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A binding energy data for total baryon number A < 208 and for A angular momenta
¢y < 3 are analyzed in terms of phenomenological (but generally consistent with meson-
exchange) AN and ANN potentials. The Fermi-Hypernetted-Chain technique is used to
calculate the expectation values for the A binding to nuclear matter. Accurate effective

~ AN and ANN potentials are obtained which are folded with the core nucleus nucleon
densities to calculate the A single particle potential Up(r). We use a dispersive ANN
potential but also include an explicit p dependence to allow for reduced repulsion in
the surface, and the best fits have a large p dependence giving consistency with the
variational Monte Carlo calculations for § He. The exchange fraction of the AN space-
exchange potential is found to be 0.2-0.3 corresponding to m} =~ (0.74—0.82)m,. Charge
symmetry breaking is found to be significant for heavy hypernuclei with a large neutron
excess, with a strength consistent with that obtained from the A = 4 hypernuclei.

1. INTRODUCTION

We analyze the A single particle (sp) data in terms of semi-phenomenological AN and
ANN potentials which are generally consistent with meson-exchange models, with the
AN potential constrained by the low energy scattering data [1]. The experimental A
sp data cover a wide range of hypernuclei [2] with baryon number A < 208 and orbital
angular momentum £, < 3. Among other approaches to the A data, ours is perhaps
closest to that of Millener, Dover and Gal [3] who use a local density approximation based
on phenomenological (zero-range) Skyrme forces which brings out important qualitative
features. However, in the present work the effect of the fringing field (FF) due to the finite
range of the potentials is included whereas in our earlier work [4] this was not treated
adequately. We show that the FF plays an important role. We also include a AN charge
symmetry breaking (CSB) component. For heavy hypernuclei (HN) with a substantial

*QNU gratefully acknowledges the use of the facilities of the Department of Physics, Jamia Millia Islamia,
with the Departmental Research Support (DRS) given by University Grants Commission, New Delhi.
QNU is also indebted to Professor Dato, Dr. Syed Jalaludin, Professor Dr. Muhamad Awang, and Dr.
Wan Mahmood Mat Yumus of the University Putra Malaysia (UPM) for encouragement and support.
This research is also sponsored in part by the U.S. Department of Energy, Nuclear Physics Division,
under Contract No. W-31-109-ENG-38.



DISCLAIMER

This report was prepared as an account of work sponsored
by an agency of the United States Government. Neither the
United States Government nor any agency thereof, nor any
of their empioyees, make any warranty, express or implied,
or assumes any legal liability or responsibility for the
accuracy, completeness, or usefulness of any information,
apparatus, product, or process disclosed, or represents that
its use would not infringe privately owned rights. Reference
herein to any specific commercial product, process, or
service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its
endorsement, recommendation, or favoring by the United
States Government or any agency thereof. The views and
. opinions of authors expressed herein do not necessarily
state or reflect those of the United States Government or
any agency thereof.




DISCLAIMER

Portions of this document may be illegible
in electronic image products. Images are
produced from the best available original

document.




neutron excess, the CSB contribution is significant and consistent with that obtained from
the A = 4 HN [5].

Our approach is microscopic and based on calculating the A binding to nuclear matter
D({p, kp) for a A with momentum &, and for densities p < po using the Fermi-Hypernetted-
Chain (FHNC) approach [1,6]. The associated AN and ANN effective potentials are
calculated in lowest order of the cluster expansion but with corrections from the higher-
order clusters. These effective potentials are folded into the core-nucleus densities p(r)
to give the sp potential Ux(r). The effective mass arises from the space exchange part of
the AN potential which gives the k5 dependence. The By are then calculated using a sp
Schrédinger equation. Core distortion effects are neglected as they were found to be small
in earlier calculations [7]. Our procedure should provide an excellent approximation to an
exact microscopic approach, thus providing a well-founded phenomenology for analysis of
the sp data. :

