tem performance is evaluated for two cases: (1) all particles are
randomly oriented, and (2) 10 % of the particles are aligned
in a preferential direction. For both scenarios, the effect of
random noise (with signal-independent and signal-proportional
variances) on the uncertainties of the retrieved parameters is
discussed.

To analyze the uncertainties in the retrieved parameters we
consider a generic model for the random variability in the mea-
sured cross-sectionsy due to detection electronics noise and
shot noise. The random variability in theyi, σ2

i , is thus ex-
pressed as the sum of a signal-independent varianceσ2

el,i and a
signal proportional varianceσ2

sh,i = kiµi.
In addition to the random variability, systematic offsets may

reduce the quality of the quantities calculated from the mea-
sured data. Combined with the random noise, the measured

cross-sections can be expressed asy = (X −ηX)ξ+η+ ǫ, where
ηX represents the difference between true and calibration de-
sign matrix,ξ is the underlying vector of unknows describing
the probed aerosol,η is the direct bias in the measured cross
section (typically a function of the underlying true signal), ǫ
represents the zero-mean random measurement noise. Substi-
tution into eq. (16) yields the expectation Eξ̂ = ξ+X−1 (η−ηX ξ)
(the covariance matrixΣξ̂ = X−1

ΣǫX−t). The systematic errors
in measurements and system parameters thus result in a bias in
the estimated parametersηξ = X−1 (η − ηX ξ). The magnitude
of this bias strongly depends on the actual physical implemen-
tation of the instrument, and should be evaluated in the quan-
tification of uncertainties of results derived from experimental
data. Careful calibration (i.e. experimental determination of the
design matrixX) and, in certain cases, additional modeling of
the optical transfer characteristics are necessary to keepbiases
at a minimum however. For the discussion of the instrument
concept in comparison with conventional systems (which, of
course, are also susceptable to systematic errors) detailed anal-
ysis of the effects of systematic errors is of secondary impor-
tance. In the following analysis we therefore focus on random
noise, which in practice can be estimated using statisticalmeth-
ods for time-series analysis (e.g. [39]) and ignore systematic
errors in measured cross-sections and design matrix. We fur-
ther concentrate only on an individual sampley at some arbi-
trary time, since all information for signal inversion is acquired
simultaneously in the four channels.

Uncertainty estimates in derived ratios and functions ofξ
are produced by applying the Gauss error propagation formula
(also known as Delta Method [40]). Expressed in matrix form,
the variance ing(ξ) is approximated asσ2

g = (∇g)t
Σξ (∇g),

where∇g(ξ) = (∂g/∂ξ1, . . . , ∂g/∂ξ4)t. This approximation pro-
vides adequate uncertainty estimates if the propagated noise
level is sufficiently small. For the sake of the following discus-
sion we assume this assumption is valid, but point out that the
obtained uncertainties may be underestimated for largest mea-
surement noise.

4.1. Randomly oriented particles
In this situation, two of the four retrieved quantitiesξ in

the proposed configuration are expected to be zero, but have
nonzero values due to noise in the signal vector. For the com-
parison with the conventional systems, we assume a fixed level
of constant electronic noise and changing magnitudes of signal-
proportional shot noise, which simulates the effect of decreas-
ing intensities in the lidar return with increasing probed dis-
tances.

Fig. 5 shows a comparison of the estimated uncertainties of
the backscatter cross-sectionsZ11 and depolarization ratios as
obtained from the four-channel configuration. The backscatter
cross-sectionsZ11 determined in the two operation modes are
virtually the same regardless of the noise level (the two curves
lie on top of each other). For the case of low noise, assumed
to consist of only electronic noise equal to 1% ofZ11, the four-
channel system estimatesZ11 with about 30% less uncertainty
than the two-channel systems (the dashed line in the plot indi-
cates equal uncertainties). This is due to the fact that withthe
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four-channel system a higher number of independent measure-
ments is effectively used to determineZ11. For situations with
dominant shot noise, the uncertainty inZ11 is only marginally
better in the four-channel system. (Note that the necessaryad-
ditional beam splitters were accounted for when calculating the
shot noise in the four-channel systems (50 : 50 beam splitters
were assumed)).

