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Overview
Analysis of a popular predictor/corrector method:

=Used by ALE-GRA (SNL)

=|dentical in 1D to the compatible hydrodynamics time
integrators at LANL, and the compatible FEM of Barlow at AWE

=\/on Neumann analysis (1D) to understand stability and
accuracy of the various P/C iterates

=Conservation of angular momentum

=Incremental objectivity
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i Lagrangian Shock Hydrodynamics Equations

=y,
pJ =po,
O0=pv+Vp-V,.-(pvVy),

0=pe+pV,v—pvVy:Vy.

After some manipulations ...

Oe

op

0

(p + pciVx-v) =pvVy:Vy.
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i Structure of the Shock Hydrodynamics
A nonlinear wave equation in mixed form:
pv+V.p=V, - (pvVy),
. ) .
p+pc;Vev=T (ovVv:Vy) .

Here, we consider only energy/momentum equations, and

1 1dp
L
opl,

Is the Gruneisen parameter.
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Linearization of the equations

Small strains/displacements:

V =

u

Small thermodynamic perturbation of base state:

V << 1
u << 1

p=p+p,
p=p+p,
£y =Bed

p = const.,
p = const.,
C; = consi.,

o << 1
p<<1
g, << 1

&)
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Linearization of the equations
Linearized equations (momentum/energy):
pv + Vip' =pv Vi (V)

Viscosity term is second-order,

P +peiVev =0,

hence negligible

Displacement/mass conservation eqgs. decouple:

a.’zvﬁ”

i)f +[_)VX'V; - 0 .

We will consider just the momentum and energy equations
and drop the notation with “primes” and “bars”.
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i Linearization of the equations

Galerkin FEM formulation on a periodic 1D-torus:

OszV—fw,xP+fw,XvV,X,
T T T
0:f¢P+f¢w3Vx,

T T

Time discretization with mid-point P/C method:
0 :f'7l’ (Vf(i'{:_ll) - V”) - Atfw*X PSL/Q
Al T

(1)
+AIf¢,XV(V,X);:+1/2’
T

V. = pv

0 :f(f) (P}(:-ll) - Pn) + Atf(b(g (VX)S:-I?E ’
T T
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Linearization of the equations
Discrete equations:

0=y _y. . 7 (P(r') L P _ p® _p. )
- gntl Y j+1/2.n+1 j+1/2.n j-1/2,n+1 j=1/2,n
s
K : , )
R 7.0 Y7, (1) R 74U __¥F.
+ 2 ( j+la”+1 Vj+1"” £ 2Vj.”+]. t 2VJ*” Vj—lq”.q_]_ Vj—l..f?) 5
0 _PJ"+1/2J?+1 B PJH'UZ‘” = 2 (Vj+1,n+l T VJ"'L” B Vj—l,n+l - V]—l.r? s
__ Cgt __ VAt

These equations are identical to the FD scheme in:
-Bauer-Burton-Caramana-Loubere-Shaskov-Whalen, JCP 218 (20006),
-Bauer-Loubere-Wendroff, SINUM 46 (2008),

and the FEM scheme in

-Barlow, IJNMF 56 (2008).
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Von Neumann Analysis

Discrete Fourier Transform:
N/2

(1) (1) Al
V]rn Z Vkln Iﬁ! 2 ; ( V(,I) \
k=—N/2+1 Z(r) _ k.n
kn =\ g i
N/2 ? P!(r:)
p® @) GBr(j+1/2) /i
J:-l/? no Z PkIn Iﬁf s k
k=—N/2+1
A (i+1) (1)
(I AO)Z}\ 4+l = =A ZA n+1 + (I + A7)Z7\ n o
i [ Bk
e 1 0 w 4, = k (cos(Br) — 1) —|,1 0'8111(?)
| & 1 0 0
0 0 ] | k(cos(Br) — 1) —|io' sm(%)
| e o'sm(7) 0 —j= o-sm(ﬁ") 0

2 L =
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i Von Neumann Analysis

Modal conditions (real solution):

5 =0\ ~ (i)
Z(_,);._J, = (Z;(()n) , TorO<k<N/2-1, Zf:f'/2,n =1 .

