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Abstract

The transition of classical spray atomization processes to single-phase continuous dense-
fluid mixing dynamics is poorly understood. Recently, a theory has been presented that
established, based on a Knudsen-number criterion, that the development of such mixing
layers is initiated because the multicomponent two-phase interface becomes much wider
than the mean free molecular path. This shows that the transition to mixing layers oc-
curs due to interfacial dynamics and not, as conventional wisdom had suggested, because
the liquid phase has heated up to supercritical temperatures where surface tension forces
diminish. In this paper we focus on the dynamics of this transition process, which still
poses many fundamental questions. We show that such dynamics are dictated by sub-
stantial statistical fluctuations and the presence of significant interfacial free energy forces.
The comprehensive analysis is performed based on a combination of non-equilibrium mean-
field thermodynamics and a detailed modified 32-term Benedict-Webb-Rubin mixture state
equation. Statistical fluctuations are quantified using the generally accepted model of
Poisson-distributions for variances systems with a small number of molecules. Such fluctu-
ations quantify the range of pressure and temperature conditions under which the gradual
transition to dense-fluid mixing dynamics occurs. The interface begins to deteriorate as
it broadens substantially, and the related interfacial free energy forces do not instantly
diminish only because vapor-liquid equilibrium conditions do not apply anymore. Instead,
such forces are shown to gradually decrease and to diminish once the interface enters the
continuum regime. At this point the interfacial region becomes a continuous gas-liquid
mixing layer that is significantly affected by single-phase real-fluid thermodynamics and

transport properties.

Keywords: Direct injection; Diesel engine; Supercritical flow; Real fluid model; Nonequi-



librium thermodynamics.
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1 Introduction

Mayer et al. [1,2] were one of the first to show that under certain high-pressure conditions,
the presence of the widely recognized spray atomization and evaporation process is replaced
by diffusion-dominated dense-fluid mixing layers. Past research into multiphase flows has
provided additional insights into the physics of high-pressure fluid dynamics [3—19]. Despite
these prior contributions, modern theory has lacked a first principle explanation for the
observed phenomena. To address this, Dahms and Oefelein have recently presented such a
theory that explains and quantifies the conditions under which a multicomponent mixture
transitions from classical spray atomization processes to dense-fluid mixing [20,21]. They
developed a system of models which coupled real-fluid thermodynamics in multicomponent
and multiphase mixtures with vapor-liquid equilibrium and Linear Gradient Theory. The
vapor-liquid equilibrium calculations provided the compositions and mixture states of the
respective vapor and liquid phases. Linear Gradient Theory provided the detailed spatial
distribution of these compositions across the two-phase interfacial region.

Gradient Theory was established by van der Waals [22,23] in 1893 and reformulated later
by Cahn and Hilliard [24] in 1958 to compute the physical and continuous variation of fluid
properties across a thin molecular vapor-liquid interface. The capability of Gradient Theory
to calculate the physical mean molecular structure across such interfaces has recently been
confirmed by statistical analysis of molecular dynamic simulations [25-27]. The analysis
showed that the enthalpy contained in hot unburnt ambient gases is usually not sufficient to
heat up the multicomponent gas-liquid interface to its critical temperature where surface
tension forces diminish. Instead, the theory indicated that the transition to dense-fluid
mixing layers occurs through combination of broadening two-phase interfaces, reduction in
mean free path, and a reduction in surface tension. The broadening of the interface was

mainly attributed to high subcritical gas-liquid interface temperatures, while the reduction
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of the mean free path was mainly attributed to high pressure. This showed, based on
an interface Knudsen-number criterion, that at certain high pressure and temperature
conditions, the multicomponent two-phase interface becomes much wider than the mean
free molecular path. Then, the transition to dense-fluid mixing layers occurs as the interface
substantially departs from classical molecular behavior.

