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Outline @ Sandia National Laboratories

0 Introduction

© Modal Solutions to Maxwell's Equations
@ General non-symmetric eigenvalue problems
@ Mode bi-orthogonality and reciprocity
@ Planewave decomposition

e Scattering from periodic structures
@ Transfer matrix

@ Scattering matrix

Q Cavity Modes
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In tro d u Ctl on @ Sandia National Laboratories

@ Casimir Force is a vacuum fluctuation driven force in an
electromagnetic cavity.
e Macroscopic manifestation of quantum electrodynamics.
o Classical electromagnetic modes in cavity strongly influence
Casimir force.

@ Focus on electromagnetic modes in periodically modulated planar
cavities.
e 1D periodic - gratings
e 2D periodic - planar metamaterials and 2D photonic crystals
@ Goals:

o Modify fluctuation electromagnetic forces in cavities by
nanostructuring.

e Provide computational tool to predict cavity fluctuation forces from
nanostructures.
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Maxwell’'s Eq uations @ Sandia National Laboratories

Maxwell’s equations Electromagnetic wave propagation in a

dispersive media is typically examined by solving Maxwell’s equations
in the frequency domain,

V x E = iku(w)H

V-D=
V x H=—ike(w)E V-B

0
~ (1)

)

Microscopic Relations

?(w) = _E(w) + 4ﬂ?(w) (2)
B(w) = H(w) + 4nM(w),

Constitutent Relations

D(w) = e(w)E(w)
B(w) = p(w)F(). ©
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Waveg uide Eq uations @ Sandia National Laboratories

@ Decomposition of the fields into transverse and longitudinal

components.

= E+&E,
= Ht+é3HZ.

It m

@ Split gradient operator into V = V; + €30;.

_OE 14 0 s o [
—Ik& = Vi I:eg - Vi x Ht:l - kzMeS x H,
0z €
_ 9H, 1. = -
—/k@ = -Vt [63 - Vi X Et} +kPeéy x Ey
0z 7

@ Assume € = ¢(x, y)
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LO n g ItU d in a | Fi e | d S @ Sandia National Laboratories

i |

E; = PR (Vt X Ht) (8)
i .

Hz = —1 & (Vt X Et) 9)

Vi-(eBt) = —e0zE, (10)

Vi H = —0,H,. (11)
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Eigen modes @ Sandia National Laboratories
@ Transverse Maxwell’s equation Eq. (6-7)
—iko,V = HV, (12)

® V(x,y,z) = u(x,y)exp(irz)
@ ~ is the eigenmode propagation constant.

Ex
E, .
V= exp(iv) (13)
Hx
Hy
and the operator H is defined as
0 0 —-ox(10y)  Ox(1ox) + K2
| o 0 a(la) -k 9(la)
H= o0y  —02 — k2 0 0 - (14)
6}% + k% —0y0« 0 0
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Outline @ Sandia National Laboratories

e Modal Solutions to Maxwell’s Equations
@ General non-symmetric eigenvalue problems

Paul S. Davids (Sandia) Scattering Approach PASI 8/48



Non-symmetric eigenvalue problem () senda Nationl Laboratories

@ Eigenvalue for propagation constant ~.
kyu = Hu. (15)
@ Secular determinant
det(H — k1) =0 (16)

@ H +# H' is not symmetric and in general not self-adjoint (H # H)
Hermetian.

@ left and right eigenvectors

kyu = Hu (17)
kyv = HTv (18)
kyv*z = Hiz (19)

@ Formally z = v*.
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Left and Right Eigenmodes

@ From operator definition: right eigenvector

@ Left eigenvector

@ Sometimes
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Outline @ Sandia National Laboratories

© Modal Solutions to Maxwell's Equations

@ Mode bi-orthogonality and reciprocity
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Bi-OrthOgonality and ReCiprOCity @ Sandia National Laboratories

@ Complex eigenvalues (7). If v is an eigenvalue then ~* is also an
eigenvalue.

@ Nondegenerate eigenvalues

kfyjij — ij H (23)
k’y,'U,' =H- uj. (24)

@ Proof: We multiply the upper equation by u; on the right and lower
equation ij on the left.

k(=) -u=2-H v~z - H-u=0. (25)

@ Bi-orthogonality

ZIT U= S,' (5,‘7]' (26)
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Poy ntin g Vector Reci proc i ty @ Sandia National Laboratories

@ Poynting Vector and Energy conservation for eigenmode

g— f < H, 27)
= 10dU
V-Stoar T

@ Source free region no dissipation, and U is electromagnetic
energy density.