First and (i+1)-th iterates:

A (1) A (0) , A (i+1) ~ (i) A
Zk,n+l = Ble,rH—l g BOZR',H Zkﬁ;-,a,+1 — BIZA—,”.H =+ BOZI(,H
= (BO + BI)ZR:!I = (B]Gm + Bg) Z;(._”
1) 7 : A
= G( )Z}Q” , — G(I+1)Zk!” -

Implicit (infinite iteration) limit:
Zk,ﬂ.+1 =U+ A - Al)_l(I + Aj) 2k,?‘? = G(m)zk,f? .
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i Von Neumann Analysis

Stability conditions:

<1

@ IG”s]]
Define ||G"|| = max
ser>\0 ||5]|

and the spectral radius p(G") = max{|A(G")|} < ||G"||

Theorem Let A € C™ where C is the complex field.
Then: lmy,_,, A" = 0 if and only if p(A) < 1.

p(G") < 1 = stability ,
(G >1= instability .

One can treat the case when the spectral radius is equal to unity
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Laboratories

as a limit case. @ .



Scovazzi-Shadid-Love-Rider-Hughes, “VMS Lagrangian shock hydrodynamics”

Von Neumann Analysis
Spectral radii of various iterates (no viscosity):

1.0

(a) Implicit. k = 0.

(g) 2 jterate. x = 0. (C) (m) 4% jterate. « = 0. (C)
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Von Neumann Analysis
Spectral radii of various iterates (no viscosity):

P Pg o
1. —— . - 1 d\ 1 =
05r 05 05k W
S e e el e e o
(a) c=04.(C) (b) o =0.7.(C) (d) oo =0.9.(C)

/-Implicit N

- First iterate

-Second iterate

-Third iterate
(Fourth iterate )
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Von Neumann Analysis

Dispersion error:

AGY) = [AGT)|e™™
WAT = Bk

w  arg(A(o, Br))

Il

(a) Implicit.
(e) 20 jterate. (C)

(i) 4% jterate. (C)
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Von Neumann Analysis
Dispersion error:

@fw wfew Fourth iterate with
real eigenvalues
l-._\ 1-._\ |
05} 05
I L T B R
(a) o = 0.4(C). (b) o = 0.7(C). (d) o= 0.9(C).

Second-order accurate for 2 or more iterations

T ]- bk ]
EGP) = — Zc;kzﬁr + 0" AT

L. s A1 5 :
a(GP) = w— Ecsh"ﬂj ~ %cia—"ar” + O(API?) |

1 (G{f}) - E{_E +Hi)At

. R
EGY) = Ec‘;y‘aﬁ + O AP) ,

vy ]. = ]. = ¢ 2
D(G?) = w— ﬁcmmj ! Eciff?ar + O(APIY)
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Von Neumann Analysis
Stable time-step limit:

Analyzing the highest
wave number

I>

v+ V2 + 22

At <

0.5
& 0.0

Acoustic case:

/1
Af < =—
Cs

(a) 1% iterate. (b) 2 jterate.

Diffusive case:

h?
Al < —
2v
0.5
o 0.0 ia
(c) 3" iterate. (d) 4™ jterate. nal
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Numerical tests (no art. viscosity)

Euler equations: Periodic breaking wave

Initial conditions:

p(x,0) = 0.001 (1.0 + 0.1 sin(2mx)) =+

x 10

=

2 it. |

x,0) = 10°
p0) (0.001

p(x,0) )” i

02 04 08

(a) Two iterations.

%10~

08

4 it.

02 04 086

(c) Four iterations.

08

6 it.

Covii—C
y(x,0) = 280 = C)
y-1 =1
( p(x, 0))” a
ey = |y ; .
p(x,0)

02 04 06

(e) Six iterations.

08

3

3it.