In this paper, the formerly presented theory is extended to quantify the non-equilibrium
dynamics of the transition process. The analysis shows that the initiation of this transition
is determined by substantial statistical fluctuations. Such variations are shown to decrease
with increasing pressure and temperature conditions. The resulting probability of departing
from vapor-liquid equilibrium conditions quantifies the range of pressure and temperature
conditions under which the gradual transition to dense-fluid mixing dynamics occurs. When
this happens, the interface begins to broaden substantially. Non-equilibrium mean-field
thermodynamics, based on the Cahn-Hilliard equation [24], in combination with a detailed
mixture state equation, are adopted to calculate corresponding interfacial free energy forces.
The analysis shows that these forces do not instantly diminish only because the two-phase
interface departs from classical molecular behavior. Instead, such forces are shown to
gradually decrease and vanish once the interface enters the continuum regime. To illustrate
the framework, we focus on conditions typical of diesel engine injection. The analysis,
however, is quite general and applies to a wide range of modern propulsion and power

systems.
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2 Model Formulation

The coupled system of models employed is based on the theoretical-numerical framework
developed by Oefelein [28,29]. It provides a detailed mixture state equation for the evalua-
tion of thermodynamic and transport processes in a hydrocarbon mixture. This framework
is combined with non-equilibrium mean-field thermodynamics of two-phase interfaces. The
formulation is based on the Cahn-Hilliard equation and is shown to converge to the equa-

tions of Gradient Theory in the limit of thermodynamic equilibrium.

2.1 Thermodynamic and Transport Properties

A modified 32-term Benedict-Webb-Rubin (BWR) equation of state is applied in con-
junction with the extended corresponding states model and non-linear mixing rules to
calculate the p-v-T behavior of multicomponent mixtures [30,31]. This framework has
been shown to provide accurate results over a wide range of pressures, temperatures and
mixture states, especially at saturated liquid conditions. The thermodynamic properties
of real-fluid mixtures are obtained in two steps. First, respective component properties
are combined at a fixed temperature using the extended corresponding states methodology
to obtain the mixture state at a given reference pressure. A pressure correction is then
applied using departure functions of the form given by Reid et al. [32, Chapter 5]. These
functions are exact relations derived using Maxwell’s relations (see for example VanWylen
and Sonntag [33, Chapter 10]) and make full use of the real mixture p-v-T path dependen-
cies dictated by the equation of state. Standard state properties are obtained using the
databases developed by Gordon and McBride [34] and Kee et al. [35]. Chemical potentials
and fugacity coefficients are obtained in a similar manner. Likewise, viscosity and thermal
conductivity are obtained using the extended corresponding states methodologies devel-

oped by Ely and Hanley [36,37]. Mass and thermal diffusion coefficients are obtained using
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the methodologies outlined by Bird et al. [38] and Hirschfelder et al. [39] in conjunction

with the corresponding states methodology of Takahashi [40].

2.2 Non-Equilibrium Mean-Field Thermodynamics for Gas-Liquid Inter-

face Structures

The starting point of the model is the formulation of the Helmholtz free energy across
a two-phase interface. Assuming a quasi one-dimensional composition change, the total
energy F' is governed by the following equation according to van der Waals [22, 23] and
Cahn and Hilliard [24]:

F= / [folo,T) + 5(V0)?] da (1)

with fy defined as the Helmholtz free energy density of a homogeneous fluid, ¢ as the
density, and x as the density-independent influence parameter which reflects the molecular

interfacial structure [41]. The Helmholtz free energy density is defined as

fo(e,T)=opu—p (2)

with @ as the chemical potential and with p as the pressure. It is important to note that
Eq. (1) carries no assumptions that would restrict its validity to equilibrium conditions.
It therefore serves to introduce a generalized definition of interfacial free energy forces.
According to Cahn and Hilliard [24], such forces are defined as the result of the difference
of the physical Helmholtz free energy across the two-phase interface, modeled by Eq. (1),
and its homogeneous distribution as it would exist if the interface were not be present.

