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ABSTRACT

We derive commensurate scale teiations which relate pérturbatively caleulable QCD observables to
each other, including the annihilation ratio e+ .-, fhe heavy quark potential, 7 decay, and ra-
diative correctiona to structure function sum rules, [For each such observable one can define an
effective charge, such a8 op(y/a)/m = Rero-(\81//35 €}) — L. The commaensurate ncale
relation connecting the effective charges for observables A and B has the form aa{Q4) =
as(Qa) (1 +7ajg®® + - )  where the coskcient r 4/p is independent of the mumbe of isvora

i to coupling ization, as i.: BLM scale-fixing. The ratio of scales @a/Qp
is unique at leading order and guaran.ces that the observabls A and B pam through new quark
thresholds at the same physical seale. Tn higher orders a different renormalization scale Q™ is as-
signed for eacy order 7t in the perturbative series such that the coefficients of the serica nre identical
to that of a conformally invariant theory. The commensurate scale relations and scales satisfy the
renormalization yroup transitivity rule which ensures that predictions in PQUD are independent of
the <hoice of an intermediate renormalization scheme C. In pasticular, scale-fixed predictions can

be made without reference to th i singular lization schemes such as
MBS. QCD ean thus be tested in a new and precise way by checking that the effective charges of
observahles track both in their relative lization and in their scale

The commensurate scale telakions wlich relate the radiative correctiora to the ancihilation ratio
R.s .- to the radiative cotrections for the Bjorken and Gross-Llewellyn Smith sum rules are par-
ticularly elegant and intereating. The final scries has simple cocflicients which are independent of
color: () = Bl = B (@) - PRy ot where & = (ICF4x)ex. The coe-
cienta caincide with the Crewther relation obtained in conformally invariant gauge theory. Thua this
commensurate scale relation provides the generalization of the Crewther relation to non-conformal
gauge theory.
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1. Introduction

The problem of the renormalization scale dependence of perturbative QCD En—
dictions E plagued attempts to make reliable and Pml!e testa of the theory. There
in, in fact, nu on how to esti the ical error duc to the scale

bi| t le range of physical values, or indecd how to
identify w‘mt the oenlral value should be. The problem is compounded in multi-scale
problems where several plausible physical scales entr. Even warse, if we consider the
renormalization scale as totally arbitrary, the next-to-leading coefficient in the per-
turbative expansion can take on the value zero or any other value. Thus it is difficult
to assess l.hc canvcrgence of the truncated series, and finite-order analyses cannot be

Rl:cenlly we bave nlmwn how the sca]e a.mblgmty problem can be avoided hy
between exy le observables [1]. The con-

ventional m renormalization scheme servcs s|mply a3 an intermediary belwecn ob-
servables, For example, consider the enti to the
cross section expressed as the “effective charge ar(Q) whete Q@ = f

RQ) = 1zqz [l + ﬂR(Q)] )

Similarly, we can define the entire radiative correction to the Bjorken sum rulu as the
effective charge ay, (@) where Q) is the lepton momentum transfer:

We now use the known exrresmuns 1o three loops in MS scheme and choose the
seales Q% and @** to re-sum all quark and gluon vacuum polarization corrections into
the running couplings. The values of thesc scales are the physical values of the energies
or momentum lrans%l:rs which ensure that the radiative corrections to each observable
passes theough the heavy quark theesholds at their
scales. The final result is remiarkubly simple:

A

[l o= s on] = 5|2

P physical

&)

The coeilicients in the seriea Swde for a factor of Cr, which can be absorbed in
the definition of o,) are actnally independent of color and are the same in Abclian,
non-Abelian, and confurmnal gnu e theary The non-Abelian structure of the theory
is reflected in the scales @Q° and

Any perturbatively calculable physlcal quanmy can be used to deﬁne an effective
charge [2-4] by incorporating the entire inta its An

Here we follow the normalizatiun given in Ref. [5]. For a recent review on this sum rule,
see



important result is that all effective chargea o‘(OJ uhsl’y the Geil-Mann-Low renor-
malization gmﬂp uation with the same Sy an ; different sciemes or effective
charges only difter throu, h the thied and higher cnefﬁclenta of the g i functign. Thus,
any effective cl. uge can u a reference runmng <oupling constant in QCO to
define the More g y, each effective chatge or renor-
-mhznhon ucheme, mcludm; M5, in a special case of the universal coupling fur.ction
a(Q, B,) {7]. Peterman and Sluckrlbcrg have shown (8] that all effective charges are
rel Ated to each other through a set of evolution equations in the scheme paramsters

™" We shall refer to the counections between the effective charges of abeervables such

2s Eq. (3) as “commensurate scale relations” (CSR) [1). A furdamental test of QCD

w:ll be to venfy empirically that the observables track in both normalization and

shape as given by the CSR. The commensurate seale relations thuu provide funda-

mental tests of QCD which can be made i ingly precise and i dent of the
choice of renormalization scheme or other theoretical convention.

