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k-d darts: Sampling by k-Dimensional Flat Searches

Figure 1: Sampling a long and thin subregion (gray) using point (left) and line (center) k-d darts in 2d, and plane k-d darts in 3d (right).
Point samples (0-d darts) may be cheap to compute and sample, but in many applications where the region of interest is small compared to the
sampling space, they may often contribute nothing to the final result. Instead, we propose taking samples of higher dimension, or k-d darts.
Their greater expense is offset by a higher hit rate, and they can offer significant performance benefits over point samples in a variety of
applications.

Abstract1

In this paper we formalize the notion of a k-d dart, which is a point2

sample extended to searches along k-dimensional directions. We3

propose to use k-d darts to sample a function’s properties in high4

dimensions, such as its integral or an exemplar above a threshold.5

K-d darts can be split or joined depending on whether they meet6

at a common point, which can influence the bias in the final out-7

come and the efficiency of the sampling process. We demonstrate8

that k-d darts are better than point-wise samples in high dimensions9

depending on the characteristics of the sampling domain, e.g. if the10

subregion of interest is long and thin and the search is not too ex-11

pensive.12

To illustrate the utility of k-d darts, we present three concrete ap-13

plication scenarios: maximal Poisson-disk sampling, high-quality14

rasterization of depth-of-field blur, and an estimation of the prob-15

ability of failure from an emulator for potential use in uncertainty16

quantification. The three scenarios indicate that the rate of conver-17

gence while using k-d darts is potentially much higher that tradi-18

tional point-sampling approaches, with a corresponding reduction19

in noise.20
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1 Introduction25

In many graphics and other applications, we are interested in esti-26

mating some property of a continuous function over a domain, and27

the function is not directly analyzable because there is no simple,28

cheap, and explicit formula for it. For example, the function might29

be a continuous representation of an image, a complicated graphics30

rendering convolution, or the output of a parallel physics simula-31

tion. Sampling is the process of randomly selecting a subset of a32

domain. The function is evaluated at these subsets, and the overall33

function properties are estimated based on those values.34

In typical sampling processes, the samples are points. However,35

as the following literature survey describes, a recurring challenge36

is to deal efficiently with the case that the interesting part of the37

domain is very small compared to the entire domain. For example,38

suppose we are interested in estimating the volume of the domain39

where the underlying function is negative. If this subdomain has a40

very small volume, only a correspondingly very small fraction of41

uniform sample points will land in it; see Figure 1. Consequently,42

our sampling process will be expensive, since most of the samples43

we take will not contribute to the value we are trying to compute.44

To better address this problem, we propose the k-d dart. The45

key idea behind the k-d dart is that rather than take point (0-46

dimensional) samples in the domain, we instead take samples of47

higher dimension. While these samples may be more expensive to48

compute, they are more powerful, and generate better results for the49

same amount of effort.50

For each sample, instead of evaluating the function at a single point,51

we evaluate the function along a set of higher-dimensional flats (e.g.52

lines, planes . . . hyperplanes). A k-d dart denotes the set of flats that53

form a single sample. An important case of this is where flats are54

one-dimensional lines. Using our previous example, we may find55

the points along the line where the function value is zero, and par-56

tition the line into segments where the function value f is strictly57

positive or negative, and estimate the volume where f < 0 from58

the negative-interval lengths. In some cases it is expedient to con-59

sider a single sample point, together with all the axis-aligned lines60

through it. This is called a joined k-d dart. In other cases, the sta-61

tistical dependence of these intersecting lines biases the functional62

estimate, and split k-d darts are needed: each of the lines (flats) is63

chosen independently.64

The purpose of this paper is to formally introduce this technique.65
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We focus on three motivating applications for concreteness. This66