The situation is different with respect to the uncertainties in
the depolarization ratios: in the low-noise case, uncertainties
are comparable and slightly larger in both four-channel config-
urations than in the two-channel configurations (8% and 17%
for linear and circular depolarization ratios, respectively). With
increasing shot-noise the performance of both operation modes
degrades relative to the corresponding traditional system, how-
ever the relative uncertainties remain below a factor of twoif the
amount of shot noise remains less than ten times the amount of
electronic noise. This degradation is associated with the corre-
lations produced by the unequal measurement uncertainties(see
eq. (??)) due to shot noise (the same effect would be produced
by variations in electronic noise, but the example of shot noise
is practically more relevant since electronic noise is typically
small and well-controlled). Overall, the larger uncertainties in
the depolarization ratios despite the larger number of simulta-
neous measurements stem from the somewhat lower sensitiv-
ity to the determination of the depolarization ratios, for acon-
figuration that enables access to off-diagonal elements of the
backscatter phase matrix.

2.2

2.0

1.8

1.6

1.4

1.2

1.0

0.8

0.6

σ(
fr

om
 4

 c
hn

. s
ys

t.)
/σ

(f
ro

m
 2

 c
hn

. s
ys

t.)

0.1
2 3 4 5 6 7

1
2 3 4 5 6 7

10
σsh/σel

σ(δL)(4)/σ(δL)(2)

σ(δC)(4)/σ(δC)(2)

σ(ξL,1)(4)/σ(ξL,1)(2),

σ(ξC,1)(4)/σ(ξC,1)(2)

σel=0

σ(δC)(4)/σ(δC)(2) for σel=0
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Figure 5: Comparison of the two-channel and four-channel systems: relative
uncertainties in the estimatedZ11 and linear and circular depolarization ratios
from simulated cross-sectionsyi, i = 1, . . . ,4 with equivalent electronic noise
σel,i = 0.01Z11 and various levels of shot noiseσ2

sh,i = kiyi. Randomly oriented
particles with an effective linear depolarization ratioδL = 0.175.

Fig. 6 compares the four-channel and traditional systems
in terms of uncertainties in the depolarization ratios for the
entire range of linear depolarization ratios (for randomlyori-
ented particulates). For this figure the non-zero elements of the
backscatter phase matrix are calculated according toZ22/Z11 =

(1− δL)/(1+ δL), Z33 = −Z22, andZ44/Z11 = 1− 2Z22/Z11 [22].
The uncertainties in measured depolarization ratios are similar
for both four-channel operation modes for low and moderate
levels of shot noise. In these situations, the depolarization ra-
tios from measurements with the four-channel system have at
most 20% higher uncertainties than those from the traditional
system. At higher shot-noise levels, however, the four-channel

measurements provide poor estimates of depolarization ratios
for small and large underlying linear depolarization ratios. The
four-channel system with circular incident light is less strongly
affected by shot noise for trueδL < 0.5, but performs poorly
for largerδL, with up to five times higher uncertainties in the
estimatedδC relative to measurements with the traditional sys-
tem. In most practical cases, the linear depolarization ratio is
less than 0.7; using circular polarized incident light appears
thus better suited for shot noise-dominated measurements of
aerosols containing only randomly oriented particles.
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Figure 6: Comparison of the two-channel with the four-channel systems:
relative uncertainties in linear and circular depolarization ratios from simu-
lated cross-sectionsyi as a function of the linear depolarization ratioδL =

(Z11 − Z22)/(Z11 + Z22). Equivalent electronic noiseσel,i = 0.01Z11 with four
levels of shot noiseσsh,i/σel,i = 0.1, 1, 10, and 105.

4.2. Aerosols with preferential particle orientation

Fig. 7 depicts predictions of measured cross sectionsyi from
both four-channel configurations and for typical dust particles,
assumed as 10µm long prolate ellipsoids with aspect ratio 2 : 1.
The orientation of 10% of the particles is assumed to be in exact
alignment with a direction specified through the Euler anglesα
andβ as described earlier. Compared with aerosols with com-
pletely randomly oriented particles, for which the measurable
signals are by definition independent of orientation angles, the
magnitudes of the measureable signals vary considerably with
orientation. The perturbations in each channel amount to about
10% of the corresponding cross sections of completely ran-
domly oriented particles (based on the calculated orientation-
averaged (rms) deviations). In other words, if we knew that
10% of the particles are oriented in a particular, but unknown,
direction, it would be appropriate to include additional system-
atic error on the order of 10% when interpreting the measured
signals. (Note that it is a coincidence that the fraction of ori-
ented particles and the level of systematic error are roughly
the same; in general, particle shape, refractive index, size, and
angular spread direction of preferred orientation determine the
appropriate amount of systematic error.) The signalsyi show
some of the structure of the backscatter matrix elements, which
is to be expected for the assumed preferential orientation in di-
rections without angular spread. The structures are less regu-
lar and asymmetric with respect to the orientation angles, how-
ever, as a consequence ofyi’s being weighted sums of different
backscatter phase matrix elements. From the ranges of the scale
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bars, the expected signals in all channels are non-zero withsim-
ilar relative ranges, but the orientation-averaged signals yC,i are
somewhat more similar to each other than theyL,i.

