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NOTICE

This report was prepared as an account of work sponsoredby the United States
Govenment. Neither the United States, nor the United States Department of
Energy, nor any of their employees,nor any of their contractors,subcontrac-
tors, or their employees,makes any warranty,expressedor implied,or assumes
any legal liability or responsibiltyfor the accuracy, completeness,or use-
fulness of any information,apparatus,productor process disclosed,or repre-
sents that its use would not infringeprivatelyowned rights.
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ABSTRACT

Two next event point estimators have been devetoped and programmed into the RCP01Monte Carto program for

sotving neutron transport probtems In three-d|mens|onat geometry with detaited energy description. These

estimators use a simptifted but accurate ftux-at-a-point tarrying technique. Antsotr_|c scattering in the

Lab system at the cottlsfon site is accounted for by determining the exit energy that corresponds to the

angte between the tocation of the cott|sIon and the point detector. Elastic, tnetast|c, and thermal kernel

scattering events ere Included |n this formutation. An averaging technique ts used in both estimators to

etfmlnate the watt-known probleet of Infinite variance due to cotttsions ctose to the point detector. In a
novel apc_roach to improve the estimator's efficiency, a Russian roulette scheme based on ant|cipated ftux

fatt off is emptoyed where averaging is not appropriate. A second estimator successfutty uses a simple

rejection technique in conjunct|on with detatted tracking where averaging isn't needed. Test resutts show

good agreement with known r,Jmer|c sotutfons. Efficfenctes ape examined as a function of inl:xJt parameter

setectton and probtem difficulty.

INTRODUCTION

Practicalcalculationsof the flux due to a radiationsourceoften require
that the resultbe determinedat a point. In an analogor normalmode Monte
Carlo calculation,it is almost impossibleto obtain a flux estimationby
straight-forwardtechniquessinceno historycan be expectedto carrya par-
ticle througha given point. A time-honoredalternativeis to obtain an
averageover a finitevolumesurroundingthe pointof interest. This method
may be satisfactoryif the volumecan be chosensmallenoughto adequately
representthe flux at the point. As the gradientof the flux increases,the
volumearoundthe pointof interestmust decreasein orderto preservea true
estimateof the flux at that point. However,the computertime requiredto
generatea reasonableuncertaintyincreasesas the volumedecreases.

To circumventthis difficulty,an analyticstatisticalestimationof the flux
at a pointmay be made. This techniqueis oftenreferredto as a flux-at-a-
pointestimatoror simplya pointdetector.A pointdetectoris a determinis-
tic estimateof the fluxat a pointin spaceand is made at sourceand colli-
sion eventsthroughoutthe normalmode randomwalk. A point estimatoris
knownas a next eventestimatorif a tallyof the fluxat a pointis madewhen
the nexteventis a trajectorywithoutfurthercollisiondirectlyto thepoint
detectorI.
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The chief difficultieswith the next-event estimator in practical situations

are: (1) The estimatorrequires computationaleffort due to geometrictrack-

ing. (2) An infinite variance problem is possible when a collision occurs

near the point detector due to the I/R2 term in the analytical flux expres-
sion. In the past, authors1"4have tried numerous approachesto eliminateor

minimize these shortcomings. The approachof this work is to continue in this
vein and to produce a simple but accuratepoint detectorscheme which is effi-
cient.

BACKGROUIW)

It can be shownI that the general expression for the uncollided contribution
to the flux at a point is given by

f(n'_n)

' ,, e"_ (1)
R2

where

R is the distance to the detector from the collisionor source point.

f(n'_n) is the probabilityof scattering into the directionn from n' or

being born into the directionn.

- rR st(s) ds - total number of mean free paths integratedover the
Jo trajectoryfrom the collisionor source point to the

point detector.

s = measured distance along the direction from the collisionor source
point to the detector.

_:t(s)- the total macroscopiccross sectionat s.

Except for special cases5, f(n'_n)is a function of n ' n' - '_oonly, where n'

and _Iare the directionsbefore and after scattering,respectively,and #o is
the cosine of the angle between them. The expressionfor the flux contribu-
tion to the detector becomes

- e (2)
4xR2
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where W,x is the exit neutron weight in the normal mode resulting from scat-
tering at a collisionsite. It should be noted that _ can only be obtainedby
actual tracking through the complicatedgeometry;consequently,this can be an
expensive process.