both eases the explanation of the technique and shows its use to the67

graphics community. For all of these, the space is of moderately68

high dimension, and 1-dimensional line searches are particularly69

effective. These applications are completing a maximal Poisson-70

disk sampling in high (e.g. 10) dimensions, rendering depth-of-field71

blur in four dimensions, and estimating the probability of failure72

(e.g. 1e-4) from a function emulator in about six dimensions.73

2 Previous Work74

Our work generalizes sampling, which has been most thoroughly75

explored, both in graphics and in other application domains, in the76

application of maximal Poisson-disk sampling (Section 2.1). Our77

interest here is in applications with large dimensionality, typically78

beyond the 2d or 3d focus of most previous work. Of course tradi-79

tional rendering applications make wide use of sampling in a variety80

of different forms (Section 2.2), many of them with high dimension.81

In non-graphics applications, the field of uncertainty quantification82

attempts to quantify the error range of a particular computation,83

typically by performing the computation many times with a well-84

distributed selection of input parameters that span the input domain,85

and because of its importance, we use it as another motivating ex-86

ample (Section 2.3).87

2.1 Maximal Poisson-Disk Sampling88

Poisson-disk sampling is a popular graphics technique to distribute89

a set of points in a domain. The points are random, which helps90

avoid visual artifacts. The points have a minimum distance be-91

tween them, which also helps to use the point budget efficiently. In92

a maximal sampling, disks around the points overlap to cover the93

whole domain, leaving no room to add another point. Poisson-disk94

sampling patterns generate a blue-noise-like spectrum that is well-95

suited for the human visual system, but computing such patterns is96

a challenge.97

Many solutions have been proposed, and often achieving maximal-98

ity is the most challenging part. Many modern methods utilize99

some form of a background quadtree grid and a refinement proce-100

dure to track the remaining voids (uncovered regions) [Dunbar and101

Humphreys 2006; Gamito and Maddock 2009; Ebeida et al. 2011;102

Jones and Karger 2011]. This can be made efficient in dimensions103

up to about 5 [Ebeida et al. 2012].104

Uncertainty quantification (UQ) motivates MPS sampling in higher105

dimensions, e.g. 20. No MPS methods in the literature scale to these106

dimensions due to the so-called “curse of dimensionality.” Classical107

dart throwing [Dippé and Wold 1985; Cook 1986] is not strongly108

dependent on dimension, but as the number of accepted samples109

increases, the runtime for the next sample becomes prohibitive and110

the algorithm must terminate well before maximality.111

Consider sampling a unit box with disk radius r in dimension d.112

Some issues are fundamental to the problem, independent of any113

specific algorithm or application. The size of a maximal sampling114

n is indeterminate, but its lower nmin and upper bounds nmax grow115

exponentially in 1/r and d; see the extensive literature on packing116

density. The number of disks that can touch another disk grows117

exponentially in d; see kissing number. (The Lattices catalogue118

summarizes both [Nebe and Sloane 2012].)119

The curses of dimensionality for grid-based methods go beyond120

these and are manifold:121

1. The base grid size grows exponentially and faster than the out-122

put point set.123

2. A grid cell is refined into 2d subcells.124

3. The number of nearby cells that might contain a conflicting125

sample grows faster than the kissing number.126

4. The ratio of misses/hits grows exponentially with the dimen-127

sion [Ebeida et al. 2012].128

Item 1 arises because the size of the base grid is usually chosen such129

that each cell can accommodate at most one point: the diagonal of130

base squares are r and the side length is r/
√
d. Worse, at maxi-131

mality, the number of empty base cells grows exponentially with132

the dimension. These empty cells increase the time, and especially133

the memory requirements, to prohibitive levels. One possible solu-134

tion is to choose a base grid level with side length 2d, so that every135

square must contain one point. However, due to Item 2, this ap-136

proach just defers the problem until cells are required to be refined137

a couple of times to represent voids. Because of the kissing number,138

representing voids through geometric constructions [Ebeida et al.139

2011] or explicit arrival times [Jones and Karger 2011] do not ap-140

pear to be viable solutions at high dimension.141

Some approximate methods [Wei 2008] put an upper bound of the142

number of misses per cell, which partly addresses Item 4). The143

drawback is that the sampling is not maximal. How far it is from144

maximality has not been analyzed, but volume arguments suggest145

that for a fixed box size, the number of allowed misses must grow146

exponentially in d to bound the linear distance between an uncov-147

ered point and a sample’s disk.148

While some of these issues affect runtime, the real curse is the149

memory requirements for quadtrees. The quadtree method with150

the best memory scaling by dimension [Ebeida et al. 2012] seems151

unlikely to extend to even d = 10 in the near future. The conse-152

quence of the lack of computation and memory scalability is that153

today’s maximal-Poisson-disk point sampling techniques are insuf-154

ficient for sampling functions of large dimensionality.155

2.2 Rendering156

High-quality rendering is an important application of multi-157

dimensional sampling, since photorealistic effects like motion-blur,158

depth-of-field and soft shadows can be expressed as integrals over159

multiple dimensions. Classical techniques often employ stochastic160

point sampling to estimate these integrals. Noise-free rendering us-161

ing point sampling can require a large number of samples, which162

can be extremely expensive for complicated scenes.163

In this paper we present an alternative to point sampling by for-164

malizing multi-dimensional darts as samples for computing such165

estimates. However, a few graphics applications do employ166

multi-dimensional samples in limited and specific scenarios. The167

OpenGL accumulation buffer [Haeberli and Akeley 1990] uses a168

form of k-d darts for motion blur: each output pixel is an aggregate169

of several input pixels, each of which may span a 2d region (pixel170

area) for a constant shutter time. These 2d snapshots are essentially171

2d-darts in 3d space.172

Jones and Perry [2000] experimented with using 1d darts for anti-173

aliased polygon rendering. They shoot single-dimensional darts174

across a pixel’s surface, analytically compute triangle coverage for175

each of them, and then average them to obtain final pixel colors. In176

Section 5, we take a similar approach to compute analytical cover-177

age over the lens aperture for 4d depth of field integral. However,178

unlike their method, our line darts lie in u, v space. They do not179

span multiple pixels which is both better suited to our screen-space-180

to-lens-space transformation and parallel-friendly.181

Recent research has also shown promise in rendering high-quality182
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motion-blur using multi-dimensional samples. Gribel et al. [2010]183

