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Abstract

Cellular rna.terials consist of interconnected struts or plates which form cells. The struts or

l)lates are constructed from a variety of metals, polymers, ceramics and wood pro(lucts. Cellu-
lar materials are often used in ilnpact limiters for shipping containers to protect the contents

from a.ccidental lint)act events. These materials exhibit a variety of complex behavior when

subjected to crushing loads. This research focuses on the development of continuunl represen-
tations of cellular solids that can be used in the finite element analysis of shipping container

accideats. A significant portion of this work is the development of a new methodology to relate
loca,lized deforma.tions to appropriate constitutive descriptions. This methodology t)rovides the

insight needed to select constitutive descriptions for cellular solids that capture the h)calized
deformations that are observe(l experimentally. Constitutive relations are developed for two

different cellular materials, aluminum honeycomb and polyurethane foam. These constitutive
relations are based on plasticity and continuum damage theories. Plasticity is used to describe

the permanent deformation exhibited by both aluminum honeycomb and polyurethane foam.
Continuum damage is needed to capture the change in elastic parameters due to cracking of

the polyurethane (:ell wall materiMs. The new constitutive descrit)tion of polyurethane foam
is implemented in t)oth static and dynamic finite element codes, and analyticM and numerical

predictions are comI)ared with available experimentM data.
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1. INTRODUCTION
d

. (Mlular Inaterials consist of interconnected plates or struts which form cells. The struts

or plates are constructed from a variety of metals, p()lymers, ceramics and wood prod-
acts. Materials with a two-dimensional array of cells are referred to as honeyconlbs and

,naterials with a three-dimensional array of (:ells are referred to as foams (Figure l.l).
Foams with interconnected plates often form closed-cells and are referred to as closed-cell

foams. Foams with interconnected struts are referred to as open-cell foauns and are g(:rl-
erally much more flexible than closed-cell foams. Foams that permanently deform whel,
suhjected to large strains are rigid foams and foams that remain ei_stic for large strains

ark flexible foams. The two materials that were closely investigated in this study i11clu(h-,
a rigid, aluminum honeycomb and a rigid, closed-cell, polyurethane foanl.

Figure 1.1. (!ellular Solids: (;t) alulninulll ll(_ll(,y('oml_,(!)) l)()lyllr(,tlla.ne t'oazn.

(Jellular lnaterials haw_ been studied I)y mathematicians and philosophers for over 300
years ((Ill)soil and Asllby, 1!188). Early mathenlatic.ians were intrigued /)y the geollletry
and t)a(:king of individual cells. (_ellular solids have a variety of ce.ll shat)es and pack-

, ing arrangenlents. For example, aluminunl honeycomb has regular hexagonal cells and
a Ilzlif6rnl packing. ()n the other hand, polyurethane foam has a nllml)er of different

cell shapes and packing arrangenmnts. For the past few (iecades, researchers have ex-
perimentally measured an(i analytically investigated the mechanical behavior of cellular
solids. The experimental work has included subjecting cellular solids t'J various h)a(I
paths and nmasuring tile induced dehJrmation of the samt)le. The analytical work has
concentrated ()z_developing equations that relate the elastic resl)onse ml(t i_itial yield
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_t,r<'tt,_tllof tile c<'lltlla,r l_la,t,eria,I t,o tire cell _t:iec,11teLrya,l_(i tl_(' i)rolwrt, ies c,f i,lle cell wa,II
lll_tt,(,rial."l_llc'_eillw'sl,ig_l,ioi_SiIlclica.l,('(,ll_tl,_,elllllar_oli(Isllaw')llecll_llica.li)rol)er(,i(',_

wl_i('ll are llOt t,Vl)ical _)t"s_di_lzl_a.l,('rial,_.

ill aiI'l)la,_' wiu,e;sml(l ])l'¢)(;('Cl,i\', 1)m'kae;ille;I'_)rnl_il)l)ill,e;('_)11ta,i_l('l's (l)()yl(', 1971). l)l_ri)_e;

'I'll(' I>_lrl)on_,of l.l_is r('near(,l_was 1;_)(h,v('lol) a.('()ul.i_l_l_ r('t)r(,s(')_l,a,l,i_)l_()t'c(']l_la.r _l_a-
h,ria.ls tllat uot otlly (,a.t)l,_lresl.ll(' ela,sl,i(: r_,sl_Ol_s_'of i,ll('s(' l_a,l,(,ria,ls I,_l, alno l,]_(,1)la,sli('

¢)I)('(Ith('¢)rywl_i('llwas_)ri,e;i_a.lly_ts('(lI,_)(h,s('ril)(,ill(,l)(,r_la._(,_ll,(l(,l'()r_)a,t,i_)_a,_¢)I'Ill(,(:_t.ls

l_)ml_'(ll)('y¢)_l(,l_'irelasticli_it,l_,_'('e_(ly,l)lasti('ityl_.salso)l)een_s_'dl,_)(l(',_'ril)_,
(1_(,1)(,rlt_a_e_lt(tet'orl_a,ti_))ls exl_il)il,e(I I,y ('_)l_('r(,l,e,r_)('k,_,soils al_(I t'_)a_)_._.(l_)tll,i_l_II)

(_lall_e;(,) n_rl'a('es. II_ tl_is sl,_(ly, a, ('()l_pl('(Il,l_,ory is (l('w,lop(,(l for ri_;i(l t)_)lyllr('tl_a_l(,

\&,'l_'__'(,lll_lt_rsoli(I,_at(, lomted i_to the i_-,l_,_ti(: regime, riley of_('u (,xhit)it (let'or_n_tio_s

