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In this paper we propose a series of methodologies to address theoplems in the NASA Langley Mul-
tidisciplinary UQ Challenge. A Bayesian approach is employed to charderize and calibrate the epistemic
parameters in problem A, while variance-based global sensitivity aalysis is proposed for problem B. For
problems C and D we propose nested sampling methods for mixed aleay-epistemic UQ.

[. Introduction

The NASA Langley Multidisciplinary Uncertainty Quantifitan Challenge presents several questions, formu-
lated around computer models that describe realistic aetaral applications. These models are presented in akblac
box” formulation to encourage discipline-independentrapphes. The schematic in Fig.illustrates the general
structure of the model inputs, outputs, and quantities tef@st.
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Figure 1: Schematic of the computational workflow with maedshd parameters

There are21 uncertain parametegsentering the computational sequence shown in Eigrhese parameters are
split into three categories: (1) aleatoric parameters Witbwn distributions, (II) epistemic constants that lie hirit
specified bounds, and (1) aleatoric parameters with ithistions parameterized by epistemic variables that lidiwit
specified bounds. The parameters of type Il and the episteaniables corresponding to parameters of type IlI
are denoted witl = (0; .,02..,...,05.). The dependencies between the intermediate variablethe aleatoric
parameterg; and the epistemics inpufs .. are provided below

x1 = hy (p1(01,1,01,2),p2(01,3), p3, pa(01,4,...,018),P5(01,4,...,018))
xo = ho (P6(92,1)7p7(92,2, 92,3)7]98(92,47 92,5)71?972910(92,6, 92,7))
x3 = h3 (p11,P12(03,1), P13(03,2,03,3), p14(03.4,03.5), P15(03,6,03,7)) 1)
x4 = ha (p16(04,1),p17(04,2,04.3), P18(04,4,04.5), P19, D20 (04,6, 04,7))
x5 = hs (p21(05,1,05,2))
In Eqg. (1), parametergps, po, p11, P19} are of type |, parameters, ps, p12, P16} are of type Il, and the rest of the
parameters are of type Ill. The subsequent computationaksee also depends on a vector of design variables
gi = fix1,...,x5,d), i=1...8 (2)
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The metrics/; andJ; are based on statistics @f which is defined as the maximum value acrosga# f(p, d) for
given samples g andd.

We propose a Bayesian frameworkin Sectionll to characterize the epistemic variables for the input patara
of submodekh; . Since the full likelihood evaluations are computatiopabpensive, we also propose an Approximate
Bayesian Computation approaciThis approach, while computationally efficient, dependsvbether the summary
statistics available to construct the approximate liladith are sufficiently descriptive for the parameters to berne.

In Sectionlll we employ variance-based Global Sensitivity Analysis (A rank both the aleatoric inputs
and the epistemic variablésin terms of their contribution to the total variance of imwediate variable:, and the
overall Quantities of Interest; and.J,, respectively. Using the GSA results we fix several unimgrgrparameters
to nominal values since their contribution to the overatiamce for the intermediate variables was negligible.

We conclude the model analysis with Sectidhwhere we employ a nested sampling methodology for the com-
bined epistemic-aleatoric inputs to propagate forwardrpat uncertainties to probability distributions féy and.J,.
Conclusions are summarized in Section

I[I. Model Calibration

In this section we address the questions in subproblemSAecifically we employ a Bayesian framework to
compute posterior probabilities for epistemic parameserd answer questions A1 and A3. The relative quality of
these posteriors, pertaining to question A4, is asseseditathis section via a CRPS score.

The uncertainties in the model parameters are charaaidérizeBayesian framework as

p(01|D) = Lp(01)p(01)/p(D) ©))

Herep(#,) andp(6,|D) are the prior and posterior probability densities of modebmeterd,, respectively. These
represent our knowledge about the valuegobefore and after learning from the ddfa The likelihood function
Lp(61) = p(D]6,) is the likelihood of the dat® for a particular instance of model parametérs The denominator
in Eq. 3), p(D), is the “evidence”, computed by integrating the numerater ¢he support of; .

The set of model parametets = {01 1,612, . . ., 61, s} determines the corresponding uncertain paramgiers,
p4, andps as follows:

e 0,1 andd, , are the expectation and variance fgrwhich is modeled as a Beta distributiaBeta(«, 3). For
given values ob); ; andd, o, the shape parametessand are computed as

f11(1—0 611(1—0
azglyl(w_l), 5:(1_31,1)<171(912171>_1) @)

s

Corresponding to the characterization of the uncertairdgehforp; (Category Il in the problem description),
uniform prior distributions are set foh 1 and6 »: 6, ~ U[0.6,0.8] andfs ~ U[0.02, 0.04].

e 0, 3 is the epistemic inpuyts. Its prior distribution isU[0, 1].

