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The	
  KL	
  decomposi.on	
  expresses	
  the	
  stochas.c	
  process	
  as	
  a	
  sum	
  over	
  determinis.c	
  func.ons	
  
weighted	
  by	
  normally	
  distributed	
  random	
  variables,	
  
	
  
	
  
	
  
The	
   func.ons	
   are	
   given	
   as	
   the	
   eigenvalues	
   and	
   eigenvectors	
   of	
   the	
   Fredholm	
  equa.on,	
   an	
  
integral	
  equa.on	
  over	
  the	
  correla.on	
  func.on	
  of	
  the	
  stochas.c	
  process,	
  	
  
	
  
	
  
	
  
We	
  keep	
  only	
  those	
  terms	
  which	
  cause	
  the	
  highest	
  transi.on	
  rates,	
  

Simula.ng	
  stochas.c	
  quantum	
  systems	
  with	
  polynomial	
  chaos	
  expansions	
  
Kevin	
  Young,	
  MaDhew	
  Grace	
  

Sandia	
  Na(onal	
  Laboratories	
  
Livermore,	
  California	
  

⌦(t) =
1X

n=1

p
�ngn(t)⇠n

Z ⌧

0
C(t1, t2)gn(t2)dt2 = �ngn(t1)

�jk
n =

1

⌧

����hj |V | ki
Z ⌧

0
ei(Ej�Ek)t

p
�ngn(t)dt

����
2

Gmnl = ((mn + 1)�mn+1,ln + �mn�1,ln)
Y

j 6=n

�mj lj

Hamiltonian	
   describing	
   the	
   system	
   dynamics	
   includes	
   driving	
   by	
   a	
   classical,	
   sta.onary,	
  
Gaussian	
  stochas.c	
  process	
  
	
  
	
  
We’re	
  interested	
  in	
  finding	
  the	
  state	
  of	
  the	
  system,	
  averaged	
  over	
  the	
  stochas.c	
  process.	
  
	
  

H(t;⌦(t)) = H0(t) + ⌦(t)V

⇢(⌧) = hU(⌧ ; {⌦(t)})⇢(0)U(⌧ ; {⌦(t)})i⌦

Problem	
  statement	
  

We	
  present	
  an	
  approach	
  to	
  the	
  simula.on	
  of	
  quantum	
  systems	
  driven	
  by	
  classical	
  stochas.c	
  processes	
  that	
  is	
  based	
  on	
  the	
  polynomial	
  chaos	
  expansion,	
  a	
  well-­‐known	
  
technique	
  in	
  the	
  field	
  of	
  uncertainty	
  quan.fica.on.	
  The	
  polynomial	
  chaos	
  expansion	
  represents	
  the	
  system	
  density	
  matrix	
  as	
  a	
  series	
  of	
  orthogonal	
  polynomials	
   in	
  the	
  	
  
principle	
  components	
  of	
  the	
  stochas.c	
  process	
  and	
  yields	
  a	
  sparsely	
  coupled	
  hierarchy	
  of	
  linear	
  differen.al	
  equa.ons.	
  We	
  provide	
  prac.cal	
  heuris.cs	
  for	
  trunca.ng	
  this	
  
expansion	
  based	
  on	
  results	
  from	
  .me-­‐dependent	
  perturba.on	
  theory	
  and	
  demonstrate,	
  via	
  an	
  experimentally	
  relevant	
  one-­‐qubit	
  numerical	
  example,	
  that	
  our	
  technique	
  
can	
  be	
  significantly	
  more	
  computa.onally	
  efficient	
  than	
  Monte	
  Carlo	
  simula.on.	
  

Abstract	
  

A	
   simple	
   approach	
  would	
   be	
  Monte	
   Carlo:	
   generate	
   a	
   set	
   of	
   realiza.ons	
   of	
   the	
   stochas.c	
  
process	
  which	
  are	
  consistent	
  with	
  the	
  known	
  sta.s.cs,	
  unitarily	
  evolve	
  the	
  state	
  of	
  the	
  .me-­‐
dependent,	
   determinis.c,	
   system	
   in	
   accordance	
   with	
   the	
   Schrodinger-­‐von	
   Neumann	
  
equa.on,	
  and	
  average	
  the	
  results	
  over	
  the	
  realiza.ons.	
  
	
  
Monte	
   Carlo	
   converges	
   slowly,	
   so	
   we	
   apply	
   a	
   classical	
   technique,	
   the	
   Polynomial	
   Chaos	
  
Expansion	
  (PCE).	
  	