(,It_ an. lo(:Mize(i into stencil regions a,t sonde i)oiut i_ l,l_e Iomli_g i,rocess. In (,Ire-',pa,sl,,
Io('alizatio_ l_a.s I,e('n _sso('i_l,e(l with los,s of positive definil, euess of the _u:o_,_tic tensor
(Hill, 1!)6'); Ri('e, 1_t76). Here we si_ow l,h_ locMizt_i,iou should be _,snoci_ted witl_ loss

of posii, iw' detinil,euess of tlw synm_etric p¢¢r(,of the _coustic tensor. 'I_l_ea.coustic t(:_-
sot (l_'t)eu_ls ou I)otl_ _u_orie_tt_l, ion w_c_or for the Ioc_diza.tiou _md o_ the" fourth-ordm'
(,_u_ge_tstitf_ess teusor for the _n_terial. A (:on_ectio_ betwee._ c,ousl,itu_iw: theories mid

IocMizati,m is provi(led by a, spectrM tmtdysis of (,he,symmetric l)ttrt of the t;a,_ge_t, s(,ilf-
_ess t_'us_)r. 'l_he (,igensysl;en_ for (,l_esy_mel;ri_: ptu't of the t_u_geu(,stillness (,e_nor is

ol)t_fi_e(I fl)rseverM ditf_'reut pl_sticity _nd continuum d_m_ge models. 'i'l_is e,ige_sysl, e)_
provides iuforn_tiou _d)out both (lil:f_se a,ud di_couti_uous bifurct_tion_. M_eriM prop-
erties, bouud_ry con(litions, _md body geometry _u'e _11shown I;o _ffe.ct the. diffuse, _m(!
locMized de.fonna,tion modes l,h_t _re generated. Numerous experimented observa, tio_s of

_eckit_g _d loc_diz_tiou in mettd specimens subject _o vtu'ious bou_dtu'y coudil, io_s _re
e.xpl_i_ed with _ bif_rca.tio_ _ntdysis of _ you Mises plasticity model. Bifur(-_d,ion a)_My-
ses are then perforn_(:d on pot,entitd constitutive theories for (:('.ll_l_u'solids. A comp_u'i,_ou



(!onstitlll, ive rdati<;_s for a.l_xn_i_l_ l_<_ey<'on_bsand rigid l;<;ly_re.t,ha_<' foa,_lls m'<,_l_,-
v<qoped and an_dyzed. A coupled plasticity and continuum damage model for ri_;i_l

• polyurethane foam is then implemented in both sta,tic and dynamic finite elenmnt codes.
A number of static tests on rigid polyurethane foam are analyzed and the results from the
finite element analyses are compared with experimental observations. Finally, a typical
impact problem is anMyzed using various constitutive models for a polyurethane t'oai_
impact limiter to demonstrate the effects of using various constitutive descriptions for
the foam.

13



2. CELLULAR MATERIALS

, Literature on tile mechanical behavior of cellular material is reviewed ill this chapter.
Tile first section includes a discussion on the general behavior of cellular material. In the
second section, currently available experimental data for Muminum honeycomb and rigid,

polyurethane foam is reviewed. In the final section, existing constitutive theories for these
materials are reviewed and the need for improved constitutive theories is discussed.

2.1 General Behavior

t :1(,dlular materials generally have a much lower density, thermM conductivity, stiffness,
and strength than solid materials (Gibson and Ashby, 1988). A typical stress-straill
curve generated from a. uniaxial compression test on a cellular solid is shown in Fig_m:
2.1. Initially the cellular solid is linear elastic. When load is applied the cell walls beIld
but remain linear elastic. As the load is increased, the cell walls begin to elastically

buckle, form plastic hinges, or crack. The behavior depends on the cell wall material,
temperature, and loading rate. Generally, one layer of cells will completely collapse before
a second layer collal)ses. This generates a narrow region of localized deformation. In this

plat_'au region, a small increase in the applied load will cause additional layers of cells
to collapse and the region of localized deformation will continue to grow. It is exactly
I,his bellavior tha.t makes cellular Inateriais attractive for use in impact limiters. Once a

STRESS LOCK-UP_

.......... STy,,.

4

TENSION

Figure 2.1. Stress-Strain ('urve for Cellular Solid Subjected to Uniaxial Loads.
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certain load level is reached, the material experiezlces large volllnle reductiozls and absorbs
a significant amount of energy with only a small increase in transnlitted load. Finally,
once all of the cell rows have collapsed, the cell walls are compressed against each other

t

and the load needed to compress the sample further will rapidly increase. This is referred
to as densification or lock-up of the cellular solid. The unloading behavior will depend on
the character of the cellular material. Flexible cellular materials will elastically unload
and return to their undeformed shape. Rigid cellular materials, on the other hand, are
permanently deformed and often damaged when they are compressed into the plateau
regime. This study focuses on rigid cellular solids which exhibit inelastic deformations.

When cellular solids are subjected to tensile loads, the cell walls will again bend and
the material will initially be elastic. As the load is increased, the material will either
plastically deform or fracture. The behavior will again depend on the cell wall material,
temperature and load-rate. If the material fractures, the applied load will rapidly de-
crease. If the material plastically deforms, the load will increase as the (:ell wall sections
are rotated and axially stretched. Often a single row of cells will stretch or fracture _md
the material will also exhibit localization in tension.

2.2 Experimental Data

Two cellular mate, rials that are often used in packaging, aluminum honey('oml) and rigid
polyurethane foam, h_ve been experimentally evaluated by a number of researchers (Shaw

and Sata, 1966; Patei and Finnie, 1969; Zaslawsky, 1973; Klintworth and Stronge, 1988;
Cibson and Ashl.)y, 1988; Donald and Maji, 1992). Results from these experimental
i_lvestigations are briefly summarized in this section.