present the use of 1d darts in the x, y, t domain to analytically ren-184

der motion blur effects in a scene. In their more recent work, Gri-185

bel et al. [2011] proposed the use of 2d-darts in the x, y, t domain186

for motion-blur. They also extend their implementation to render187

motion-correct ambient occlusion.188

Our paper generalizes the idea of multi-dimensional darts for sam-189

pling, and it is this generalization that helps us design renderers that190

use k-d darts in different configurations. We present one such con-191

figuration in Section 5 which discusses an extension of Gribel et192

al.’s work for rendering depth-of-field effects. We use 1d darts to193

compute efficient and high-quality depth-of-field rendering.194

While we demonstrate just one configuration of k-d darts for this195

application, we emphasize the possibility of several different strate-196

gies for employing k-d darts for depth-of-field as well as other ef-197

fects. In general, k-d darts offer a sampling process that converges198

much faster than point sampling and has a much lower amount of199

noise. They can add bias to the process, but careful design can200

minimize the impact on the final rendering.201

2.3 Uncertainty Quantification202

Random sampling is one of the oldest [Hall 1873] and most robust203

methods for uncertainty quantification (UQ). Although it existed204

long before then, UQ first became a useful tool for solving problems205

with the advent of computers, specifically during the Manhattan206

Project of World War II. At that time, Nicholas Metropolis and207

Stan Ulam named it “Monte Carlo” (MC) sampling as a reference208

to Monaco’s famous casino.209

The principal use of MC is to approximate a high-dimensional in-210

tegral with a sample mean. An relevant example is to compute the211

probability, i.e. the mean rate of occurrence, that a system’s out-212

put will lie in a “failure region.” The primary drawback of MC213

is the slow rate at which the sample mean converges to its true214

value. The Central Limit Theorem states that if Xi is a sequence215

of independent identically distributed random variables (i.e. inde-216

pendent draws from the same distribution) with finite mean µ and217

variance σ2, then as the number of samples, N , approaches infinity218

the sum of the sequence mean converges to the normal distribution,219

N
(
Nµ,Nσ2

)
. With minor manipulation it follows that220

lim
N→∞

∑N
i=1 (Xi − µ)√

N
∼ N

(
0, σ2) ,

lim
N→∞

∑N
i=1 (Xi − µ)

N
∼ N

(
0,
σ2

N

)
,

and hence that, in the limit of an infinite number of samples, the221

standard deviation of the error, also known as the standard error, in222

the computed mean is223

σerr =
σ√
N
. (1)