e Parameterd,; 4 throughf; g characterize a bi-variate normal distribution forandps: 6, 4 and6, 5 are the
expectations ops andps, 616 andf; 7 are their variances, angi s is their correlation factor. The prior
distributions for these parameters are set to

014,015 ~U[-5,5], 016,017 ~U[0.025,4], 015~ U[-1,1] (%)
Parameteps is presumed aleatoric in the problem setup, with a given BBtSequently it is not an object of inference.
The dataD consists of two sets of 25 observationstof= hi(p1, p2, p3, P4, p5). These “observations”, shown in
Fig. 2, are drawn from the “true uncertainty model”, i.e. theparameters for the distributions pf, ps, p4, andps

were fixed.
Since the data samples are independent, the likelitige@, ) in Eq. (3) is written as

Ng
Lp(0) = [ [ p(x1.4101) (6)
=1

where N, is 25 when only the first set of data is presumed to be known avtih both data sets are known. Here
p(z1,]61) is the probability to observe the valug ; for a given instance of the epistemic inpéts Algorithm 1
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Figure 2: Samples of; provided with the matlab package.

Algorithm 1: Construction of likelihood in ech
Input: 61 ={611,...,0: s}, Algorithm knobs: N, Nyin
Output: Lp(61)

1 GenerateV,, sets of(p1,...,ps):

2 foreachk =1,..., Ny do

3 p1,i ~ Beta(a(b1,1,01,2), 8(01.1,61,2))

4 pak =013

5 ps.i ~ U0,1]

6 (Pak> P5,k) ~ Np(01,4,015), 5(01,6,01,7,01.8)]

7 end

8 {$1|91} = {hl(pk),k =1,... 7Nspl}

9 Evaluatep(zi ), ¢ =1,..., Ng by binning the{z]s, } ensemble

[y

o Evaluate Eq.€)

describes the steps taken to evalubg(#) numerically. This algorithm has two knobs, the numbehofmodel
evaluationsNV,,,;, and the number of binsy,,,,, used to evaluate the PDFswof numerically.

Using the likelihood construction provided in Algorithirand the prior information mentioned above, we employ
an adaptive-Metropolis Markov Chain Monte Car{faMCMC) algorithm to explore the posterior distributipft, | D)
via sampling. The aMCMC algorithm uses the covariance optiegiously visited chain states to adaptively improve
proposal distributions, thus exploring the posteriorrdistion in an efficient manner.

Figure3 shows marginal PDFs based 615 x 10% samples from the posterior distributip¥;|D). The samples
were generated via the aMCMC algorithm mentioned above. eBoh sample the likelihood algorithm employed
Ny, = 10° evaluations of model, followed by the PDF construction usimy;, = 102 bins. Inspection of the 1D
marginal posteriors, in the diagonal frames, reveals ayeaiform PDF foré, g, the correlation ops andps. For
this parameter, the, data is not sufficiently informative to appreciably updaseuiniform prior distribution.

The marginal posterior distributions for the other parareshow some modifications compared to their prior
distributions. In particula®f; 3 andé, 5 exhibit bimodal shapes. Multi-modal posterior distrilouis generally make it
difficult to achieve an efficient Markov chain, hence the éangmber of samples needed to obtain converged posteriors.
Investigation of the joint posterior PDFs in the lower tigdsmreveals moderate correlations betwéen andé; 4 and
betweery, 5 andd, ;. These correlations will be evaluated quantitatively ia fibllowing section.

Figure4 shows a comparison of the marginal posterior distributmrsglect parameters inferred using either set
#1 (blue lines) or both sets #1 and #2 (green lines). Evigemibre data leads to sharper PDFs for these parameters.
The values fob; ¢ andd; g are not shown since their posterior distributions did netngje significantly.

Since the observed data is limited, we adopt a probabilisit based on the predictive cumulative distribution
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Figure 4. Comparison of marginal posterior PDFs based om@%8a data samples, respectively.

function (CDF) rather than one based on predictive PDFfitsEhe Continuous Rank Predictive Score (CRPS)
measures the difference between the CDF of the providedasatahe CDF of the forecast data, i.e. data generated
based on the posterior predictive distribution.

Nas

CRPS = > / (Fr(z1) — Fl@1))* day (7)

Nas =
Here,F(z1) is the CDF based on the dafashown in Fig2. This CDF is piecewise constant, approximated as a sum
of Heaviside functions centered at the data locatiofi$g. 6 shows theF (z;) CDFs based on eith@5 or 50 data
points, respectivelyF;(z1) is the CDF approximated from simulated data constructedlésivs. For each sample
01| we generate a datasBY, of x; values through the evaluation bf (p; ... ps|(01|x)). The CRPS score is an
average over a number of datasé{s,, generated witl#; sampled from its posterior distribution. We determined tha
aboutN,, = 10* datasets were necessary to obtain CRPS values with abottrelative accuracy. For each dataset
we employed 0% h; model evaluations.