2.2.1 Aluminum Honeycomb

Aluminum honeycoml) consists of interconnected aluminum plates. 'l_he i)lates are ('ozl-
llected such that they form hexagonal cells that resemble _ bee's honeycolnl). Tills
material is not isotropic. In fact, the strength of the material in a direction l)arallel to
tile generator axis is approximately 30 tinms greater tllan its il_-l)lane strengtll.

A typical yield surface for an aluminum honeycomb subjected to in-plane loads ((all)son
and Ashby, 1988) is shown in Figure 2.2. When this material is subjected to a llniaxiai

in-plane compressive load the (:eli walls bend, plastic hinges form near the ('ollnection
between various cell walls, and cell walls eventually deform and collapse. Generally, a
localized region of cells will collapse and begin to densify before (:ells in other regions col-
lapse. Figure 2.3 shows the localized deformations generated by uniaxial compression in
the ribbon direction and uniaxial compression in the transverse direction. The localized
deformation zones in these materials are generally oriented along geometrically similar
lines. However, the localized deformation is significantly different when the load orien-
tation is changed. Thus, the constitutive description for aluminum honeycomt) sllould
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Fi_,ure 2.2. Failure Surface for Regular Hexagonal Honeycomb Subjected to ln-plalle
Loads (Gibson and Ashby, 1988).

predict geometry and load ,t!_pendent localized deformation.

t:or uniaxia.l cotllt)t'ession, tile load-displacement curve consists of an initial linear elastic:

reginle followed by a plateall regime where the cells collapse a.s plastic hinges form ill
the cell walls. Finally, a regime of densification is reached wllere all of the cells haw_
collal_Sed and begill to deIlsify which causes tile load carried by the structure to rapidly
incr_:,ase. Tho behavior of this material ilnder uniaxial tension is similar to its bellavior

llnder tllliaxial COml)ressiotl. PlasLic hinges form near the connectiotl between variolls

cell walls and c_dl walls lmn¢l arid stretch. Again, a localized region of cells will stretch
and :Je elotlgatecl beh)re cells in other regions are plasticMly tlet'ormed. Evenl, llally t,lle
_,_ltire nlatrix is elollgated and the resl)Onse is equM t,o the respollse of the solid cell wall
tllateriai. The cross section of the smnple has, of _'.ourse, beeli significantly redliced.

4

Whell this nmt_'rial is sllb.iecte_l to unit'ornl biaxial tension, tile cell walls ar_-_st,r_'tcll_'_l

and not bent. Note that tl_e yield surface (Figure 2.2) for alumit_utn ho_ey¢:on_l_ is
¢

elongated along the biaxial loa_l path. This occurs because the biaxial ioa_.l neede_l to

stretcl_ the cells walls is significantly higher titan tl_e uniaxial load t_eeded to I)etl_l t,l_e
cell walls. Since tl_e l)_-'r_aatlent deformation exl_ibited by tills _naterial is ass_)ciat,ed wit,l_

the h_r_nation of plastic hinges in the cell walls, a, plasticity t_lo_iel is _sed to _:ai_l;l_r_,tl_'
inelastic l._ehavior.
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Y - Ribbon Direction

X- Transverse Direction

Figure 2.3. l_,o_'_diz_,_ll_-pl_t_-,, l)_-ffort_ttio_ of Al_mit_t_ llo_;y_:o_b ,q_b,i_'_'t._,_it._

ll_i_,xi_d (l_l)r_,ssio_v (a,)in th_r'q'ra,_sverse l)it'_'_tio_, (1_) i_ l,l_'

l{,ii_l_o_ l)ire_'tiot_ (I)o_dd _u_d M_tji, 1!)!)2)
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Figure 2.4. l,'a,illtre ,qurt'ac._'for_ Rigitl, (',los_'d-(_:ll, l:'_,lytlrc,tha.tl_-'I'-'o_tl_i(l:'a,Lel a._l_l
l_'ilitll_', 1969; (Iibsoll a.tld Ashby, 1.,,,,/.

2.2.2 Polyurethane Foam

l'_igi_l, cl_st,ci-_,_'llpolyliretll_tllt' fo_-tmconsist, s of itltt-:rcorlllt.:Cl;t:'dplates ot' t)olyur_'l,ilatl_,.

_[_t_13'_[ist,ril_t._'_l t.l_a._t,l_' plat_'.'-;it_ _dttt_fits_tt_I_tm_,yc_on_l_.This u'_t,_',ria.lis _na,_tl'_w-
t,ltr_,_!I_y ]_tvi_g a gas _,×p_t_l i_sid_' liquid 1_13/l_'r w]_i_:l_soli_liti_',,.;it_ _t t'o_-m_,_[sl,_tt_'.
Sl_t,.v_t_,! S_tta (l._)(i{i),l_'_tt,_'ia.t_d l_'iH_i_., (1!)71)), Zasl_twsky (l.)_,'I), _t_tl l),mald a._,l M_.ii

(1!)!)2) il_tw, _'Xl_'I'it_w_tally t_a,_u_ I l,h_,
.i_wl,_,dt;o v_Lt'it_s Ioa_l l_a.l_l_s,l:'at_,!_t__l lSit_t_i_"s(1969) work it_di¢:a,t_st,l_t t,h¢',i_il,ia,I

sl_ow_ it_ Vig_t'_"2,d. 'l-'l_et,xp_,rim_::s_l,a,Iwork of Sha,w a,ud ,S'_tl;_t(1966), Z;tsl;_wsl<y(1973),
_! l)on;d_t a_tl Ma,ji (1992)i_a_.li_';st_:stha,t the inil,ia,!yit'.l_isurf;u:e for rigid poly_tr_th;_t._'
foa.r_ ca_ab_' d_,scril)_,<l_sing a,principa,! ,,-;tresscrit_::riot_.