The relation between physical observables must be independent of the choice of
any intermediate renormahzatmn scheme Ina n.normahzablc uantum field the-
ory, such as ch cs, the [ Ry), .] is written a
function of the coupling g(4) and masses mi{p) at agiven scaf; pg.In pnnclple, one can
choose a minimal set of input measurements to fix these bare parameters, and then
predict all other physical abservables. For 1 , it
is conventional to use Coulomb LR lated to zero
transfer and threshold Compton scattering v¢ — £ to fix the bare charge and lep-
ton mass paremetera. One then can systematically predict the values of the leptan
anomalous magnetic moments and the otber high precision QED observables. Renor-
malization group equations reflect the fact that predictions connecting the input and
output observables can be computed without ambiguity order by order in perturba-
tion theory; i.e., the relations connecling physical observables are independent of the
choice of v.he scale “ md the choice of intermediate renormalization scheme.

The reting any pair of pert'.ruahvely calculable ab-
servables are given explicitly by the scale In these
between the effective charges of the physical obsarvables, the dependence on the value
of the bare coupling and the choeice of renormalization pmcedure cancels out, as ex-
pected, order by order in perturbation theory. Thus the CSR provide precise and
direct experimental tests olP quantum field theory withont scale or scheme ambiguity.

The CSR for observables A and B in terms of their effective charges has the form

ax(@a) = as(@s) (1+run22+-) . ®

The ratio of the seales 4,5 = Q4/Qp is fixed by the requirement that the coefficient
ras is independent of the number of flavors [ contributing to coupling constant
renormalization. This guacantees that the effecive charges for the observables A and
B pass through new quark thresholds at the same physical scale. The scales Q, and
Qg are thus commensurate. The value of A,p is unique at leading order, and the
relative scales satisfy the transitivity rule [9]

Aasn = 2age Aoy - (5)
This is equivalent to the group property defined by Peterman and Stiickelberg (8]
which ensures that predictior- *» PQCD are independent of the choice of an interme-



diate renarmalization scheme C? (The renormalization group method was developed
by Gell-Mann and Low [10{ and by Bogoliubov and Shirkov [11].) In particulas,
scale-fixed predictions can be made without reference to theoretically constructed
renormalization schemes such as MS; QCD can thus be tested by chacking that the
observables track both in their relative nori...ization and commensurate scale depen-
dence [12].
Th[e t]ransitivity and symmetry properties of the commensurate scales are the scale
ions of the renormalization “group” as originally defined by Peterman and
Stiickelberg [8]. The predicted relation Eetween obscrvables must be independent of
the order one makes substitutions; i.e. the algebraic path one takes to relate the
observables, Furthermore, any method which fixes the scale in QCD must also be
applicable to Abelian theories such as QED, since in the limit of small number of
colors Noc — 0 or large number of flavors f the perturbative cocfficients in QCD
coincide with the perturbative coefficients of an Abclian analog of QCD®.

The relation between scales in the CSR is consistent with the BLM scale-fixin,
procedure [13] in which the scale is chosen such that all terms arising from the QCI
B—function are d into the ) Note that this also implies that the
coefficients in the perturbation CSR expansions arc independent of the number of
quark flavors f lizing the gluon iars. This prescription ensures that,
as in quantum electrodynamics, vacuum polarization contributions due Lo fermijon
pairs are all incorporated into the coupling a(p) rather than the coefficients.

One of the most useful observables in QCD is the heavy quark polential, since
it can be computed in Jattice gange theory from a Wilson loop. Since interacting
quarks have infinite mass, the radiative correction are associated with the exchange
diagrams, rather than the vertex cnrrections. It is convenient to write the heavy quark
potential as V(Q?) = —4xCray(Q)/Q> This dchnes the effective charge av(Q?)
where by definition the “self-scale™ Q? = —1 is the momenlum transfer squared.