Tablel displays CRPS values based on posterior distributiongrestavith 25 and 50 data samples, respectively.
The lower value for the latter case indicates the posteiistridution of model parameters is closer to the “true
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uncertainty model” compared to the former case. Also shavthis table are CRPS values for posterior distributions
obtained via Approximate Bayesian Computation (ABC) mdtiogies introduced in the next section. These values
are slightly larger than their counterparts mentioned elindicating a slightly lower predictive skill for the ABC-
generated distribution.

Table 1: CRPS values computed using Eg. (

| full MCMC  ABC-MCMC
set#l | 3.1x107% 3.4x107
sets#1,2| 2x 1073 2.3 x 1073

A. Model Calibration via Approximate Bayesian Computation

The PDF of modek; is bimodal, and the two modes exhibit jitter for slight chaagné;. Accurate estimation of this
PDF requires a significant number of model evaluations, erotder of10°, at each MCMC step. Moreover, about
10° — 10° MCMC samples are needed to represent the posterior distnibaf ; adequately. This leads to a large
computational cost for this probabilistic calibration.

Recently, Approximate Bayesian Computation methods hega significant developmentin ABC, the expen-
sive or even intractable likelihood evaluations are regidoy expressions based on select data summaries

L) o L1 (120D o)) -

€ €

Here the dat&®*(0) is a proposed data set drawn from the model given the cufriestance, and(D) is some set of
statistics based on the data, e.g. means and/or quantiesofational convenience, we will usé = s(D*(8)) and

s = s(D). The kernelK takes high values when statistics of proposed datal3etre close to the ones based on the
original data and conversely, it penalizes samples thataireonsistent. The widthplays the role of a “goodness”
criterion controlling the radius of the hyper-sphere abthe “true” statistic. Several kernel shapes are propased i
the ABC literature. Figur®& shows the shapes for three kernels described below. Sé&\RBGktudies employ a sharp

kernel,
1ch ﬂgz Lot fls sl < e ©
€ € 0 if[|s*—s| >e

Beaumont et al.introduced the Gaussian and Epanechnikov kernels. Thestaaugernel is defined as

1o (ls"— sl 1 [Is* — s
-K = -2 1
€ ( € evV2or eXP 2¢2 ’ (10)
while the Epanechnikov kernel is defined as
* s"—s |2 i *
NE=IE B e s < a
€ € 0 if ||s* —s|| >e.

In this work we adopt a Gaussian kernel dengitygiven in Eq. (0), with ||s* — s|| computed using afi; norm
based on one or more summary statistics

Is* — sl = (12)

The summary statistics employed in this study are quantfes- z; ,,, wherez, 4, are the values associated to
select quantile; values based o®* (), ands; is the corresponding quantile in the dd?a Based on the empirical
PDFs presented in Fig.we selecyy = {0.05,0.25,0.75,0.95}. Table2 shows ther, ,, values based on either set #1
(25 samples) or both sets (50 samples).

6 of 16

American Institute of Aeronautics and Astronautics



1y ls@®-s]
K( )
80, € €

60F

)

20 Gaussia

Sharg

IIs(6)—sll

0.01 0.02 0.02 0.04

Figure 5: Kernels for Approximate Bayesian Computations.
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Figure 6: Empirical CDFs corresponding to thedata sets. The blue line is based on the fifstiata points while
the red line uses afl0 data points. The horizontal lines correspond@d5, 0.25,0.75,0.95} quantile levels.

We performed several tests using progressively smallatues fromi0~* down to10~¢. We found that = 10—
significantly reduces the spread, compared te 10~*, in the summary statistics used in the construction of the
density kernel in Eq.10). Beyond this threshold the effect ebecomes negligible.

Figure7 shows a comparison between summary statistics for datalsteised via ABC calibration with = 1072,

The horizontal lines correspond to the values provided bi€fa The results in this figure indicate that quantile values
for ¢ = 0.05,0.25,0.75 are matched relatively well by the ABC-MCMC results. The= 0.95 seems in general
overpredicted which could indicate the fact this quanslpaorly approximated with 25 or 50 data points only.

The marginal probability densities féf parameters generated by the ABC-MCMC results are compareigi4
with the corresponding densities based on full likelihoothputations. The ABC methodology is about two orders of
magnitude more efficient compared to the full Bayesian aggiravhich employs expensive likelihood calculations.
The ABC results capture some of the features obtained withiKalihood evaluation, e.g. the bimodal shapes ob-
served forf, 3 and#, 5. For other parameters, in particulér, and¢, » the comparison is less favorable. In the
following sections, wherever needed, we will be using theults based on the full Bayesian likelihood evaluations

presented in Fig3.
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Table 2: Summary statistics used in the ABC calibration pssc

1,005 21,025 21,075 £1,0.95
set#1 0.046 0.0916 0.3955 0.4214
sets #1,2| 0.054 0.0927 0.3927 0.4211
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Figure 7: Comparison of summary statistics in Approximadgdsian Computation inferences. The results in the left
frame correspond to summary statistics based on,2&amples, while the right frame corresponds to statistisgdba
on 50x; samples. The horizontal lines correspond to quantiles sliowWwable2

lll. Sensitivity analysis

In this section we employ variance-based Global Sensititalysis (GSA) to understand the effects of the epis-
temic variable® and the aleatoric parametersn the intermediate variablesand the Quantities of Interest (Qalj
andJs. In the first part of the section the GSA approach is emplogaghtlerstand the connectivities betweeand
x and betweerd andz, and address question B1. Subsequently we employ a cut-HBERoach to answer B2 and
B3.

