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INTRODUCTION

The accuracy of the Monte Carlo method is often
undermined by its precision limitations. The statisti-
cal error converges only at a rate inversely proportional
to the square root of the number of particle histories.
It has long been known that exponential convergence
can be achieved using an iterative residual Monte Carlo
technique [1, 2, 3]. Practical implementations of this
method have had the same discretization errors as deter-
ministic methods [4, 5]. Residual Monte Carlo imple-
mentations for the continuous transport equation have
been limited to the two-stream transport equation [6],
four-stream transport equation [7], and isotropic scatter-
ing [8, 9]. Building on the approach developed by Morel
et al. [6, 9] of using piecewise-linear finite-element trial
spaces, we demonstrate exponential convergence for
anisotropic scattering kernels composed of discrete scat-
tering angles.

We first develop an expression for a scattering ma-
trix that is used in the evaluation of the scattering source
in the calculation the residual. We employ numerical
integration to precompute the required scattering matrix
for a discrete scattering angle. The results demonstrate
that the method is capable of converging to machine
precision when the solution lies within the trial space.
When the solution does not lie within the trial space,
we demonstrate that mesh refinement permits greater ac-
curacy to be achieved before exponential convergence
stagnates. Finally, we characterize the behavior of the
algorithm for various convergence criteria used in the
numerical integration of the scattering matrices.

RESIDUAL MONTE CARLO METHOD

The continuous 1-D transport equation with
anisotropic scattering is:

µ
∂ψ(µ, z)
∂z

+ σtψ(µ, z) = q

+
1
4π

∫ 2π

0

∫ 1

−1

σs(µ0)ψ(µ′, z)dµ′dφ′, (1)

for µ ∈ [−1, 1] and z ∈ [0, T ]. µ is the direction co-
sine with respective to the z-axis, ψ(µ, z) is the angular
flux, σt is the total interaction cross section, σs is the
scattering cross section, µ0 = ~Ω′ · ~Ω is the cosine of the
scattering angle, and q is a distributed source.

We can express the transport equation as:

Lψ = q, (2)

where L is the transport operator. The residual Monte
Carlo algorithm is then expressed in terms of an iteration
index, n:

r(n) = q − Lψ(n−1), (3)

Lε(n) = r(n), (4)

ψ(n) = ψ(n−1) + ε(n). (5)

Eq. (4) is solved using a standard Monte Carlo radia-
tion transport code with a distributed source specified
by the residual r and tallying a flux correction, ε, on
linear finite-element basis functions. Eq. (5) is a trivial
addition of the flux correction to the previous estimate
of the flux. The difficulty of the residual Monte Carlo
method is that the residual calculation in Eq. (3) must
be evaluated precisely and must be consistent with the
transport operator as applied by the Monte Carlo code
in Eq. (4). The contribution of each term from Eq. (1)
must be included in the residual evaluation. Using the
integro-differential form of the transport equation rather
than the integral form often associated with Monte Carlo
calculations, this is a local operation, which is simplified
by predetermining that the flux will be represented only
on linear discontinuous basis functions.

Within each finite-element cell, the flux is repre-
sented on a linear basis:

ψi,m = ψa
i,m+ψz

i,m

2
hi

(z−zi)+ψ
µ
i,m

2
hm

(µ−µm). (6)

ψa, ψz , and ψµ denote the average, z-slope, and µ-
slope of the angular flux, respectively. zi and µm are
the respective cell midpoints. hi and hm are the re-
spective cell widths. The extent of each cell is µ ∈
[µm−1/2, µm+1/2], with z ∈ [zi−1/2, zi+1/2) for µ < 0
and z ∈ (zi−1/2, zi+1/2] for µ > 0. Here we will con-
sider only uniform cells with M angular regions and
I spatial regions, with µ1/2 = −1, µM+1/2 = 1,
z1/2 = 0, and zI+1/2 = T .