A Io;ut-displ_tcem_,_t, _:l_rw' for 20 ll)/t't :_poly_retl_a,_:, foa,_ .,-;_bject_:dto _:ycli_:u_i_txia,l

, ctm_t_rt-:ssiotlis show_ i_ l'ig_r_-' 2.5. The, it_il,ial _,la,stic r_:giu_:,is follow_,_l l_y _t I_la,i,_'_,_
t't,gi_w iti wliicl_ l,l,, lo_,d r_-,qttirt-:dto crush t,he m_tt:ri_d l't_.tttltittsttca,rly cottsl,a.ttt. Itt
this regit_l_', sorest, c_,ll wa.lis _:trt' cot_apr_sse._lt_i, il th_.y bt_ci<l_:w]lil_:oi,lt_w_:_,11w,_ll__trt,
str_t_,ht:d _t_l,il t,l_,y crack. Wl_t_:__dditional 1o_1 is _pi)ii_::d,i,l_, _'_:,ilw_dis _tt'_,co_l_r_'sst-'d

stilF_-:,ssof solid l)oly_l¢'r. The: slol)es of l,hCautllo_tditig c,llrw:,'-; i_di_',_tt,_,t;h_d,t,lat:_ti,¢'t'i_!
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Figure 2.5. Loetd-Displacement (:urve for 20 lb/ft :_Polyurethane Fo_ml Subjected to

(_yclic [lzlittxial (:ompression ([)onald and M_ji, 1992).

material stiffness _tctll_t!ly increases when the material is compressed t'llrt,ller i,lto the

densification regime. Tile ¢]ecrea,se and sllbseqllent incre,&s¢' i,l foal_l still, less is ,'_t,ls_:_!

by two distinct defornlation nmchanisms. The decrea,se in stiffness occults _l_u:to tile,

cracking _tnd reduced stitflless of the cell w,tlls. The iIicrea.se ill stilflless is ,lll_, to l,ll_'

iliter_tction betw_:,ell il_'igllboring cell wa.lls _s they a,r_-_col_ll)r¢:sse_l l,og_q,ll_w.

2.3 Existing Continuum Representations

Most p_tck_tges are ('urr('_tly _lesigned _tsit_g a, one-(li_mnsional _ll_i_txi_t[('l'llS[i llio(i_q ['(_r

the cell_lar solitl. 'Finis is _lo_e <.l_t<'to the la,ck of _[eq_at¢, eXl)erime_l,_tl d_tl,a, or _t_i

a.Ccllral,{, COllsl,itlll, iv_, tl_eory for l,]_ese _l, eri_tls. In a, tyl)ica.I ¢lesig_, l,l_' lllli_rxia, I It,_t_l-

foal_ for a give_l _l_i_txial i_l-_tct, _'v_,_ll,. 'l'l_is i_el,]lo_i is it(:(:lll'_tl,(, ['O1" _l_'scril_il_g I,]_'

_,del is ad_q_te for o_ly l,l_e sin_plest of t)ack_tge geonml, ries _d lo_t_li_gs.

A wtriety of researchers ((_il_so_ _l Asl_by, 1988; W_trre.n _t_l t<r_ty_ik, 1987) I_v_,

st_(li(::(l the line_r el_tsti(: I)el_vior of various cellular solids. I_ tl_is work, (:(l_t,tl,iolls _r_,

(l(:w,lop(;(I float r¢',l_tte the (:l_sti(::(:o_stants to t)err_tmel,ers that define 1,]_¢,g_:o_(::try of t]_(,

(:ell (i.e., tl_e thick_(.ss_" of the cell wall a_(I lengtl_ of a typical cell w_tll sectioi_), l,(l,l_t,i_sr

tha, t define the critical io_(1 ]:_eyond wl_i(:h tile l)el_vior is _o lo_lger ill,ear t'la.stic a,r_,
r 1 1_tlso _h'_velope_[ I_y l,ht'se resea,rcht:rs, lht,se ¢'q_t_tl,io_s _tl'_' then _tse_l I,_ _les_'ril_' l,l_'
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, _let'_r_a,l,io_l,_I,_ ntrel,cl_i_p.;for l_u'_e _l_'t'orl_a,l,i_s.

'l'l_e n_icro_ecl_uli_'_d si,l_lie,__f Wa,rre_ _uld t(ra,y_ik (1,%17)a,_l ol,l_,rs pr_vi_l_,a,_l_'s_'rii_-

the' _'ell lewd. 'l'l_,n_'ni,_dien l)rovide va,l_a,I)le i_t'orl_a,l,iou a,i_o_l,_'eil <lei'orr_a.i,i_)l__,_'l_-

tll_' t'_a,_. This in il_l_orl,_mi,I_e_,auseit _dlow,sfor tl_, _levelop_'_t of a,_ _'ugin_:,er_'_i_:_'lll_-

studi_,n _'_'_ra, l,_,ly_'_l)_,_r_'the li_e_u' _m_l _o_linem' ela.sl,i_: bel_vior of _:ellul_u'_a.t_,ri-
a,ls I,l_a,l,I_a.v_,_ re_l_u' _'ell ge_n_etry. Howew'r, a ,_ig_itica_t exl,e,_lsio_ of t,i_, c_rr_'ut