Next-event estimationschemesoften use the e.ergy of the particle at the col-

lision or source site in determiningthe flux contributionto the point detec-

tor. In reality, Po " I, where Po is the cosine of the angle between the
direction of the particle in the normal mode and the direction to the point
detector, is extremelyunlikely. Therefore, if the particle is to contribute
to the flux at the point detector, it must undergo a fixed scatterfrom n' to

n and change its energy accordingly. The flux contribution,equation (2), to
the point detector can be corrected by multiplying by the appropriateweight
as follows

Wex W;c

= e"_ (3)
4,Rz

where W,c is the weight scale .factorto correct for the directional changefrom _' to _ as discussedabove Wsc is determined from the actual scattering
patterns for elastic, inelastic, and thermal kernel scattering. This method

of correcting the energy at which the flux contribution is made to the point
detector is used for the point estimator schemesdiscussedbelow.

POINT ESTIMATIONSCHEMES

Two point estimators, having variations on the theme discussed above, were

programmed into the RCPBI code6 and are presented in this paper. Estimator#I
uses a flux averagingmethod similar to that of MCNPI where the flux inside a

sphere of radius R,Iis given by

3W

- (1 - e"_) (4)
4xR,1s ,_ (s)

where W - WexWa:and R.1 is a constant. This equation is based on the assump-
tion that the scattering sites inside the sphere along the line between the
collision site and the point detector are evenly distributed. Unlike equation
(3), equation (4) will not lead to the infinitevariance problem as R _ e.
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With the methodproposedhere, not only is the variancefinite,but all mo-
mentsexistfor the frequencydistributionfunction.Thus,the centrallimit
theoremappliesand the standarddeviationon the flux estimatewill decline
as (]/Nz)whereN is the totalnumberof histories•

Outside the sphere, Russian Roulette is played to reduce the amount of
detailedgeometrytracking.As part of the inputfor each pointdetector,the
numberof mean freepaths(MFP)overwhichthe fluxis thoughtto declineby a
factorof two must be specified•If theparticleis outsidethe sphere,

(R - R,I) _T(S)
let n = Int Part . (5)

MFP

Seiecta randomnumber,p Ifp s 2"" setWR 2n;otherwiseWR B• , U _ •

If MFP is inputas negative,RussianRouletteis not playedoutsidethe sphere
and detailedgeometrytrackingis performedfor everynextevent estimation.

In this caseor if R < R,I,Wi = I. The weightterm,W, in the fluxcontribu-
tion expressionis now definedas W = W,xW,¢WR and the flux is scoredas in
Equation(3). With the correctchoiceof MFP a largekilloff probabilitycan
be achievedfor contributionsremotefromthe detector,thus increasingthe
efficiencyof the schemeby eliminatingtrackingof smallcontributors.

Estimator#2 uses the flux averagingmethodas discussedwith Estimator#I.

In addition,a secondsphereis specifiedwith a radius,R,z,whichis larger
than that of the first sphere. In the regionthat is outsideof the first
spherebut insidethe secondsphere,detailedgeometrytrackingis used for
the pointdetector. For each sourceor scatteringeventoutsidethe large
sphere,the particleis consideredto be movingto the detectorwith weight

W / (4.R2), where W is the productof Wexand W,c. A uniformlydistributed
randomnumber,p, is drawnfromwhicha testmean freepathis computedfromD
- -In(p). If this fallsshortof the detector,trackingis terminatedand no
tallyis made (i.e.the contributionis rejected).If the numberof mean free
pathsselectedgoes beyondthedetectur,then W / (4xRz) is tallied.

VERIFICATION

Initialtest problemsinvolvedcalculatingthe flux contributionfrom a point
Isotropicsourcein an infinitehomogeneousmediumat variousdistances•Ac-
curatenumericalsolutionscan be obtalnedT. The test casespresentedhere
verify that the point e_timationschemesare functioningproperlyand will
give some insightintochoosingsomeappropriateestimatorparameters.
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In the limitas R,Iapproacheszero, both schemespresentedhere exhibitbe-
haviorcharacteristicof the next eventestimator(NEE). Figure] showsthe
cumulativepointestimatorfluxresultwith associated95% confidenceinterval
statisticalerrorbarsversusbatchnumberat the 0.5 cm locationwhen the NEE

approximationis used. The insertto Figure] showsthe correspondingrela-
tive statisticalerroras a functionof batchnumber. Figure2 showssimilar
plotsfor the NEE approximationat the 3.0 cm location. Figures! and 2 show
the largerstatisticalerrorand irregularbehaviorthat is characteristicof
the NEE. This behavioris similarto resultsreportedfor the pointestima-

tion schemesof Reference(4). When Scheme#2 is usedwithR,2- R,I- ].O cm
at the 3.6 cm location,Figure3 showshow the resultsof Figure2 can be im-
proved.