The residual for each cell is given by

ri,m = −µ∂ψi,m

∂z
− σt,iψi,m + qi,m + σs0,isi,m, (7)

si,m =
∫ 2π

0

∫ 1

−1

p(µ0)ψi(µ′)dµ′dφ′, (8)
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where σs0,i is the total scattering cross section, which
combined with si,m is the scattering source. (The pro-
jection of the scattering integral onto the trial space for
si,m is implicit here but will be included explicitly later.)
p(µ0) is the pdf of the scattering distribution, and

ψi(µ) =
M∑

m=1

ψi,mΠm− 1
2 ,m+ 1

2
(µ), (9)

where Πa,b is the boxcar function.
The residual terms containing the total cross section

and source are trivial operations. The spatial gradiant
has previously been discussed in detail [9] as resulting
in two components: one within the cell and one at the
cell’s spatial boundaries. Differentiating Eq. (6) with
respect to z, there is a linear term within the cell given
by

µ
∂ψi,m

∂z
= µm

2
hi
ψz

i,m + (µ− µm)
2
hi
ψz

i,m, (10)

for z ∈ (zi−1/2, zi+1/2). At the cell boundary, there is
a delta function in space based on any discontinuity of
fluxes between the cell and an upwind cell (or boundary
condition). For example, for the µ > 0 direction with an
adjacent upwind cell, this is

µ
∂ψi,m

∂z
= µ

[
ψi,m(zi− 1

2
, µ)− ψi−1,m(zi− 1

2
, µ)

]
,

(11)
at z = zi−1/2. This term results in a quadratic in µ.
Operationally, only the linear flux and source variations
are included in the residual at cell spatial boundaries and
the µ weighting is included explicitly when calculating
the residual source strength and when sampling particles
at cell edges.

In residual calculations, the source due to scatter-
ing has previously been modeled with isotropic scatter-
ing, which is also relatively straightforward to evaluate.
To include anisotropic scattering, we must evaluate the
scattering integral. We discuss this scattering source in
the following section.

SCATTERING SOURCE EVALUATION

Omitting the leading total scattering cross section
in the following discussion, the scattering source in cell
i before projection onto the linear discontinuous basis is

Si(µ) =
∫ 2π

0

∫ 1

−1

p(µ0)ψi(µ′)dµ′dφ′. (12)

Discrete scattering angles are often used in multigroup
Monte Carlo codes [10], so we begin by considering
only a single discrete scattering angle, µ∗ in the polar
deflection angle, µ0 (with scattering still uniform in the
azimuthal deflection angle).

Si(µ) =
∫ 2π

0

∫ 1

−1

δ(µ0 − µ∗)
2π

ψi(µ′)dµ′dφ′. (13)

To perform the integration it is easiest to map into the
scattering frame.

Si(µ) =
∫ 2π

0

∫ 1

−1

δ(µ0 − µ∗)
2π

ψi(φ0)dµ0dφ0. (14)

One can show the following relationship between the
lab-frame and scattering-frame angles:

µ′ = µµ0 +
√

1− µ2

√
1− µ2

0 cos(φ0 − φ′). (15)

Since ψ is not a function of φ′, we can simplify to con-
sider only cos(φ0) = cos(φ0 − φ′). Thus, Eq. (14) be-
comes

Si(µ) =
1
π

∫ π

0

ψi(µµ∗+
√

1− µ2
√

1− µ2
∗ cos(φ0))dφ0.

(16)
The integral must be evaluated using the discontinu-
ous representation of ψ, with the discontinuities mapped
using the relationship given in Eq. (15) to determine
each integration range [φj−1/2, φj+1/2] corresponding
to [µm′−1/2, µm′+1/2] cell boundaries but with some
cells omitted or truncated due to the [0, π] integration
range in φ0. (We introduce the m′ subscript to distin-
guish the indexing of µ′ from the m indexing of the µ
variable.) Si(µ) must also be projected onto the linear
basis. In our implementation, we evaluate these inte-
grations separately for unit coefficients of the average,
z-slope, and µ-slope terms for each integration range of
ψ projected onto the integration range for each coeffi-
cient of the scattering source, si,m. These integrations
take the following form:

Sx,y
i,m,m′ =

1
π

∫ z
i+ 1

2

z
i− 1

2

1
hi

(
z − zi

hi/6

)k

×

∫ µ
m+ 1

2

µ
m− 1

2

1
hm

(
µ− µm

hm/6

)`

×

∫ φ
j+ 1

2

φ
j− 1

2

ψx
i (φ0, z, µ)dφ0dµdz, (17)

where x and y indicate the average or slope superscripts
a, z, or µ for the flux and the projection of the scatter-
ing source, respectively. The projections are: for y = a,
k = 0 and ` = 0; for y = z, k = 1 and ` = 0; and for
y = µ, k = 0 and ` = 1. Eq. (17) provides the elements
of a scattering matrix that can be used to project the
flux coefficients, ψi,m′ , onto the scattering source coeffi-
cients for calculating the residual: sy

i,m = Sx,y
i,m,m′ψx

i,m′ .
In our implementation, we evaluate the integrals using
Gauss-Legendre quadrature with increasing order until
a convergence tolerance, τ , is met for all elements of the
matrix. The scattering matrix can be precomputed, since
it is independent of the fluxes and depends only on the
scattering distribution and angular divisions of the trial
space.