The BLM scale has also recently been used by Lepage and Mackenzie [14) and
their co-workers to improve lattice perturbation theory. By using the BLM method
one can eliminate agauce in favor of ay thuy avaiding an expansion with artificially
large coefficients. An essential step in this derivation is the use of the BLM method
to conpect the scale x /a in lattice perturbation theary to the physical scale appearing
in ay. The lattice determination, together with the empirical constraints from the
heavy quarkonium spectra, promises to provide a well-determined effective charge
ay(Q) which could be adapted as the QCD standard coupling. In fact, a precise
determination av{8.2 GeV) = 0.1957(J4) has recently been obtained (including 3
dynamical fermions) from the T spectrum by the Cornell lattice group (15}

In the case of non-Abelian theory, the BLM method actomatically resums the
corresponding gluon as well as quark vacuum polarization contributions since the
coupling @, is a function of By x 11 — 1 f. For example in the ay scheme the coupling
is defined to sum all vacuum polarization ibuticn, so that coeffici of the
expansion in powers of this coupling cannot depend on t'1e number of flavars f arising
from vacuum polarization, The transitivity property of the renormalization group
equations then requires thal this js true when expanding in any effective charge.

2We thank A. Kataev for an illuminating discussion on this point.

IWe thank Patrick luet and Eric Sather for conversations on this paint.



Table [

Leading Order Comrienaurate Scale Relations

0.435
- em0450)

0, (1.67Q) ar{2.77Q)

a(1.36Q) /——-\ av(Q)

a)s(l-lsQ)/ l N

an(0.614Q)
a,,(1.189)

an,(0.904Q)

Alternatively, one can derive the leading-order BLM scale when expanding in ay by
explicitly inlegra!ing the one loop inlc¥rals in Lhe calculation of the observable A nyin,
ay(£) in the integrand, where £ is the four-momentum transferred squared curius
\[;y the gluon. {In practice one only needs 1o compute the mean-value {én £2) = in Q%
14).

n gencral, the coefficients in the perturbative expansion using BLM scale fixing
are the same as those of the corresponding conformally invariant theory with § = 0.
In practice, the conformal li:nit is defined by B, 8; —+ 0, and can be reached, for
instance, by adding enough spin-half and scalar quarks as in supersymmetric QCD
with Ng = 4. Since all the running coupling e&ec!s have been absorbed into the
renormalization scales, the scale sciting method deseribed here correctly reproduces
the expansion coefficients in this limit.! It should be pointed out that ather scale-
setting procedures do not guarantee this feature.

e scale-fixed relation between the heavy quark potential effective charge and
amr is ov{Q) = oxm(e QYL — Aoms/n) + | (13]. (The oneloap caleulation
of av in MS scheme in given in Ref, (16].) The new result of Ref. [15] then implies
all(3.66 GeV) = 0.2201(84) and a very precise value at @ = My affh(M,) =
0.115(2). This commensurate scale relation provides an analytic definition of M3
scheme which automatically incorporates the transition between quark flavaes.

The physical value of the commensurate scale in ay scheme reflects the mean
virtuality of the exchanged gluon. However, in other schemes, including M3, the
argoment of the effective charge is displaced from its physical value. The relative
scale: for a number of observables is indicated in Table 1. For example, the physical
scale for the branching ratio T — vX when cxpanded in terms of ay is (1/2.77)My ~
(1/3)Mx, which reflects the fact that the final state phase space is divided among
three vector systems. (When one expands in MS scheme, the corresponding scale is
0.157M7.) Similarly, the physical scale appropriate to the hadronic decays of the n
is (1/1.67) My, ~ (1]2)M,,.

4Wa thank Dicter Miller for discussions on this point.



The BLM method bas recently been applied to the analysis of jet ratios in e*e™
collisions by Kramer and Lampe [17] and jet ration in cp collisiona by Ingelman
and Rathsman [18]. One can determine the scale @* for (2 + 1) jeta at HERA ax
a fusction of all of the available scales. The method has also been applied to the
radiative corcections to the tap width decay by Volashin and Smith [19[ and to other
electrcweak measures by Sirlin (20).

