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Direct Problem

Boundary-Value Problem Discrete Form

V-o+b-p?u=0 in Q (IK] + iw[D] — w?[M]) {u} = {P}
u=ug on I

u~ [N]{u}

on=1T1 on I,

o =C:E(u) K] — f BT [C][B]49
1 w0
E(u) = 5 (Vu+Vu') M- [ NIl

{P} is the force vector
[D] is the damping matrix
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Inverse Problem Statement

Senser point

Find u and C such that governing
dynamics equations are satisfied and
u=—1u, in Q.

Qn =4{x; € QUT : x; is a sensor point,i =1,2,...,m}
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4 L2-Functional in Elastodynamics

Define

[y = [ w0
Qm

Minimization Problem

(ﬁ7 C’) — arg min %Hu(C) — umH%Q(QM)
such that
(K] + iwlD] = pw?[M]) {u} = {P}
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odified Error in Constitutive Equations
(MECE)

Modified Error in Constitutive Equations

J(o,u,G,B) = ! o — [C]E(u) T[C]_l o — [CIE(u) )dQ + k({u} — {um}>
2L /g

[C] — B[C.] + G[C]

T

Q)({u} — {um})]

Dynamically Admissible Set Kinematically Admissible Set

D= {cr C—p? M} + {1 (o)} = {b}} K={u:u=gonl,}

{1(o)} — _L (BT odf2

Original method published by Feissel P and Allix O, Modified constitutive relation error identification strategy for
transient dynamics with corrupted data: the elastic case Computer Methods in Applied Methods in Engineering. 196

1968-83, 2007.
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MECE Elastodynamics (2)

Minimization problem

(6’, {u}, G, B) —argmin.J (o, {u},G,B) st. o € D,uek

Lagrangian
Lo, {u}, G, B, {w}) = J (o, {u}, G, B) = {w)" (= pw?[M){u} + {I(@)} ~ {F})

KKT optimality conditions

DL 00 =0

Dy L {ou} =0

0L = () :> D{w}ﬁ : {511)} =0
Dol -0G =0

DpL-0B =0
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: i MECE Elastodynamics (3)

Full KKT System

Dol -do=0 = o=|[C]E(u+w)

Modified constitutive equation

Dy £ {ow} =0 = [K] ({u} + {w}) — pw’[M]|{u} = {F} Direct problem

Dy £ {6u} =0 = ([K] - pr[M]>{w} — k[Q]T({u} — {um}) Adioint problem

o 4||? Notation

DeJ -G =0 — ~ = — [|[Ea(w)[® =0 oo o —pl
2 1
DB.]-ﬁB:Oj%_BZIO P= 3T 1
Eq(u) = E(u) - 5 Cu
e, = B(u);
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ji MECE Elastodynamics (4)

Alternating Directions MECE Algorithm

At each iteration

i) Solve the coupled system

APV LR I e

i) Update the moduli

o allk
Gy,
2| Eq(u)]|x
”ka:
B —
T lew s
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} MECE Elastodynamics (5)

Parallel Solution

At each MECE itera§5|:ne\§%9¥eed to solve the coupled
system

™ g Sy [0 = —ditn

* We use successive over-relaxation (SOR) combined with
Parallel Helmholtz solver FETI-H (Farhat et al)
* Allows to leverage existing parallel Helmholtz solver
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A
}" Block SOR Combined with FETI-H

™ g S [t = i

) 4

W /2

3

2 parallel Helmholtz solves: one for u, one for w

{ A4 0 H i }:{ Y } SOR 1terations

FETI-H algorithm
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ji MECE Elastodynamics (4)

Alternating Directions MECE Algorithm

At each MECE iteration
At each SOR iteration

2 FETI-H solves for forward, adjoint solutions
End
Update the moduli

End
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Numerical Examples
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A4
/ Linear ElastoDynamics Problem

ePressure applied
at the top.

eElastic moduli of
inclusion 10
times those of
the matrix.

eMeasurements
taken over entire
body.

A

ia
ational
Laboratories



_
{ECE in Inverse Elasticity using Low-

Frequency Data
Bulk modulus MECE error

Shear modulus | L2 error
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Domain Elastodynamics

S5 10 15 20 25 30 5 10 15 20 25 30
{a) Exact Shear Modulug {b} Exact Bulk Modulus

log{Relative Error)

10 20 i 10 0 30
{c} Reconstructed Shear Modulus {dy R tructed Bulk Modul

Iteration number
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A4
H Concluding Remarks

e Our preliminary results have shown that ECE
functionals can deliver better accuracy and faster
convergence for inverse elasticity and viscoelasticity
problems when compared to L2 functionals.

e The main drawback of using a MECE functional is that
it leads to coupled forward and adjoint problems.

 However, we expect that for many problems its
potential advantages outweigh the computational cost
of the coupled problems.

 Mathematical analysis of the properties of MECE
functionals is still needed to better understand their
true advantages and limitations.

Sandia
17 National
Laboratories



Acknowledgements

e Collaborators

— Jim Greenleaf and The Ultrasound Research Laboratory at
Mayo Clinic

e Sponsors
— NIH-NIBIB
— Sandia National Laboratories

Sandia
18 @ National
Laboratories



v

Error in Constitutive Equations (ECE)

Methods

Use error functionals based on energy
norms or discrepancies in the
constitutive equations.

Stresses belong to a dynamically or
statically admissible set.

Displacements belong to a
kinematically admissible set.

The constitutive equations are not
satisfied strongly in the inverse
problem.

Similar energy functionals have been
shown to be convex (given certain
conditions) with respect to material
parameters in elliptic problems.

Energy Functional

T(oy.up, (€)= 5 [ (on = [CIB(up))

2
o] <0'N _ [C]E(uD)>dQ

Dynamically Admissible Set

D= {O'NZ on € La (), / (VV*: oN —pw2v*.uN) ds?
Q

—/ v (oyng)dl'y =0Vv € V}
'y

Kinematically Admissible Set

K={up:up € H! (Q), up =ug on 'y, up = u,, in Qy}
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