PARAMETERINSIGHT

A concernof the analystwho uses these typesof pointestimatorsis what
choiceof parameterswill yield an accurateresultwith the leastamountof
computertime. From the problemcomputationtimesand statisticaluncer-'
tainties,Figuresof Merit(FOM)can be calculatedforeach case. As the FOM
increasesso doesthe efficiencyof the method. By runningparametricstudies
with the pointestimatorsand computingFOMs,insightfor parameterselection
can be established.

Table I presentsa comparisonof the resultsfrom the two pointestimation
methodsdiscussedhere. Examinationof TableI revealsthatas the spherical
volume over which Equation(4) is appliedincreases,the statisticaluncer-
taintydecreases.But, if this sphericalvolumebecomestoo large,the volume
weightedanswerwill deviatefrom the trueresultif the fluxgradientis sig-

nificant. This is as expected. For the simplecasespresented,R,1'sof 8.35
cm to 1.4 cm willyield resultsthat are within5% of the numericfor point
detectorlocationsof 0.5 cm to 5.e cm, respectively.In simplecasessuchas

thosestudiedhere it may be possibleto selecta prioria valuefor Rs1. In
more complexsource/geometryarrangementsshorttest runsmay be neede,Jto see

how the fluxvarieswith Rs1.

It is desirableto use the largestvalueof R,Iin orderto maximizetha FOM.
It shouldbe notedthat in certaincircumstanceswhena resultnearthe source

is needed,,.g.the 0.5 cm location,the largestR,Iwhichwill yield a result
withina few percentof the knownnumericis less than 1.0cm. In the region

where R,I< r < !.e, Equation(3) will be used to determinethe flux, thus,
resultingin somelargecontributions.Thiswill causesome irregularitiesin
the variance.
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COMPARISONS

Cases were analyzedusingScheme#I with variouschoicesfor the MFP. When

the MFP valuewas set to infinity,all contributionsoutsideof the R,Iradius
were followed. SignificantlylowerFOMs resulteddue to increasedtracking

beyond R,I. An optimumchoice for MFP was I.e. Valueslowerthan 1.0 were
tried but no significantefficiencygains were noticed. For the cases
presentedin TableI, efficiencyincreasesfrom28% to 40%were notedwhen the
MFP valuewas changedfrom infinityto I.e.

Caseswere also analyzedusing Scheme#2 with variouschoicesfor R,Iand R,2.
For pointdetectorlocationscloserto the source,the FOM appearsto be more

sensitiveto the ratioof R,zto R,I. In the e.5 cm locationcasewhereR,I-
e.45 cm, a 20% increasein the FOM is notedwhen R,2is shrunkfromB.9 cm to
8.5 cm. For point,detectorlocationsat distancesof 3.8 and 5.8 cm fromthe
source,the oppositeobservationis noted.

A comparisonof FOMs for Schemes#I and #2 fromTableI whenR,Iis heldcon-
stant shows that Scheme#2 can be as much as 20% more efficientthan Scheme

#1. As a furthertest for thesetwo schemes,the simplehomogeneousgeometry
used to generateTable I resultswas slightlycomplicatedby placingfive
thin, fictitiousassembliesbetweenthe pointsourceand the detectorat B.5
cm. The materialof theseassemblieswas identicalto thatof the surrounding
homogeneousmaterial. This action introducedboundariesinto the problem
which are similarto thoseused inmodelingmorecomplicatedproblems.