In the first step we proceed to determine the effect of pararsebn intermediate variables We proceed by first
performing a global sensitivity analysis (GSA) study on teenponents of to determine their relative dependence
on the inputy. These dependencies are quantified through Sobol indices.

i VarE(u(p)lpo)

v = yk=1...4 13
T Varfh(p)] w
fori =1,..., Ny, while the joint sensitivity indices);; are
Var(E (h (p)|pi; p))]
ko I Sk Sk k=1...4 14
S'Lj Var[hk; (p)} Sl Sj i ( )
fori,j =1,...,N,. We only compute sensitivity coefficients for functiolasthroughh, sincehs depends on only

one parametef;; = p2;. And each of these first four functions depends gng@rameters)N, = 5. The variances
in the numerators of1(3) and (L4) are with respect to the parametgr or pair of parametergp;, p,;), while the
expectations are with respect to the rest of the paramefaessensitivity indexS* can be interpreted as the fraction
of the variance i, = hy, that can be attributed to thieh input parameter only, whiISfj is the variance fraction that
is due to the joint contribution afth andj-th input parameters. Interactions between three or moapeters can be
defined in a similar fashion. In realistic models, howeveese higher-order interactions are typically negligible.

This decomposition is unique if the input variables are petelent. This is true for models throughh,, but not
for hy, for which the input parameter space is partially correlae a result of the calibration exercise presented in
the previous section. For mode] we introduce the total sensitivity index

_ E[Var(h(p)|p—.)]
S ) 9
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which measures the fractional contribution to the totalarase due to parametgy and its interactions with all other
model parameters. This index is useful particularly for elisionality reduction i.e. for detecting which parameters
have negligible overall contribution to the model output.

The Sobol indicesl(3-15) can be written in integral forms, but these integrals arggneral, not tractable analyti-
cally when the input parameter space is high-dimensionalrder to evaluate these indices numerically we employ a
Monte-Carlo (MC) approach enhanced by techniques desthip&altelli- and Kucherenket al.*~ These techniques
employ an efficient re-use of model evaluations to reducedheputational cost of conditional variances.

The MC methodology involves drawing samplespofrom its distribution. For the type Il parameters among
D6 - - - P21, We employ a uniform distributiot’ [0, 1]. For example, using the notation in Fiy.ps = 631 ~ U[0, 1].
The distributions for type Il parameters amopg. .. p2; are obtained by marginalization over the corresponding
epistemic variable8. For example, the marginal distribution fay is computed as

14.003  17.864
p(ps) = / / p(ps|62,4,02,5)D(02,4,025)d02 402 5 (16)
02.4=7.45 J 0 5=4.285

Here the conditional probability densip(ps|62,4, 02 5) iS a beta distribution with shape parametéss and 6. s,
respectively. The joint probability density6- 4, 62 5) is uniform on the rectangle given by the limits&f, ands 5.

The construction of MC samples for type Il parameteand type Il parameters, , p4, andps requires a particular
approach since their epistemic variables are now possdrtglated as a result of the calibration againstata. In
order to measure their degree of dependence we computestaaak correlation valuesfor 6, ; ... 0, g, based on
the MCMC results shown in the previous section. The distaceelation between two random variablEsandY
with finite first moments is the non-negative numBgrX, Y') defined as

P2(X,Y)

RIXY) =75 (X)02(Y)

17)

whered?(X,Y) is the distance covariance betwekrandY and the distance variand®(X) = 9?(X, X). Szekely
et al:” provides numerical algorithms to comp@® X, Y') given samples of random variabl&andY . The results
for epistemic variableg, ; ... 6, g are shown in Tablé.

012 013 614 b5 b1 b7 Oig
611 | 0.06 0.06 0.17 0.07 0.05 0.04 0.04
01,2 - 0.09 0.14 0.09 0.04 0.05 0.06
013 - - 0.07 0.03 0.03 0.03 0.04
01,4 - - - 0.05 0.04 0.06 0.04
15| - - - - 003 039 007
016 - - - - - 0.09 0.04
0. - - - - o o

Table 3: Distance correlation factors for parameters. . . 6, g, with joint densities shown in Fig.