_'ll_u_i_'alsl,t_li_'_ to i_'l_sl, i_"b_,ll_vi_)ra_d lo_:a,li/.,_d,i_ will prol)_bly r_'_l_ir_'_ _o_l)l_'_'l_t

1_ tlli,_ r_'n_'a,r_,ll,a _la,_'ml_'_'l_u_i_'al _q)l)ro_'tl is _,_'_1i,_ i_lw,stig_d,e tl_, b_'l_a,vi_r of _'_'l-

_'valt_at_, i,!_' _l_'t'_)r_atio_ _u_l Io_'a,lizaI,i_)l__'xllil)it_,_lby a l_u'g_"_l_l_,r of _'_,lls,_l_j_,_'t_,_!
I,_,vari_n I_,a<lI_al,l_,_.l{_,,_li,,_['ro_l tl_e _,xperin_'_ta, I i_w',sl,ig_tiol_s are tl_'_ I_,_'_11,,__l_'-

w'l_,l_a, l_al,llel_ti_'_d _lescripl, io_ of tl_e b_'l_a,vi_r. Tl_is _l)pro_u;_l__dlows l,h_'_h'w,l_l_'l_t
_t' a _odel i,l_at Cal_tl_r_,sI,_,11 1,1_,_'la,_t,i_,_u_l i_el_t,sl,ic hel_a,vior of ti_, _a.t_'ria,I. A_ a_'-

_l_'w'lol_'_l.AI.'-;,_,a.III_I'_ILKI__n_l_l_'rst,anl_iix_,_of t.ll_,x'ela,t,io_,sl_ipbet,w_'_,_Ioca,lize_l _i_'t'_r_a-

t,i_.._l_sa,_l_[_'_I_stil,,_t,iw' _l_,,,;_'ril_t,i_,,,;is _,_,_I_'_It,_ _h'w'h_l_a,l._l._rOl_ria.t_'co_st,il,_i,iv_,l,]_'_u'i_'s

_I' ,'-;_:I_a_ l_lersl, a_li_K.

' all,l al_a,l,ysl,s _l,',;ill_ l,ll_'S_'_'_I_,,'-;ar_,l'_,rc_,_lI,o i_,,;_,a,_i_a,l_l_n_l_ria,l,_,_'_nl, il,lll,iw, _les_'ril_l,i_ll
l'_r _'_'ll,_la,r _al,_'ria,l,,;wl_,l_ l,ll_'y a,r_'l'a,_'_,_lwil,ll a l_ml_le_ i_ wllicl_ l,l_'s_'_1_a.i,_,ria,l,.-;ar_'

, _s_,_l. A l'_,wr_,,,;_'ar_'ll_'r,sar_,__rre_ll,l,y ,,v_rl<i_l_;_ I,I_' _l_,w,l_l_,_ll, _I' _'_l_,'-;l,il,_l,iw, tl_'-

_ri_,,_l'_r _'_,ll_lar _lla,l,_'ri_d,_;(N_'iln_,_l,M_r_;a,_ a,_! l,(l'i_,_;,1!)_7; l'(li_tw_,rl, l_ _ul_l Stm_;_,,
I!_; W_-_.rr_'_l,l'(ray_il< a,l_l ,";I,_', I!);",19;Tria._l,alill_l_ a,_l (Iil,s_, I!)!,I())a,_l l,l_i,'-;r_'l_,._rt
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ical expressions for tile elastic response and tile initial yiel_l fllnctions t\)r this Inat_,rial.

Their yield functiolls describe a family of intersecting yield surfaces in stress spa,co. 'l'll_,
yield hlnctions for aluminum honeycomb developed by Klintworth anci Strong_, (1.tt88)
are Ilsect in tile plasticity theory for alllminltm hozleyconlb presezIted h_:'re. A i_lasticit,y
model for rigid polyurethane foam, developed by Neilst'n, Morgml an_i Krit_g (1987), is
llsed as til_ basis for the coupled plasticity continlllllll damage Inodel for i_olyllr_'t,lla,zl_'
foam developed in this study.
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3. CONTINUUM CONSTITUTIVE THEORIES

. Tills ('hal)ter il_('l_l(h:'s_t revi_'w of _'lasticity, i)lttsticity _uld c.ontilllllUn (l_UlltLg(' tlleories
whicll ltlay 1)(,II:_(-'flllfor des(,ril)illg th(' I)ehavior of cellular solids. The (:ontinllllnl (lanlag('

tht,ory was (h'v('loiw(l I)y N(-lireyer (1990;_) usillg a. strlactllre sinlil_u' t() th;Lt of ,'oUvtmtiollal
i)lasti('ity theory. 'Fh(, 1Is(,of tills structure easllr(,_l tile (lev('lot)nwllt of therl)_o(lyzlanl-
ic_dly a,ct'ept_d)le ('ol_stitlLtiv(' tlwories _md also aided in l,ll(: identifit'ati()n of ('ontinllllln
(ia/zlag(' tll(,ori('s wl_icl_art, a_alogo_s to existil_g i)lasticity tlwories. This was lwil)ful
i_l tl_(, (h,vt,lop_ue.lt ()f ('O_l)led (l)lasticity with co)_ti_n_ (lal_mge) theories which h_w('

3.1 Elasticity

]'_lasl, i('ily l,h('ori('s W('l'(' (l('v('l(,p('(I 1,()_l('s_'ril)(,(iI,!_(,(h.f()r_atio_ ot' Ill_tt('l'i;tlS 11()(,l(_l,(ll'([

l)('y_)_ltl_,ir_,laslicli_it,li',)ra classoi'li_('arela,stir_naterials,tlwreexists;_l)()sii,iv('