2. THE AN AND ANN POTENTIALS

We use the same central Urbana-type 2r AN potential as in Ref. [1], the attractive
part being due to the strong tensor OPE component acting twice. The short-range part
of the AN potential is parameterized with a repulsive Saxon-Wood potential. Thus, our
charge symmetric AN potential is

Van(r) =V(r)+Vin,  Vin=-¢V(r)(l-F). (1)
The direct potential is

-1
V(r) = Woll+exp{(r — B)/a}|” —Var,  Var=VoT2(r), (2)

where Wy = 2137 MeV, R = 0.5 fm, a = 0.2 fm, and 7 is in fm. T,(r) is the OPE tensor
potential shape modified with a cut off (Ref. [1] for details). Vo = 6.15 & 0.05 MeV
fits the low energy Ap scattering data. P, is the space-exchange operator; € determines
the strength of V¥, relative to the direct potential. The Ap forward to backward ratio
scattering data determines ¢ quite poorly = 0.1 ~ 0.4 and we therefore treat € as a free
parameter.

The ground and excited states of {4 H and § He show charge symmetry breaking which is
also expected on theoretical grounds. Earlier, we analyzed these data with a phenomeno-
logical CSB potential which we found to be effectively spin-independent [5]. Here we use
a spin-independent CSB potential since in any case any spin dependence gives a negligible
A~! contribution for large A. Thus

Vi = VP TR(r), (3)

where VG328 ~ (0.5 &+ 0.005) MeV from A = 4. For heavy HN with an appreciable
neutron excess CSB makes a relatively small but quite significant contribution.

A central AN potential fitted to low-energy scattering strongly overbinds heavy HN
[1,8]. However the TPE AN potential could be strongly suppressed from propagator
modifications by other nucleons. Such effects have been demonstrated in coupled-channel



reaction-matrix calculations [8-10] which can give large repulsive contributions. We rep-
resent such suppression effects by a phenomenological repulsive ANN potential

Vany = Vioy = WT2(rp1)T2(ra2) (4)

where 7,; is the AN; separation and where for W > 0 the contribution is repulsive.

Another (TPE) AN N potential V2% arises from the exchange of a pion between the A
and each of two different nucleons and involves spin dependent and tensor contributions.
Variational calculations using Monte Carlo (VMC) techniques for 3 He {1,11-13] and 1O
[14] show that the contribution of V2% is attractive, primarily because of the associated
ANN correlations. The net contribution of V2%, + V& x can then be mildly repulsive
or even attractive for light HN. For heavier HN and for the A binding to nuclear matter
at normal density D(pp) there are indications that this contribution will be repulsive.
However for smaller p it may become less repulsive or even attractive. This feature was
not present in our earlier analysis[4] due to inadequate treatment of the ANN correlations
generated by V2% . We therefore take a more phenomenological approach which allows
the ANN potential to be more repulsive for at larger p or equivalently for larger A. We
implement this by multiplying V5 y by a density dependent factor Fz(p)

Fg(p) = [1 — exp (—Bp°/ p%)] / [1 — e ] forp < po (5)
= lforp> pp.

F3(p) makes the ANN contribution less repulsive for p < pp and thus gives effectively
more repulsion for large A for which there is relatively less surface.

3. CALCULATION OF THE A SINGLE-PARTICLE ENERGIES

The B, are calculated from a sp Schrédinger equation involving the sp potential Uy (r)
and the effective mass mj3(r). The calculation of these in terms of the AN and ANN
potentials is described below and is based on the local density approximation with D(p, k)
calculated variationally using the FHNC technique [1,6]. Thus for A — co

(U@ FOp@Y  (gA-D| gD | pa-1)

—D(p, kp) = (T, Py (TA-1), ga-1) ©

where H(A) ¥(4) are the Hamiltonian and wave function of the HN and Hf\’,‘l_l), plA-1)
those of the core nucleus. The variational wave functions are

OlA) — eiE~FAF\I;(A—1) (7)

where F contains the AN and ANN correlations

A-1 A-1
F=|]] fan(ras) 1 fANN(FAi,FAj,ﬁj)] (8)
i=1

1<j




The wave function of nuclear matter is

A-1
plA-1) H fNN(Tij)q)(A—l)(l’ 2...4 — ]_) , (9)

i<j

where ®“-1) is the uncorrelated Fermi gas wave function at density p. Details of the
correlation factors fan, fvwn, fanvny and the calculational methods are given in Refs. 1 and
2. In the previous, as well as the present study, the effect of fyn is negligible in lowering
the energy its value being effectively unity.

