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Overview

« Rebound between two colliding solids is often critical in the performance of
mechanisms.

A theory exists to calculate the coefficient of restitution. However, the theory still
depends on some measurement.

» A test setup was developed with a sphere suspended as a pendulum, impacts a
wall, and rebounds.

» The motion of the sphere was recorded with a high-speed camera and traced with
an image-processing program.

* From the trace, the coefficient of restitution was computed, and shown to confirm
the trend predicted by the visco-elastic theory.

A better, predictive elasto-plastic theory is being developed.

Sandia
National
Laboratories



I VAL =3
AT -

Coefficient of Restitution (Cy) greatly affects the
performance of mechanisms.

Ratchet wheel 1s confined

A Pawl-and-ratchet device is . :
relative to housing:

dropped on the floor.

Rotor is torqued
Simulation with CR=0; counterclockwise by a
*Device does not bounce off the floor. SPINg.
-Pawl stays engaged with the ratchet wheel

: - _ Friction helps
*Neither realistic nor conservative.

hold the pawl
against the ratchet
wheel.

Simulation with CR of almost 1:
» The bounce off the floor is the highest.
* The pawl skips a tooth on the ratchet wheel.

» May be conservative but neither desired nor
realistic.

Predictive simulation
requires a correct CR.




Hertzian contact theory is the basis of the theorie‘
investigated here.

» Sphere-sphere is the
geometry studied most.

Fig. 3.2 Relative penetration
depth dwring the impact
betw sen two spheres

* Hertzian (elastostatic) contact is
the basis for most impact

Normal force F, = K¢&" theories.

whore K is the peneralized stiffness consta 5 is the relative normal indentation © Elastostatics says nothing

between the spheres. The expon Lo 1S for the coses where there is o abo!ﬂ _CoefﬁCient. of re.St!tUtion’
parsbolic distribution of sresses /as in the original work by Herte. Although but is important in deriving
for metallic materials 1 =< |5 for othér malerials soch as pliss or polymer 1t can theories to predict CR.

be either higher or lower, lending 10 4 convenient contact force expression that is
based on expenmenial work but that/should not be confused with Hertz theory, The
gencralized parmmeter K is dependenton the mateninl properties and the shape of the
contact surfaces. For (wo sphenes (n contact the generalized stiffness coelfficient is a

&0
function of the radld of the sphergs i and § and the material properties as (Goldsmith
19600 i
-
- Ed —
K - ki b (B33
3':."":“-'-1'-"‘;? R'.'-I-H'_l.
where the malerial parameters o; and o; ane given by Q-
L
J . &l- I Il.m
ol -
a= = k=iJ) (34) = Sandia
P Flores et al.. Kinematics and Damics of Maliibody Seviems with laperfect Joinis, 47
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A purpose of the experiment is to assess a theory

» Schwager and Poschel (1999) combined Hertzian theory with dynamics to develop a model
for the coefficient of restitution for colliding spheres.

* They assume that the sphere materials behave visco-elastically.

* Define a scaled speed number - Y = Young’s modulus
« m = effective mass
_ [2Y\/E/{3m(1 _yz)}]z V « y=Poisson’s ratio
* v, = the normal component of the speed of
approach

* v, = normal speed of separation.
* R=R,R,/(R,+ R,); R,= radius of sphere1
x1/5 x1/5 *1/5
C,=—"=1-C 4V -C (AV -G, (AV T « m=m;m,/(m+m,); m;=mass of sphere1
v

a

* The coefficient of restitution is

x1/5

-C (AV

C, =1.153449, C, = -0.798267, C; = 0.483582, and C, =-0.285279.
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The theory assumes (solid) viscosity to be
the loss mechanism

arameter A=4.7e-06s
1 .
A validated, predictive theory i * Bridges e alEf 1984 data
C =0.1089v "% (Brldges etal)
a quest! - '

— '~ Schwager & Poschel 1998

o
@

~'~"Ramirez et al., 1999

0.6

1 (3m —m 2 (1 —e?)1 — 2v)
3 (3m+2m) | Yot '

Coefficient of restitution CR

I'he|viscous constants 7, 7a|relate the dissipative stress
0 1 1 1 1

tensor to the deformation rate tensor [25.26.28]. The o 5 10 15 20 25
’ Approach speed, mm/s

Ramirez,R., Poschel,T., Brilliantov,N.V., and Schwager, T., 1999, “Coefficient of restitution of colliding viscoelastic spheres”, Phys. Rev. E,

60, 4465.
The parameter A depends on viscous energy loss parameters 717, and 1,.
n’s can be obtained from the elastic moduli and the viscosity tensor
Nikim = Mimie = Mkitm = Nikmi
The viscosity tensor determines the viscous energy loss R =1 (Vi zkvll) 3 Cvzz
[28] Landau, L.D., and Lifschitz,E.M., 1965, Theory of Elasticity, Oxford University Press. - ﬁ?l’[cllgﬁal

e Laboratories



Experimental comparison is available only for ice

balls.