Figure 7: Calculated expected values of measured cross-sections yi for 10%
oriented particles as specified through azimuthal and polar anglesα and β,
respectively, mixed with 90% particles in random orientation. Particle prop-
erties are the same as for Fig. 2. Top four images: system with horizon-
tal linear incident polarization; bottom four images: system with right circu-
lar incident polarization. For fully randomly oriented particulates the corre-
sponding orientation-averaged cross sections areyL = (2.65,2.65,1.12,1.12)t,
and yC = (1.89,1.89,1.27,2.51)t; orientation-averaged (rms) deviations are
sL = (0.24,0.24,0.12,0.12)t andsC = (0.18,0.18,0.12,0.21)t.

Fig. 8 shows the ratios derived from the expected cross sec-
tions depicted in Fig. 7. Preferential orientation clearlyaffects
the magnitude of depolarization ratios. Again from calculated
orientation-averaged rms deviations, 14% and 10% variability
relative to the ratios for completely randomly oriented particles,
respectively, for the systems with linear and circular polarized
incident light is indicated. Given the symmetry propertiesof the
particles, the circular depolarization ratios become independent
of the azimuthal angleα. The relative ratiosdL,3 = ξL,3/2ξL,1,
dL,4 = ξL,4/2ξL,1, anddC,2 = ξC,2/2ξC,1, dC,3 = ξC,3/2ξC,1 yield
values in the ranges±0.09 and±0.11, respectively, indicating
that both systems are capable of flagging presence of preferen-
tially oriented particles. Existence of “blind spots”, that is, false
reporting of absence of preferential orientation, is, however, an
consequence of the ranges spanning from negative to positive
values.

Since the off-diagonal ratiosdL,2, dL,3, dC,2, and dC,3 are
zero when all particles are oriented randomly, proper inter-
pretation of the reported ratios requires proper estimation of
the uncertainties as outlined earlier. The ability of flagging
the presence of preferentially oriented particles is illustrated in
Fig. 9, which shows by what factor the combined parameters
RL = (ξ2L,3 + ξ

2
L,4)1/2 andRC = (ξ2C,2 + ξ

2
C,3)1/2 are larger than

the standard deviation of noise for two levels of measurement

Figure 8: Retrieved parameter ratios for 10% oriented particles mixed with
90% particles in random orientation, corresponding to the expected sig-
nals shown in Fig. 7. Top four images: system with horizontal linear in-
cident polarization; bottom four images: system with right circular inci-
dent polarization. The orientation-averaged ratios are (δL, dL,1, dL,2, dL,3) =
(0.176,0.150,0,0), and (δC , dC,1, dC,2, dC,3) = (0.427,0.299,0,0); the respec-
tive orientation-averaged (rms) deviations are (0.024,0.017,0.024,0.026) and
(0.041,0.020,0.032,0.032).

noise. The ranges for the combined ratios are essentially the
same for the two systems, with up to 15.2 and 2.4 for the low
and high noise situations, respectively. As shown in Fig. 9,pref-
erential orientation of prolate spheroids is increasinglydifficult
to detect for smaller polar anglesβ (i.e. the axis of rotation is
nearly aligned with the direction of light propagation). For the
L-setup all backscatter matrix elements that enter the calcula-
tion of RL vanish for particular azimuthal angles. This is not
the case for theC-setup, adding another reason to prefer theC-
setup for a four-channel system. The excellent performanceat
the low levels of noise suggests that both operation modes can
provide information about particulate orientation, but the abil-
ity to detect preferential orientation can be severely impaired
when only noisy measurements are available.

