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Exploring5the5poten,al5energy5surface5

•  Energy5minimiza,on5

•  Fundamentals:"minima,"saddle7points,"search"
direc/ons,"line7searches"

•  Local5techniques:5steepest"descent,"conjugate"
gradients,"Newton’s"method"

•  Global5techniques:"simulated"annealing"
•  Boundary5condi,ons5&5constraints:"pressure,"
contact"

•  Finding5reac,on5paths:""
nudged"elas/c"band"
"

E =Φ(x)+K(v)X"
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Basics5
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∂x
2Φ > 0
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2Φ < 0

Saddle"point"
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state"
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2Φ < 0

Energy5minimiza,on5

•  For"most"systems,"the"total"poten,al5energy5is5a55
complex,5mul,Hdimensional5func,on5of5the5coordinates,"
"Φ({xα}), and can be visualized as a potential energy surface."
•  In"the"absence"of"molecular"mo/on/"at"the"zero5

temperature5limit,"we"expect"atoms"to"occupy"posi,ons5
of5minimum5energy"on"the"PE"surface"
! Global"energy"minimum"–"the"lowest"energy"posi/ons"

on"the"PE"surface"
!  Local"energy"minima"–"low"energy"posi/ons"accessible"

from"the"current"configura/on"
Finding"minimum"energy"configura/ons"lead"to"proper/es"of"
the"simulated"material,"e.g."elas,c5constants,5stacking5fault5
energies,5instability5mechanisms5



Example:5surface5hopping5

The"energy"surface"mimics"the"actual"surface"
structure"i.e."high"energy"above"surface"atoms"
and"wells"in7between."Given"kine/c"energy"(aka"
temperature)"a"test"par/cle/adatom"will"diffuse"
across"a"surface.""

Energy5minimiza,on5

fα = −gα = −∂xαΦ = 0

D = ∂
xαxβ
2 Φ > 0

A"Taylor"series"expansion,"i.e."linear"or"
quadra/c"approxima/on,""is"the"start"
of"most"solu/on"methods:"

Gradient"of"the"PE"is"the"force&

Hessian"of"the"PE"is"the"dynamical&matrix&(vibra/on/phonon"modes)"

Φ(y) =Φ(x)+∂xΦ⋅ (y− x)+
1
2
(y− x) ⋅∂2xΦ⋅ (y− x)+…



1st5order/gradientHbased5methods5

Steepest5descent5
"
Atoms"are"moved"in"the"direc/on"of"their"net"force"i.e."the"
search&direc2on5s5

!!
!!

!
The"step"size"λk"is"determined"from"a"line&search5i.e."a"1D"
op/miza/on"using"exact"tangents"or"a"secant"method"
some/mes"with"limits"to"the"step"size"(Wolfe"condi/ons)"
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Conjugate5Gradients5

The"steepest"descent"method"is"generally"robust"but"
not"op/mal"on"some"energy"surfaces,"e.g."long,"narrow"
valleys.""
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CG"is"an"op/mal"method"where"the"atoms"are"moved"
in"a"direc/on"conjugate+to"the"previous"direc/ons"
with"respect"to"local"dynamical"matrix." !!
!

Since"the"problem"is"non7linear"the"orthogonality"
coefficient"can"be"chosen"in"various"ways"
Fletcher7Reeves""vs."""""""""""""""""Polak7Ribiere!
!

Red5CG,5Green5SD5

The"line"search"uses"the"same"algorithms"as"in"SD"



2nd5order/Newton’s5method5

Φ x( ) =Φ xk( )+ x− xk( )T gk +
1
2
x− xk( )T Dk ⋅ x− xk( )

xk+1 = xk −Dk
−1gk

If"2nd"deriva/ves"of"the"poten/al"energy"are"available"
analy/cally"or"numerically"through"finite"differences,"the"
quadra/c"approxima/on"

leads"to"a"2nd"order"update"that"converges"faster"but"is"more"
costly"than"CG"

•  If"the"PE"is"not"smooth"or"the"Hessian"is"inexact"the"convergence"
won’t"be"quadra/c."

