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II. APF BEAM DYNAMICS

A. Equations of Motion

We choose a sinusoidal modulation for both the phase and
Abstract the amplitude of the electric field"

[ (/0 )]We have previously developed a model of alternating-phase Ez = E0 1 + esin ---_dz + 6 (1)

focusing (APF) applicable to ion linacs comprised of short [w _o_ (fo_ -_ )]
independently controlled cavities. The main beam dynam- × cos t - k(z')dz _+ ¢0 + Ct sin dz _ ,
ical aspects of APF are adequately described by four pa-
rameters: equilibrium synchronous phase, phase modula- where w is the angular velocity and k is the wave number
tion amplitude, length of APF period, and incremental of the rf field, ¢0 is the equilibrium phase, A and Ct are
energy gain. In this paper we report on an extension of the APF period and phase modulation amplitude respec-
the analysis to include simultaneous modulation of the ac- tively, and e and 6 are the amplitude modulation strength
celerating field amplitude. Two additional parameters are and relative phase respectively. For the central reference
included: relative phase between the amplitude and phase trajectory zt, we take
modulation and magnitude of the amplitude modulation, tzo

The effects of amplitude modulation on the stable regions wt - Jo k(z')dz' = O. (2)
and longitudinal acceptance are discussed.

We will use the following dimensionless variables to an-

alyze APF throughout the paper,

fo z° dz Azx¢- -kAz, = X' = (3)
I. INTRODUCTION and

qEo_A q(E)_A

- {7)= m 2c2/2' (4)rnfl_ c2/ 2 '
In our previous paper [,.j, we developed an analytical model
suitable for studyb _, APF beam dynamics in low-energy where (E) is the accelerating gradient obtained by averag-
superconducting linacs. We derived equations of motion ing E, given by eq. 2 over one APF period,

for the electric field described by a cylindrically symmetric (E) = E0 [ J0(¢t) cos¢0 -eJ,(¢l)sin ¢0 cos6] . (5)
travelling wave with a continuous phase modulation and

t J

obtained approximate analytical solutions for both the re- Following derivations in ref. [1], we get the equation of
ek.ns of linear stability and the nonlinear longitudinal ac- motion for the longitudinal coordinate AC,

ceptance. In this paper, we generalize the model to in- d2A¢ [(
clude a simultaneous modulation of the acceleration am- dr 2 - -_rrW2 L_ c(A¢) -- c(0) /
plitude. Early works in the field [2] suggested that the am-

plitude modulation may increase the effectiveness of APF. + e (c(A¢)s(A¢) -- c(0)s(0)) ], (6)
We show how the effect can be quantified in the context of where
our model.

c(A¢) = cos[¢0+A¢+¢tsin(2_rr A¢]],(7)

"Worksuppcrted by the U.S. Army Strategic Defense Command 8(A¢) -" sin [sin (27rr- --A¢+6)]. (8)underthe auspices of the U. S. Department of Energy. ,
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In the transverse direction, we confine our attention to _.n ..................... _a}.......................
the linear motion only. The linear equation in the radial B BI
coordinate r will be given in the next section. It is obtained

romusn  xwqonsw  oth ordin
relate the transverse and the longitudinal field component, V

Er(r,z;t)=-r/2 0Ez/Oz. 4 lib

2 2}

B. Regions of Linear Stability o ( (b
Linearized equations of Motion can be written as follows, 0 50 100 1.50 2.00 0 50 :100 1.50 200

J.O....................... lD ......................

d2A¢ --7r_u [ (u-¢1 cos 27rr) sin (¢o + ¢1 sin21rr)] AC,dr_ e B

(9) 6 c_ e (

d2r lr [ (u '¢l cos27rr)sin(¢o+¢lsin27rr)] r. V
dr---7=-2tW - (10) a a

Keeping only the n = 1 term, we obtain the well-known 2 2
Mathieu equations

0 ( 0, , , , . .....

[ ] o 50 1ooLso2o0o so 1oo 20o
dr---_-2 _ B+Clsin(2_rr+01)_ AC=0, (11) _ l(deg ) _l(deg )

]dr--7 + B + C1 sin (2_rr + 01) r = 0, (12) Figure 1" Stability boundaries for trajectories not exceed-

for which we can compute stable region boundaries. The ing 900 in either transverse or longitudinal phase advance
coefficients B and 6"1 can be computed explicitly in terms with ¢0 = 50 and (rl) = 0.25 for (a) e = 0, (b) e = 0.1,
of the APF parameters, 6 = 0, (c) e = 0.1, 6 = -}, (d) e = 0.1, 6 = Tr.