4.3. Aerosol with small numbers of randomly oriented particles

Another example of the utility of information from the four-
channel system is the case of insufficiently large numbers of
particles. While in this case the particles are essentially ran-
domly oriented, off-diagonal backscatter phase matrix elements
are not completely nullified during the superposition of allin-
dividual phase matrices. For typical atmospheric lidar sys-
tems, which probe volumes on the order of 1m3 in size, this
situation might occur only with mm-sized objects because the
contribution from the gas background (and fine dust particles)
dominates the lidar signals otherwise. However, when apply-
ing short range lidar systems with ultra-short pulses (several

10



Figure 9: Signal-to-noise ratios for the combined off-diagonal parameters for
10% oriented particles mixed with 90% particles in random orientation, cor-
responding to the expected signals shown in Fig. 7. Top panels: σel equal to
1% of the orientation-averaged backscatter coefficientZ11, negligible shot noise
σsh = 0.1σel; bottom panels: shot noise-dominated measurements,σel equal
to 1% of the orientation-averaged backscatter coefficientZ11, σsh = 10σel.

picoseconds) [41, 42] cm3-sized volumes are sampled (corre-
sponding to of a few millimeters spatial range resolution);one
might therefore encounter the small-statistical-sample problem
more frequently even with dust-like particulates. To illustrate
this aspect, we show simulation results for the limiting case
of dominant signal contributions by particles in Fig. 10 (the
backscattering from gas molecules is assumed to be negligible).
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Figure 10: Effect of the number of particles in the probed volume on depolar-
ization ratio and combined off-diagonal parameter for the system with circular
polarized incident light. Particle properties are the same as for Fig. 2. Top
image: depolarization ratioδC ; bottom image:rC = (ξ2C,2 + ξ

2
C,3)1/2/2ξC,1.

The orientation angles of the corresponding number of particles were chosen
at random by sampling from a uniform distribution of orientation directions
(α ∼ Unif(0,2π), (1− cosβ)/2 ∼ Unif(0,1)) for each of 10000 repetitions.

As shown in the top panel of Fig. 10, the depolarization ra-
tios converge to a constant value with increasing number of
particles in the probed volume. With less than 100 particles
in the probed volume, the range of observed depolarization ra-
tios widens considerable as the number of particles decreases

(for instance, the difference between the 10 and 90% quantiles
indicates that for ten or fewer particles, less than 80% of the
observations lie between 0.27 and 0.64, or about±40% from
the expected value for large populations). The increase of the
mean value towards smaller sizes indicates that the depolariza-
tion ratio is on average over-estimated if fewer than ten particles
are sampled. The standard deviations from the 10000 samples
per particle number further show that appropriate uncertainties
of measured depolarization ratios are larger than 35% if fewer
than 100 particles are present in the lidar probed sample. Inad-
dition to the depolarization ratio, the four-channel system en-
ables evaluation of the magnitudes of off-diagonal elements,
as shown in the bottom panel of Fig. 10. The relative mag-
nitudesRC/2ξC,1 = (ξ2C,2 + ξ

2
C,3)1/2/2ξC,1 decrease to zero with

increasing particle numbers, but in contrast to the depolariza-
tion ratio the decay is more gradual and the curves of con-
stant quantiles are monotonically decreasing functions ofthe
particle number. This behavior is useful for characterizing the
number concentration of particles, in particular when comple-
mentary information concerning the optical properties of the
particulates is available. For the simulated aerosol, an observed
RC/2ξC,1 = 0.1 translates to 3− 50 particles as an 80% confi-
dence interval for the particle number, for example.

5. Conclusions

In this theoretical study we investigated a four-channel po-
larization lidar system with particular focus on detectionof
preferentially oriented aerosol particles. The presentedsys-
tem concept facilitates temporally and spatially resolvedmea-
surements of combinations of backscattering phase matrix el-
ements for quantification of aerosol particle orientation in ad-
dition to measurements of backscatter cross-sections and de-
polarization ratios. The proposed system is free of moving
parts, which simplifies calibration as well as data processing
and eliminates systematic errors associated with asynchronous
polarimetric measurements. The system, which yields mini-
mum condition numbers of the design matrix, performs bet-
ter with respect to backscatter cross-sections than traditional
two-channel systems. While somewhat higher levels of un-
certainty have to be accepted for the measured depolarization
ratios, the four-channel system is capable of providing infor-
mation on preferential orientation and the presence of small
numbers of nonspherical particles. In particular, operation with
circular polarized incident light appears advantageous asnoise
transmission characteristics and reliability with respect to de-
tection of preferential particle orientation are better than with
linear polarized light. Uncertainties analysis revealed that both
signal-independent noise and photon shot noise in the mea-
surements propagate through the signal inversion process to
the estimated parameters with little amplification. As a conse-
quence, limitations for detection of preferential orientation are
directly related to the amount of measurement noise, and thus
can be minimized by application of high-quality system hard-
ware and advanced signal-denoising techniques. Finally, the
discussed four-channel system can offer complementary infor-
mation about particle number counts in the probed volume ele-
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ment, particularly in lidar applications with an ultra-short pulse
laser beam.
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