The distance correlation fact® quantifies the degree of dependence between epistemic giramA value close
to zero implies independence, while larger values, up iadicate some degree of dependence between parameters.
We highlight in Table3 the entries greater thahl. Based on these results we conclude that the epistemidiesia
for the type Il parameterg;, p4, andps are correlated, while the type ph = 6, 5 is independent of the othéj
components. With this information, the marginal probapitiensity forp:, ps, p5 is computed as

P(P1,P4,D5) = /P(P1|91,1,91,2)1)(1)4,1)5\91,4 o 018)p({01\ O1,3})d{61\ 013} (18)

where thep(p1161,1,61,2) is a beta distribution with meay ; and variance; o, while p(p4, ps|61,4 ... 601 5) is a bi-
variate normal with prescribed means, variances and etioal factor, respectively. Here, tHé; \ ¢, 3} notation
implies allf; parameters excefi{ ;. The multi-dimensional integral in EqL§) is computed via sampling by re-using
the MCMC samples corresponding to the posterior distrilbuting, . Further, in order to construct conditional sam-
ples from the probability density(p1, p4, ps) required for GSA computations for model, we employ the Rosenblatt
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transformation.” The distribution for parameter, is computed via Kernel Density Estimate (KDE). This dengty
also shown in the third diagonal frame of Fiy.

The main and and joint sensitivity indices for throughz, are shown in Table$-7. Coefficients with values less
than0.01% are rounded to zero in these tables. We also included tkeel typrameters in the sensitivity analysis for
completeness. For these parameters, we assumed a U[@iutisn.

For modelz; = h(p:...ps), parametergs, ps, andp, have a negligible contribution to the varianceaqgf
Similarly, parameter$ps, po, p10}, {P13, P15}, and{p19, P20} have negligible impact onms, 3, andz,, respectively.
Based on these results we fix these parameters to the mods ealtresponding to their marginal densities presented
above.

Table 4: Main
hi(p1 -..ps) (%).

Table 6: Main and joint Sobol indices féi (p1 - . . p15)

(%).

Si | sf 5 Sy
: b7 Ds DP9 DP1o
95.80 | 97.20
b1 o0 | ont pe | 757 | 8250 022 0.08 001
b2 o ) pr | 666 | - 028 014 001
1]33 200 . ps | 027 | - - 001 0
4 .
011 | - ; -0
ps | 3.40 | 4.00 bo
D10 0 - - - -

and total effect sensitivity indices fo . . -
y Ji’able 5: Main and joint Sobol indices fé& (ps . - . p1o)

(%).
P12 P13 P14 Pis P17 P1s P19 P20
P11 1.07 | 0.88 0 0.03 0 Pis | 42.76 | 28.02 1.63 0.01 0.17
P12 | 92.53 - 0.07 297 0.19 pi7 | 11.17 - 0.40 0.01 0.03
P13 0.05 - - 0 0 Pis | 14.42 - - 0 0.05
P14 | 2.22 - - - 0 P19 0.04 - - - 0
P15 0.20 - - - - P20 0.36 - - - -

Table 7: Main and joint Sobol indices fé (pi6 - - . p20)

(%).

Parameters shown in bold in Tables are most relevant to, throughz, models. Next we proceed to investigate
the fractional effect the epistemic variables have on tlobability boxes, or p-boxes, af, throughz4. These inter-
mediary variables are functions of aleatoric inputsvhich in turn have their probability distributions paraerized
by epistemic variable. This results in a distributional p-boxwhere ther; is an aleatory uncertainty but the param-
eters prescribing its mathematical model are epistemientainties. In order to measure these effects we define the
guantity of interest to be the “area” of the p-box, computedotiows

max; (xz;)
/ (max F'(x;|60;) — rréin F(x;]6;))dx; (19)

nin, (z;) i

Effectively, Eq. ((9) defines the area between the leftmost and rightmost ere®lopntaining all possible CDFs
F(z|0). Tables8-11 show the total sensitivity indices far; throughx4. Forzs, 3, andz4 sensitivities are with
respect to the lower and upper bounds for each epistemionedesd; ;, respectively. For model; = hq(p1...ps)

the sensitivity coefficients are with respect to the quaatdomputed corresponding to the marginal distributions fo
6:,; obtained in the previous section. These results indicateesmnsistency with the sensitivity analysis results for
the underlying functiong;. For select models, some epistemic bounds are importarihéop-box size while the
sensitivity coefficient for the corresponding aleatoriciable is negligible, e.g; 3 andp, for modelz;.