•  A"line"search"can"be"employed"but"the"quadra/c"model"
determines"an"op/mal"step"size"

•  Some/mes"CG"is"used"to"solve"the"incremental"linear"system"

NonHuniqueness5

&5global5op,miza,on5

In"molecular"sta/cs,"even"mechanically"
simple"processes"like"compressing"or"
stretching"a"nanobeam"can"lead"to"
mul/ple"adjacent"solu/ons"that"can"
have"similar"energies"and"break"
symmetries."



Simulated5Annealing5

To"escape"a"local"minima:"
•  “Heat”"via"dynamics"or"
random"moves"

•  Con,nue"/ll"in"a"lower"energy"
well"

•  Quench"via"local,"poten/al"
energy"minimiza/on"

•  Repeat"(generally"you"never"
know"if"you"are"at"the"global"
minimum"or"if"a"unique"one"
exists)"

Boundary5condi,ons5

(mechanical)5
•  Free/”shrink"wrapped”"–"atoms"move"unconstrained"

through"space."Usually"used"only"in"specific"scenarios"
and"systems…"
•  Nanopar/cles,"molecules"
•  Free"surfaces"(e.g."indenta/on"problems)"
•  Small"volumes"of"fluids"

•  Fixed"–"atoms"in"a"region"are"held"fixed"in"space"or"
given"prescribed"veloci/es/mo/ons."This"can"onen"be"
effec/ve"for"inducing"mechanical"loading"on"an"atomic"
system."(However,"it"can"introduce"ar/ficial"thermal"
boundary"resistance"in"dynamic"systems)"

•  PeriodicH5typically"used"to"approach"the"
thermodynamic"(large"system)"limit"faster"in"dynamic"
systems"but"can"be"used"to"promote"symmetry"in"
loading/deforma/on5



Constraints5

Constraints"g(x)"can"be"effected"by"adding"a"
Lagrange"mul/plier"term"to"the"PE""
"
"
Or"a"penalty"term"λ=ε"g(x)"
For"instance","a"zero"pressure"constraint"can"be"
effect"by"a"rescaling"of"the"simula/on"box"
(LAMMPS"“box/relax”)"since"p"="p(x)"="p(FX)"
where"g"="p7p(x)"="0"

φ =Φ x( )+ 1
2
λg x( )

External5loading5
For"an"interac/on"between"an"atomic"system"
contac/ng"an"indenter"for"example,"we"can"use"
external."penalty"forces"to"represent"the"object"
rather"than"simula/ng"it"directly"
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The Troubles with Bubbles – Modeling the Material 

Degradation Caused By Helium Bubble Growth

The certification of our weapons components and sub-

systems remains a critical requirement. The elimination 

of underground testing and reduction in test facilities and 

capabilities has prompted us to develop high fidelity mod-

els based on knowledge of physical processes and materi-

als behavior. Among many issues that need to be under-

stood is material degradation associated with tritium aging. 

Tritium decay produces helium atoms that cluster into 

nano-scale bubbles. The nucleation, growth and interaction 

of these bubbles alter the material’s mechanical properties 

and creates microstructural defects such as dislocations. 

A key phenomenon tied to the presence of bubbles is low 

level helium gas release from the metal-tritide alloy which 

increases cataclysmically in time. This has been observed 

in the most-studied system of palladium-tritide and in erbi-

um-tritide used in MC4277 and MC4300 neutron tubes. 

Release of helium from aging tritide targets produces a 

buildup of gas within the vacuum tube envelope, thereby 

limiting component performance and lifetime. 

The Physical and Engineering Sciences Center 8700, 

and Materials and Process Sciences Center 1800, are col-

laborating to use analytical and computational models to 

study the material defects created during helium bubble 

growth and to understand the mechanical interaction 

between these defects and the bubbles themselves, as well 

as predict the physical mechanism responsible for the 

release of helium gas. These models operate over various 

length scales, down to the level of inter-atomic spacing. 