2. C5R in Higher Order

It is ateaightforward to derive the general connection between any two observables
in QCD through order o} if one ie given the calculation of each of the abservables o
NNLO in MS scheme. As we have emphasized, tbe choice of the intermediate scheme
is irrelevant for the final CSR connectivg the two ohservables.

The firat step is ta eliminate the i diate scheme algeb ily. The expansi
series of a physical effective charge o,{(Q)/x in terms of another physical effective
charge az2(Q)/x has the form [1)

2
a\,(rQ) _ uziQ) + (A2 + Bual) (uz’(rQ))

3
+ (Cat Daf+ Eul) (f'i,"—’) . ©

After the resummation of running coupling effects into a set of new renormalization
scales @°, @ and @***., one arrives at a series of the form®

- V2L eaeyy @
miQ) - a;(’Q ) . (m(? )) + G (az(? )) een, ™

= C,

Ay = A+ %%Uu. (8)

= 3C 11C, 1 %

Gio =~ SAICA + 11CR B + Cua + G40 + E P B, ®
. 3 9 /1, 4 )

@ = Qo] ot g (Soa- 1) (8- 20 22]. oy
. 3 5[ Lo i

@ = Qesp{ At 506, + 308 + D+ S5 | -

SWe must exclude from the analysis the potential f dependonce in the NNLO term in-
duced by light-by-light diagrams. These diagrams are finite and do not participate in the
regormalization of the running coupling constant. As a convention, the coefficient Dy in
Eq. (6) will include anly the § dependence from the runuing of the ~aupling conatant, The
extra f-dependent terms from light-by-light scattering disgrama witl be considered as part
of the Ciz. This ion s hitf: d in the practical ph idered here,




Notice the presence of a;(Q)/x in the expression of Q. In general @* will itself
be a perturbative series in a;{(Q)/x. We have exponentiated the perturbative series,
sinca Ihyui:ally‘ the renormalization scale * should always be positive. To the order
considered here, the scale for the coupling constant in Eq. (10? is not wel)-defined,
but can be chosen to be Q. This intrinsic uncertainty is similar to the Q*** scale
uncertainty of the NNLO term in Eq. (7), and can only be resolved by going to the
next-higher order.

As an illustrative oxample, we quote the perturbative series of a,,(Q)/x using
dimensional regularization and the M3 scheme with the renormalization scale fixed
atu=q: (5

gl - (O o - Jor -3

>fesar 55 1241, 1 1
+(@) {( g ——C)C:*‘( +?(3)CACF+3_ZC}

6§ 18" T
o se)ors (2 +Se)es
+£/'}- 02)

The effective charge for the annihilation cross section has been compnted in the
M5 scheme with the renormalization scale fixed at p = Q = /5 [21,22). The pertur-
bative series for ap(Q)/x i3 (using T = 1/2 for the trace normualization)

- oL, (=AY [(§ - He)ou-jors (-+30)

ogs(@)) {90048 2137 58 121 5\ .,
+( T 7507 108 8% m")c‘

127 143 55 23 2
+( ® et 3")0‘0’"§C’
970 = 224 5 1,

(-5 + Fe 56+ ) o

+ (-E + lsgcz - %(a) Cr]/

% \
LA\
G wa”)’

(151 19
+(11 l)d"“d"“ ():/Q:)‘}

w627 2
% T T | 13
The term containing (£, @)}/ £, @} arises from light-by-light diagrams. The di-
mension of the quark representation is d( R), which usually is N for SU(N). For QCD
we have d*bdu = 40/3.

The application of the NLO BLM formulas then leads to



[ (- i) S T (=) o
@ = Qe [} -2+ (g + Jo- 2= 5) (504 -3) 2], )
@ = e[+ o= For (-5 +56) 2 9

(The scale @*** in the above expression can be chosen to be @°.) Notice that
aside from the light-hy-light contributions, all the {3,(s and x? dependencies have
been abscrbed into the lization scales @* and @**. Understandahbly, the »*
term should be absorbed into renormalization scale since it comes from the analytical
continuation of H(&)) to the Euclidean region.

For the three flavor case, where we can neglect the light-by-light contribution,
the eeries remarkably simplifies to the CSR of Eq. (3). The form suggest that for the
general SU(N) group the natural expansion parameter is & = (30:-247 a. The use
of & also makes explicit that the same formula is valid for QCD and QED. That is, in
the limit Nz — 0 the perturbative coefficients in QCD coincide with the perturbative
coefficients of an Abelian analog of QCD.

