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Abstract

A method is developed for approximating the properties of the state of a linear dynamic system driven by a broad
class of non-Gaussian noise, namely, by polynomials of filtered Gaussian processes. The method involves four
steps. First, the mean and correlation functions of the state of the system are calculated from those of the input
noise. Second, higher order moments of the state are calculated based on It6’s formula for continuous semimartin-
gales. It is shown that equations governing these moments are closed, so that moment of any order of the state
can be calculated exactly. Third, a conceptually simple technique, which resembles the Galerkin method for solv-
ing differential equations, is proposed for constructing approximations for the marginal distribution of the state
from its moments. Fourth, translation models are calibrated to representations of the marginal distributions of the
state as well as its second moment properties. The resulting models can then be utilized to estimate properties of
the state, such as the mean rate at which the state exits a safe set. The proposed method is applied to assess the
turbulence-induced random vibration of a flexible plate motivated by problems in wind engineering.

1 Introduction

Classical linear random vibration theory provides equations for calculating the first two moments of the
state X (t) of a linear system subjected to input or driving noise characterized by its first two moments.
The theory provides no information beyond the second moment properties of X (¢) unless the noise is
Gaussian, in which case the state X (t) is a Gaussian process. There are no efficient methods for calcu-
lating properties of X(¢), and functionals of this process, for the general case of non-Gaussian driving
noise. This study develops a practical and efficient method for constructing approximate representa-
tions for the state X (¢) of a linear dynamic system driven by a class of non-Gaussian noise that can be
used to calculate properties or functionals of X (¢). Developments are based on linear random vibration
(Soong and Grigoriu, 1993, Chapter 5), It6’s formula for continuous semimartingales (Grigoriu, 2002,
Section 4.6), an elementary solution for the problem of moments (Shohat and Tamarkin, 1943), and
translation models X (¢) for X(¢) (Grigoriu, 1995, Section 3.1.1). Herein, we consider the driving noise
to be from the class of non-Gaussian processes defined by polynomials of filtered Gaussian processes
(Grigoriu, 1986; Grigoriu and Ariaratnam, 1988).

In Grigoriu and Ariaratnam (1988), the objective was to calculate the mean upcrossing rate of level
x for scalar process X (t) driven by a polynomial of a Gaussian process. Hermite approximations were
developed for the joint density of (X,dX/dt), and the approximations were used to find the mean up-
crossing rate of level z. In the current study, the objective is to estimate the probability law of X (t), and
the development is not limited to scalar-valued processes. It is assumed herein that X (¢) can be approx-
imated by a translation process, so that the marginal distribution of X(¢) and its correlation function are
needed. The construction of the marginal distribution is as in Grigoriu and Ariaratnam (1988), general-
ized for the case of vector-valued processes. The construction of the correlation function for the input
involves novel aspects of linear random vibration. Translation models are very flexible and have been
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used in a wide variety of modeling applications, including wind pressure fluctuations on bluff bodies
(Gioffre et al., 2000), the description of irregular masonry walls (Spence et al., 2008), and damage in
glass plates (Gioffre and Gusella, 2002).

For demonstration purposes, the vibration response of a flexible plate subjected to turbulent flow is
presented. The random pressure fluctuations applied to the plate surface are proportional to the square
of the velocity field, which is assumed to be Gaussian. Hence the applied pressure field is non-Gaussian.
Muscolino and co-workers worked on a related problem assuming a SDOF oscillator (Benfratello et al.,
1996; Gullo et al., 1998).

2 Correlation function and moments

Let X(¢) be an R%valued stochastic process defined by the following linear differential equation
X(t) = a(t) X(t) + b(t) Z(t), t >0, (1)

where a(t) and b(t) are d x d and d x d’ matrices with real-valued, time-dependent entries, Z(t) denotes
an R? -valued input process, and X (0) is the initial state specified by its mean vector g = E[X(0)] and
covariance matrix, vy = E[(X(0)— o) (X(0)—po)’]. Vector X () has coordinates X}, () = d X} (t)/dt,
k=1,...,d. Itis assumed that input Z(¢) is a weakly stationary process with mean pz = E[Z(t)] and
covariance function cz(7) = E[(Z(t + 7) — pz) (Z(t +7) — pz)'].