  The	
  PCE	
  begins	
  by	
  performing	
  a	
  Karhunen-­‐Loeve	
  (KL)	
  decomposi.on	
  of	
  the	
  
noise,	
   also	
   know	
   as	
   principle	
   component	
   analysis,	
   represen.ng	
   the	
   con.nuous	
   .me	
  
stochas.c	
   process	
   as	
   a	
   sum	
   over	
   determinis.c	
   func.ons	
   with	
   random	
   coefficients.	
  	
  
Depending	
  on	
  the	
  details	
  of	
  the	
  process,	
  many	
  of	
  the	
  principle	
  components	
  can	
  be	
  discarded,	
  
so	
   the	
   stochas.c	
   part	
   of	
   the	
   evolu.on	
   can	
   be	
   described	
   in	
   terms	
   of	
   only	
   a	
   few	
   random	
  
variables.	
   	
  The	
  density	
  matrix	
  can	
  then	
  be	
  wriDen	
  as	
  a	
  polynomial	
  in	
  these	
  random	
  variables,	
  
and	
   the	
   evolu.on	
   of	
   the	
   coefficients	
   of	
   this	
   polynomial	
   is	
   described	
   by	
   a	
   sparsely	
   coupled	
  
hierarchy	
  of	
  differen.al	
  equa.ons.	
  	
  	
  

General	
  approach	
  

Karhunen	
  Loeve	
  Decomposi>on	
  

⇠n 2 N (0, 1)

We	
  begin	
  by	
  working	
  in	
  a	
  rota.ng	
  frame	
  with	
  respect	
  to	
  the	
  known	
  Hamiltonian,	
  	
  
	
  
	
  
So	
  the	
  evolu.on	
  equa.on	
  for	
  the	
  system	
  is	
  
	
  
	
  
	
  
Replace	
  the	
  stochas.c	
  process	
  by	
  the	
  truncated	
  KL	
  expansion,	
  	
  
	
  
	
  
	
  
	
  
And	
  expand	
  the	
  state	
  in	
  Hermite	
  polynomials	
  over	
  the	
  random	
  variables,	
  
	
  
	
  	
  
	
  
Evolu.on	
  of	
  the	
  coefficients	
  is	
  described	
  by	
  the	
  coupled	
  differen.al	
  equa.ons,	
  	
  
	
  
	
  
	
  
	
  
The	
  hierarchy	
  is	
  sparse,	
  as	
  indicated	
  by	
  the	
  form	
  of	
  the	
  Galerkin	
  projec>on	
  

Polynomial	
  Chaos	
  Expansion	
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Our	
   PCE	
   method	
   is	
   capable	
   of	
   reproducing	
   the	
   results	
   of	
   MC	
   simula.ons	
   with	
   high	
   accuracy,	
  
significantly	
  faster	
  than	
  MC.	
  For	
  the	
  example	
  chosen,	
  Monte	
  Carlo	
  required	
  approximately	
  4000	
  
itera.ons	
   for	
   convergence,	
  while	
   the	
  most	
   accurate	
   PCE	
   results	
   report	
   here	
   (P	
   =	
   9	
   and	
   S	
   =	
   3)	
  
required	
  the	
  solu.on	
  of	
  only	
  220	
  coupled	
  equa.ons	
  and	
  ran	
  approximately	
  20	
  .mes	
  faster	
  than	
  
the	
  MC	
  simula.on.	
  Note	
  that	
  because	
  τc/τ	
  =	
  10	
  in	
  our	
  simula.on,	
  only	
  one	
  eigenvalue	
  of	
  the	
  KLE	
  
is	
  dominant.	
  In	
  this	
  regime,	
  it	
  is	
  more	
  efficient	
  to	
  keep	
  the	
  stochas.c	
  dimension	
  small	
  (S	
  ≤	
  3)	
  and	
  
increase	
   the	
  PCE	
  order	
   for	
   improved	
  accuracy.	
  As	
   the	
  order	
   increases	
   from	
  P	
  =	
  1	
   to	
  P	
  =	
  9,	
   the	
  
accuracy	
  of	
  the	
  PCE	
  coherence	
   increases	
  as	
  a	
   func.on	
  of	
  .me,	
  compared	
  to	
  the	
  converged	
  MC	
  
result.	
  	
  
	
  
	
  
For	
  more	
  details,	
  please	
  see	
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