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Review of classical diffusion

» Observation: stuff spreads from higher to lower
concentrations; typical examples include pressure, energy
(heat), the spread of odor in a room, contaminant or
pollutant in a lake, colored dye in water, etc.

» microscopic model: Brownian motion
=v2D W;

where W; is a Wiener stochastic process

» macroscopic model: Variance of the spread of particles
satisfies

EX? xt, eg. ,EX? =2Dt
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Stochastic process and deterministic counterpart
(PDE)

(a) Realizations v2D W;
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Diffusion applications

» flow through porous
media; heat conduction

» spread of an invasive
species, seed dispersal,
disease transmission,
foraging or migrating
animals

In many applications, classical
diffusion may not be appropri-
ate due to

» Heterogeneity of the
underlying medium

» Nonlocal dispersion,
transmission mechanisms
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Anomalous diffusion as a model

» Alternative to classical diffusion when Fick’s first law, e.g.,
the flux DV u is not an expedient model

» Suppose the variance
E X? o

» anomalous subdiffusion if < 1 (not considered in this
presentation; typically a non-Markov process)

» normal diffusion if n = 1
» anomalous superdiffusion if n > 1 (heavy tails)

» 1 > 1 the Markov process X; may be discontinuous and so
is deemed a “jump” Process (in contrast to a Wiener
process that has continuous sample paths)
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Ensemble averaging in phase space

» A more general diffusion equation is given by

u(x.)= [ (Aly.x.0 = hx.y. ) o

Nonlocal analogue of uy = -V - q

» An expression for h can be derived as an ensemble
average in phase space; see The statistical mechanical
foundation of the peridynamic nonlocal continuum theory:
energy and momentum conservation laws (L. & Sears),
Physical Review E, Volume 84, 031112, 2011

» Take home message: there is a basis for nonlocality in
nonequilibrium statistical mechanics; the classical diffusion
arises via assumptions (Fick’s law, or assume that the
sample path is continuous)
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Nonlocal convection-diffusion equation

» Classical (linear) convection-diffusion equation

=-V-q
q=bu+AVu

» Can also rewrite the diffusion equation given by ensemble
averaging (in the linear case) as

D-f
f=pu+0OD"u

» D and D* are “nonlocal” divergence and gradient operators
(that are adjoints of each other); see L., Du, Gunzburger,
Zhou developed this nonlocal vector calculus (2012 SIAM
review paper)
V. VAT =3%)
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Nonlocal convection-diffusion equation

(. )= [ (uly, (. = ulx. 7 x.5) o

» U is a probability density, concentration, population, or
temperature (for a nonlocal rigid heat conductor)

» ~ is a nonnegative, not necessarily symmetric dispersal
kernel, i.e., v(x,y) # v(y, x), and describes the
mechanism “relating” x to y

> Ha0cy) =20 then | (u(y.) = ux.0) 1(x.) o
replaces the integral operator above
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Diffusion balance

ux) = [ Ayxurdy - [ steyuxndy

Probabilistic interpretation:
» First integral: rate v(y, x) dx into dx from y given
probability u(y, t) dy
» Second integral: rate y(x, y) dy into dy from x given the
probability u(x, t) dx
» Difference in these two rates gives the rate of change of
the probability u(x, t) dx
» “Nonlocal convection” associated with asymmetric rate
Analogous to a continuous-time Markov chain over an
uncountable (continuum) state-space—this leads to

Monte-Carlo realizations
\ [ ag%)
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Nonlocal flux

More generally, for Q ¢ RY

gt/ “dx—//Rd\Q (v 01y, X) = u(x; thy(x, y)) dy dx

nonlocal flux of probablllty into Q from R? \ Q

» QO =RY then Jq u(x, t) dx = 0 so that the probability is
conserved

» Equation nonlocal since Q and R? \ Q need not be in
contact

» Deterministic equation for a Markov process X;