Using Sandia’s Embedded Atom Method, an inter-atomic 

potential model, simulations of molecular dynamics have 

been performed by Jonathan Zimmerman and Jeffrey Hoyt 

to examine material defects from spherical helium bubbles 

within a palladium lattice. Figure 1 shows a model system 

of four bubbles growing within a bulk lattice. Atoms bor-

dering defects such as dislocation cores and bubble surfaces 

are visually isolated by using the centrosymmetry param-

eter, a measure of radial symmetry of distributed near-

neighbors for a given atom. As the bubbles grow, numerous 

defects are generated such as dislocation threads that inter-

connect bubbles and stacking fault tetrahedra. These results 

are quite different from those of previous models that 

depicted prismatic loops of dislocations that emerged from 

a bubble’s periphery. Similar defects were also observed in 

simulations of bubbles grown near a free surface, as shown 

in Figure 2. In these simulations, some of the threading 

dislocations connect the bubbles to the free surface, result-

ing in roughening, a phenomenon that has been observed in 

experiments of helium-implanted palladium samples. 

Further development is underway to develop a physi-

cally realistic inter-atomic potential for the metal-hydride 

alloy, and to use it in future simulations of bubble growth. 

It is anticipated that these simulations will display addi-

tional mechanisms to explain the accelerated release of 

helium gas that occurs late in the aging process.

Work is also being done by Don Cowgill to develop 

larger-scale, analytical models. These models predict 

bubble size and spacing distribution, how stress fields 

originating from bubbles and dislocations interact and 

affect bubble growth, and how that interaction leads to 

failure of the material through either early or late release 

of helium gas. Fundamental knowledge obtained through 

these models has shown how material properties affect the 

shape of the bubbles formed, which in turn dictates what 

types of defects are emitted during the growth process. 

Figure 3 schematically shows two types of bubble shapes 

RESEARCHHIGHLIGHT

Figure 1. Molecular dynamics simulations of dislocations, surfaces and 
other material defects created during the growth of helium (He) bubbles 
within a bulk lattice. Three different concentrations of helium to metal (M) 
atoms are shown. Atoms are colored according to their value of centro-
symmetry parameter; hence, only atoms bordering defects are visible. 

Figure 2. Molecular dynamics simulations of defects created helium (He) 
bubble growth near a free surface. Three He/M ratios are shown, and 
only atoms bording defects are visible.

Simula/ng"gas"bubble"
expansion"in"a"metal"

φ =Φ x( )+ 1
2
εg x( )2

with5

g(x) ≥ 0

f=εg(x)"

The5impenetrability5constraint5g5is5signed5

distance5between5the5atom5and5the5object55



Reac/on"coordinate"
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Arrhenius5rela,on5

Transi,on5state5theory5
Other"details"of"the"PE"surface"beyond"the"local"energy"minima"are"useful,"in"fact,""the"
barriers"between"adjacent"minima"are"/ed"to"transi/ons"

Transi,on5states5

Transi,on5states5are"the"
configura/ons"at"the"saddle"
points."
"
"
"
"
"

det(D−λI) = 0
λi > 0 i >1λ1 < 0 and5

A"saddle5point5is"a"point"on"the"PE"
surface"where"there"is"a"minimum"
in"all"direc/ons"except"one."
The"minimum5energy5path5(MEP)""
is""the"lowest"energy"path"between"
two"adjacent"local"minima"
separated"by"a"saddle"point."
"
"



Nudged5elas,c5band5
Nudged"elas/c"band"(NEB)"is"a"
method"used"to"find"points"along"
the"MEP,"including"the"saddle"point"
given"two"neighboring"minima"A"
and"B."
A"discrete"number"of"configura/ons"
are"created"along"the"linear"
interpola/on"of"A"and"B.""
Then"images"are"moved"according"
to:""
•  the"force"ac/ng"on"them"

perpendicular"to"the"path""
•  an"ar/ficial"spring"force"keeping"

the"images"spaced"along"the"
MEP.""