It can be shown (Soong and Grigoriu, 1993, Section 5.2.1) that the time evolution of pu(t) = E[X(¢)]
and c(¢, s) = Cov[X(t), X(s)], the mean and covariance of state X (¢) described by Eq. (1), are given by

Alt) = alt) p(t) + b(t) pz. ¢ > 0, @)
and
0 t,s) =al(t)c(t d(t t 3
ac(ﬂg)_a()c(’s)_'_ (>S)> > s, ()
where
d(t,s) = b(t) /S cz(t,u)b(u) 0(s,u) du, 4)
0

and 0(t, s) is a system property satisfying the differential equation %G(t, s)=a(t)0(t,s), t > s, with
0(s, s) equal to the identity matrix Vs > 0.
Next let Y (¢) be an R"-valued Gaussian process defined by

dY (t) = a(t) Y (t) dt + B(t) dB(t), t > 0, )

where «(t) and B(t) are n x n and n x n matrices, respectively, with real-valued, time-dependent entries,
B(t) is an R™ -valued Brownian motion with independent coordinates, and Y (0) ~ Ny 0, ¥y.0) is a
Gaussian random vector independent of B(t) that defines the (random) value for Y at time ¢ = 0. We
refer to Y (¢) as a filtered Gaussian process since it is the output of a linear filter to Gaussian white noise.
It is assumed that process Z(t) that serves as the driving noise in Eq. (1) is expressed as a polynomial
function of Y (¢), the solution to Eq. (5).

The coordinates { Zy(t)} of Z(t) are polynomials of Y (¢) that have the form

Zt) = > Memppemn [0 E=1,....d, (©6)

M1y, Mp >0 r=1

where Ap.p,, . m, arereal-valued coefficients and m, > 0 are integer powers. Indeed, the class of input
processes defined by Eq. (6) are very general and can represent a broad range of non-Gaussian probability
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laws. The mean and correlation functions of Z(¢) have the expressions

EZ(t)] = > )\k;mh_,’mnE[HK«(t)m’“] and
r=1

mi,...,mnp >0

E[Zk(s) Z(t)] = Z Nk o Z )‘l;mi,...,m;lE[HY}(S)mrH)/q(t)mq]- (7

mM1,...,Mn>0 mi,...

The expectations in the second formula of Eq. (7) can be calculated from the observation that, for ¢ > s,

n
Yolt) = 3 04lt,5) Yi(s) + Gy = Vylt, ) + G, ®)
i=1
where (G1,...,Gy) is a Gaussian vector independent of Y (s) with mean O and covariance matrix

fst 0(t,u) B(u) B(u) O(t,u) du. Accordingly, the expectations in the second formula of Eq. (7) have
the form

E[]IIYT(S)W l—Il}Q(t)m;} = E|:1—‘[1Y}(s)mr ]1 (Vq(t,s) + Gq>mq]
r= q= r= q=
S
= ot my—p)t o pal (m, — pa)!
E[ﬁn(s)mr ﬁVi(t,s)pi] E[ﬁ GQ””Z]. )
r=1 =1 =1

The expectations in the expression of E [ [T Y(s)™ ngl K](t)mfz] represent higher order moments
of Gaussian variables, that is, the coordinates of Y (s) and of the coordinates of (G, . . ., Gj,). Properties
of Gaussian variables can be used to calculate these expectations; see, for example, Papoulis (1991,
Section 5.4).

3 Approximate model for the state

The method in Section 2 delivers the marginal moments of any order of the state X (¢) of a linear system
driven by a polynomial of a filtered Gaussian process, as well as the correlation function of this process.
In this section, we use this information to construct a translation model X (¢) for X(¢). The construction
involves two steps. First, approximations are developed for the marginal distributions of X(¢) based on
higher order moments of this process. Second, Xr(t) is selected to match the marginal distributions of
X(t) and approximate, or match whenever possible, the correlation function of this process.