Although this rate of convergence is very slow, the number of di-224

mensions, d, does not appear in Eq. 1. MC’s primary advantage225

is that it is not subject to the so-called “Curse of Dimensional-226

ity”: the number of samples required for a given fidelity of rep-227

resentation of an unknown function is exponential in d. Signif-228

icant effort has been invested in developing variants of MC with229

faster rates of convergence. Some examples include (1) Jittered230

Sampling (JS) [Liu and Stanley 1965], a space-filling form of MC231

that randomly perturbs nodes of a tensor product grid; (2) Latin232

Hypercube Sampling (LHS) [McKay et al. 1979; Owen 1992], of-233

ten called the more descriptive “N-rooks sampling” in the graphics234

community; (3) Multi-Jittered Sampling (MJS) [Chiu et al. 1994],235

a two-dimensional combination of JS and LHS; (4) Binning Opti-236

mal Symmetric Latin Hypercube Sampling (BOSLHS) [Dalbey and237

Karystinos 2010], which generalized MJS to higher dimensions and238

a number of samples that is not exponential in d; (5) Importance239

Sampling (IS) [Glynn and Iglehart 1989], which involves prefer-240

entially sampling where it is beneficial to do so and compensating241

by reducing the weight of preferred points; and (6) Markov Chain242

Monte Carlo (MCMC) [Gilks et al. 1996], briefly summarized as243

random or drunkard’s-walk MC with a carefully constructed path244

preference. Our work has a similar goal to these methods; in this245

paper we show that using k-d darts instead of traditional point darts246

also has the potential to accelerate the convergence of a MC sample247

mean for certain types of problems.248

3 K-d dart Method249

Now that we have seen a text description of the method (Section 1)250

and where it might be useful (Section 2), we define it more formally.251

We are interested in analyzing a function f , defined over the domain252

D ⊂ Rd. Often D = [0, 1]d.253

A flat F is a k-dimensional subspace of the domain, {p} : po +~tv.254

The flat contains point po. Here v is an axis-aligned normal vector:255

vj = 1 for j in some indicator set J and 0 otherwise, where |J | is256

the dimension of the flat. Also~t is some arbitrary scaling vector and257

~tv denotes the vector that is their componentwise product. Thus po258

and v define the flat.259

A k-d dart s is a sample defined by a set of flats. The v are the
(
d
k

)
260

possible zero-one vectors with |J | =
(
d
k

)
. For a line-dart, the v are261

the d elementary vectors. For a joined k-d dart, all the flats contain262

a common point po. For a split k-d dart, the point for each flat is263

independent.264

To choose a joined dart uniformly at random from [0, 1]d, we265

choose the d coordinates of po uniformly at random from [0, 1].266

For a given flat, only the coordinates of po where v is zero mat-267

ter, so we only need to generate those coordinates when specifying268

each flat for a split k-d dart.269

The typical algorithm using k-d darts uses the following approach.270

Generate N independent darts. (Adaptive sampling is also possi-271

ble.) For each dart, perform searches to generate the (approximate)272

imprint of f along each flat. Use a measure of the imprint to esti-273

mate the global measure of f . Since this outline is so generic, we274

next describe three concrete applications.275

The meaning of the domain is application-specific. In rendering,276

the domain combines a 3d scene space with time and lighting to277

produce a 5d domain. For maximal Poisson-disk sampling, the do-278

main is typically the unit cube. For uncertainty quantification (UQ),279

the domain is an abstract parameter space, describing the possible280

configurations of a realized system. For example, one dimension281

might indicate the range of temperatures that a bridge is exposed282

to, another the weight load, and others the spatially varying mate-283

rial strengths of concrete.284

Each application is concerned with estimating some property of f .285

In rendering, f is the contribution of one ray (photon) to a pixel,286

and we seek to estimate the contribution of all photons over a dis-287

crete time interval for each pixel. In maximal Poisson-disk sam-288

pling (MPS), uncertainty quantification, and other geometric appli-289

cations, f is an indicator function specifying whether that point of290

the domain is inside or outside some region of interest. For MPS,291

f indicates whether a point is inside a previously selected Poisson-292

disk. For UQ, f < 0 indicates where a manufactured system fails,293
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and the actual value of f indicates how far the system is from fail-294

ing.295

4 Maximal Poisson-Disk Sampling (MPS)296

Algorithm 1 A classical dart throwing algorithm using line darts.
while maximality estimates are inadequate do

generate a line dart s1

for all i =permutation(1..d) do
generate line segment(s) g = s1i∩ domain
for all samples p do

subdivide g = g \D(p)
end for
if g 6= ∅ then

count s1as a hit
select sample uniformly from g
skip to next line dart

end if
end for
count s1 as a miss

end while

Using k-d darts, we provide a practical solution for the MPS prob-297

lem in high dimensions, where traditional methods do not scale298

(Section 2.1). Our implementation is a variant of traditional dart-299

throwing, which (in its classical formulation) throws point darts into300

the domain, keeping only those darts that hit uncovered regions.301

However this algorithm converges so slowly as to be impractical,302

especially in high dimensions, because any individual point dart is303

unlikely to hit an uncovered region. Our implementation uses both304

point and line darts. Casting line darts into the domain is much305

more likely to intersect an uncovered region, making our imple-306

mentation much more practical. Algorithm 1 specifies our imple-307

mentation in detail: briefly, we cast line darts into the domain and308

intersect them with already accepted samples in the domain to gen-309

erate a set of segments that are not covered by any samples, then310

uniformly sample across those segments with a point dart.311

The memory requirements are only O(nd), which is what is re-312

quired to represent the output point cloud because each sample has313

d coordinates. Only 2n + d floats are needed for scratch space for314

each line dart g. The runtime is O(dn logn+ nd2) per dart throw.315

The number of throws is a function of V , the acceptable void vol-316

ume (the fraction of the domain that is uncovered by samples), and317

the miss rate; the community lacks the tools to analytically bound318

the miss rate, but we show that for line darts it can be made to be319

reasonable, or at least more reasonable than the alternatives.320

The drawbacks are that the process is biased, but the output point321

cloud bias is small according to the standard measures: FFT spec-322

trum, power, and anisotropy. The output is not maximal, but its323

deviation can be estimated.324

In order to check the potential bias of line darts, we generated 2d325

samples using both line darts and point darts. Figure 2 and Figure 3326

compare the blue-noise properties associated with the two resulting327

point clouds; the bias introduced by line darts is, at least for these328

three metrics, indistinguishable from traditional point darts. In this329

test problem, the acceptable void volume was less than 10−6. Line330

darts inserted 173,944 points in 33.241 seconds while point darts331

inserted 171,341 points in 235.947 seconds.332

The increased efficiency of our approach is due to the superior abil-333

ity of line darts to search the space to find uncovered points. Only334

extremely simple and one-dimensional data structures are needed.335

The cost of throwing a line dart is nearly the same as a point dart.336

(a) Line darts

(b) Point darts

Figure 2: FFT spectrum (right) for the MPS point cloud (left) gen-
erated via line darts (top) and point darts (bottom).
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(b) Point darts

Figure 3: Radial anisotropy and mean power estimates for line
darts (top) and point darts (bottom), averaged over ten samplings.

4.1 Implementation Details337

k-d tree. To speed up the iteration over inserted points, we utilize338

a k-d tree that requires low memory since every inserted point is339

associated with two points only.340

Line darts. A split line dart generates d sets of d−1 coordinates,341

in O(d2) time and space. (A line dart just takes d − 1 random342

coordinates.) At the time of this submission, we have implemented343

the method for joined darts. The maximality estimates for coverage344

are better for split darts because they are independent.345
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Computation of the segment array g. Beyond storing the ac-346