3. C te Scale Relations and the Crewther Relation

Broadhurst and Kataev have recently observed a numbec of interesting relations
between ag(Q) and a,, (@) (the “Seven Wonders”) [23]. In particular, they have
shown the factorization of the beta function in the carrection te the Crewther’s re-
lation (24] which establishes a non-trivial connection between the total ete~ anni-
hilation cross section and the polarized Bjorken sum rule. The simple form of our
result Eq. (3) also points to lY\e i of a “secret y" betweon an(@)
and a,, (@) which is revealed after the application of the NLO BLM acale setting
procedure. In fact, as pointed ot hy Kataev and Broadhurst (23], in the conf ||
mvariant 1imit, i.e., for vanishing beta Tunctions, Crewther's relation becomes

Q+a-am =1, )
which is equivalent to our result in Eq. (3). Thus Eq. (3) can be regarded as the
extension af the Crewther relation to non-conformally mvariant iau e theory.

The commensurate scale relation between a,, and ag given by Eq. (14) implies
that the radiative corrections to the annihilation cross section and the Bjorken (or

Gross-Llewellyn Smith) sum rule cancel. The relation hetween the physical cross
sections can be written in the forma:

Boe-(a) fo drgi(3,Q%) — 7(2, Q%) _
3xe? 39al9v

y

1 - Afa® (18)

and




Ree-(8) 3 dzF37(z,Q%) + F3*(2,Q%)
3Tl 3

=1+ ABed?, (19)

provided that the annihilation energy in R.s,-(4) and the momentum tranafer Q
appexring in the deep inelastic : ons are at NLO: a=
Q" = Qexpl] — 26 + (& + 56 — 203 — 5)5:8(Q)]

The light-by-light correction to the SR for the Bjorken sum rule vanishes for
three flavors. The term Afod® with A = fn(Q"/Q**) is the third-order correction
arising from the difference between Q** and @°; in practice this correction is negligible:
for a typical value & = ap(@)/4x = 0.14, Afa® = 0.00071. Thus at the magic
energy /3 = Q*, the radiative corrections to the Bjorken and GLLS sum rules almost
pi ly cancel the radiat ions to the annihilation cross section. This allows
a practical test and extension of the Crewther relation to non-conformal QCD.

As an injtial test of this CSR, we can compare the recent CCHS measurement
of the Gross-Llewellyn Smith sum rule | — &g, = § fJ d2[F}"(2, Q%) + F&*(z2,QY)] =
4(2.5:20.13) at Q? = 3 GeV? and the ization of the annihilation data [25]
1+ &g = Rere-(s)/3T €} = 1.20. at the commensurate scale /s = Q" = 0.38Q =
0.66 GeV. The product is (1 +&n}.‘(l —@&py) = 1.00£0.04, which is a highly nontrivial
check of the theory at very low physical scales.

4. Other Applications of CSR

As another example of & beyond-leading-order commensurate scale relation, we
sball express the eflective charge for 7 decay a, (M, )/x in terms of the effective charge
for e*e~ annihilation ag{@)/x. The appropriate number of flavors in this case is
{ = 3, because 7 decay occurs below the charm threshold. [Incidentally, the light-by-
ight contribution in c‘m(IO)/x vanishes for the three flavor case.] The application of

the NLO BLM fi eads to the g scale relation
aclMe) _ anl@) .
r ks
. 19 169 an(M,)
@ = Meoxp [ 471 x| @

Notice that all the (3, (s and x? terms present in the perturbative series of aa(Q)/»
and a,&M..)/r have disappeared when we related these two physical observables di-
rectly. Notice also the vanishing NLO and NNLO coeflicient in Eq. (20). That ia, up
to the NNLO, the two effective charge are simply related by a BLM scale shift.