The"highest"energy"image"gives"a"
good"es/mate"of"the"transi/on"
state."

A5
B5

Varia,ons5of5NEB5

•  Original"–"the"total"‘force’"on"each"intermediate"image"is"calculated"
by"combining"a"tangen/al"spring"force"and"the"normal"projec/on"of"
the"true"force"along"the"path."Itera/vely"minimizing"these"image"
forces"produces"a"MEP."The"saddle"point"is"determined"by"scanning"
the"MEP"for"its"maximum."

•  Improved5tangent5es,mate5–"Henkelman"and"Jónsson"show"that"
the"original"NEB"method"is"prone+to+the+occurrence+of+kinks+and+an+
instability"in"the"elas/c"band"if"the"number"of"images"is"sufficiently"
large."They"developed"modifica/ons"to"the"tangent"vectors"and"
spring"forces"to"smooth"the"MEP."

•  Climbing5image5NEB5–"as"the"configura/on"images"are"equally"
spaced,"there"is"no+guarantee+that+the+interpola6on+es6mate+for+the+
saddle+point+has+converged."Henkelman"et"al."suggest"modifica/ons"
to"the"NEB"whereby"images"can"climb"along"the"MEP"to"beuer"
home7in"on"the"loca/on"of"the"saddle"point,"thereby"improving"the"
interpola/on"made"to"es/mate"it."
""



“Homework”"
•  Two"choices:"

•  Crack"(materials"science)"
•  Carbon"nanotube"(molecules)"

•  Use"a"sequence"of"energy"
minimiza/ons"to"extract"the"
material"response"e.g."force"vs."
stretch"or"stress"vs."strain"

•  Visualize"the"sequence"of"
configura/on,"e.g."

dump2ensight.py+crack.dmp+
And"then"launch"paraview"and"load"
crack.case+++OR5
sed+;i+'s/^1+/C+/g'+cnt.xyz+
And"then"launch"jmol"and"load""
cnt.xyz+
5

"
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INPUTHCrack5
boundary""p"p"p"
atom_style""""""atomic"
variable"a"equal"3.6150"
laxce"fcc"$a"origin"0.25"0.25"0.25"
region""""SYSTEM""""block"710"10"710"10"0"3"
region""""UPPER"""""block"710"10"""0"10"0"3"
region""""LOWER"""""block"710""0"710"10"0"3"
create_box""1"SYSTEM"
create_atoms""1"region"SYSTEM"
mass""""1"63.55"
group""""internal"region"SYSTEM"
group""""UPPER"region"UPPER"
group""""LOWER"region"LOWER"
pair_style""eam"
pair_coeff""*"*"Cu_u3.eam"
region""ABOVECRACK"block"72.01"2.01""0"8"INF"INF"
units"laxce"
group"""ABOVECRACK"region"ABOVECRACK"
region""BELOWCRACK"block"72.01"2.01"78"0"INF"INF"
units"laxce"
group"""BELOWCRACK"region"BELOWCRACK"
neigh_modify55delay510000005

neigh_modify55exclude5group5ABOVECRACK5

BELOWCRACK5

"

compute"U"all"displace/atom"
compute"PE"all"pe/atom"
dump"CONFIG"all"custom"1000000"crack.dmp"id"
type"x"y"z"c_PE"c_U[1]"c_U[2]"c_U[3]"
"
variable"L"equal"20*$a"
variable"n"equal"20"
variable"i"loop"$n"
variable"s"equal"0.01*$L/$n"
variable"S"equal"pyy"
label5loop_i5

""variable"strain"equal"($i71)*$s"
""change_box5all5y5delta505$s5remap5units5laace5