B=_rlv Jo(¢l)sin¢o+eJl(dpl)cos¢ocos6 , (13) where (AC(r)) represents the average motion and
(AC(r)) represents the fluctuations caused by the rapidly

-_rrwIJt(¢l)lcos¢0_/u 2 + tan 2 ¢0 ((e), (14) oscillating force (from here on we will drop the 0 whenC1
denoting the slowly varying solution). Following the pre-

where scription given in ref. [3] and applied to the problem of

e (1 - u 2) sir, 2¢0 cos _ + 2u sin 6 longitudinal acceptance in ref. [4], we can obtain the time-

((e) = 1 - ¢1 2 (sin 2 ¢0 + v2 cos 2 ¢0) + O (e_). averaged equation of motion as

(15) d2A¢ dVe_

Fig. 1 (a) shows stability boundaries in the q_l --/2 plane d.r2 = - dA"-'_' (18)
for ¢0 = 5 °, (r]) = 0.25 (parameter (r]) represents the rel-
ative energy change over/_A) with no amplitude modula- where

1 + v.
tion. Figs. 1 (b), (c), (d) show the effect of modulating the Ueff = U0 + 1--_r2 n=1Z__

(19)
field amplitude with e = 0.1 and the relative phase _ of n2

0°, 90°, and 180 °. The shift of the stable region to lower The potential function U0 and the Fourier coefficients un,
values of ¢1 is desirable because it allows to use smaller vn can be written as follows,
electric field strength E0 to achieve the same accelerating

0 _U1 ' ._ Vngradient in the APF cell (cf. eq. 5). Uo = U° + eUlo, u,_ = u,_ + vn o ev_, (20)

where V °, u °, v° were given explicitly in ref. [1] and
C. Calculation of Longitudinal Acceptance

U01= rr/u2Jl(¢l) cos6 (cl + s0A¢-- c0), (21)
Eq. 6 can be expanded in a Fourier series and written in

the most generalform as follows, _-TJn(¢1) (ClC6_I--C0C60) ifn odd

1 ,04)
d_A¢ OUo oo u, = - ,

dr 2 - 0AC + _ [unsin(27rnr)+ v,_ cos(21rnr)] . -J,+,(¢1) (sls_.l- sos6o) if n even (22)

{ _-_Jn(¢_) (c_s6_1 - cos6o) odd

(16) if n
Solution to eq. 16 can be expressed as a sum of two com- v,_ = - ,

ponents, -J,+1(¢1) (slc_+l - socio) if n even
AC(r) = (AC(r)) + 6 (AO(r)), (i7) (23)
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- = cos@o, cl = cos(Co+ AC), 40!W (deg)

so = sin ¢0, sz = sin (¢0 + AC), _'_ /f---...\
= os, =

sb°=sin6' s_:t=sin@=l=nA¢) "u ,DI,_ iu) _e=°'lGiven the effective potential, we can calculate the width ¢ = 0.2
ofthe separatrix in the (A¢,-_) space and the longitudi- 50 100 L50 200 250 300 350

nal acceptance. The equations are found in ref. [1]. Below 5 (deg)
we examine the solution accurate to O (A¢2).

0 04
• a L1) Second-Order Solution: The effective potential n.lla5

Uefr can be expanded to O (AC 3) to yield Ii. llnl
0.025

/_

Uee(_¢)= _¢_- ___¢3+ .. ", (24) n. B2

D.n15 i=O

where a is the square of the linear phase advance eL, 0.01 = 0.1

0.00s = 0.21

a = er2 "_ 2B + 9--_ffC_ (25)
D

-- 5_ LO0 Lsn 200 250 300 350

(deg)
and b is given by

lr _[ ] Figure 2: Plots of (a)the separatrix width _ and (b)the
b _ _r/u t J0(¢z) cos ¢o - ecos 6Jl(¢z) sin ¢0, longitudinal acceptance aL for (7/) -- 0.25, ¢0 = 5°, ez --

+3r/_v_ (1 -- _,2) J_(¢z)sin 2¢0 (26) 60°, u = 4 as a function of the relative phase 6 for variousvalues of the strength parameter e.

xi 1 + 2cc°t2¢° ]¢1 cos_+O(d) .
phase between the amplitude and phase modulations de-
termines the degree of the acceptance enhancement (or re-The width of the separatrix • and the acceptance OCL are

calculated to be duction). Many different scenarios can be investigated in
the context of the model.

3 a 6 a s/2 Future work will focus on investigations of practical lim-
_I/ _- _, O_L= 5/rp b2 " (27) its of APF in linacs with independent superconducting cav-

ities and space-charge current limits.
We have kept only the n = 1 terms in eqs. 25, 27.

Figs. 2(a) and 2(b) show the effect of varying the rela-
tive phase dion the separatrix width and the acceptance REFERENCES
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phase and amplitude modulation presented in this paper
gives quantitative predictions to the problem of longitu-
dinal stability in APF linacs. The model describes the
physics of APF with six parameters and yields analytic
solutions for the stable regions and the longitudinal accep-
tance.

Effects of modulating accelerating field amplitude can
be computed explicitly keeping only quadratic terms in
the expression for the time-averaged APF force. Relative