VT WA =~ 3'3
VA

Fit parameter A=4.7e-06s

Curves calculated from

“Coefﬁment of rest1tut10n of colhdmg Vlscoelastlc spheres

s;t/ém

* Bridges et aI.D,213§B4 data
CR=D.1GBSU' ““"(Bridges et al.)

— '~ Schwager & Poschel 1998

Physical Review E, 60, 4465. — =" Ramirez et al., 1999
o
5
"5 0.4y
2 :
The purpose of the work is to: E 0.2 ’ _
» Determine if the theory is valid in steel-to- 0 . . . .
steel impact. 0 5 1 15 20 4
» Develop a method to obtain the fit Test data fmmAppm ch speed, mmis
parameter A from measurement. Bridges et al, 1984, Nature, 309, p 333-5.
* Develop a method to measure
coefficient of restitution using digital
high-speed photography.
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The test setup is based on rebound of a pendulm
ball.

Sphere “Side” view:
suspended on
two strings

“Front” view:

Manually lifted and

- Hartono Sumali gravity-released
-7

-~ Circular arc
path

 The motion of the sphere was recorded with a high-speed camera looking into the
negative z direction.
» An image-processing program was used to track the x and y positions of a marker on

the sphere. @ Sanda
National
Laboratories
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Pendulum setup allows large motion at low speeds.

« We want to examine a theory based on viscoelasticity (no plasticity) for metal-to-
metal impacts.

» For a steel sphere impacting a steel wall, the maximum velocity that allows no
plasticity is (Johnson, 1985) only 0.014 m/s.

« From potential energy before dropping = kinetic energy upon impact, the vertical
drop is only 9.6 mm!

Vertical drop allows little Pendulum allows much

motion to capture. more motion to capture.
(Many more frames)

Sandia
National
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Position tracking algorithm tracked the trajectory of the ball.
Most of the motion was in the x direction.

Motion in the y direction was recorded with less accuracy.
Motion in the y direction can be computed easily because the
path is a circular arc.

The circle that contains the path can be described completely by
the center location (x,,y,) and the radius R.

Input the positions (x,,,y,,) of the ball from the recorded motion
into a least-squares fit routine (Maia et al, 1998):

 Solve the above for the circle parameters x,,y, and R.

N N N ( N N )
2% an -2.%, —Zx,f—anyf
=1 n= n=1 —-2x,
N N N N N )
PR Zyn -> -2x, —anyn an Y,
nle n= N n=1 R2 _xOZ _yOZ N 2 N
2% Xy, N 25 2
L n=l n= .
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Circle fit also converts pixel units to mm

Length unit in the movie frames are in pixels.

Needed conversion from pixel to mm.

Use a snapshot of the ball:
+ Circle-fit to obtain the diameter of the ball in pixels.
* Measure the diameter in mm.
» Obtain pixel - mm conversion.

The circular outline of the ball in a frame was used for calculating pixel size. Using 18 data
points, the circle-fit routine

+ | + The routine gave R = 85.95 pixels. Separate measurement
-200¢ 7 o with a vernier calliper gave 2R = 22.25mm. Therefore, the
2 * * Data(18 points) | images had a scale of 2%#85.95/22.25 = 7.727 pixels/mm.
S50t . L Circle fit :
> L
-300 | “‘-1._'... ‘F*__._

350 400 450 500

X, pixels Sandia
@ National
Laboratories
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The path of the mark on the ball was very nearly‘
circular.

« The path traverse by a marker on the ball is a nearly perfect circular arc.

 However, the initial
release condition of
the ball was imperfect.

» As aresult, the
circular arc path has a

Hartono Sumali little ripple.

Sandia
‘National
Laboratories
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» Using 4221 measured position of a marker on the ball, the circle-fit routine gave the
circular arc traversed by the ball as below:

Circle fitting obtains circular arc trajectory.

Fit: xo=1.161mm; y0=135.9mm; R=135.6 mm.
307 | | | | | |

207

£ I -
c 10
=

0

Data(4221 points) |
| |~ "Circle fit |
10 20 30 40 50 60

X, mm

-107

* The trajectory was indeed close to a circular arc as expected.

Sandia
National
Laboratories
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Knowledge of the trajectory circle improves the‘
measured y position.

The trajectory was indeed close to a circular arc as expected.

However, the ball oscilated about the x axis because the initial release condition was imperfect.
As a result, the circular arc path has a little ripple.

The ripple distorts the measured y position.

 Since the trajectory circle has been

10 ' obtained by circle fit, the y position can
é - Measured be recovered from the measured x
—Fit position.