@ Reciprocity gives

0 (28)

S = (EYHY — EVHY — HUEL + HYEL), (29)
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Outline @ Sandia National Laboratories

© Modal Solutions to Maxwell's Equations

@ Planewave decomposition
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Planewave Decom pos ition @ Sandia National Laboratories

@ Bloch Modes for tranvserse fields

Et:efR'FZEnmexp i2 nx+i27r—my , (30)
Ly L,
nm
and 5 5

o kT - .2mn 2mm

Hy =" " Homexp (/ L X+ ILyy) (31)
nm

@ Eigenmode equation
8\U ' m’
—ik 8n m Z Hp v :nmWV nm (32)

@ Implicitly € is periodic in x and y.
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FO u ri er Ei g enm Od es @ Sandia National Laboratories

Eigenvalue Problem

E,;m
K2B Uym =Y Hormrnm U Wom= | Emm | ex (ivz)
n’'m n’m’:nm Unm nm Hr)w(m plivz),
nm
Him

@ Eigenmodes are Fourier coefficients of transverse fields.
@ Eigenvalues are mode propagation constants, v = k§.
® Hymy.nm is

0 0 QrdmXx —Qn GnX + K21
0 0 Qm GmX — K21 —anQm' X
—Qndm( Qv GnC — K2€ 0 0
—Qm dmC + K?¢  QnQm'C 0 0

@ e=¢ep_pm-mand x =1/ewith x = xp_npm—m
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Bloch Mode Orth ogon al |ty @ Sandia National Laboratories

The transverse modal fields are given by

X,(7) = €F73" u exp (iz””x T imy) , (33)

and we have a complementary expression for the left handed modal
fields, X*(r),

50 =S aimern (T 5T ) @)
y

The transverse modal fields obey the orthogonality relationship,
1 _
_ t 2 _
0L, /X#(F)XV(F)dr S (35)

where we have used explicitly the bi-orthogonality of u and z°.
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Numerical Considerations @ Sandia National Laboratories

Modal Expansion

U(F,z) = C,X,/(7) exp(ikp,z),

@ C, are modal expansion coefficients.

@ Must truncate Fourier series in X,.

@ Define N = NyN, where 0 < n< Nyand 0 < m < N,.
@ His 4N x 4N matrix.

@ 4N eigenvalues 0 < v < 4N, 3,.

@ Polarization: 2N () and 2N 5(-).

Note, €n_p.m—m and xp—p m—m has twice the spatial frequency
content.
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Mode Examples: Rectangular dielectric (@) sda Naional taboraores
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Mode Examples: Circular dielectric () senda Nationl Laboratories

1.96
191
1.86
181
1.76

&= 0 N

V171 ‘ Ey

2

1.66 °  Ex

1.61

1.56

151

1.46

0 0.1 0.2 03 0.4 0.5 0.6
Radius (microns)

Note, modes are not uniquely labeled by Cartesian polarization.
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Ei genm ode S pe ctrum @ Sandia National Laboratories

Real and Imaginary effective indices of modes

2
, m(p)

15 Propagating modes

1 14 15

'
[}
'
0s 1

+ e ———O -~

Propagating modes bound between index of core and cladding.
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M Od al R C WA @ Sandia National Laboratories

@ Periodic in x and y and consisting of slices along z axis.
@ Modal expansion in ith layer

F,z) =Y ALXCD (P exp(iks!,)z) + BLX', ) (P) exp(~ikp}, ) 2)

@ Ais forward propagating mode, B is backward propagating mode.

v g 1 | I i I 1 1--
e | L - 1 | I L (.
DR S WO D | IR L 1 ____.C I
---L I 1 - L (P 1_
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O u tl | ne @ Sandia National Laboratories

e Scattering from periodic structures
@ Transfer matrix
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Boundary Conditions

@ Sandia National Laboratories

@ Continuity of transverse fields V;(z;) = V;, 1(z)

@ Transfer matrix relates modal expansion coefficients

tiexp(iv™)  tizexp(iv) > : <

< Ait
Bi1

@ Transfer matrices are mode overlap between layers.

Paul S. Davids (Sandia)

)=

by exp(iv") toexp(iv™)
@ +* = kpB*d; where d; is layer thickness.

> zan i+ ()
Z Zom 1)ty ()
Zz*“‘ (i + 1) b ()
Zz*“" 4+ 1)u (1)

Scattering Approach
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B

)
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Reflection and Transmission matrices (@) senia National aboratories

@ Global transfer matrix

AN+1 > ( T Ti2 > ( Ao )
( B4 T21 T2 Bo (38)
@ Transfer matrix product.
— N+1,N 7N,N—1 1,0
Tl/“u' - Z Z Tuvlj—N TMN7MN71 TIM S (39)
HN 1

@ Reflection and Transmission in terms of eigenmode coefficients.