3.1 Marginal distributions

The construction of approximations for the marginal distributions of X(¢) from their moments consti-
tutes the solution of an inverse problem, referred to as the problem of moments (Shohat and Tamarkin,
1943). Our objective is to develop a conceptually simple and efficient method for solving the problem of
moments for the marginal distributions of X(¢). The posed problem has a solution since the prescribed
moments correspond to distributions. However, it does not have a unique solution since the available
information on the probability law of X(¢) is incomplete. We construct approximations for the marginal
distributions of X(¢) that are optimal in some sense. For clarity, we limit the following discussion to
stationary, scalar-valued processes X(¢) = X (t); the extension to the case of non-stationary R%-valued
processes is direct and will be used in Section 4.

Suppose X (t) is a real-valued stationary process with unknown marginal distribution F'(x) and
known first n > 1 marginal moments p(r) = E[X(¢)"], » = 1,...,n. As previously stated, our ob-
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jective is to construct an approximation F'(z) for F'(z) based on the available information, that is, the
moments p(r), r = 1,...,n, of X(¢). Various approximations can be constructed for F'(z); we shall
consider approximations F'(x) and f(x) for the marginal distribution and density functions, F'(z) and
f(z), of X(¢) that resemble the Galerkin method (Grigoriu and Lind, 1980). It is assume that f(x) is a

member of the linear space spanned by a finite collection of densities { fx(x)}, k = 1,...,b, that s,
3 b
f@)=>"pr fula), (10)
k=1

where the constants {py } are such that p, > 0,k =1,...,b, and 22:1 pr = 1, s0 that f(z) is a density
for any parameters {py} satisfying the above constraints. The corresponding approximate distribution
function has the expression

b
F(z) =Y prFi(x) (11)
k=1

with Fi(z) = [ . fe(u)du, k& = 1,...,b. The densities {f;(x)} may or may not be completely
specified; for example, some densities may depend on a collection of unknown parameters. However, we
will consider the case in which the densities { fx ()} are fully specified, so that the probabilities {py }
are the only uncertain parameters of f(z) and F(z).

The optimal values for {py} defined by Egs. (10) and (11) minimize the discrepancy

m b
(o) = 3 00) () = Y pem(r)) (12)
k=1

r=1

between the exact moments p(r) = E[X (¢)"] of X (¢) and their approximations

i b b b
fi(r) = /ﬂfr fz)dz = /!TT > o frl@)de = " py /xr fe(x)de = pepk(r),  (13)
k=1 k=1 k=1

under the constraints pr > 0, k = 1,...,b, and 22:1 pr = 1. Further, m > 1 is an integer denoting
the largest moment considered in the analysis and v(r) > 0 denotes a weighting function, for example,
v(r) = 1/u(r)% As in the Galerkin method, the accuracy of f(z) is essentially controlled by the
properties of the densities { fi.(z)}. )

Heuristic arguments and/or prior information may be used to select the basis { fi(z)} for f(z). For
example, we may require that the skewness and kurtosis coefficients of { fz(x)} bracket the correspond-
ing coefficients of f(x) and that the first two moments of f(x) coincide with those of f(x) for all value
of {pr}. In addition, knowledge regarding the behavior of dynamic systems may provide information
on the properties of f(x), for example, the state of linear systems under driving noise with a symmetric
density is known to have an even density.

3.2 Translation model

Let X (t) be a stationary R%valued stochastic process specified partially by its second moment properties
and marginal distributions F}(x), or approximations F(z), i = 1,..., d, of these distributions. Methods
for calculating these properties of X (¢) have been discussed above. In this section, we develop translation
models for X(t), denoted by Xr(t), which can be used to approximate properties of X(¢). For example,
let X(t) denote the state of a dynamic system, and suppose that whenever the state resides within a
“safe set” S, the system performance is known to be satisfactory. A typical property of interest for this
scenario is the mean rate at which X () exits out of S, since this property can be used to estimate system
reliability (Soong and Grigoriu, 1993, Chapter 7).