In combination with Eq. (1), the equation to calculate interfacial free energy forces for
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non-equilibrium gas-liquid interfaces is then

7= [ ole.T) + K(V07 = Xopur = (1 = X do 3)

with X, as the mole fraction of the reference component [21]. In order to solve Eq. (3), the
density-temperature profile across the interface has to be obtained. This requires modeling
and a corresponding modeling approach is presented later. In the limit of thermodynamic
equilibrium, however, no such modeling is required. Then, the species profile across the
interface can be obtained according to Gradient Theory by minimizing the Helmholtz free

energy as follows [42,43]
K(Vo)* = w(0) — @s (4)

Here ws; = —ps is the equilibrium pressure. The grand thermodynamic potential energy

density is defined as
@(0) = fole) = Y oi p (5)

Hence, the equilibrium interfacial free energy force, the surface tension, reads after trans-

forming the spatial coordinates to density coordinates according to Gradient Theory [42,43]

Or,L

v = [ VARG~ ) (6)

Here, o, and g, 1, refer to the vapor and liquid phase densities of the reference component
obtained by real-fluid vapor-liquid equilibrium calculations. It is important to note that

Eq. (3) leads to the same result as Eq. (6) if the same equilibrium density profile is applied.
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3 Results and Discussion

To perform the analysis, we focus on conditions similar to the “Spray A” nonreactive case
defined as a relevant diesel engine condition as part of the Sandia National Laboratories
“Engine Combustion Network” (see www.sandia.gov/ECN) [44,45]. N-dodecane is injected
as a liquid at a temperature of T¢,, =363 K into nitrogen at a temperature of Ty, =900
K and a chamber pressure of p =60 bar.

Figure 1 presents the regime diagram of microscale flows according to Bird [46]. The
diagram is based on the four characteristic length scales of representative molecule size d,
mean molecular spacing d, mean free path A\, and characteristic length scale L and contains
three different regime separators. The first is represented by L/6=100 as the number
of molecules within a volume element at which statistical fluctuations about the average
molecule number N diminish. Only then, the continuum approximation applies. Present
statistical fluctuations are quantified using the generally accepted model of a Poisson-

distribution [46]

P(N) = (nV)Nexp(—nV)/N! (7)

with n as the average molecule number per unit volume and with V' as the system volume.
These quantities are related to the mean molecular spacing n=96"2 and to the characteristic
length scale V=L3, respectively. The second regime separator is represented by the Knud-
sen number Kn=\/L=0.1 at which the shear stresses, heat fluxes, and diffusion velocities
become linear functions of the gradients in velocity, temperature, and species concentration

within the validity of the classical kinetic Chapman-Enskog theory. The Knudsen number
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is related to the former regime separator L/J as follows

5 (0\?

Kn=\/L ~ 7 <d) (8)

According to this relationship, the continuum approximation is always fulfilled at Knudsen

numbers smaller than Kn=0.1 at high normalized molecular distances §/d. At a particular

distance, however, this relationship reverses. This condition defines the third regime sepa-

rator as 0/d =7 as the distinction between dilute gases and dense fluids. These definitions
also establish the regime where the Navier-Stokes equations are valid.

Figure 1 also shows the location of low-pressure and high-pressure gas-liquid interfaces
within the regime diagram. The characteristic length scale L is chosen to be the thickness
of the interface. The molecular size d is the species molar fraction averaged diameter
of a mixture conditioned on the vapor equilibrium composition [21]. The corresponding
detailed interfacial density structures are shown as inset plots in the regime diagram and
present results from former studies [20,21]. Both interfaces are located in the molecular
chaos regime. Therefore, their interfacial dynamics are dictated by substantial statistical
fluctuations.

Figure 2 shows the PDF of the corresponding molecule numbers calculated from Eq. (7).
The low-pressure interface has a lower value of the average molecule number (nV=10) and
a higher coefficient of variation (c,~0.32) in comparison to the high-pressure interface
(nV=27, ¢, ~0.19). From these fluctuations, the corresponding variations in interface
Knudsen-numbers can be derived. It is important to realize that the Knudsen-number of
the high-pressure interface Kn~0.05 is also subject to statistical fluctuations.

The regime diagram in Fig. 1 and Eq. (8) both illustrate that the association of the
continuum regime, where such fluctuations are negligible, with Knudsen-numbers Kn < 0.1

is only valid in the dilute gas regime but not in the dense-fluid regime. It also illustrates
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that the Navier-Stokes equations are not valid under these conditions. The relationship
between the Knudsen-number and the molecule number is established by recasting Eq. (8)

as follows

ot (o) =) (5) -+ (5) g
L\d L d N \d

with d being constant in a specified fuel-oxidizer mixture. The relationship between the
interface thickness L and the molecule number N is established by Gradient Theory.