1. that arises as a scaling limit of iid random variables (where
the variance, mean may not be defined)

2. jump-diffusion SDE where the “jump-measure” or its mean
may not be finite
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General microscopic model

(b) compound Poisson (c) a-stable

» Above examples realize a Markov process X; € R? with
translationally invariant kernels; arbitrarily large jumps
possible and are examples of Lévy processes

» The case of a Wiener process is well-understood, in
particular, the relationship with the PDE and on bounded
domains
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Our research

» Jump Markov process where the jumps are bounded
“finite-range” and X; € Q ¢ RY (on bounded domains) and
their nonlocal diffusion equations with position dependent
kernels

» Nonlocal variational characterization (via a nonlocal vector
calculus)

e Distinct from the classical techniques in use
by the probabilistic community
e Complimentary to fractional derivative
approach
» What are the nonlocal analogue of boundary conditions?

(volume-constraints!) Can show the nonlocal equations
well-posed (new results)

» Discretizations of the deterministic equation are related to

Monte-Carlo simulations PN AL =)
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Formulation of volume-constrained problems

U(x, 1) = / (0 -l ey dy xen

» Q7 = Uyeq Br(X), “interaction region”, where By (x) is the
ball about x of radius A > 0; in words, can only jump out of
Qinto Q7

» Constraints are posed on the volume Q7 C R? \ Q;

boundary conditions may not be well-defined because

sample path may jump out of Q into Qﬁqs I //?/l"v'u.)*g
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Exit-time via the master equation

The density of particles that have not yet exited Q to Q4 C Q7

a0 = [ (U 07(0:x) ~ Ulx D (x.)) . xEQ

u(x,t) =0, X €Qq
u(x,0) = up(x), xeQ

is used to determine the mean exit-time

E(T):/Ooo/ﬂu(x,t)dxdt

where T :=inf{t: X; € Qq C Qz} is the exit-time

/. ¥} " t‘%ﬁ{
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Mean exit-time cases

Qd = QI
» Absorbed process with a homogenous Dirichlet volume
constraint problem

» Probability is conserved over Q U Qg, i.e., the process is
either in Q or has exited to Q4 and has been “absorbed”

Qy=0
» Censored process with a pure Neumann volume constraint
problem

» Probability is conserved over Q2 , i.e., the process remains
in Q
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Absorbed/censored process

0 # Qq & Q7 is a mixed process with a mixed volume
constraint; nonlocal analogue of a mixed Dirichlet, Neumann
boundary value problem
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Escape probabilities

» Volume-constrained problems allow for “non-standard”
domains, e.g., unconnected domains

» Decomposition into escape probabilities

/u(x, t)dx =1 _ZZMSS;-IKU)
Q PR /
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Escape probability example

As an illustration, consider Q = (0,0.5) U (0.6, 1) with
Uo(X) =2-1(0,0.5)(X)

) 2
5 Mhultw.vﬂlwu L5| L]
1 1
1 %
0.5 0.5%
% 05 1 % 05 1 % 05 1
(a) t=0.0 (b) t=0.1 (c) t=0.2
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Mathematical analysis

» Goal: show that the nonlocal diffusion equation is
well-posed

» Introduce a nonlocal vector calculus, an alternative to
fractional derivatives

» Show that the steady-state equation is well-posed

» Standard results demonstrate that the nonlocal diffusion
equation is well-posed
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Nonlocal divergence

» Leta,f: R3 x R® = R3 a(x,y) = —a(y, x)
DO = [ (Hxy)+1y.0) - alxp) dy

where D(f) : R® — R
» D is a distributional divergence because

a(x,y) = —aayd(y — x) = D(f)(x) = V - f(x, x)
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Related operator

» Recall that a(x, y) = —a(y, x) and define

D*(u)(x,y) == —(u(y) — u(x)) a(x, y)
where D*u : R — R3

» D* is a distributional gradient because

a(x,y) = —aayé(y—x) = /RS D*udy = -Vu
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Adjoint nonlocal divergence operator