Translation models are defined by nonlinear transformations of Gaussian random functions (Grigoriu,
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1995, Section 3.1.1). By careful selection of the properties of the Gaussian function and the functional
form of the transformation, it is possible to calibrate the translation model to match a wide variety
of prescribed marginal CDFs and second moment properties. However, translation models matching
exactly specified marginal distributions and second moment properties may not exist. If there exists
no translation model matching these properties, we construct an R%-valued translation model Xt (t)
that matches exactly the marginal distributions {F;(x)} of X(t), or their approximate representations
{F;(x)}, and characterizes approximately the covariance functions of X(t).
Let

X1,;(t) = F 1o ®(Gi(t), i=1,....d, (14)
denote the coordinates of Xt(t), where G(t) = (G1(t),...,Gq4(t)) is an R%-valued stationary Gaussian
process with E[G;(t)] = 0, E[G;(t)?] = 1, and E[G;(¢t + 7) G;(t)] = pij(7). The marginal distributions
of X1(t) in Eq. (14) coincide with those of X (t). The covariance function of X (¢) depends on the
mapping in Eq. (14) and the covariance function of G(¢). If there are no correlation functions {p;;(7)}
such that the scaled covariance functions

_ B{(Xma(t +7) = E[X1(t + 7)]) (X1,5(t) = E[X7;(D])}

rii(T) = Std[ Xt (t + 7)] Std[ X (t + 7)] )

of Xr(t) match the corresponding scaled covariance functions {&;;(7)} of X(t), we select {p;;(7)} such
the discrepancy between {&7,;;(7)} and {&;;(7)} is minimized in some sense.

4 Engineering application: turbulent flow over a flat plate

In this section, we apply the proposed method to study the flow-induced random vibration of a flexible
plate. Consider Fig. 1, which illustrates a thin flexible plate that is simply supported along all four edges.
Fluid flows from left to right at constant speed vy over the surface of the plate, resulting in a turbulent
boundary layer. Random pressure fluctuations within this layer, denoted by Z, provide a time-varying
excitation to the top surface of the plate; the resulting (random) displacement response at the neutral
axis of the plate is denoted by W. This class of problems has seen much attention; see, for example,
Blake (1986), Corcos (1963), Strawderman and Brand (1969), and Tack and Lambert (1962). Most of
these studies assume the applied pressure field is Gaussian. Herein we study non-Gaussian excitations.
The velocity field is assumed to be composed of a collection of processes that each satisfy a Langevin
equation. The surface pressure driving the plate response is then assumed to be the dynamic pressure,
which is proportional to the square of the velocity field. Properties of the plate response, such as the
mean rate at which W crosses a prescribed level, are then calculated and can be used to estimate time-
dependent reliability of the plate structure (Soong and Grigoriu, 1993, Chapter 7). These estimates are
not possible by classical linear vibration theory unless the applied pressure field is assumed Gaussian.

4.1 The fluctuating pressure field

Recall Fig. 1 and consider flow moving at constant speed vg in the +u; -direction over the surface of a thin
plate with length [, width &, and thickness € < [, h. Pressure fluctuations in the boundary layer, modeled
by a space-time random field, induce structural vibration. As per Lin and Cai (1995, Section 2.3.2), we
assume the flow moves uniaxially over the plate, and the only component of the velocity field driving the
plate response is that component which acts normal to the plate surface. Let V' (¢) denote fluid particle
velocity in turbulent flow; its motion can be modeled by the Langevin equation:

AV (t) = —a V(t)dt + BdB(t), (16)

where o > 0 is the “inverse integral time scale” (Pope, 2000, Section 12.3.1), and 8 > 0 denotes the
scale of the driving noise.
To model fluid velocity over the entire plate, we construct a velocity field composed of a collection
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Figure 1. Flexible plate subject to flow-induced vibration.

{Vk(t)} of iid copies of V (¢) defined by Eq. (16) with associated parameters {«y, O }. Let

Y(u’ t) = Z m¢k(u) Vk(t)’ (17)

k>1

denote the velocity of the fluid at location u = (u1, u2)" € [0,1] x [0, h] on the surface of the plate, where
{br > 0} and {¢,(u)} are deterministic constants and basis functions, respectively. The second-moment
properties of Y, assuming each V(0) = 0 almost surely, are

E[Y (u,t)] =0
Cov(Y(u,t),Y(v,s)) = Z bi, o () or(v) Cov(Vi(t), Vi(s))
k>1
52 —2ay, min(t,s —ag|t—s
—gbmk(u)m(v)%’;(l—e Zowmin(t)) meslt=sl (1)

demonstrating that the covariance function of Y is time/space separable. Further, it is clear by Eq. (18)
that the spatial covariance of Y is controlled by {b; > 0} and {¢r(u)} defined by Eq. (17). The
corresponding dynamic pressure applied to the top surface of the plate is given by

Z(u,t) = ro %Y(u,t}z, (19)

where pg denotes the density of air, and kg is an empirical parameter that depends on the speed and
temperature of the flow (Laganelli et al., 1983).