cepted samples, our only data structure is an array of segments in347

the line l of the line dart. Each stored segment is inside the domain348

but outside the sample disks processed so far. The set g may be349

implemented as a one-dimensional linked list storing the ith coor-350

dinate of the starts and ends of segments: g = [a0b0a1b1 . . . aqbq]351

where q ≤ n if the domain is convex.352

To update g for a new disk D(c) centred at sample c, we first com-353

pute g′ = D(c) ∩ l = [b′, a′].354

Using binary search in O(logn) time, we find the position in g355

where b′ and a′ should appear. If they are beyond a0 or bq , the disk356

does not intersect g. If b′ and a′ both lie between aj and bj , the357

latter segment is split into two: ajb′a′bj . Otherwise if b′ only lies358

between aj and bj , then a segment is trimmed by replacing bj by359

b′; a similar step applies for a′. Any endpoints between b′ and a′360

are covered by the disk and discarded. The updates are O(1) time361

for a linked list.362

Choosing a point from g uniformly can be done by adding the363

lengths of the segments L, choosing a random number between 0364

and L, and using binary search to find the corresponding point on365

g.366

Maximality estimates Suppose that having a remaining void vol-367

ume V is acceptable, and the probability of hitting the void with a368

k-dimensional dart (point, line, or higher k) is Pk. Then on aver-369

age, one out of P−1
k darts will hit the void. Our current terminating370

condition is to stop after m = ceil (1/Pk) misses. The probability371

of finding a void of size V is therefore372

Pfind = 1− (1− Pk)
m . (2)

If being able to find the void with a specified probability Pfind is373

required, then Eq. 2 can be solved for m instead of Pfind. For point,374

i.e. k = 0, darts, P0 = V . Assuming a hypercube domain, the375

worst (hardest-to-find) case for k-d darts is when the void is a hy-376

percube with edge length b = V 1/d. For joined k-d darts, the worst377

case Pk is378

Pk =

k∑
i=0

(
d

i

)
bd−i(1− b)i. (3)

Figure 4 shows the values of m for different k values using V =379

10−5 and V = 10−8. For lower values of V , using a higher-380

dimension dart might be more efficient.381

For joined line darts (our current implementation), this simplifies to382

P1 = V + d
(
V 1−1/d − V

)
. For split line darts, the worst case383

P1 is P1 = 1 −
(
1− V 1−1/d

)d
. This analysis suggests that split384

darts will be even more capable at finding voids than joined darts.385

4.2 Experimental Results386

We tested our code using 2, 4, 10, and 20 dimensions using point387

darts and line darts. Figure 5 demonstrates the execution time and388

the number of inserted points for different values of the acceptable389

void ratio, V . For low dimensions (e.g. d = 2–4), line darts are390

more efficient if V < 10−4, while for high dimensions, line darts391

seem to take the upper hand at lower values. Note that for all ex-392

periments, line darts were able to insert more points regardless of393

V and d.394
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(a) V = 10−5
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(b) V = 10−8

Figure 4: Number of successive misses required for termination in
the case of using joined darts.

5 Depth-Of-Field Using k-d darts395

In this section we present an application of k-d darts for fast and396

high-quality rendering of depth-of-field in computer-synthesized397

images. Depth-of-field or defocus is a common visual effect caused398

due to the finite aperture of the lens in a camera. Objects near the399

focal plane of the camera appear sharp, while those away from the400

focus (near or far) appear blurred or out of focus.401

Mathematically, computing a pixel’s color in the presence of depth-402

of-field can be expressed as a four-dimensional integral over the403

pixel’s spatial (x,y) and lens aperture (u,v) dimensions. In most404

high-quality renderers, this integration is calculated using a Monte405

Carlo integration over many point samples. Practically this method406

suffers from a low rate of convergence, and reducing noise for a407

good quality image usually requires a very large number of samples408

per pixel. This results in a very expensive operation, and presents409

itself as an important problem in computer graphics.410

k-d darts offer themselves as a great alternative in such scenarios,411

since they promise faster convergence as well as low noise. Thus,412

we use k-d darts to present an efficient solution to rendering high-413

quality depth-of-blur. Instead of using point samples for reconstruc-414

tion, we use 1d (line) darts, thrown in the (x,y,u,v) space. We com-415

pute coverage for these darts using a method inspired by Gribel et416

al. [2010; 2011]’s work on rendering motion blur. However, we417

use line darts in the u, v domain (instead of x, y, t domain) to com-418

pute depth-of-field blur. In that sense, our work can be considered419

an extension to Gribel et al. [2010] for a broader four dimensional420

problem. Note that the use of “line sample” by Gribel et al. [2011]421

our terminology is a 2d or plane dart.422

For each triangle and pixel sample (x,y), we throw several line darts423
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(a) d = 2
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(b) d = 4
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(c) d = 10
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Figure 5: Execution time and number of inserted points for dimension d as a function of the acceptable void ratio, V . Smaller V (toward
the left on the graphs) is desirable since it approaches the maximal condition; as V becomes smaller, using line darts has an increasing
performance advantage. Given the termination condition of the same acceptable void volume, the line-dart approach also consistently finds
more points than the point-dart approach for all void ratios.

in the u, v plane, analytically computing and storing the triangle’s424

coverage along the line dart. Once we have processed all triangles,425

we resolve the list of coverages for each line dart to obtain the final426

sample color, which we use to compute the final pixel color. Note427

that for efficiency reasons, we use a combination of split and joint428

k-d darts, throwing several u, v line darts per pixel sample (x,y).429

5.1 Triangle Edge Equations u, v Domain430

For a given triangle, we start by computing a signed radius of circle-431

of-confusion (CoC) for each vertex, obtained using the following432

expression [Hammon Jr. 2008]:433

CoC = A ·
(
f(z − zf )
z(zf − f)