Bo = —Ty  Tor- A
Avst = (Ti1 = Tiz- Ty - To1) - Ao. (40)

@ Unstable due to growing exponential in thick layers.
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O u tl | ne @ Sandia National Laboratories

e Scattering from periodic structures

@ Scattering matrix
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S - M at ri X @ Sandia National Laboratories

@ Modification of Transfer matrix approach (L. Li)

(4)-(3 1) (&)
Bi Sp1 Spp Bi1

@ Layer S-matrix v+

341 84:2 B 1 0 o{1 012 exp(ify+) 0
Shy Shy /  \ 0 exp(—iv7) 021 09 0 1

@ In terms of transfer matrices
< 011 012 > _ ( b1 — T12T£21 fo1 f12T§21 )
021 022 — ' b1 ty
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S-Matrix Iteration @ Sandia National Laboratories

@ Define total S-Matrix
(AN+1 ):<sgg> sgg>>_< Ay )
By Sé1) Séz) Bn+1
@ S-Matrix recursion (iterate to find Reflection and Transmission)
, , 1\ (i
sy = sk (1 - Si; )S.’21> S
S$'2) = sjp+ sl (1 - S(’ 1)321> S(I 1)522
' —1 i—1 1 i ali—1
sl = s+ sy )( 1—sh Sl )> b Sy
' —1 i =)\ i
ng) = ng : (1 — Sp ngz )> S22

o Initial is incident layer S-Matrix : S(© = s(0)
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R and T Matrices @ Sandia National Laboratories

@ The reflection and transmission matrices are

R = Sy (41)
T = 5y

@ Rand T are 2N x 2N matrices.
@ Numerical considerations

e S-matrix is stable for thick stacks due to exp(—iy~) and exp(iy)
terms in def.

e ky and ky are fixed in first Brillouin zone, —7 /Ly < kx < w/Lyx and
—n/L, < k, <7/L,.

o Fourier series converge to mean value at field discontinuity.

o What is proper cutoff for converged S-matrix?
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RCWA Exam ple @ Sandia National Laboratories

@ This is item
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CaVity Modes @ Sandia National Laboratories

Putting it all together

Vacuum cavity (region 1) between 2 plates.

Periodically patterned (region 2) Upper plate (region 0) is uniform.
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CaVity Modes @ Sandia National Laboratories

@ Eigenmode expansions in 3 regions of cavity.

vy = Zcx g iaz (42)
v, = S AXWedz 4 g x\)eidz 43
1—Zuu,1e +BuX, 1'€e (43)
v, = ZDMXISE)e""f)Z, (44)

@ Propagation constants in uniform media, g% = \/k2¢; — ¢2 — g2,
@ Eigenvalue indexed by i = (n, m, o) where o = s or p polarization.
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Bounda ry Conditions @ Sandia National Laboratories

@ Cavity split into 3 regions:
@ Region 1 is vacuum space between periodic surface and planar
mirror.

v o= ¥ (Auxlgj)efq§1)z +3 RM,VA,,XlSJ)e"‘?S)Z) . (45)
1 v

e R = S5y has been determined at z = 0, B = R- A in matrix notation.
@ Boundary conditions on tranvserse fields

o \Uo(Z = —a) = \V1(Z = —a)

4] \U1(Z = 0) = \UQ(Z = 0)

@ Use bi-orthogonality to project and determine eigenmode
expansion coefficients.

Paul S. Davids (Sandia) Scattering Approach PASI 33/48



C (0] eff | Ci ent p I’Oj ect | ons @ Sandia National Laboratories

0 . _ig! il
C,e%% = ia,A,e %%+ 3,B, €92,

where
1 AN (0) o
- 2\/m(q -q;’) for s polarization
[ R R ( Qg - q(o)) for p polarization
and
é( M 4 gy for s polarization
2,/q® gl
A= \/CZT < gl 4 Ja q(0)> for p polarization
2\/q0gl) \V '
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Secular equ ation @ Sandia National Laboratories

C, = _OTHA —i(gi+ap)a. (47)

The secular equation is
3 (—i&,w (Oj + au> eiza _ efqlaﬁuﬂu,y> A, =0. (48
v H

3 (%, e?%.3) R, V) A, =0, (49)

~)irgd™(1,0) for s polarization
Pr= irf™(1,0) for p polarization,

and rs and rp are the Fresnel reflection coefficients.
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Cavi ty Ei genm odes @ Sandia National Laboratories