D(p, kp) can be written as

R2k2

2mA

D(p, ka) = —=—=2 + D{™(p) + D2V (p, ka) + DN (), (10)

where D4V, DAN and DANN are the direct AN, the exchange AN and AN N contributions.
DY = ~(V) + (Tan) = —p [ Van dF = —pto(s). (11)

The corresponding direct effective interaction is

h2
dpan

VAN = gaN [VAN(T) - Vi ¢, fAN("'):' ) (12)

where gan is the AN distribution function obtained in the FHNC approximation and pan
is the AN reduced mass. For a Skyrme interaction (zero range potential) ¢y is independent
of p, whereas for our AN potential (T")/p and (V') /p decrease slightly with p.

The AN space-exchange contribution is

DA = p [ Vay (e, ke, )dF, (19)
where kg is the Fermi momentum and where
Vin (€, kp, 1) = eVan(r) [QAN(T)DF(’CFT )do(kar) — gAN] . : (14)

Here Dr = 3j;(z)/z is the Slater function, and j, and j; are the zero and first order
spherical Bessel functions. The distribution functions, gy and gan etc. are defined in
Refs. 1 and 6. For small k, we retain terms only up to k3, and then

~ 1
V: (6, k‘p, 7‘) = VXN (kp, T) - prki with b= 6 VAN(T) ‘/‘gAN(T‘)DF(kp’I‘)Tde. (15)

The corresponding effective AN exchange potential is

Vi (e, ) = eVan (r) [gan(r) De(ker) — gan] . (16)




The term proportional to &2 in Eq. (15) is combined with the kinetic energy term of Eq.
(10) to give

R2k2 h2k2
2mj = 2ma A

—epbk3 | (17)

where m} is the effective mass.
For the dispersive ANN potential of Eq. (4) we obtain

DANN(p) = W,D / T2(ra1)T2(raz2)gs(rar, Ta2, T 12)d7‘1d7” 2dTA (18)

where g3 is the three-body distribution function defined in Refs. [1 and 6].
With the density modification of Eq. (5) the ANN contribution becomes

D" (p) = Fp(p) D™ (p). ' (19)

The well depth D,, its components , and m} all at py are shown in Table 3.

For the calculation of U, the use of the various effective interactions is quite involved
because of their density dependence. However for short-range correlations this density
dependence is quite weak and the approximation

9AN> 9rd = fan, gNN = [y =1 (20)

is very good. The effective interactions then become

- K2
Van = fin |Van(r) — Valnfan(r) (21)
dpan
ki (ke 7) = efinVan (r) [gaaDr(ker) — 1] (22)
Vanw = W fan(rar) fan(raz) T2 (ra) T2 (raz) (23)
and with the density modification of Eq. (15)
V(ﬂ)N = FBVANN (24)

The difference between the approximate and “exact” (excluding the negligible elementary
diagrams and with Fj3 = 1) FHNC results increase with p but differ by only a few % even
- at pp (Ref. [15]). These effective interactions are then folded with the core density p(r)
to give

Un(r) = UR(r) + UZ(r) + U2 (r) (25)
U(r) = (A=1) [ aa(0)Van (17 = 7 1) olr")dF’ (26)
20) = (A= 1) [ aalo) Vi (17 = 71) ()7 (27)
URYY(r) = 2 (A= 1A = 2) [ anwn(o) 78y (17 = 71,17 = 7)) or)olr ) d" . (28)

The densxty dependent factors aq etc. correct the approximate effective interactions
based on Eq. 20 so as to reproduce the “exact” results for the components of D(p). As
expected these factors are close to unity.