0 02 04 06 08 1

(b) Three iterations.

9
o 02 04 06 08 1
X

(d) Five iterations.

=

7 if.

() 02 04 06 08

(D) Seven iterations.
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Numerical tests (with art. viscosity)

Periodic breaking wave:

0 0o 0.4 06 0.8 1
x

(a) Two iterations.

x 10~

4 it.

1.1

2 _90 02 04 0.6 o8 1

X

{¢) Four iterations.

1A

-
T

3it.

0.90

x 1

02 04 06 08 1
x

(b) Three iterations.

3

1.1

-

a\
0.9

it.

0

[}12 D_Id OI.B UI_B 1 .
X Sandia
(d) Five iterations. National )
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Angular Momentum Conservation
Abstract discussion (Homogeneous Neumann BCs)

) f 0P * Po (Vf::ll) - "’”) Tid f{ﬂ (V: (é(p))f:iw ' '(:11”:
s Q

n+l/2

. . . - ( ) . -
Test with a variation 6p = ¢ x ¢, ,, with £ € R?
Define &, a skew-symmetric tensor s. t. £a = (£ x a),Ya € R’

sO  FOL 45 obtain

(i) (f} (1)
Use J n+1f" = .F n+1/27 n+1/2 °

n+1/2 n+1/2
0= (_.F} (i+1) Cancellation only if Cauchy
§ N ,f“‘ (vnurl Vn ) stress is symmetric!

1)
n+1/2 Tni1y2

+,ﬁr§-‘:
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Angular Momentum Conservation
Mid-point integrator

_ (00) (c0) > - (c0)
0= ‘f ’ (Lﬂ ()on+l,f'2 X Po (vn+1 - V”))+ At § : 0 n+1/2 ﬂ-n+l,."2) ’

Py X (PpVn) = f @, X (Povy)
" Qp

Defining IT,, := f

Q

We obtain, due to the symmetry of the stress tensor,
angular momentum conservation, that 1s:

0= E : (HH+1 - HH)
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Angular Momentum Conservation
Predictor/multi-corrector:

0= ¢ (I, - 10)

At (1) @) (i+1)
o f ' (? Lpﬂ (1’”_‘_1 - IJﬁ+1) X (vn+l o 1’”)
\

Y
Different from zero in general,

goes to zero for an infinite number of iterations

With Taylor-series expansions, one has the estimate:

n®

n+1

I, =%, 1T =.0AF) .

n+1
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Numerical test

W ._nld- ._nm . ..a:nﬁ@.—.—.—-—.—.—..ﬂ—.—.ﬂ........w.
- g|® I _**____H_“_N_______________“______ i il
e s Jipn
P o
: Q|8 ¢ i
m - “_“.“_umm_mmmm_ﬂ_%s___%___________________________“___ﬁ__%___
W = ml ==5=$§§§=——=—==
:  El=
i O
= E|E
7 8| B
5 =]
&3 o

c

<

Iz

e PSS T T

7

T
LOriiiis v < -

(c) t=0.25

(b) t=0.125.

=),

(a) t
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Angular Momentum Conservation
Numerical test: flow with expansion + rotation

9

10 ¢

10|,

107

107

12|

1077

13|

1077

107

107" U

A8 I 1 1 I I 1 L L 1 L
0 0.05 0.1 0.15 0.2 0.25 1 2 3 4 5 6 7
1 iterate

(b) A, Il. various iterates. (c) Semi-logarithmic plot, ATl(z = 0.25).
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Incremental objectivity

Definition:

“Internal energy must be preserved under orthogonal rotations, that is
F,.. = QF, for some Q € SO3)”

00 ( (i+1) _8”) —Af ((ng pi+D ) (J(r] o' ) |

n+1/2 H+l,""-' n+1/2 ]'."+1,|"':

Mid-point integrator is incrementally objective, but for the
predictor/multi-corrector we have:

EU] —&, = S[f] '[‘3"3'} O(ﬂf )

n+1 n+1 n+1
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