NUMERICAL RESULTS

Our first test problem has a uniform flux solution.
This problem is convenient, because even with a discrete
scattering angle the solution lies in the trial space. We
calculate the source from the specified flux solution by
the method of manufactured solutions,

q = Lψ, (18)

using the same code that is needed to calculate the resid-
ual. For this test problem, σt = 1, σs0 = 0.9, µ∗ = 0.8,
T = 3, and τ = 0.01. We use 100 cells in a 10 × 10
uniform grid. Calculations were performed with varying
numbers of histories per cycle (“H/C”), where a “cycle”
is one iteration in the residual calculation. In Fig. 1 we
show the relative L2-norm of error as a function of the
number of cycles. The results with 1000 histories per
cycle diverge because the statistical error is too large to
permit a sufficiently accurate residual calculation. The
results also show that increasing the number of histories
per cycle increases the rate of convergence per cycle.

Fig. 1: Exponential convergence of error versus number
of cycles for a uniform solution problem with varying
numbers of histories per cycle.

In Fig. 2, we show the relative L2-norm of error as
a function of the number of histories. This figure has
some of the same results as Fig. 1 plotted on a log-log
scale and includes the error for standard Monte Carlo
with 1/

√
N convergence for comparison. These results

show that, using number of histories as a reasonable ap-
proximation for runtime, there is an optimal number of
histories per cycle to achieve the fastest convergence.

Our second test problem uses an angular scattering
distribution based on the cross section for 1 MeV elec-
trons in water. We use σt = 77, σs0 = 76.9, T = 10,
τ = 0.01, and four discrete scattering angles with direc-
tion cosines of 0.98, 0.56, -0.19, and -0.82 and probabil-
ities of 0.9916, 0.0070, 0.0011, and 0.0003, respectively.

Fig. 2: Exponential convergence of error versus number
of histories for a uniform solution problem with vary-
ing numbers of histories per cycle compared to standard
Monte Carlo convergence.

A unit isotropic flux is incident on the slab at z = 0. We
varied the number of cells in the problem, while keep-
ing a fixed 100 histories per cycle per cell and using an
N × N grid with the same number of cell divisions in
space and angle. The converged results are shown in
Fig. 3 for the 128× 128 grid.

Fig. 3: Angular flux distribution for the second test prob-
lem.

For this problem, we report the L2-norm of the
residual, since the exact solution is not known. Fig. 4
shows the expected behavior, exponential convergence
to a saturation point at which the trial space is inade-
quate to permit a more accurate solution. As the trial
space is refined, the saturation of convergence occurs at
a lower level of error.

Our studies varying tolerance τ on these problems
showed that even low-order quadrature produced accu-
rate results with no discernable effect on convergence
rate. Studies on more difficult problems are warranted.



Fig. 4: Exponential convergence of residual versus num-
ber of cycles for an anisotropic scattering problem with
varying uniform refinement of the trial space.

CONCLUSIONS

The residual Monte Carlo method is a power-
ful technique for expected value problems involving
Markov processes. These results demonstrate that it can
be successfully applied to the continuous 1-D transport
equation with anisotropic scattering. Since the method
can be initialized with an approximate solution and is
compatible with particle biasing techniques commonly
used in Monte Carlo calculations, it seems well suited
to further accelerate techniques like FW-CADIS [11],
in which a coarse deterministic forward solution and
adjoint-based biasing can be leveraged.

However, research issues remain. One could fur-
ther integrate the scattering angle over a continuous
scattering distribution to apply the approach to general
anisotropic scattering. The scattering source evalua-
tion and the residuals due to flux discontinuities at cell
boundaries need to be extended to 2-D and 3-D. Though
we have not yet demonstrated a multigroup implementa-
tion, that appears to be a minor extension from the mo-
noenergetic implementation here. Extension to continu-
ous energy will be a more difficult effort but may use a
similar approach to the one developed here. For a pro-
duction capability it will desirable to include adaptive
refinement of the trial space [9], which may require bet-
ter understanding of how to manage particle populations
in highly refined regions.
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