4. RESULTS AND DISCUSSION

We use four parameters: Vp, ¢, W, and B to fit the data with V5 = 6.15 + 0.05
constrained by Ap scattering. (From here on all energies are in MeV.) The exchange
fraction € is allowed to vary freely. The parameter § in Fg(p) is varied between 0.1 and
oo, where 8 = oo corresponds to F3 = 1, i.e. to Eq. (4). The strength W of the ANN
potential was allowed to vary freely between 0 and 0.04. The strength of the CSB potential
was fixed at V58 = -0.05, the value obtained from the A = 4 HN. The charge densities
were taken from Ref. [16] and the matter densities p were obtained by unfolding with the
proton charge density. _

Our fits are given in Table 1. To not give undue weight to the five very accurate B, for
the carbon HN we give each of these a nominal error of 0.5 MeV, comparable to those of
intermediate and heavy HN. We calculate three different x? per degree of freedom: (i) for
all data points (N = 24); (ii) omitting the d state of °Ca (N = 23); and (iii) omitting
the d state of £°Ca and all five ,C values (N = 18).

Table 1

Calculated By and x? for selected fits. The top row gives Vo, W, 3, € for each fit. The
By are shown for each £ value. The value in parentheses for 3C is the x2? (per B,) for
all five AC states. The bottom row shows the x? (per By), the value in parentheses is x3
(per Ba) omitting 2Ca(d). All energies in MeV.

No FF With FF With FF With FF

6.2 .02 oo 0.35 6.2 028 oo O 6.2 .024 oo 0.11 6.2 .021 2 0.255
S p d f S P d f S P d f |s p d f

1C 104 9.1 8.7 9.1
12C 110904 9.71.0 9.4 0.5 9.5 0.3

BC | 11.50.1 (0.6) 10.4 1.6 (4.6) 10.1 1.0 (5.6) 10.2 0.9 (4.1)
%0 13319 12.1 3.4 11.9 2.6 12.33.5
285i116.9 6.9 15.8 9.4 16.0 8.7 16.1 74

328 | 17.6 8.2 16.6 9.4 16.8 8.7 16.8 8.6

9Ca| 19.0 10.3 1.4 18.2 11.3 4.0 18.6 10.7 3.0 18.9 10.8 2.8
3B |20.011.93.2 19.2 12.8 6.0 20.1 12.5 5.0 19.6 12.1 4.6

¥y 12211598814 21.6 16.511.04.9 |22.816.81043.8 |22.116.29.9,3.3

13¥Ld| 23.8 18.9 13.0 6.5 23.8 19.5 14.6 9.5 25.2 20.1 14.6 8.7 | 24.8 19.7 14.1 18.2
208py 24.9 21.0 16.2 10.7 25.421.6 17.5 13.1 | 26.919.217.912.9 | 26.9 22.5 17.6 12.5
x: 1220906 (0.5) 1.13 | 2.5 1.7 14.0 (13) 4.9 | 3.2 0.6 5.8 (0.9) 1.7 | 2.2 0.4 4.4(0.2)0.6

With only a direct AN potential all the B, are grossly overbound. Inclusion of AN
space exchange still gives a very poor fit, and without the FF the fit is even worse. Also,
even without the scattering constraints on Vj no reasonable fits are possible. A AN
potential alone is thus ruled out by the sp data.

To see the effect of the finite range of the AN and the ANN potentials, i.e. of the FF,
we made calculations for € = 0 and 8 = oo which correspond to the AN potential without
space-exchange and for the ANN potential without density modification. x? for the best
fits without FF (V; = 6.2, W = 0.032) and with FF (V; = 6.2, W = 0.028) are given in




Table 2. The dramatic improvement in x? with a FF is quite striking and seems strong
evidence for its reality.