4.2 The structural model

Let x, v, and p denote the elastic modulus, Poisson’s ratio, and mass density of the plate material,
respectively. The equation of motion of an undamped thin flat plate with thickness e driven by applied
pressure field Z, based on the theory by Kirchhoff (Leissa, 1993), is

2

SVAW (u,t) + pe aatQW(u’ t) =—2Z(u,t), u= (u1,u2) €[0,1] x [0,h], t >0, (20)
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where W denotes the vertical displacement of the neutral plane of the plate, § = x¢3/(12(1 — %)) is a
parameter defining the effective plate flexural rigidity, and V*(-) = aﬁj (-)+2 8232 a‘zz (-)+ 832 (-)

is the biharmonic operator. We assume the plate is simply supported along each edge and initially at rest.
Denote by 1, (1) and wy,p, m, n > 1, the undamped natural modes and frequencies of free vibration
of the structure, i.e., the solution to

P ewry, Yrmn (W) = 6 Vmn (1), u € [0,1] x [0, 2] @21)

For a simply supported plate with length [ and width h, we have (Leissa, 1993)

o= B [+ (5] vt = (5 ().

where the mode shapes form an orthonormal basis with respect to the mass of the plate, i.e.,

I rh
1 m=gandn=r
/ / P € Y (1) Ygr (1) dug duy = ¢ (23)
o Jo 0 else
The displacement of the plate can be expressed as
= V(1) Qua(t), (24)
mn>1

where {Q,,(t)} form a set of generalized modal coordinates. Applying a constant damping factor
0 < ¢ < 1to each mode, each Q;,,,,(t) is the solution to the following ordinary differential equation

an(t) + 2<Wmn an(t) + wyzrm an(t) = Amn(t)a t> O’ (25)

where Qn(0) = Qunn(0) = 0 are the initial conditions, and

l h l h
t) = /0 /0 Z(w, t) Yrmn(0) dus dug = /0 /0 KO%Y(u,tfz/)mn(u)duzdul

=Y ko 2o Vi [
= 3 w0 VARO[ [ 0u(0) (1) ) s

k,i>1

=) A Vi) (D), (26)

where the third line follows from Eq. (17), and parameters {\y; } are introduced to simplify notation.

4.3  Moments and correlation function of state vector

For numerical illustration, we truncate Eq. (26) at two terms and assume the plate displacement can be
approximated by its first structural mode. Therefore

W(uv t) ~ wll(u) Q(t)> (27)
where Q(t) = Q11(t) satisfies
2
Q) +2¢w Q) +w*Q(t) = > A Vilt (28)
k=1

w = wyy is the first resonant frequency of the plate given by Eq. (22), and {Vj(¢)} are iid copies of V()
defined by Eq. (16) with associated parameters {ay, 0%}, driven by Brownian motions { By (t)}. We
limit the discussion that follows to the case of a single structural mode and two fluid particles for clarity;
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additional structural modes and fluid particles can be added to the formulation if necessary.
Let u(t;p,q,m,w) = E[XV(¢t) X3 (t) Vi (t) V4¥(t)] define the moments of the state vector. It can be
shown that (Grigoriu and Field, 2014)

i(tp,grw) =ppt;p—Lg+1Lrw)+q[ —w?ult;p+1,g—1,r,w) — 2w pu(t;p, g, rw) +
Mip(tp,g—1,74+2,w) + (A2 + X))t p,g — 1,r +Lw+ 1) +