)
where A and f are the camera aperture and focal length, respec-434

tively, and zf and z indicate the respective depths of the focal plane435

and the given vertex. The latter is simply the w coordinate of the436

vertex in clip-space.437

Given the lens u and v coordinates ((u, v) ∈ [−0.5, 0.5]2), we438

assume a linear apparent motion of the vertex screen coordinates.439

For a given screen-space vertex xi,yi (i ∈ 0, 1, 2):440

xui = xi + ciu

yvi = yi + civ

where ci represents the circle of confusion for the vertex.441

We insert the above in the equations for testing whether an oriented442

triangle edge i (between vertices i and j) covers a point (x,y):443

ESi(x, y, u, v) = (y − yvi )(xuj − xui )− (x− xui )(yvj − yvi ) ≥ 0

where ESi represents the edge-sum at (x,y) for the ith edge.444

The above expands to:445

ESi(x, y, u, v) = (y − yi − civ)(xj − xi + u(cj − ci))
− (x− xi − ciu)(yj − yi + v(cj − ci)) ≥ 0

and can be further simplified to get:446

ESi(x, y, u, v) = ESi(x, y, 0, 0)

+ u(cj(y − yi)− ci(y − yj))
− v(cj(x− xi)− ci(x− xj)) ≥ 0

ESi(x, y, u, v) = Ci(x, y) + uAi(y) + vBi(x) ≥ 0

u

v

(a) Line darts in u, v domain.
Bright portions of the samples in-
dicate coverage.

u

d
ep
th

(b) Resolving depth for a sample.

Figure 6: Our technique for computing analytical coverage using
line darts. The u, v domain with transformed triangles and line
darts is shown in (a), and depth resolution per sample is shown in
(b). Without line darts, we would have to sample many more points
within the sampling region to achieve equivalent quality.

which is linear in u and v. Thus, to compute coverage for a given447

pixel sample, each triangle edge in screen-space can be transformed448

into another edge in the lens space. We throw line darts in this449

space, computing coverage as described in the next subsection.450

Note that Ci is simply the edge-sum in a non-defocus scenario, and451

Ai and Bi can both be partially computed during triangle setup,452

and updated using simple multiply-accumulate operations on a per-453

pixel-sample basis.454

5.2 Analytical Coverage in the u, v Domain455

Knowing the edge equations in the u, v domain, we can now com-456

pute their coverage along a line dart. Figure 6 summarizes our tech-457

nique for determining coverage.458

For each pixel sample, we instantiate several line darts along u or459

v directions. Our current implementation considers darts thrown460

in a wagon-wheel fashion, although extension to arbitrary darts is461

straightforward. Note that a wagon-wheel pattern biases the recon-462

struction towards the center of the lens, which may be desirable463

depending on the application.464

Rendering consists of testing each incoming triangle against po-465

tentially covered line darts. For each pixel sample in the triangle466
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Point #darts 1 4 16 64 169
Darts Time (sec) 1.26 4.35 15.15 58.22 150.53

Line #darts 2 4 8 12 16
Darts Time (sec) 4.55 8.91 18.44 27.61 37.97

Table 1: Performance of our point sampler against our line sam-
pler. #darts indicates the number of darts (point or line) thrown per
pixel. Each line dart is clearly several times costlier than a point
dart, although only a few are required for high quality.