Since the radiative catrections to the Bjarr(en sum cule are identical to thase of
the Gross-Llewellyn-Smith sum rule—up to small corrections of order o2(@?), a basic
test of QCD can be made by considering the ratio of the Gross- Llewellyn-Smith and
Bjorken sum rules:

3 ds [P Q%) + FP(=, @)
3[E] [T dz 1gi(=. @7 - 5=, @)

Roissil @6y = (22)




1f the Regge hnhnvmr nr the two sum rules is slmnlurl the empirical extrapolation to

¢ — D shovld ly free of error. , PQCD predicts
Rotesmi( @ e — 0) = 1+ 0 (a2(Q)) +0(—"Q—,—) . (23)

i.e., hard relativistic corrections to the ratio of the sum rules only enter at three

Yoops. Thus measurements of the ratio of the sum Tules could provide a remnkah\y

complication-free test of QCD - any significant deviation from RcLLs/B,(Q e—0)=

1 must be due to higher twist effects which should vanish rapidly with increasing Q.
After scale-fixing, the ratio of hadronic to leptonic decay rates for the T has the

farm (L3]

I(T ~ hadrons) _ 10(x? — 9) od(0.1574x) [I_M'O(B)C_.Fer] @)

(T — wtu-) 8ime} adep
1.
_ 1o{x* - 9) u},(ﬂSGGMT) [l 8.0(5) 2 + ] ) @)
8lre} adep T

Thus, as is the case of positronium decay, the next to leading coeflicicnt is very large,
and perturbation theory is not likely to be reliable for this obscrvable. On the other
hand, the commensurate scales for the secand motent of the non-singlet structure
function M, and the effective charges in the Bjorken Sum Rule (and the Gross-
Llev.ellyn Smith Sum Rule) are not far from the physical value Q@ when expressed
in av scheme. At large n the fummcnsurate scale for M, is proporhonal to 1/\/_.
reflecting the fact that the pace for parton

increases. In multiple-scale cases, thc commensurate scale can depend on all of the
physic.l invarianta. For example, the scale conlmllmg the evolutivn equation for the
non-s nglet structure function depends on za; as well as @ [26). In the case of inclusive
react ons which factorize at leading twist, each structure function, fragmentation
funct on, and subprocess cross section can have its own scale.

2.fter one fixes the repormalization scale 1 to the BLM value, it is still use-
ful t> compute the logarithmic derivative of I.t:r truncated perturbative prediction
din py [dénp for a physical observable p at the BLM-determined scale. If this deriva-
tive is large, or equivalently, if the BLM and PMS [27] scales strongly differ, then
one knows that the iruncated perturbative expansion cannat be numerically reliable,
since the entire series is |ndependenl nf 4. Nole |.)m|. thiz is a necessary condition
for a yeliable series, not a , a3 evidenced by the large coefficients in the
positeonium and quukumum decay w1dths which appear when the e scules are et cat-
rectly. In the case of the two and three jet decay fractions in ¢*c™ annihilation, the
BLM and PMS scales strongly differ at low values of the jet discriminant y. Thus,
by usmg this cnt«.nun, we cstablish that perturbation thnory must fail in the small ¥
regime, requiring careful resummation of the a,ény series. (A more detailed discus-
sion of the sensitivity of the jet fractions Yo scale choice and jet clustering schemes is
given in Ref. [28].

However, if we restrict the analysis to jets with invariant mass M < /F3, with
0.14 > y > 0.05, then we have an ideal situation, since both the PMS and FAC scales
nearly coincide with the BLM scale when one computes jet ratios in the M MS scheme
i.e., the re normallenon scale dependence in this case is minimal at the BLM scale,
and the puted NLQO (next-to-leading order) coefficient is nearly zero. In fact,




Kramer and Lampe [17] find that the BLM scale and the NLO PQCD predictions
give a wnsment description of l,hc LLP 2-jeL und 3-jcl data for 0.14 > y > 0.05
at the Z. Negl possible due effects, this allows
a determi of a, with kably small crmr [17] axgs(M,) = 0.107 + 0.003,
which corresponds to AL — 100+ 20 McV. It is clear that reanalyses of the SLD and
LEP data will need to be done with BLM scale breaking,

5. Conclusions

The te acale relstions open up additional possibilities for testing
QCD. One can compare two abservablea by checkm§ that their effective charges
agree both in normalization and in their scale d The ratio of

surate scales Ay/p is fixed uniquely: it ensures that both observables A and B pass
through heavy quark thresholds at precisely the same physical point. The same pro-
cedure can be applied to multi-scale problems; in general, the commenzurate scales
@*,Q°", etc. will depend on all of the available scales.