@ The generalized cavity secular equation
det(l — €%2. p. €92. R) = 0, (50)

@ Solve for cavity eigenfrequencies, w(kx, k) .
@ Condition for non-trivial coefficients
@ Define Cavity matrix D

Dy, =0u,— (e g2 . . glaza. R)uu- (51)

@ Here p is a diagonal reflection matrix.
@ Propagation matrices are e'%-2.
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Cavi ty S peCt rum @ Sandia National Laboratories

@ Cavity eigenmodes spectrum

Z D,.x, = NuXxy, (52)
@ Secular equation
2N
det(D) = [ [ An = f(w, k. ky, a), (53)
n=1

@ Exact Eigenfrequencies correspond to zero eigenvalue.

@ Approximate Eigenfrequencies correspond to large condition
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The Hurwitz Rouche Residue theorem ([ sentia Natonal Laboratories

Given a closed rectifiable Jordan curve L, suppose g(z) is analytic on

I(L), while f(z) is is analytic on I(L) except for poles in I(L), by, by...bn.
Moreover, suppose f(z) has A points, ag, ay, ..., am in I(L) but none on
L itself. Then

1 flz) . & &
5 Lg(Z) )~ AdZ = ;akg(ak) — I;/Bkg(bk)a (54)

it where ay is the order of A-points and by is the order of the pole. The
A-points refer to solutions of the equations f(ax) = A and if A=0,
correspond to the zeroes of the function f.

[R. Silverman, Introductory Complex Analysis,]
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Secular determinant @ Sandia National Laboratories

@ Cavity secular determinant

f'(w) dlog(f(w)) _ dlog(det(D(w)))
flw) dw - dw ’ (95)

@ Hurwitz Roche

’
o :j Z ok — Z Bk (56)

and

1 f'(w) 4 L
2ni ), Hw) T ; AkWk — ; BrCk; (57)

@ Cavity eigenfrequencies wy depend implicitly on (k, k,) and the
separation a.

@ (i are the poles of the secular determinant in the region bounded
by the closed contour.
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Distinct Ei ge nvalues @ Sandia National Laboratories

Recall

f(w, ky, ky, @) = det(D) = det(1 — e%2. p. g%3. R)  (58)

@ Distinct non-degenerate cavity eigenvalues with no poles in L.
ak:1,6k:0,andck:0

M) - 5 [, 2090

Elhc by ) = o = 51 [ dawTOIETEEN ge0)
k=1

@ N(ky, ky, a) is the number of cavity eigenmodes. E(ky, ky, @) cavity
energy.
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Imaginary Frequency

Im(e)

@ Choose contour L in complex

@ Sandia National Laboratories

plane. iy
@ Integration contribution along }
w=Ii¢ Re(®)
@ Integrate over first Brillioun
zone.

Cavity energy per unit area

ho [T dke (1, dk, [ ,
e=g [ 52 [ dctog(cet(oi))

“2r) .21 ) =
Ly

_ T
Lx

Force per unit area
0

P:—%
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Fin Ite Te m pe rature @ Sandia National Laboratories

Casimir Free Energy
@ Starting point for Casimir Force calculation

LX X Ly k —
/ . Z’; / d aKy ZIOg (det(1 —e 2Qzna p(¢n) - R(Cn)))

@ Finite Temperature Free-energy F

@ Imaginary Matsubara frequencies ¢, = 2wn/hS with n a positive
integer, and 8 = 1/kT.

@ Matsubara wavevectors are xk, = 2mwn/hcp.
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S umm ary @ Sandia National Laboratories

@ The first main message of your talk in one or two lines.
@ The second main message of your talk in one or two lines.
@ Perhaps a third message, but not more than that.

@ Outlook

@ Something you haven’t solved.
@ Something else you haven’t solved.
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BeSt tltle @ Sandia National Laboratories

@ This is item
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T E -T M D ecom pO S | tl on @ Sandia National Laboratories

i

Ei = —— (YV(E, — kg x VHy) (63)
k2e — ~2
_ i R
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TE D ecom pOSitiO n @ Sandia National Laboratories

The transverse fields can be expressed in terms of a scalar field
variable, 1 = Hy,
ik

Ere = —m(és X vtwe) (65)

- iy
Hre = mvﬂﬁe' (66)
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T™ D ecom pOSitiO n @ Sandia National Laboratories

The tranverse magnetic field modes require that the z component of
the magnetic field vanish in the entire cross-section and we have

. iy

Em = m(vtd)m) (67)
_ ike n

Hm = m(es X Vitm), (68)
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