Aoo p(t;pyq — 1, w =+ 2)] —ray p(ts p, g, mw) — wag p(t; p, g, mw) +
r(r—1 w(w —1
%(Q)u(t7p7 q, T — 2,11]) +622 (Q)M(t;p7Q7T7w - 2) (29)

is a family of differential equations describing the time evolution of the moments of the state. For
calculations, we solve this system of equations for m = 1 and increasing r, w, then solve the system for
m = 2 and increasing r, w. Further, it can be shown that the covariance function of the state is, for ¢ > s,

c(t,s) =0(t —s)c(s,s) +

i A /tH(t—u) [ 0 0 du  (30)
= E[Vi(u) Vi(u) X1(s)] - E[Vi(u) Vi(u) Xa(s)]

where (Soong and Grigoriu, 1993, p. 177)

1
cos (wgt) + ¢w sin (wg t) — sin (wgt)
o) =e et | p o 31)
—— sin (wg t) cos (wgt) — >— sin (wg t)
wq W

4.4  Translation model

In this section, we apply the techniques from Section 3 to approximate process ((t) defined by Eq. (28)
by a translation model, denoted by Q1(t). The corresponding approximation for the plate displacement
response is then given by Eq. (27), i.e., Wr(u,t) = ¢11(u) Qr(1).

Following the discussion from Section 3.1, let

b

Flast) = pi(t) filw; gr, i) (32)

k=1

denote an approximation for the marginal PDF of Q(t), where each trial density fj, is the PDF of a
gamma random variable with parameters (qx,7x), k = 1,...,b. We note that f(z; ) is time-varying and
is a generalization to Eq. (10), and F'(u;t) = Jo° f(y;t) dy is the corresponding marginal CDF.

Figure 2(a) illustrates the optimal solution {py(¢)} to Eq. (32) based on the moment calculations from
Section 4.3. The solution minimizes the discrepancy defined by Eq. (12) at each time ¢, assuming weight
function v(t; ) = 1/u(t; )% and b = 10; the time-evolution of the discrepancy is illustrated by Fig. 2(b).
We note that, in general, the solution improves with increasing ¢.

Wr(u,t), the translation model for the plate displacement response W (u,t), is completely defined
by the second-moment properties and marginal CDF of Qr, as well as 1 (u), the first mode shape of
the plate defined by Eq. (22). We now can use this model for W' to approximate various output properties
of interest. For example,

vr(z;u) = % exp [_; <<1>—1 o F, <wn“"(u)>)] 33)

is the mean z-upcrossing rate of process Wr(u, t), where Fy(x) = lim_,, F'(z; ) denotes the stationary
version of the marginal CDF of ()T, and parameter o > 0 denotes the standard deviation of the process
defined as the mean square time derivative of ® 1 o F'(Qr(t)). Quantity vp(z;u) defined by Eq. (33) is
illustrated by Fig. 3 for 0 < u; < [ and uy = h/2 as a function of level z. This quantity can be used,
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Figure 2. Optimal solution for translation model of process Q(t): (a) probabilities pi(t), k = 1,...,10, and
(b) discrepancy e(t) defined by Eq. (12).
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Figure 3. Mean z-upcrossing rate, vy, of plate displacement as a function of level x and spatial coordinate u;.

for example, to make estimates of the probability that W will exceed level x within a prescribed time
interval (Soong and Grigoriu, 1993, Chapter 7).

5 Conclusions

A method has been developed for approximating the properties of the state of a linear dynamic systems
driven by a broad class of non-Gaussian noise, namely, by polynomials of filtered Gaussian processes.
The method involved four steps. First, the mean and correlation functions of the state X(¢) of the
linear system were calculated from those of the input. Second, equations were developed for higher
order moments of X(¢) based on It6’s formula for continuous semimartingales. It was shown that these
equations are closed, so that moment of any order of X (¢) can be calculated exactly. Third, a conceptually
simple method was proposed for constructing approximations for the marginal distributions of X (¢) from
its moments. The method resembles the Galerkin method for solving differential equations. Fourth,
translation models were calibrated to representations of the marginal distributions of X (¢) and the second
moment properties of this process. The resulting models were then utilized to estimate properties of X (t),
such as the mean rate at which the state exits a safe set. The implementation of the proposed method was
demonstrated by numerous examples, including the turbulence-induced random vibration of a flexible
plate.
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