Severalcases were analyzedusingthe geometrywith fictitiousboundaries.
The resultsof thesecasesare shownin TableII. A comparisonof FOMs for
the two schemes shows a more dramaticdifferencethan is evidentfrom a
similarcomparisonof TableI results. Thereis almosta factorof 2.e in-
crease in efficiencywhen Scheme#2 is used. This differenceis due to the
way trackingis handledin the two schemes. The differencemightbe more or
less in other geometricarrangementsdependentupon numberand locationof
boundaries.

VOLUMEAVERAGERESULTS

As stated in the introductionto this paper,a time-honoredalternativeto
findingthe flux at a pointis to obtainan averageover a fir.itevolumesur-
roundingthe pointof interest.Forcomparativepurposesthatmethodwas used
with a non-terminatingcollisionestimator8 for a locationof 5 cm from the
source. Five differentvolumesrangingfrom 8 cm_ down to e.e27cm3 were
used. Resultsfromtheseregionsarepresentedin TableIll. Onlythe result
from the 8 cmz regionyieldsa FOM comparableto thoseof the pointestimators
of Table I. However,no resultfromthis volumeaveragingmethodis within
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3e% of the knownnumeric. Therefore, the point estimator schemespresented
here result in a markedimprovementover what used to be the standardRCPel
methodfor determiningthe flux in a very smallvolume.

SUMMARY

This work has presentedtwo flux-at-a-pointmethodswhichsamplefrom actual
scatteringpatternsinsteadof assumingisotroplcscatteringand are fairly
simpleto implement. The well knowninfinitevarianceproblemis handledby
using a flux averagingmethodalong a line insidea sphereof given radius
aroundthe pointwherethe flux is to be determined.In the limitthat this
radius approacheszero, the classicnext eventestimationbehavior is ob-
tained.

input parameterselectionfor the two schemeswill be problemdependent.
However,choicesfor these parameterscan be determinedfrom short, sample
runswherethe flux behaviorand FOM aFe monitoredas the inputparametersare
changed.

In the simpleproblemsstudiedhere,Scheme#2, whichuses a simplerejection
techniqueto eliminateunnecessarytrackingoutsidethe averagingsphere,is
more efficientthanScheme#I,whichemploysa Russianroulettemethodfor the
same purpose. This differencein efficiencyincreaseswhen geometrybound-
ariesare introduced.

The time-honoredmethodof usingvolumetricaveragesto representthe flux ati

i a pointwas demonstratedto be lessaccurateand generallylessefficientthan
the point estimationmethodsof this work for the computationtimesused in
thisstudy•
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TABLE|
POINT ESTIMATORCOMPARISON
INFINITE HOMOGENEOUSMEDIUM

METHO0 Rsl Rs2 MFP LOCATION FLUX 9_X C.I. TIME FON EXPECTED
(mln)

..................................................................................,O.05.. O.5 5.,e.02.60,.03 il;Z;"'ili;;i:Oi'
0,10 .. 1 0.5 5.186E.02 1.187E.03 11,6 632.4 5,216E.02
0.25 -. 1 0,5 5.297E. 02 8.668E. 04 11.7 1221,8 5.216E. 02
0,25 .. e 0.5 5.297E.02 8.669E.04 16.6 861.4 5,216E-02

2 O.18 0,20 -" 0,5 5.189E. 02 1.089E- 03 9.0 968,6 5.216E. 02
O.18 0.90 .- 0.5 5,201E.02 1.109E. 03 9.1 926.9 5.216E,02
0.25 0.25 -" 0.5 5,299E.02 9.029E-04 9.0 1463.1 5.216E.02
0,30 0.50 " 0.5 5.352E. 02 8.754 E. 04 9.0 1381.5 5.216E- 02
0.30 0.60 .- 0.5 5.355E.02 8.993E.04 9,1 1502.1 5.216E.02
0.45 0.50 -. 0.5 5.777E.02 5.524E-04 9.0 4655,4 5,216E.02
0.45 0.90 -. 0.5 5,776E.02 6.010E,04 9.1 3891.2 5,216E-02

1 0.25 .. 1 3.0 5.127_E.04 8.360E-05 17.2 8.4 4,766E.04
0.50 .. 1 3.0 4.P,40E.04 2.946E.05 12.0 86.5 4.766E.04
0.50 .- e 3.0 4.826E-04 2.923E.05 16.6 63 4.766E.04
0.90 .. • 3.0 4.910E.04 1.780E-05 16.6 176.5 4.766E-06
i .00 "" 1 3.0 4.BSOE'04 1.693E"05 11.9 268.4 4. 766E"04