0 5000 10000
Time. ms
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National
Laboratories



9000

8000

3000 4000 5000 6000
Time, ms

2000

1000

)
UL L e
2 :
lﬂpwm <
o
o - I
a Y f\..|1u|||1||r||||1||||| |||||||||||||||
m 1||||.|.||||.|.||nuuﬂuuﬂuuuuﬂ..ﬂ
C ] - i e, S
(@) o = sz
“ A w anHU \:HHn-||1|-|||||||||H||||||||Hh|||ﬂ|
2 B - |.lr.|l|l||||llli|||l|||!|l|l|||||||..|l||ll|||
(& Q .m sseIIITTT T
eSS g
m 5 e m m |«|||n|u|||||||-|||1||H::lruununnuununhnnnnnunu uuuuuu
= r.nlv m ﬁ i m m > e ||||||||||||||||||||||||||1||||1|||||||||||||||||||||| llllll |
© () = C 22 = a.,..].,.l....,......--------------------.......... .......
- © 9 =T e
> = = m R e -
m m n. .m l—m y r||||||||l||.n.|n||u||H||||||||||||||||||||||||l||ll||||||||||||||||||||||||I||||||||||l||||||||||l|||l|||||||||||||||.l!|
O m nb - 0 o 5 --M ..... _.m. -r-!mw ..... - ) ) [rs) o
a > ..ﬁlm O o Cc [Te) ~ < [} (] N A — —
o O c *~ ww ‘Ax
x o O =+ o»
Qo S Q o5 =
Q ° n + <
= X O (@]
= a9 O g F
e —_— =
c m 29 3
C
- — - — (@) O —=
—_ 2 > 5§ .
f— o C n |m o =
© = g & E 0 £ |
0 @ O & £ «© \ = g
E = € o \ [0
o =28 2= o« , & 18
— .= — —
-’ CcC O > 5 = £ < || o
) © e T S w2
o = S > 9 n Olg E
u d Y— u o . 1 ¥
cC « ® 0 £ o ¢ > A
o w 5 c s 8 £ | &
- > g2 L2 o0 5
© © 09 2 E T 2
© E E E 0 > \
m Q O O O = (O] * o o o o o
- c € c O c £ ® & F =
Q ._m H=FIF wul ‘A
h — ° ° ° ° °
- Q

0



/i bQ’;j
IV A A

al Nuclear Security Adminisi

The speed is obtained by time-differentiation ofm
position.

 Signed speed v = sign(dx/dt) x d(position)/dt.

500

400

300

200

—_

o

o
T

—_

o

o
T

Signed speed,mm/s
o

-200

-300

-400F * With measured y

—With fity
-500

1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000 9000
Time, ms

» The y position is noisy. The derivative dy/dt is worse.
» However, the signed speed is almost noise-free because the y motion contributes to

d(position)/dt much less than the x motion.
@ Sandia
National
Laboratories
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The coefficient of restitution is the ratio of the ‘
rebound speed to the approach speeds.

500

* The plot of signed speed vs time % .
\

Coefficient of restitution Cr = -V opound/Vapproach- 200

200

e s
e et
et a

| 1
UL \
o95| \H\\M\\\\\\ IRRRRG!
I L
:'3 » * * \ \
$ o9l Yo
o
o * With measure dy
|5 —With fity
.E 0.857 T 500, 1000 2000 3000 4o|op 5000 6000 7000 8000 9000
o Time, ms
g
QO o8
0.75 : I !
100 200 300 400 500

Approach speed, mm/s
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Recall that the purpose of the experiment is to ‘
examine a theory

* The coefficient of restitution is « Y= Young’s modulus

% #1/5 £1/5 £1/5 * m = effective mass

Cr :V_S =1-G4V -G, (AV -G (AV T « y= Poisson’s ratio
‘ « v, = the normal component of the speed of
el (A anal I approach
* v, = normal speed of separation.

C,=1.153449, C, =-0.798267, C; = 0.483582, * R=R,R)/(R,+ R,); R,=radius of sphere1
and C, =-0.285279. * m=mm,/(m+m,); m=mass of sphere1

V' = [2Y«/E/{3m(1—y2)}]Z V  is a scaled velocity

* Fit coefficient A must be obtained from measured data: How?
» Assumption: Material is viscoelastic. Is that valid for the steels?

Sandia
National
Laboratories



The fit parameter A can be obtained from the ‘

measured Cr..

* Fit coefficient A must be obtained from measured data: How?

* To obtain A from the measured CR, minimize the RMS difference between the
measured and theoretical CR.

o
w
iy

0.931 -

o

(o]

]
T

Coefficient of Restitution

e

w

—r
T

-

0.9 '

100 200 300 400

Approach speed, mm/s

500

-
-

.+ Theoretical CR depends on A.