We make use of the sensitivity results presented in thisosett identify inputs that have a negligible impact on
the model output. If certain parametgrare unimportant for intermediate variables- h(p), then these parmeters are
also negligible fory = f(x; d) and hence they can be assumed to be constant to speedup thetatomal effort for
the subsequent analysis. Specifically, based on resultglieat in Tablegl-7, we set parametefs — p4, ps — P10, P13,
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P1 P2 P4, Ps
01,1 01,2 013 01,4 015 016 01,7 01,8
0.67] 0.42] 0.35| 0.33| 0.33| 0.32| 0.03| 0.08| 0.47| 0.56| 0.09| 0.15| 0.38| 0.35| 0.03 | 0.03

Table 8: Total effect sensitivity indices far with respect to the bounds of each epistemic parameter.

Pe P7 Ds DP1o
92,1 92,2 92,3 02,4 92,5 92,6 92,7
0.27| 052| 0.23| 0.05| 0.04| 0.04| 0.03| 0.03| 0.03| 0.03| 0.03| 0.03| 0.03| 0.03

Table 9: Total effect sensitivity indices fap with respect to the bounds of each epistemic parameter.

P15 , P19, andpog to nominal values equal to expectations given their matglisaributions. For example, following
the example provided in EqL§) for ps,

Pl = Elps] = / psp(Ps)dpe (20)

The results presented hereafter in this paper use fixeds/ébnehe parameters mentioned above. In the following
section we present sensitivity analysis results conngttia epistemic inputs t@, and.J;.

A. High-dimensional Model Representation

In order to determine the relative impact of the epistemidatdesd on J; and J; we need to construct efficient
maps between input parameters and model outputs to adahi@tcomputational cost associated with repeated model
evaluations.

To this end we employ High-Dimensional Model RepresentaffdDMR)*> techniques. In this approach the
model output is expressed in terms of a hierarchy of funsttbat account for the interaction between model parame-
ters

]V[(e):f0+2fi(9i)+ Z fij(0:,05) + ... (21)
i=1 1<i<j<n
Here M is the model output of interest anfd = (M (0)) is its mean value over the relevant parameter space. The
univariate functiong; represent the independent contribution of each comporeatgetes;, while f;; represents the
joint contribution ofg; andé; components td/ (¢). The summation on thers of Eq. (21) continues with higher-order
interaction terms up to the function that describes the jffiect of all input parameters simultaneously.

There are several approaches to represent the componetiphsf in Eq. 21). In order to avoid expensive
evaluations of high-dimensional integrals for the compate of these terms, here we employ the cut-HDMR approx-

imation.>*° In this approach, the decomposition presented in Et). i6 with respect to an anchor poiéit in the
P12 P13 P14 P15
031 O32 | b33 | O34 | O35 | 036 | 037
095/011/0/o0|oo]o]ofofo]o]o]o0]oO

Table 10: Total effect sensitivity indices fog with respect to the bounds of each epistemic parameter.
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P16 P17 P18 D20
04,1 042 013 044 0a5 016 047
0.25/0.83| 0.020.01|/ 001|001 0.03,001|001|0.01|]001|0.01|0.01]|0.01

Table 11: Total effect sensitivity indices foy with respect to the bounds of each epistemic parameter.

parameter space, while the component functipase defined along “cut” lines, planes, etc:
fo=M(6°)
fi(0:) = M(8;,0%,) — fo (22)
fii(0:,6;) = M(6;,0;,6°,5) — fi(6:) — f;(6;) — fo

where
(0;,0°,) = (6%,...,09 1,0,,00,,...,0°) (23)
(0i5,0%:;) = (69,...,60 1,605,600 1,....600 1,0,,6) ,,....6))

Eqg. (22) outlines a conveninent recipe to evaluate the componentifuns. Further, we adopt a Polynomial Chaos
(PC) "“*° representation for this functions. Since thearameters have bounded support, we focus on Legendre-
Uniform PC.” Specifically, the univariate function’ are constructed as

K
fi:) =D e Wk (&(6:) (24)

k=0

where¥,, is the Legendre polynomial of ordérandé; is a uniform random variablg ~ U[—1, 1]. For the epistemic
parameters correspondingdgthroughp., &;(6;) are linear transformations mapping the bounds of the qooreting

6; to [—1 : 1]. For parameters, andps; we employ the Rosenblatt transformation to map the corélptobability

densities of their epistemic variables to i.ild[—1, 1]. The bi-variate functions are constructed as

Fii(0i,0) = Y e, Wi (6000) Wy (&5(65)) (25)
RETRAN

The PC expansion terms in EQS) are truncated based on a total order isotropic ruleki.e- ko < K. If necessary,
higher-variate functions can be constructed in a similsinitan.

The coefficients of the PC expansions in Etf)(are computed by Galerkin projection using the orthogdyali
the basis terms.
((M(05,602;) — Mo) W)

(w3)

The projection integrals in the equation above are evalbateGauss quadrature. The modé| either one of/; or Js,
is evaluated at prescribed quadrature points correspgndithe quadrature rule employed. For univariate functions
employing 3-rd order PC expansions, 5 model evaluationeecessary for the quadrature rule corresponding to each
function. Numerical tests showed that, at each quadratirg pboutlV,, = 5 x 10* aleatoric samples are necessary
to reduce the standard deviation for thestatistic to less than%, while for .J,, 10* samples are sufficient. Due to
the computational expense, we only consider the univagigbansion terms in the cut-HDMR expansion. Bi-variate
and higher-variate interactions, while potentially imgaoit, are henceforth neglected.