Table 2
x? (per B,) for interactions with V5 = 6.2 MeV. For each W (MeV) and 3 the optimum
¢ is shown. The three values of x? are in decreasing order: x? for all 24 B,, omitting
40Ca(d), and omitting 4°Ca(d) and all A\C. Values in parentheses are with a CSB potential
VCSE = —0.05 MeV. |
With FF With FF With FF No FF No FF

W 0.028 0.024 0.021 0.032 0.020
5 ‘
0 €= 0.00 0.11 . 0195 0.00 0.35
3.82 2.52(217) 3.25 10.26 1.5(2.10)
2.43 1.96(1.59) 3.14 9.22 1.54(2.16)
1.84 0.94(0.64) 1.87 10.86 1.79(2.55)
4 €= 0.05 0.15 0.23
571 2.46 2.10
3.86 1.53 1.74
3.82 0.90 0.72
2 €= 0.09 0.18 0.255
6.32 2.52 1.77(1.56)
4.36 1.45 1.30(1.07)
4.65 1.07 0.50(0.36)
01 e= 0.16 0.24 0.305
6.31 2.67 1.66
4.54 1.61 1.22
5.13 1.42 0.58

Our most comprehensive search was made for V; = 6.2 with FF. For V, = 6.15 and
6.10 less detailed searches were made. In Tables 1 and 2 only the results for V = 6.20,
the value preferred by the sp data, are given. The results for the other values of V; are
similar; these results and those (for other values of the CSB strengths for VF5% = -0.1
and +.05) will be presented elsewhere.

Tables 1 and 2 show, for each W and S, the optimum values of € together with x? for
(i) all By, (ii) omitting 4°Ca(d), and (iii) omitting AC and {°Ca(d). In Table 2 results
including the CSB contribution are shown in parentheses for our best fits. The overall
best fits with and without FF are quite good and are comparable in quality. However,
omitting AC the fits with FF are better, and omitting the d state of 1°Ca makes them
truly excellent. The implication of this will be discussed elsewhere. For the d state of
40Caq all our fits with FF give By = 3 MeV as compared with the experimental By ~ 1
MeV, suggesting that the experimental B, might be in error. Without the FF the Ba of
the d state of Ca is 1.4 MeV which is close to the experimental value. We emphasize



that the FF is demanded by the physics and that a fit without FF, however good, cannot
be justified. Also, the best-fit values without FF are W =~ 0.02, ¢ ~ 0.35 which are
inconsistent with the results of VMC calculations [13] of 3 He which are discussed below.
The fits without FF also worsen with inclusion of a CSB consistent with the A = 4 HN.

Fits can be somewhat comparable in quality for different Vj, ¢, W, and 3 as considerable
compensation may occur because decreasing V; or increasing ¢, W, and @ all correspond
to more repulsion. Nevertheless our analysis very considerably restricts the parameters.
Even without restriction to the preferred value V5 = 6.2 but allowing the whole range
6.15 4 0.05, we find € = 0.25 £ 0.05, W = 0.021 and 8 =~ 0.1-2.0.

A new feature of our work is that F(p) < 1is required with 8 =~ 0.1-2. This corresponds
to a reduced repulsive ANN contribution from the surface. Since this is relatively more
important for small A this implies an effectively less repulsive ANN potential for smaller
A. This then is consistent with VMC calculations [13] of 3 He using a realistic Argonne v18
potential [17] which gives By = 3.06 =+ .05 for V; = 6.2, € = 0.24, W = 0.01 (experimental
By = 3.12 £+ .02).

The CSB calculations are implemented through the change Vo — Vp + VZ58 in the
charge symmetric AN potential, Eq. (2). To a good approximation the change in B, due
to CSB is then

N-Z dB

Since AB, is proportional to the neutron excess, we include CSB only for the four heaviest
HN (“heavies”): 3V, %Y, 3¥La, 2%®Pb. The derivatives B}, shown in Table 4, were
obtained numerically and are almost the same for all our best-fit potentials. Also shown
are the AB, for VF58 = —0.05, essentially the value obtained in Ref. [5] for A = 4.
The parameters of the best fits without CSB are effectively unchanged if we omit the
heavies. This implies that with CSB the fits including the heavies are not spuriously
distorted. For each of the best fit interactions with FF, there is a definite preference for a
negative V,C58 consistent with —0.05. The relative improvements in the x* (with FF) are
quite appreciable and significantly improve the overall fits. The resulting x? are shown in
parentheses in Table 2. The best fit without FF is worsened with a negative V5% since
in this case the By for the heavies are already too small without CSB.