,l('li)_ii(' sl.rai)) ('_)('r_4yl)('r _)_ii. vol_))(,, l!, (Malv('r)), I.q69), giv(',J l)y

l: = ½e' E'e (:1.1)

wli(,r(, e is ill(' t,¢)tal ,_tr;di_ t(,i_sor _tli(l E is i,li(' fourtli-()r(M' (,l_tsti("si,ill'li_,s,_(,(,llst)r. All _)I'

tl_(, I'()_rth--_)r(h,rt(,)_s()i's_s(,(l i)_ I I_is r(,l)ort l)()ss('ss tI_(:,n_i))or sy))_)n(,tri(,s, i.(,. l,(ik_ =

I"_,_,._- I:,_,,.. 'I'I)('(,xi._t('_)('('_)I'a straii_ (')_(,rgy I'_i)('tio)) i_)_i)liestl)_t(, (,I_('(qa,_ti(' stilh)(,ss
l('llS()l' _-II,"i() I)_,),";SI'SS(',S i,]l(' IIl_ljOl" SVIIIIII(q,I'y, i,(', ]'_jkl ::- Lklo'

i)l/

# : i)--[= E._ (:)._)

If th(' l_a.t('rial in is_)tr_)l)i(',tl_('l_E is giv(.'_ 1)y

E = :IK P" + 2(;P '_ (:_.:_)

;_r(, r('lat('(l t() '_'_,_)_;'n))_()(l_l)_s,1!:,_u)_(ll)_)inn()_J'srat,i(), u, a.,sl\)ll()wn

/',' I_'
h' = (; - (:l.,t)

, 3(1-2))) 2(1 +_,)

' _m)r, P'_, at(, giv('_ l)y

1. p,I _ p.,_,P""= -_ _.:,i = I (:).5)

II('r(' I is t,h(' .sy_l_ic,t,ri( i'()_rt.l_-()x'(l(,ri(l(,_t,il,y t,(,_s()r a._d i is t,l_(,,_(,r_)_t(l-()r(l(,ri(l('tJtity.
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3.2 Plasticity

l'lasticity theorit,s were, origill_dly' _levelol)e(l to nla.thetl_atic_dly descril,e i,t'rlllallellt, _l('-
t'Orllla,tiOlls ill llmta, ls wlli('ll ;,.,'_'associ_d,ed wil,ll disloc_i,iozi I_loi,i_,ll _ul_tsill, a.t th(' Illi-
crosl, rllcturaJ lew'l, Atl illll)ln'l, a llt assllt_ll)tion ma(le I,y l,ll(,s¢,l,lle(n'h.s is t,li_tt tim liwl_,ar

elastic prol)erties of the, nlateria] are _lot _dh,ch,(Iby tile ge_(,rati(n_ of I)la.stic Ch,f_r_a.-
tioga. 'Finis a.ss_nl)tion is wdi(l for n_ost In(,t_ds s_ll)j('ci.('(l i,o only a l]_o(l('rat(, a._o_t

_my be a,lt'e('ted wl_m_larg(, a_m_lts of plastic d_'l'or_d, hn_ _u'e gel_erai,e(!.

'lb dew'lop a ge_er_d fran_ework for i_lasticity tl_eories, co_si(Ivr tl_e t'oll_wi_g cxl_r_,ssio_l
for the strain energy fi_nctiot_, l/,

i/ - I/(e,e") = ½(e - e")' E'(e - e") (:1.6)

where e _md e_'are tile total al_d 1)lastic stra.i_ i,e_sors, r_'sp(,cl,ively. (lolel_]al_ m_! (_rl, i_
(1967) ]lav_,sl_()wi_tlla,t tl_(, ('lm_si_s-l)_l_en_ (lissil_ai,io_ il_('(l_|aJii,y ('all I)(, wrii,l,el_ a,s

o-. _ .- t'_ > o (a'i)

(H'

i)l; i)l;

o'' _- i)-"-_' _ - i)_,' _' > () (a.s)

ill ,'

o" = i)--_ = E'(e - U') (:l.!})

a_,,I _11('fi,ll¢,wi_,g('xl,r,'ssi¢,l, I'¢,rl I,,, _,_,,,'l,a_,i('al,lissilmti,_, rate,, /),

i') =: i)l : .
i)_z' ' e_' -:: o" ' e_' (3.1(1)

ll_,. ('la,_si,_s-l)_i_('_ ill,,(lllalil,y ,'all 1_('si_ll,lY ('Xl,n'ss(',l as

/') _ (I (3.11)

l'laslicily _o_i('ls ar(' c]larau,l,(,riz(,.(I ]_y a yi(,l,l f_lli('l, ioll, _P, wlti('t_ _l(,til_,s a s_ri'a_'_' it_

stn,ss sl)m,_, s(,imral, i_g ('lastic all(i l)la,stic r_,gi_(,s a_¢l a_l _'vol_ll, i_nl ('(lllal, i()ll 1'(_1' 1,11('

I_lastic strail_ w]_ict_is _dso referr_'_l 1,(_as a /low r_h,. Yi_'l_tt'_I_ctiol_s an, (_1'1,(,_writl._._ a.:_
fidlmvs