Once the PC expansion coefficients are available, the astradiy of the basis terms facilitates the straightforward
computation of the fractional contribution of each inputgraeter to the total variance of the model:

(26)

¢, =

K
Vi = (c)*(¥7) (27)
k=1
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Rank Ji Jo

p | Vo/max(V,) | p | Vp/max(V,)
1 D21 1 p1 1
2 P1 0.17 P12 0.26
3 s 0.02 s 0.14
4 p7 0.02 P14 2x 1073

Table 12: Ranking op parameters via a cut-HDMR approach.

Thep parameters are then ranked according to the total conitiimifrom their corresponding epistemic parameters
f. These results are shown in Talil2

We find that for this particular setting, parametggs andp; are most influential for/; and J,, respectively.
Parameterg, andps, corresponding to submodg| are found to be important for both outputs. Efr parameters
corresponding to submoddls (p7) andhs (p21) are also found to be important, while fds submodehs (p12, p14)
is a also a major contributor to its variance. It should beddtowever, that these results might be strongly dependent
on the choice for the anchor poifit for the cut-HDMR approach, and the fact that we explored the first-order tsffec
only. With additional computational resources, a convecgetest should be pursued to determine the effect of the
reference parameter values and the contributions frormehigtder interactions to the variance of the model output.

V. Uncertainty Propagation

In this section we employ a nested sampling approach to tiyné probability distributions for the Quantities
of Interest (Qols)/; and.J;. and answer subproblem C and questions D1 and D2.. The "dotgr involves samples
of the epistemic variable® while in the “inner” loop we sample the aleatoric param&ter-or each “outer” sample
the computational model is evaluatdfl times to generate the data required to evaluate the statfeti.J; and.Js.

In the previous section we found that, in order to compljtaccurately,V, should be on the order af* ... 105,
while for J; the number of required samples is about one order of magniass$. This range is prohibitive for the
nested sampling approach adopted for this section. In ¢oderther explore the accuracy given a certain number of
aleatoric samples, we randomly seleci@depistemic sample# and proceeded to compufe using a range ofv,
samples betwee2? and2'2. Figure8 shows convergence results for two of these epistemic samiphe results in the
left frame show that forV,, > 103, the standard deviation shown with error bars becomeshess 6% of the mean
value of J; which is abou®.1 for this case. However, this threshold is not guaranteethdmnight plot, the standard
deviation forN,, = 2'2 is significantly affected by the presence of outliers. Nthaless, we proceed with,, = 103
in the nested sampling approach due to limited computdti@saurces imposed by the fact that the forward model is
available in Matlab only. In order to examine the effect\gf on the extreme values df, and.J; we will repeat these
convergence tests on the epistemic samples correspordihg éxtreme values.

0.4

0.2r
0.3f

0.1}

0.9} 2; = o o 0.9} 2; = o -
nP nP

Figure 8: Distribution of/; values for selea samples for a number of inner’ samplds betweer2® and2'2.

Figure9 shows probability densities faF, andJ,. The normalized histograms employ 100 equally-spaced bins
for both J; and.J,. The first Qol exhibits a tailed distribution, with most oéthrobability located around, = 0.17.
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About20 samples out 05000 or 0.4% lead to.J; > 20 andmax(.J;) ~ 35. While the smallest value of; is 0.07, the
next small values of; are clustered aroun@l1. The smallest and largegt values ar#).071 and0.923, respectively.
This Qol exhibits a bimodal distribution with a strong modmked at/; ~ 0.2 and a weak mode ak = 0.6.

0.6

—_— L L

5 10 15 20 25 30 35 40 . . 0.4 0.6
Ji Jy

0.00

Figure 9: Probability densities fak, and.J, based on a number of outer sampl®g,= 5000 and a number of 'inner’
samples}N,, = 1000.

In order to examine the effect of the number of “inner” sarapig on the extreme/; and.J; values, we select the
epistemic values corresponding to these extremes andgatdoere-compute the Qol’s using an increasing number
of N, samples. Figuré0 shows normalized histograms far constructed withV,, = 10° aleatoric samples. The
left frame corresponds to the epistemic sample that lealdetontaximum/; mentioned above, while the right frame
corresponds to the epistemic sample leading to the smaljedtor both these epistemic sampleshas a bimodal
distribution. The main mode occurs fer< 1, while the second mode occursiate 10% and is much weaker.

0.1 1 10°

0.1 " w0
% 10 %50 1100 1 % 10 %50 1100 1
250 500 750 1000 250 500 750 1000

w w

Figure 10: Probability densities far values used to compute the results flgrshown in Tablel3. The histograms
are basedV, = 10° samples.