_-
[ ]

L

RMS Error

Select A that minimizes RMS error.
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0.01997 : ' ' =
0.0199[ .
#: 2 208805
0.0199 \ v-0.01987 -
n
0.01991 .
0.01991 -
2.15 2.2 2.25 2.3
A -B
Graph from Bobby Middleton, Sandia ¥ 10
National Laboratories, 2010
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National
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» Theory assumption: Material is viscoelastic. Is that valid for the steels?

The measured CR fits the theoretical trend.

» To examine the theory, Cy is plotted versus scaled speed 1" = pyyR /Bm(l—y*)[ ¥
and compared against the theoretical values.

1
_—'_f‘-*_‘*l‘.'"—-—‘-t-—*—-t—
n
= 0.97 *ow
9
=
8 0.8f
o
s
3 0.7}
2
k7
3 0.6 — Schwager&Poeschel A=2.2us
. * Measured
0 5 : L 1 1 |

0.055 0.06 0065 0.07 0.075 008 0.085
Scaled speed
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Visco-elastic model does not capture plasticity |*

» A very low speed, equivalent to a drop from a few millimeters, results in yielding in
hard-steel-to-hard-steel impact.

— Sphere radii do not matter.
» The visco-elastic theory depend very much on the coefficient A.
» A depends on the solid viscosity.
 Solid viscosity is very difficult to measure.
* Thus, the visco-elastic model is not likely to be predictive.

* Need a model that captures yield.
— Many publications attribute kinetic energy loss to yield.

Sandia
National
Laboratories



Simplified Elastic-Perfectly Plastic impact

modeling captures yield

* Deflection divided into three phases:
o Elastic loading (1)

* Hertzian force-deflection relationship
« Spans from the initial contact until the onset of yielding

o Plastic loading (2)

 Transition regime from elastic to unconstrained (plastic) flow defined
using hardness properties

* Linear force-deflection relationship in fully plastic regime (elastic-
perfectly plastic behavior only...)

o Elastic unloading (3)
* Hertzian, but with a different contact radius than for loading
* A portion of the plastic deflection is unrecoverable

Matthew M. Brake, Sandia

/. N '.'DQ"{‘)
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Nuclear Security Administration
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1
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2
1
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é—ﬁ |yield

plastic deformation

Sandia
National
Laboratories



Experimental Efforts to Validate *

« Elastic-plastic impact model based on material properties (hardness, yield
stress, etc.)
» Experimental validation includes pendulum impact studies

» The measured coefficient of restitution is compared to the predicted results
from a simulation of the system:

1,
3 V
_ o0
s CoR =24
206 Vin
Q: L
5
[ -
3 04 ‘Sandia
5 National
S ool Laboratories
!

0 1 2 3 4
Impact Velocity, m/s

Matthew M. Brake, Sandia
U™ J laboratories
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Brake’s Model fits Minamoto and Kawamura’s ‘
test data.

1 : \

Data: Minamoto & Kawamura

0.9~
0.8~
c
207
E \
3 06
% 0.5+ Brake
<
% 04+ Du and Wang
& Jackson & Green, 1
S 03" Stronge
© Jackson & Green, 2
0.27 o \ Vu-Quoc et al.
0.1 ]
0 [ L [ [ L
0 0.5 1 1.5 2 2.5 3

Horizontal Velocity, m/s

m Similar results for other materials and experiments
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* The pendulum-ball method records the motion of a sphere rebounding from a flat
wall.

* The method results in a much slower motion of the ball compared to vertical drop.

» Thus, the method gives many more frames and higher temporal resolution than
vertical drop.

« An experiment using the method indicates that the visco-elastic theory (Schwager
et al, 1999) is valid for steel-to-steel impact in the speed range of 0.1 - 0.5 m/s.

* The theory depends on a parameter A, which can be obtained from the rebound
measurement.

» The elastic-perfectly-plastic theory being developed by Brake at Sandia appears to
fit experimental data very well.

» Brake’s theory will be predictive.
 Future work will include:

— A methods to obtain the parameter A from material property tests. This will predict visco-
elastic loss at low velocities.

— Refinement of Brake’s theory to include strain hardening and other material behaviors.

Conclusions and future work

Sandia is a multiprogram laboratory operated by Sandia Corporation, a Lockheed Martin Company, i
for the United States Department of Energy’s National Nuclear Security Administration San_dla
under contract DE-AC04-94AL85000. National
Laboratories



T'hank you.

Hartono Sumali
anuary 2009
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Questions?

hsumali@sandia.gov
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0.6
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0.8 : : : —
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. *  Measured
05 1 1 1 1 1
0.055 0.06 0.065 0.07 0.075 0.08 0.085
Data: Minamoto & Kawamura i
Brake
Du and Wang

N éafckson & Green, 1

i Jackson & Green, 2
1 Vu-Quoc et al.
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