_P(a_,e")= .q(o')--h(e") (Y,.12)

wl_,r(, q is a fi_nct,i¢_ of str(,ss i_w_!'im_ts a_(I h is a ImS[l, iw, 1"_111¢'I,[()11(d' eP. llll'(_rlli_tt,[oll

al_(_llt the I_n_,(!t_ist(_ry is sl,(_l'_',l ill e_' (_!' ofl.,(,ll SOlll(, [llV_tl'i_tlil, (_f U' a,ll(I l,l_, ('lt'_,_'ts_t"



tilt' I()a<l Ilistt)ry ,)11tIlt, .vit'lcl sltrt'ac_,art, itlct)rl,_,ral,(,(I tllrotl_ll h(e'). 'I'll(' yi('l,I sllrl'a,'_,
rt,l,rt,nt,_ll,t'tlI)y l,llin yit'l,i t',lllc'l it,tl is givetl I)y _p= ()all<l l,llc' Ilurltlal I,,, l,llt' yi('l(I s,lvl'a<'_',
f, is girt't1 I,y

' f = O_r (3, 13)

A tylJicalll,,wrlllt'is givt'_llJy
i o

e1'= f,g (3.1.'1)

Wlll'Ft' [_ iS it, lllt_ttt_l,t)ttit'allyitl('rt,asiltg l)a,ratttt'lt'r a ll¢l g is a, Stq'Oll(l-tH'tlt,r l,('llStH' l,]lal+

n'l,n'sellts l,ll_' twit'lll, al, it_ll C_l'l, ltt' I_la,nt+icsl, raill illcl'_'ltlc,lll,. 13ystll_si, il,_ll, iltg t.l_is_,xl_rt'ssit,t_
t\_r l,lte l,]a,nlic sl.rail_ rah, it_l,t,l,llt, _lissil)a,l,io_ ra,t,_,oqtl_l,iot_ wo ol_l,ain

I)= i,tr : g (3.15)

l,k_relastic prt,ct,sst,s,/_ _,qttals z_,r_ a.tt<lt'cwI_last,ic i_rucesscs _ is I_ositiv_,. 'l'i_ts, l,',_t_ta,t,it_

3.15 it_<lical,t,s l,llat 111t,_'l_a_i_'al_lissil,al.it,_1 will lw ,t_,_era.t,t,_lwllt,n i,la,sti<' <It,l't,r_a,t,it,_
t,t'('III'S a llil t.llt, {,('ilstJl'l_I't_<Ittcl,tr ' g is l>t_sit,ivt.. 11_t,l,l_t,r words, l,o {ql,'illl't' t,llal, <lissil,a.t,i_tl
acCtJltllmllit+s l,last, i_'<lt'l'ol'lllal, itJll, t_llt' sl_t_llltlst,lt,ct, yit,l_l l'ullri, it>lls a,ll<l llt,w la.wss_l<'llt,l_at+

I+I_'lt'tlsor l,t't>tltlcl, o" ' g is l>tJsii,ivc W]lOllt'Vt'r l_last,ic tlefcwltla, tiol_ is g{'llt'l'a.|,e<[.

+I'I_'ll,>wrlllt, is r_,l'_'t'n,_ll,tJa+sall asst>cia,l,<,<ilit,,,+'r_il<,wllt,|_ l,l_t,tlort_al l,_>t,11<,yi_,l{ls_rl'a,,t,
l , + _ 11"+;+tll+l t,l'it,lll, at+it+ll t>l"tilt l>i+tst+icst, raill illCl'enlt,lll, a l'_' t,¢llia,l, i.t, f g. Ills CtHl{lil, it,ll iS

alSOrt'l't'rt'_'{lt+t_as _It>r_l_+tlil,yi_t,catls_,t,ll_' l_la,sl,ic sl,r+titti_icr_+t_<,_ll,is oritq_l,_qlitt +t,<lirt'cl,iott
_t,t't_al l+tt ll_' yi,'l,l s_rl'a,'_,, Ma×it_++t_ll_last.i_' _lisnil>a,l+it,|lrt,s_tll+su,,l_,t_asstH'iat,e_l lltw,'
l'tll_'s aft' _l.',;t,_l(._illlt> al_<l ll_tgl_,','.+,l+,_<i). Yi,,l,l l'il_'l, iollS a+lltl llt,u,' r_ilt,s a,l'<'lltJl, t,llt't'-

illt_<Ic_latlli<'ally",,<l_tir_,<ll,t, })l' ass,+_'iat,,,l; l_,+v,,_',.','r,l,llt'y sl_tJllld always I><'<'lltJStqlS_IClt

tl_at,_lis,sil,atit,_l a,tl_l l>last+i<"_It'l't,rtllat+it_t_art' <'t>i|_'i_l_,tll,ew,_tt.s l't>ral! l>t_ssil_leItm,<limt+l_s.
l_ t_tl_t'r v,,'t,r<Is,lit>,,,+'rtll<,s al_l yi_,l,l l'li_<'t,i_,itsc+t+l_t>l,l_<,cl_t,S_,l_il_th,l>t,_l<,_itlv. S_,v_,ral
_'xist, i_,K l>la.'Slmi<'ityl+l_<,,,ri_'st,llat tllay I_' _st'_l it> <It,scril>t,l,l_t,l_t,llavit,r oI' _'t,ll_Im' st,li_Is
al'_' l>l't'St'llltq[ ill l l_t,_t,xlfi'w Stq'titJlls.