bounding box, we use equations from Section 5.1 to transform tri-467

angle edges to the u, v domain.468

From here on, we follow Gribel et al. [2010]’s approach to construct469

and resolve line darts, and direct the interested reader to their pa-470

per for more details. For each line sample, we analytically compute471

any portion covered by the triangle. A per-line-sample queue stores472

covered portions with color as well as depth information. Once all473

triangles have been processed, we resolve the final color for each474

sample by sweeping across its dimension while aggregating trian-475

gles closest in depth, and then using all pixel samples to compute476

the final color for the pixel.477

5.3 Implementation and Results478

To test our formulation, we designed a simple CPU-based renderer479

capable of rendering triangle scenes using traditional triangle ras-480

terization. To this renderer, we integrated the following:481

• A stochastic sampler based on point-darts482

• A sampler based on line-darts483

Resulting images for a basic scene are shown for quality compari-484

son in Figure 7. Also, Table 1 shows the performance of our sam-485

plers.486

Clearly, the renderer based on k-d darts is virtually free of noise487

with just two darts in u, v space. However, dart orientations intro-488

duce some obvious bias, which quickly resolves as we use more489

than 12 line darts. In contrast, a stochastic point sampler suffers490

from severe noise even with 64 samples per pixel. At 169 samples491

per pixel, the noise is reduced but still evident. Furthermore, at this492

point the stochastic renderer is 4–5 times slower than the k-d dart493

renderer with 12–16 line darts. Note that the slight difference in494

the blur magnitudes is due to our choice of a wagon-wheel line dart495

pattern (Figure 6).496

Clearly, throwing a line dart is much more expensive than throwing497

a point dart. However, line darts improve bias significantly faster498

and are less noisier even with a few samples per pixel.499

6 Probability of Failure, Uncertainty Quantifi-500

cation (UQ)501

Uncertainty quantification (UQ), in this context, samples the result502

of a complex high-dimension computation that characterizes a par-503

ticular system to estimate the probability of that system’s failure. In504

typical UQ application domains, the function is complex, sampling505

the function is expensive, and the failure region is small compared506

to the size of the domain, so efficient sampling is crucial. K-d darts507

can make this computation more efficient. This application demon-508

strates that k-d darts are applicable even for complex functions.509

6.1 UQ: Error Analysis510

Let I (x) be the indicator function for a system failure, such that511

I (x) = 1 if failure occurs at the point x and zero otherwise. Then512

the probability, or mean rate of occurrence, of failure is E (I (x)) =513

P , where E() is the “expectation” or mean over the domain x ∈ X .514

If the probability that a system failure occurs using point-dart MC515

is P , then the true variance of I (x) is516

σ2 = E
(
(I (x)− P )2

)
= E

(
I (x)2

)
− 2E (I (x))P − P 2

= E
(
I (x)2

)
− P 2 = P − P 2. (4)

Thus the point-dart MC standard error is517

σerrPD =

√
P − P 2

N
. (5)

Eq. 1 still applies when hyperdarts are used instead of point-darts,518

but the definition of the σ in the numerator and N in the denom-519

inator changes. The analytical variance σ2 is now defined as the520

average over all
(
d
k

)
components or flats of a d-dimensional hyper-521

dart. The N in the denominator is replaced with
(
d
k

)
N where N is522

now defined to be the number of hyperdarts. Also, because the Cen-523

tral Limit Theorem now requires all components of samples to be524

independent, split hyperdarts must be used. Even with these stip-525

ulations, the standard error for a d-dimensional hyperdart, σerrkD ,526

depends on the problem under consideration, This is because the527

indicator function is no longer a binary function; it can now take on528

any real value between 0 and 1 (inclusive). This can significantly529

reduce the analytical variance, σ2. The value of I (x) for a specific530

hyperdart is the fraction of it that intersects with the failure region,531

and that depends on the shape of the failure region. If the failure532

region was shaped so that P of every component of every possible533

k-hyperdart intersected with the failure region, then the standard534

error would be zero, but other than for the special cases of k = d,535

P = 1 or P = 0 this is highly unlikely. However, if one assumes536

the domain X is a hypercube, it is straightforward to compute the537

standard error for certain extreme cases. Intuitively, 3 extreme cases538

should be considered:539

1. a hyper-rectangle failure region that covers P of 1 dimension540

and all of the d− 1 other dimensions,541

2. a hypercube failure region that covers P 1/d of all d dimen-542

sions, and543

3. a hypersphere failure region.544

Only the first two are considered here because they are far easier to545

compute than the third. For extreme case 1,
(
d−1
k−1

)
components of546

the hyperdart have σ2 = 0; the other
(
d−1
k

)
have the same σ2 as547

point-dart MC. This averages to548

σ2
HD1 =

(
d−1
k

)(
d
k

) (
P − P 2) = d− k

d

(
P − P 2) . (6)

The standard error is then549

σerrHD1 =

√
(d− k) (P − P 2)

d
(
d
k

)
N

. (7)

For extreme case 2, the analytical variance is the same in all direc-550

tions:551

σ2
HD2 = P 1−k/d

(
P k/d

)2
− P 2 = P 1+k/d − P 2. (8)
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(a) Images rendered using our point sampling renderer.

(b) Images rendered using our renderer based on line darts.

Figure 7: Depth-of-field results using conventional point sampling vs our k-d darts method. Our k-d darts method is able to produce a
high-quality, relatively noise-free image using only a few line-samples, at the cost of some bias.

1

PP

Case 1

1

P

Case 2

P
1/d

Figure 8: Left: Extreme Case 1: the failure region covers P of one
dimension and all of d − 1 dimensions. Right: Extreme Case 2:
P 1/d of all d dimensions are covered.

The standard error is then552

σ2
errHD2 =

√
P 1+k/d − P 2(

d
k

)
N

. (9)

Thus, theoretically, a single d-dimensional hyperdart can exactly553

compute the probability of failure. This is reflected by the standard554

error equaling zero for both extreme case 1 (Eq. 7) and 2 (Eq. 9)555

when k = d. For 0 < k < d, under the assumption that the cost556

of each flat is paid separately, the primary advantage of hyperdart557

MC is the reduction of the analytical variance in the numerator of558

the standard error. However, this significant increase in accuracy559

is associated with an increased per-dart cost, where cost is defined560

as the number of potentially very computationally expensive simu-561

lations. Note that a shared cost implementation, one in which the562

simulations performed for earlier flats are leveraged to reduce the563

number of simulations required by later flats would result in a sig-564

nificant cost reduction. This would allow hyperdart MC to benefit565

from an increased number of dimensions, which is why k-d darts566

are potentially powerful tools for uncertainty quantification.567

Figure 9: Plot of the “circular parabola” function, Eq. 10, for two
inputs.