2 0.25 0.25 "" 3.0 4,928E'04 7.183E'05 9.0 20 4.766E'04
0.45 0.50 "" 3.0 4.793E'04 3.626E'05 9.0 74.2 4.766E'04
0.45 0.90 "" 3.0 4.795E'04 3.699E'05 9.1 73.1 4.766E'04
0.63 0.70 "" 3.0 4.8181['04 2.933E'05 9.4 110.4 4.766E'04
0.63 0.90 "" 3.0 4.802E'04 2.807E'05 9.1 123,8 4.766E'O&
1.00 1.00 "" 3.0 4.919E' 04 2.034E" 05 9.4 239.4 4.766E •04
1.00 2.00 "" 3.0 4.963E"04 1.905E"05 9.4 27'7.9 4. 766E-04

1 1.00 "" 1 5.0 3.471E"05 2.458E" 06 61.6 12.4 3.362E"05
1.00 "" I 5.0 3.492E'05 2.943E'06 56.2 9.6 3.362E'05

2 1.00 1,00 "" 5.0 3.438E"OS 2.899E • 06 44.7 12.1 3. 362E"OS
1.00 2.00 "" 5.0 3.476E •O§ 2.482E "06 59.6 12.6 3. 362E•05

TABLEI |
POINT ESTIMATORCOMPARISON

INFINITE HOMOGENEOUSMEDIUMWITH FICTITIOUS BOUNDARIES

METHO0 Rsl RS2 MFP LOCATION FLUX 95X C. !. TIME FON EXPECTED
(mln)

• oe e. (eOEP O.qPO 0 0.0_'...QWe e.e.eOe* o o e,eQ e.,eeOe, e e oe._ ol,ee.o • o eo.. e eee. e oe .oeesooewuo 8o.*, _oe o.eeeeoe

1 0.25 -- e 0.5 5.264E.02 1.777E.03 18.3 183.3 5.216E-02
0.25 ., 1 0.5 5.251E'02 1.052E.03 i7.2 557.1 5.216E.02

2 0.25 0.5 -. 0.5 5.274E.02 9.515E.04 12.3 959.7 5.216E.02
0.25 1.0 -- 0.5 5.274E. 02 1. O06E• 03 13,2 802.1 5,216E- 02

1 0.25 -- ,0 3.0 4.788E-04 1.331E.04 18.1 2.7 4,766E- O_
0.25 .. 1 3.0 5,122E.04 8,360E-05 17.2 8.4 4.T66E.04
O.SO -- e 3.0 4.740E.06 8.292E-05 18.3 6,9 4.766E-04
0.50 .. 1 3.0 4.802E,04 4.122Eo05 18.4 28.4 4.766E-04

2 0.30 0.5 o. 3.0 4.874E.04 4.842E-05 8.8 44.4 4.766E.06
0.50 1.0 -. 3.0 4.870E-04 4.714E-05 9.4 43.7 4.766E-04
0.50 2.0 -. 3.0 4.712E'04 4.993E.05 9.6 35.7 4.766E-04

TABLEIII
VOLUMEAVERAGECOHPARISON

VOLUME AVERAGE 95Z C. I. TIME FON EXPECTED
(CC) FLU)( (NIN)

8.000 6.6871[.05 4.883E-06 59.6 12.10 3.362E-05
1.000 6.380E. OS 1.219t[.05 59.6 1.80 3.362E- 05
0.125 4._7E.05 1.654E-05 59.6 0.53 3.362E-05
0.064 2.240E.05 5.805E-06 59.6 0.96 3.362E-05
0.027 2.660E-05 1,034E-05 59.6 0.43 3.362E.05
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FIGURE1
NEUTRONFLUX WITH ERRORBARS USINGNEXT EVENT
ESTIMATORAPPROXIMATIONAT THE 0.5 CM LOCATION
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FIGURE2
NEUTRONFLUXWITH ERRORBARSUSINGNEXTEVENT
ESTIMATORAPPROXIMATIONAT THE 3.0 CM LOCATION
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FIGURE3
NEUTRONFLUX WITH ERRORBARS USINGSCHEME:#:2
., WITH Rs; R_;2 1.0 CM AT THE 3.0 CM lOCATION
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