55minimize550.051.eH105100000510000005

""print"">>>"step"$i"strain"${strain}"stress"$S""
next5i5

jump5SELF5loop_i5



INPUTHCNT5
boundary""s"s"f"
read_data""cnt.data"
laxce"""""""diamond""3.6"
pair_style""airebo"3.0"
pair_coeff""*"*"./CH.airebo"C"
mass""""""""""*""12.01"
"
variable"zhi"equal"zhi"
variable"zTip"equal"${zhi}74.0"
variable"zlo"equal"zlo"
variable"zLO"equal"${zlo}+10"
"
region""TIP"block"INF"INF"INF"INF"${zTip}"INF""
units"box"
group"TIP"region"TIP"
"
region""FIXED"block"INF"INF"INF"INF"INF"$
{zLO}""units"box"
group"FIXED"region"FIXED"
"
fix"FIX"FIXED"seÑorce"0"0"0"
compute"CM"TIP"com"
"
"

min_modify"line"quadra/c"
min_style"cg"
variable"L0"equal"c_CM[3]"
variable"n"equal"40"
variable"i"loop"$n"
variable"s"equal"0.025"
label5loop_i5

55variable5f5equal5($iH1)*$s5

55fix5F5TIP5addforce50505$f5

55fix_modify5F5energy5yes5

55minimize550.051.eH105100000510000005

55if5"$i==1"5then5"variable5L5equal5${L0}"5

55variable5strain5equal5c_CM[3]/$LH15

55variable5r5equal5f_FIX[3]5

55print5">>>5step5$i5strain5${strain}5reac,on5$r"5

55unfix5F5

next5i5

jump5SELF5loop_i5
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CNT-with defect, displacement control

BONUS5
•  Change"the"loading"increment,"do"you"get"the"same"

response?"
•  Change"the"convergence"tolerances,"do"you"get"the"same"

response"
•  Convert"the"CNT"input"to"displacement"control,"is"the"

response"different/more"stable?"
•  Does"it"mauer"where"the"defect"is"in"the"CNT?"
•  Create"a"point"defect"in"a"periodic"Si"or"C"system,""calculate"

the"defect"energy"i.e."the"difference"in"energy"between"a"
perfect"system"and"the"same"system"minus"one"atom."See"the"
differences"in"energy"and"structure"when"a"S/llinger7Weber"
vs"Tersoff"poten/al"is"used"

•  Calculate"the"energy"surface"for"a"simple"molecule"e.g."C2H6,"
as"a"func/on"of"rota/on"of"one"or"more"bonds"



Further5reading5

Jonathan"Richard"Shewchuk,"“An"Introduc/on"to"the"
Conjugate"Gradient"Method"Without"the"Agonizing"Pain”,"
1994"
hnp://www.cs.cmu.edu/~jrs/jrspapers.html#cg5

"
This"ar/cle"discusses"first7order"gradient"methods"in"greater"detail"
including":"
• "The"quadra/c"origins"of"first7order"methods"
• "How"eigenvalues"and"eigenvectors"fit"in"
• "Stopping"and"Restar/ng"the"CG"algorithm"
• "Precondi/oning"
• "Canned"algorithms"
• "Proofs"

Lecture575

Week"6:"Molecular5Sta,cs5

•"Boundary"condi/ons"
•"Energy"minimiza/on,"e.g."the"conjugate"gradient"algorithm"
•"Energy"surface"explora/on,"e.g."Nudged"Elas/c"Band,"transi/on"
states"
Homework":"Minimiza/on"of"a"point"defect."
"
Week"7:"Analyzing5Inhomogeneous5Systems55

•  Iden/fica/on"and"visualiza/on"of"defects"and"structures"
•  Metrics,"e.g."radial"distribu/on"func/on,"common"neighbor"

analysis,"centrosymmetry"
•  Available"tools""
•  Homework:"Calcula/on"of"centrosymmetry"and"slip"vector"

around"a"defect"
"
"



Reading5Sugges,ons5for5Lec.57&
•  Chapter"4"&"5"of"Rapaport"
•  Chapter"2"&"8"Buehler""
•  hup://en.wikipedia.org/wiki/
Radial_distribu/on_func/on"

•  hup://en.wikipedia.org/wiki/
Molecular_dynamics"

•  hup://lammps.sandia.gov/"