6.2 UQ: Results568

We now demonstrate the potential of k-d darts for uncertainty quan-569

tification, by using line-dart Monte Carlo to determine the failure570

probability for the simple d = 2 dimensional “circular parabola”571

test function plotted in Figure 9. Its governing equation is572

y (x) =

d∑
i=1

(2xi − 1)2, 0 < xi < 1. (10)

Our MATLAB implementation of line-darts makes the following573

assumptions:574

• Failure is defined as the output of a true function (read as575

“simulator”) y = f (x) being either above or below a thresh-576

old value.577

8
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Figure 10: Comparison of point-dart and line-dart Monte Carlo
for the 2D circular parabola problem. The number of line-darts
thrown was ceil(2/Pfail). Point-dart MC used the same number of
simulations as line-dart MC. In the plots µ and σ are the mean and
standard deviation respectively of 100 trials. The true failure prob-
abilities were specified directly and the corresponding thresholds
were calculated from the area of the circular failure regions. The
failure probabilities calculated by line-dart MC are dramatically
closer to the true values than those calculated by point-dart MC.

• f (x) is C1 continuous everywhere on the domain x ∈ X .578

• The simulator is a computationally expensive black box func-579

tion, whose first derivative of f (x) can be efficiently calcu-580

lated using a numerical technique such as continuous adjoints581

or automatic differentiation [Griewank 1988]. Here, “effi-582

ciently” means the cost of evaluating a the true function plus583

its first derivative is comparable to the cost of evaluating only584

the function. “Expensive” means that all other computational585

costs are negligible compared to the cost of running simula-586

tions.587

The implementation handles each component or flat of a split line-588

dart separately and uses a 1D cubic Hermite spline a response sur-589

face for each component. The 1D optimization starts by simulating590

at both ends of the one-dimensional domain and fitting a single-591

segment cubic Hermite spline. The spline is rebuilt with an increas-592

ing number of segments after each simulation is added. If a segment593

of the spline intersects with the threshold then a simulation is per-594

formed at that intersection. If the spline segment does not intersect595

the threshold, then the point on the spline closest to the threshold is596

evaluated. If there are multiple equally good candidates on a single597

segment, then the one closest to the segment’s center is evaluated.598

A segment’s best candidate will only be evaluated if it is between599

the segment’s break points (not inclusive). The 1D optimization600

stops when no segment proposes a valid candidate.601

If the projection of the true function onto the flat is cubic or lower602

order polynomial, such as for the circular parabola problem, then603

this implementation uses the minimum number of simulations pos-604

sible within the class of methods that pays the cost of each flat sep-605

arately. Here minimum means 4 simulations per flat that intersects606

the failure region twice and 3 simulations per flat that intersects it607

one or zero times.608

Figure 10 shows that the failure probabilities calculated by line-dart609

MC are dramatically more accurate (closer to the true values) than610

those calculated by point-dart MC for the 2D circular parabola test611

function when the same number of simulations are used for each612

approach. Specifically, the minimum, maximum, and mean plus or613

minus two standard deviations for 100 trials of line-dart MC were614

well within the mean plus or minus one standard deviation for 100615

trials of point-dart Monte Carlo. This demonstrates the potential616

for significantly greater accuracy of hyperdart relative to point-dart617

MC. However, hyperdart MC will only be competitive with point-618

dart MC for generic high-dimensional problems if the simulation619

cost of flats can be shared, i.e. if the cost of later flats can be reduced620

by taking advantage of the simulations performed for earlier flats.621

It may be possible to accomplish this with a global-surrogate-based622

optimization method that concurrently locates the intersection of all623

flats with the failure region’s isosurface.624

7 Conclusions625

In this work we generalize higher-dimensional sampling, introduce626

the k-d dart, and demonstrate its effectiveness in a number of appli-627

cations.628

Line darts seems to be quite significant for solving the maximal629

Poisson-disk sampling problems in higher dimensions. Below a630

given acceptable void ratio V , they are clearly more efficient than631

point darts. To achieve the same relaxed maximal condition (e.g the632

distance between any point in the domain is less than r + ε) inde-633

pendent of the number dimensions, d, the acceptable void ratio has634

to decrease exponentially with d. This makes line darts even more635

significant as the number of dimensions increases. Our results sug-636

gests that even applying higher dimensional-darts might be useful637

in some cases. The bias introduced by the line darts seems to be638

negligible. Our line-dart algorithm has is optimal with regard to the639

memory requirements enabling the production of large samples in640

higher dimensions. In one case we were able to produce a point641

cloud with 43527 points, d = 30 in less than three hours.642

In the context of uncertainty quantification, hyperdart Monte Carlo643

sampling has the potential for dramatically greater accuracy per644

cost than point-dart Monte Carlo. A optimization/root-finding645

method that leverages earlier simulations to reduce the computa-646

tional cost of later flats is needed to realize this potential for general647

high-dimensional problems.648

For depth-of-field, using k-d darts is extremely beneficial in reduc-649

ing noise. Though each 1D dart requires more processing than point650

samples, we only need a few to render a high-quality image. This651

results in our k-d dart method outperforming point sampling. We652

expect that a parallel GPU implementation of this method would653

get real-time performance, which we plan for future work. Since654

k-d darts result in a low-noise image with bias, and point sampling655

gives noisy bias-free images, a hybrid sampling implementation656

may mitigate artifacts from both of these sources.657

K-d darts are an example of higher dimensional hyper-plane sam-658

pling; however, there are a variety of other higher-dimensional sam-659

pling techniques, such as sampling along the path of a circle (or660

hyper-sphere) with varying radii, or sampling along a z-pattern.661

We plan to explore some of these possible sampling techniques for662

graphics applications to study what advantages, if any, we can ex-663

ploit from their characteristics.664
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