In Gradient Theory, surface tension forces and interfacial thicknesses are calculated
based on Eq. (4). When the density gradient term Vp is replaced by Vo= p/L, the sta-
tistical fluctuations of the interface thickness L. can be related to fluctuations in molecule
numbers N on the assumption of a constant surface tension force. Molecular dynamic sim-
ulations such as those presented by Feller et al. support this assumption [47]. The density
is related to the molecule number as ¢ = m - N/V, with m as the mass of an individual
molecule.

In combination with Eq. (9) the relationship between Knudsen-number and molecule

number fluctuations reads as follows
Kn” ~ N"*° (10)

The corresponding PDF of the low-pressure and high-pressure interfacial Knudsen-numbers
are shown in Fig. 3. The analysis illustrates that the probability of Kn > 0.1 of the low-
pressure interface is almost unity. This shows that this interface is governed by classical
two-phase theory. However, the probability of the high-pressure interface to experience
Kn < 0.1is P(Kn<0.1) =~ 0.986. Classical two-phase theory does not apply and this interface

is governed by non-equilibrium thermodynamics and the presence of substantial interfacial

10
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free energy forces.

In the following, the analysis focuses on the high-pressure interface only. The deviation
of this interface from vapor-liquid equilibrium is illustrated in Fig. 4. It shows the enve-
lope of vapor-liquid equilibrium mixture compositions for all possible temperatures at a
pressure of p=60 bar. The adiabatic mixing temperature, defined in [20,21], intersects the
vapor equilibrium line at Ta545 K. This intersection establishes the representative vapor
state at these injection conditions [20,21]. The two-phase interface would manifest as a
molecular isothermal interface if vapor-liquid equilibrium would apply. Under the condi-
tions here, however, the interfacial region supports the development of thermal gradients
(Kﬁ ~0.05<0.1). The resulting temperature distribution is therefore assumed to obey the
adiabatic mixing temperature distribution. The consequence of these different temperature
variations on the interfacial density profile is shown in Fig. 5.

Figure 5 (top) shows the density profile using the molecular isothermal interface as-
sumption according to Gradient Theory. Figure 5 (bottom) shows the density profile using
the mixture fraction-temperature relationship provided by the adiabatic mixing line. Such
a temperature distribution across the interface leads to an increased density gradient and
an increased density in the compressed liquid phase. Once the interface distinctively de-
parts from the equilibrium state, the interfacial region begins to deteriorate as it broadens
substantially.

Figure 6 shows three different interfacial profiles representing various stages in the
progress of this deterioration. During this process, the interfacial free energy forces are
calculated using non-equilibrium thermodynamics according to Eq. (3). The density pro-
file, shown in Fig. 5 (bottom), provides the modeling closure in order to solve Eq. (3) as
discussed in Sec. 2.2. The analysis shows that such interfacial free energy forces do not

instantly diminish only because vapor-liquid equilibrium conditions do not apply anymore.

11
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Instead, such forces are shown to gradually decrease as the interface continues to broaden.
Meanwhile, the mean interfacial Knudsen-number continues to decrease while the sample
size increases substantially. This pathway of the interfacial region is also shown as the non-
equilibrium path in the regime diagram in Fig. 1. With the gradual increase of the sample
size, the effects of statistical fluctuations on the dynamics of the interfacial region vanish.
Eventually, the interfacial region enters the continuum regime where the Navier-Stokes
equations become valid (Kn <0.1; L/6 >100). Then, the transport properties across the
gas-liquid mixing layer can be calculated as outlined in Sec. 2.1.

Figure 7 (top) presents the diffusivities and Prandtl numbers as a function of the fuel
mixture fraction at constant pressure p=60 bar and at a temperature distribution pre-
scribed by the adiabatic mixing temperature shown in Fig. 4. Figure 7 (bottom) shows
the species specific Schmidt numbers of nitrogen and dodecane. The analysis shows the
transport non-idealities in the compressed liquid region. These are determined by high
Schmidt and Prandtl numbers and by low diffusivities in comparison to the gaseous region.
The diffusivities at ambient and liquid injection conditions read D ~6.86 x10~" m?/s and
2.51 x10~® m? /s, respectively. The diffusivity of the compressed liquid phase is therefore

more than an order of magnitude smaller than the ambient gas diffusivity.