The multimodal distribution fotw requires a large number of samples to estim&te- E(w), since an incorrect
balance between the number of samples in the two modes aatoléarge errors in/;. This is compounded by the
fact that the second mode is several orders of magnitudeexghin the main mode and thus a larger number of
samples is required to have good coverage for both modes.

Table 13 shows values of; and.J; based onV, betweenl0® and10°. The original values mentioned above are
also shown in the second column in the table. For hhtlextremes, there is a discrepancy between the two sets of
results employingV,, = 103. Additional evaluations lead to converged results araipd= 10%, for these) samples.
Additional convergence tests, results not shown, usisgmples corresponding to large and snyallvalues from
Fig. 9, point to extreme values for this Qol in the vicinity &b and0.1, respectively. TheJ/; statistic is much less
sensitive to the multimodal behavior of. For this Qol, thenin / max values change much less with an increasing
number of samples.

Figure 11 shows the densities faf, and.J, based on improved bounds for select epistemic parametérsseT
densities are estimated usifigc 10 and10? “outer” and “inner” samples, respectively. For both Qole support for
their densities shrank compared to the original ranges slioWwig. 9. In particular./; exhibits a multimodal distribu-
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N, =103 | N, =10% | N, = 10* | N, = 10°
1Ol maxr) | 35.7 27.7 27.3 27.4
J1(0lmincsy) | 0.071 0.12 0.42 0.41
Jo(Olmax(sn) | 0.923 0.912 0.910 0.908
Jo(Olmin(s) | 0.071 0.075 0.090 0.089

Table 13: Convergence of; and J, values with increasing number df, samples. The firstV, = 10 column
shows extreme values extracted from Fgwhile subsequent columns shows results from convergesste tising
and increasing number @f,, samples.

tion. To verify these results we select several epistenailizations corresponding th = {0.4,2.5,3.5,4.5,5.5,6.5}
and resampled the corresponding aleatoric distributiamgugp to10° samples. For all these tests the “convergéd”
converged to the mode located betwdeand?2. We suspect, based on these results, that the multimodabditon
for J; shown in Fig.11 is the result of undersampling the aleatoric space. Sindsts for.J,, results not shown,
confirm that the results for this Qol are converged and trah#w range is approximatel§y.27 . . . 0.39].

1.2 T T T T T T T 25

0 1 2 3 4 5 6 7 8 .26 0.28 030 0.32 0.34 036 0.38 0.40 0.42
Ji I

Figure 11: Probability densities fof;, and.J; based on a number of outer samplég, = 5000 and a number of
'inner’ samples N, = 1000; results based on a reduced epistemic bounds for seled¢sinpu

Finally, we have preliminary results for subproblem E (tbbust design optimization) which we plan to show at
the January meeting.

V. Conclusions

In this paper we employ probabilistic methodologies to hanverse and forward UQ studies for the models
posed by the NASA LaRC UQ challenge. Overall, methodologreschallenged by sparse data, the computational
expense of some of the submodels and by the multi-modalityanfel outputs.

For the calibration exercise we propose a Bayesian franteteorharacterize the posterior distribution for select
epistemic parameters. We compare the results based oikélithbod estimation, which is computationally intensive
with results based on Approximate Bayesian ComputationGABoncepts. In the latter approach the likelihood
is based on summary statistics and hence is computatiociadigp compared with the former approach where the
likelihood is based on the estimation of the probability slgnfor each proposed data set. The ABC results are in
qualitative agreement with the full Bayesian results fansmf the parameters, while for others they fail to capture
the marginal densities. Nevertheless, the ABC algorithoomeputationally efficient and a viable alternative when the
full likelihood estimation is intractable.

We then proceed with Global Sensitivity Analysis (GSA) fbe teffects the epistemic and aleatoric inputs have
on modelsh and on the statisticg; and.JJ,. We employ High Dimensional Model Representation (HDMR3ate-
position to dissect the fractional contribution of eachgpaeter or combinations thereof. For computationally cheap
models the sensitivity coefficients are estimated throudtaesitive sampling, while for the models that are expen-
sive we employ a cut-HDMR approach. In this latter approash,use Polynomial Chaos expansions to represent
the parameter contributions to the full model. We find thaesal epistemic and aleatoric variables have a negligi-
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ble contribution to the model output variance and we assigrstant values for this parameters in the forward UQ
exercise.

In the forward UQ problem, we employ a nested sampling ambrda estimate the bounds and the probability
density for quantities of interest (Qol) that are based atisgics over several model outputs. One of these stagjstic
J1 is based on model outputs that are bimodal, and hence theanah&§amples required to discover the bounds accu-
rately are prohibitive. We also find thd} requires a much smaller number of model samples to obtaiferhation
on its bounds and a good estimate on its distribution.
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