Table 3
Well depth, effective mass and related quantities. All energies in MeV, p in fm~3.

Values for pg = 0.165 fm™>
Vo W Jé] € Dy Df)\N —DQN —DANN my/ma Doz Pmaz
6.2 .02 2.0 .255 30.4 72.5 9.4 32.7 0.78 33.9 124
62 .02 0.1 305 284 72.5 11.2 32.9 0.74 36.5 126
6.15 .02 0.1 .260 27.5 69.5 9.4 32.6 0.78 33.5 126
6.1 .02 0.1 .200 28.7 66.5 7.1 30.8 0.82 35.4 128




Table 4

CSB quantities. AB, in MeV.

B, ABA(VESE = -0.05)
N-z  H¥=Z s P d f s p d f
Ay 4 0.08 39 30 20 16 12 .08
Dy 10 0.11 42 35 28 20 24 20 16 11
Lg 24 0.17 46 40 35 28 40 35 .30 24
208 p 43 0.21 48 44 39 34 .50 .46 A1 .35

5. CONCLUSIONS

Our main results are as follows:

1.
2.

The FF due to the finite range of the AN and AN N potentials has a major effect.

The best fits are for Fg < 1 (8 = 0.01-2) corresponding to a large ANN p depen-
dence which translates into an A-dependent strength W which is nicely consistent
with ~0.01 MeV for 3 He and becomes ~0.02 MeV for nuclear matter. This indi-
cates an effective ANN dispersive potential which becomes increasingly repulsive
for larger A and whose probable interpretation is in terms of a mixture of dispersive
and two-pion exchange AN N potentials, the latter giving an attractive contribution
for small A (as shown by VMC calculations) but a more repulsive contribution for
large A because of the associated correlations.

. A somewhat large AN strength Vg =~ 6.2 MeV is preferred but is consistent with Ap

scattering.

D(p) shows the characteristic “saturation” feature, which is a consequence of the
repulsive ANN constribution, first noted by Millener etal [3]. The maximum of
D(p) occurs at ~0.125 fm~3 (Table 3).

. The well depth for our best fits is Dy = D(po) ~ 29 + 1 MeV (Table 3).

. The sp data restricts the space-exchange fraction to € ~ 0.25 £ 0.05, compared

to the very poorly determined values 0.1-0.4 obtained from Ap scattering. Our
corresponding effective mass is m} (po) =~ (0.78 £ 0.04)m4.

CSB effects are significant for heavy HN with a large neutron excess and are well
consistent with the A = 4 HN.

Finally, we comment on the existing OBE potentials [18] and the associated (lowest-
order) G-matrix calculations of the well depth [10]. All the potentials except ND (Ni-
jmegen D) give either a very small attractive or small repulsive odd-state (i.e. p-wave)
contribution D, ~ -1.0 to 3.5 MeV. Only N D gives a significantly attractive odd-state
contribution D, =~ 8 MeV comparable to that (~ 7-12 MeV) obtained for our best-fit
interactions. The “even-state” G-matrix contributions are to be compared with our values

of Dy+ DAY (D, is the s-state contribution to D) which are >~ 16-21 MeV for our best-fit
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interactions, whereas the G-matrix results are nearly all ~ 31-35 MeV. This suggests that
these are missing about 10 MeV repulsion due to higher-order (3-body) contributions, in
particular from V2% . This would bring the G-matrix results for ND (D, = 40.5 MeV)
into good agreement with our best-fit potentials with FF. All the other OBE potentials,
because of insufficiently attractive D,, would give too small Dy ~ 20 MeV. Our results
thus show a definite preference for ND.
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