12
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4 Summary and Conclusions

Past research has suggested that injected liquid jets exhibit two distinctively different sets
of evolutionary processes. At low pressure conditions, the classical situation exists where
a well-defined two-phase interface along with its surface tension forces lead to the widely
recognized spray atomization and evaporation processes. Under some high-pressure condi-
tions, however, the presence of such discrete two-phase flow processes becomes diminished.
Results of a recent research have suggested that the deterioration of the classical two-phase
interface is initiated because its multicomponent structure becomes much wider than the
mean free molecular path. Then, the gas-liquid interfacial region substantially departs
from vapor-liquid equilibrium conditions which initiates the transition to dense-fluid mix-
ing layers.

In order to analyze the dynamics of this transition process, a combination of non-
equilibrium mean-field thermodynamics and a detailed mixture state theory was applied.
The analysis shows that transition dynamics are governed by significant statistical fluctu-
ations and the presence of distinct interfacial free energy forces. Statistical fluctuations in
molecule numbers are shown to translate into variations of interfacial Knudsen-numbers
under all relevant pressure and temperature conditions. This result illustrates that the asso-
ciation of the continuum regime, where statistical fluctuations are negligible and Kn < 0.1,
is only valid in the dilute gas regime but not in the dense-fluid regime associated with
high-pressure liquid injection processes.

The statistical variation of interfacial Knudsen numbers were shown to decrease with
increasing temperature and pressure of the ambient gas. The resulting probability of the
interface to enter the Kn < 0.1 regime is identified as a first principle mechanism to explain
and quantify the range of pressure and temperature conditions under which the gradual

transition to dense-fluid mixing dynamics takes place. Then, the two-phase interfacial

13
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region begins to depart from classical isothermal behavior as prescribed by vapor-liquid
equilibrium. Instead, the interfacial region supports the development of thermal gradients.
Such gradients have been quantified and were shown to have a distinct influence on the
interfacial density profile and its free energy forces.

In addition to the above, the analysis has also shown that interfacial forces do not
instantly vanish. Instead, they gradually decrease as the interface deteriorates and diminish
once the interface enters the continuum regime. Then, the developing dense-fluid mixing
layer evolves under the presence of single-phase real-fluid thermodynamics and transport
properties. Note that transport properties cannot be calculated accurately by classical real-
fluid thermodynamics while the interface is transitioning due to the presence of substantial
interfacial free energy forces and significant statistical fluctuations. Without proper and
accurate transport properties, no conclusions can be obtained on the time scales of the
transition process. Such time scales are imperative for the formulation of a modes that are
capable of representing the related physical phenomena in continuum-based approaches.

Understanding these time-history effects will be the subject of future research.

14
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The low-pressure interface has a lower value of the average molecule number (nV=10) and
a higher coefficient of variation (c,20.32) in comparison to the high-pressure interface
(nV=27, ¢, ~#0.19). The lines are for guidance only.
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Figure 3: Probability density distributions of the (top) low-pressure and (bottom) high-
pressure interfacial Knudsen numbers. Both interfaces are almost certainly governed by
(top) classical two-phase theory and (bottom) dense-fluid mixing dynamics. The lines are
for guidance only.
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Figure 4: Definition of temperature-mixture composition distributions across (a) a molec-
ular isothermal interface and across (b) an adiabatic interface.
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Figure 5: Density and temperature profiles of (top) a molecular interface and (bottom) an
adiabatic interface. The adiabatic interface shows an increase in the density gradient and
in liquid density along with a more complex temperature distribution in comparison to the

molecular interface.
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Figure 6: Density profiles along with corresponding mean Knudsen numbers and sample
sizes of a disintegrating gas-liquid interface. Respective interfacial free energy forces o have
been obtained from non-equilibrium mean-field thermodynamics according to Eq. (3). The
density profile in Fig. 5 (bottom) provides the required modeling closure for Eq. (3). This
non-equilibrium pathway of the interface is highlighted in the regime diagram in Fig. 1.
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Figure 7: Mixture-composition distributions of (top) diffusivities and Prandtl numbers and

(bottom) species-specific Schmidt numbers across an adiabatic and continuous gas-liquid
mixing layer.
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