» Nonlocal Green’s first identity

/vD(D*u) dx—/ D*v-D*udydx:/ VN (D*u) dx
Q R3 JR3

R3\Q

» Compare with the classical version

/vAudx+/Vv-Vudx:/ v(Vu-n)dS
Q Q o0

» Nonlocal Green'’s first identity implies that

D (u)(x,y) = —(u(y) — u(x)) a(x, y)

is the adjoint of the nonlocal divergence D
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Nonlocal diffusion via the nonlocal calculus

Lu(x) := /QUQ (u(y, vy, x) —u(x, t)yy(x,y)) dy  x € QUQq

» Nonlocal vector calculus leads to
L=-D(pu+OD"u)

where ©: R3 x R® — R3 x RS,
» Constitutive relation p u + ® D* u is a nonlocal Fick’s law;
~, u, © can be of compact support

» No need for Fourier transforms as in fractional derivative
approach; nonlocal vector calculus and fractional derivative
approaches equivalent when the kernel is translation

invariant over R and Q = R %
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Nonlocal volume-constrained problem

v

—Lu=b onQCR3
Vu=0 onQ; CR®\Q,

Recall the interaction region Q7 that we’ll assume is finite
and consists of {y: x € Q, |y — x| < e} where ¢ is not
necessarily small

“Dirichlet” volume-constraint: Vu=u—g

Volume-constraints are the nonlocal analogues of
boundary conditions and are crucial for well-posedness for
the nonlocal balance laws

Nonlocal Neumann and Robin volume-constraints also
possible
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Nonlocal variational problem

Let b e VE(QUQy) find u € Vo(QU Q7)

/ / D*u-D*vdydx:/bvdx Vv e Ve(QUQ7)
QuQzr Jauas Q

» double mtegral (Dirichlet form) is
L[ ) - ) (vy) ~ Vi) (x.y) dy i
QUQz JQUQs

» The function space V(2 U Qz) incorporates the volume
constraint and can be identified with specific a Hilbert
spaces depending on the kernel v and constraint functional
Ec(u)

» Well-posedness given by the Lax-Milgram theorem

I ag”s)
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Example: v symmetric

Letv(x,y) =0fory € QU Q7 \ BX where
B ={yeQuQz:|y—x|<e}

Case 1: Kernel is not integrable; positive constants s € (0, 1),
Y4, @and ~v*

Y Y

WSV()@}/)SW ly—x|<e

Case 2: Kernel is integrable; positive constants v and 7»

71§/ v dy, / V2 dy <~5
Bx Quas
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Well-posedness

» Case 1: |yu||HS(QUQI) < C|yb||H s@uaz) S € (0, 1) fractional
smoothing—u gains 2s derivatives

> Case 2: ||u]|;z(quq,) < ClIbll2(qua,) data is not
smoothed—u gains no derivatives

» Classical formulation: [|u[[ ;1 qua,) < CHbHH (QuOy)
classical smoothing—u gains 2 derivatives

» Variations on Case 2 have been considered by Emmrich &
Weckner, Rossi & colleagues, Aksoylu & Parks, Aksoylu &
Mengesha

» There is an equivalence between s and the activity of the
process; said another way, s characterizes the sample path
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Special case

» Well-posedness Case 1 for s € (0,1/2) is a new result and
is of interest because a trace operator is not defined in
these spaces (within a Hilbert space setting)

» Consider the “finite range” Riesz kernel

Cd,s
(X, y) = W‘Hy—xga

» This leads to the volume-constrained truncated fractional
Laplacian problem

—Lu=b onQCR®
Vu=0 onQ; CR3\Q,

with a homogenous Dirichlet volume-constraint on a

bounded domain that is well-posed R —
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See also

Posters by Qiang Du and Marta D’Elia that discuss analysis,
numerics, optimization
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