Celculations are often performed most advantageously in MS scheme, but all ref-
erence to such theoretically consiructed schemes have to vanish when cumpan!nn!
are made between observables. We emphasize that any i
acheme, with any arbitrary choice of renormalization scale p, can be used in the
intermediate stages of analysis. The final result, the commensurate scale relation
between observaﬁlu, is guarantced to be mdcpendent of the choice of mtv.nnnhnte
renormalization scheme since the BLM dure satisfies the
uahon group gropemm of Peterman and Slud(elbers An important computational

advantage is that one only needs to compute the f-dependence of the higher arder
terms in order to specify the lower order scales in the commensurate scale relations.
In mnany cases, the seriea coeffici the scale can be
ined ftom the i Abehan theory; i. e Neg = 0.
The BLM method and the scale d here can be
plied to the wholc range of QCD and standacd madel procases, making the tests
f theary much more sensitive. The method should also improve precision tests of
electroweak, supersymmetry and olher non-Abelian theories. One of the most inter-
esting and important areas of appli of scale relations will be to
the hadronic corrections to exclusive and inclusive weak decays of heavy quark sys-
tems, since the scale amhiguity in the QCD radiative corrections is at present often
the largest component in the theorctical error entering electroweak phenomenology.

We have also prescnted in Lhis Lalk a number of other commensurate scale retations
osing the extension of the BLM method to the next-to-leading order. We have shown
that in cach case the application of the NLO BLM formulas to relate known physical
observables in QCD leads to results with surprising elegance and simplicity. The
commensurate scale relations for some of the observables (ag, ay, oy, and ay,) are
universal in the sense that the coefli of &, are of color; in fact,
they are the same as those for Abelian gauge theory. Thus much information on
the structure of the non-Abelian ¢ scale rel n be obt d from
much simpler Abelian analogs. In fact, in the cxamples we haVe dlscusscd here, the
non-Abelian nature of gauge l]woly s reflected in the B-function coefficients and the
chaice of second-order s

Because they mube cbservahlcs to cbservables the commensurate scale rclah;x:\;
are co




to define the color SU(N} matrices, etc. Since the nmblgums due 1o scale and
scheme choice bave been eliminated, one ean ask fi

the nature of the QCD perturbative expansions, «.g., whether the neries is convergent
or asymptotic, due to renormalons, etc. {29].

'IY he commensurate scale relations between abservables can be tested at qulte low
momentum transfers, even where PQCD relationships would be expected to b;
down, It is ponsible that some of the higher twm, contributions rnmmon to the two
observables aro also correcth g d In
contrast, expansions of any o servable in um(O) must break down at lnw momentum
transfer since (Q) becomes singular at @ = Aggg. (For example, in the 't Hooft
scheme where‘mf higher order g, = D for n = ., oxp5(@) has a uimple pole
at Q = Aggz) The commensurate scale rclatious allow testa of QCD i terms of
finite effective charges without cxplmt reference to qmgular schemes such as MS. The
ceefficients in the CSR are id the coeffi in f ] theory where
mnormnlonu do not appear. It is thus rensannble Lo expect thnt 1he series expansions
appearing in the CSR are convergent when one relates finito obaervables to each other.
Thus commensurate scale relations between observables allow tests of perturbative
QCD with higher and h:gher precision as the perturbative cxpanSan grows.

A natural procedure for devel CD logy is to choose
one effective charge as the canonical dcl‘mnmn of the QCD coupling, and then predict
all other ohservables in terms of this canonical measure. Ideally, the heavy quark
effective charge ay(Q?) could serve this central role since it can be determined from
both the quarkonium spectrum and from lattice gauge theory. However, it will be
necessary to compute the relation of the heavy quark potential to cther schemes
through three loops. At pruent the most precisely theoretically and empirically
knowa eflective coupling is an(i ), as determined from the annihilation cross section;
thus xt ls natural o use it e standard definition. Alternatively, one can follow

and ta use the m scheme as an intermediary between
nbuervnb]u For deﬁmlenﬁs Jet us consider a *t Hooft scheme with A = Ag having
all B, = 0 beyond n = 1. The commensurate smle relations such as Eq. (10) and (11)
then unamh:guuualy specify all of the scalcs ?‘ *, etc. required to relate tothe
observables. The intrinsic QCD scale will then be unambiguously encoded as Agg.
However, as we have emphasized,there is an intrinsic disadvantage in using oys(Q) as
an expansion parameter: Lhe function ag(@) has a simple pole al Q = Agg, whereas
observables are by definition finite.

N
]
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