3.2.1 Drucker-Prager

'1'1_{,l)v_lckt'r-l'ra_;{,r iit,,<i{'l was <l,'vt'l,,I,{'{lt,u ca, i>l+ttrt, l,}lt, !_{,}l+_vit>rt_l'_t't,l{>gic _lat,,'rials

s_l,'l_as sm_,Is a ti,l st,ils. 'l'l_is t_It,,h'l l_as a yi_'l,l fliti_,l,it,ll giVt'tl l_y

/z
, = + .--,, (:+.l<J/

I

wltt,rt, tt is a_l il_l_'r_al t'ri<'ti{_l_lmrmllt,l,t,r ml,I ,' is a IIla,h'l'i_d ct_llsLm_l,.,/2 is l,lt_,s_'_'t_t_l
ittvariattl, tJl' l,lt_' _It,vi+tttJri_'sl.rt,.,.;st,t'llSt_l'att+l It is l,llt, [irsl, illvaria,|_l, _+l'l,}_t'l,t>l,al sl,n,sm

' l,{'llSt,l"

,12= 1--o"+'o"`+ /_ ---o'. i (3,17)

x,,,ll<'r,'o''l is t,l_, slft'ms _It'vi+l.l,t,r. 'l'llt, yiel<l sl_rl'act, giw,_l l>y t,l_is ft_cl, it,_l is a <'t>|it,i_l
l+ri_<'il,al Sl, l't,,s,'s ,,.;l>at't, a,'-; S}liJWll ill ];'i_lll'l' :+, I.
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Figure 3.1. l)rlwl<_,r-l'rag_,r Yi_,l,! _llrl'a,_'_,.

'l'll¢. llorllla] it, tile' Vi_'I_!sllrfa¢'_', f, i,_'giv¢,ll I_y

¢.1.,t
f_ + _i (:I.t_)

as_l tl.' _,ri_'lltatit,tl t,t'tll_, l,la,_i,ic' si,raill iIl<'rc,l_l_'tli,is ,'li.s,,tl i_, I,_,

a"'l d.

g = (2V_,/2) + 71 (:1.1!t)

WIiI'i'I' _ iS t,li_' _lila, t,ali_'y liil, i'llAlll'[,('l'. W}II'll /t iS I'tlilal l,lt A l,Ji_, ilow is assiJcild,e,l wii,ll I,li_'

yici_l t'ililcl, ioli.

3.2.2 VOli Mises

Next,, ciilisiller a VOll Mises I,last,i<'it,y iilo_lel wit,ll assol'iai,e_l flow ailll Iiliear si,l'idii lill,r_l-
eliilig, lie ilitl_.h'l WliS oril4ilildly ch'vl'lotled ttl dl'scrille tile lllasl,ic iit,l'<lriliiiJ, itlii ill' Illel,a,ls,
Tile yh'id fillil'l, ioli, *, is il,',;filllows:

i

= VI'(I_- (lto + Ill<v) (3.2tl)

wlier(, /Ill is I,}il' iliitial yi_'i_lsLri'tlgL}l, tli is Lilt' }la, r(leliillg illodiililS, il, iil{ (v is t,lit, (,(lliiv -

_tlelil, i)lllsl, ic straili v¢llicii is i_ iliOliOl_ouicldly iliCi'eilSilig iliVli, riiuil, giw-,il lly

d' [ (rl_v d_v )± ' 'J= . _ (,i.._)
d
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Figure 3.2. W,ll Mists Yiei_l Sllrface.

'Fllis yiel_l function r_'pr_,sents _ yield! slirface that is all intinitely Iollg cylinder ill stress
slm.ce_Lssllowt_il_l:igllrc3.2.The correspolldiwlgorieIlta,tiolloftheplasticsi,raillillcre-

lnent is l_orm_d to tlw yh'ld sltrl'_tce _md is giwu_ by

f- g= (2

i":ltl_t ioI_3.22 ill_licat,es tl_a_,l,l_isll_o_ielpredicts only devia_oric or sh_q_ech_mging plastic
stra.i_s. SiI_ce rigid lmly_retl_a_e t'o_u_s _md al_n_in_ hom:,ycon_l)s exhil_it significant
vol_wtri_" plastic str_ti_ls, a vt_ Mines plasti_'ity n_otlcl is not apt:)rol)riate for l,hvse lna-
t_,ri_ds.

3.2.3 Mohr-Coulomb

N¢'xt, _'onsi¢l¢,ra si_pl¢' Mollr-(loltlo_l_ _nodel whicl_ has I_¢,¢'_used re, describe t,l_¢'I_¢'-
l_avi_r _f sa_! a,_¢lot,l_er g_'ologic _t,'rials. Tl_is mo_lel I_as a yield functio_ giv_,_lby

I 1

q_= _(_,- c_2)+ .-i(cr_+ _.2).si',_¢_- ,: ,,,,s¢_ (3.23)

wl_en' 0 is l,l_ei_l.er_al t'rict.io_ a,_gle, c is the col_esion, at_d the coordi_ate sysla,_ is cl_ose_
such that. crl _md or2_u'e the lll&Xilll/llli &lid _ninin_u_ p,'iltcipai sl, resses, respectiw:ly. 'Plwn
for a_ _ssoci_da,d [low la,w the co_npol_cnts off and g in the principal coordi_te syste_
_tt'C

[ l + .sin4_ 0 0, f = g ::e,,._ 0 - 1 + .,_i_,c/_0 (3.24)
k 0 0 0

i_ter_al t'ri_'i,io_ a_glc s_,t e_l_al I,o zero.



3.2.4 Principal Stress

Finally, consider the principal stress theory of Rankine that was recently used by Neilsen,

Morgan and Krieg (1987) ill a plasticity model for rigid polyurethane foam. This criterion
has a yield function given by

_;=._trl .P_'ar-h.(E _) i=.1,2,3 (3.25)

where pi is a fourth-order principal projection operator given by

Pi= n i ¢ion i _ n i _ n i (3.26)

: and lli is &unit vector oriented in a principal stress direction. This yield function act_lally

represents six different yield surfaces with normals to the principal stress axes as shown
in Figure 3.3.

The flow law is given by
_:_'= _ipi : tr (3.27)

where the repented indices imply summation. This flow la.w indicates that plastic strain
increments may be associated with each principal stress direction.

(',ellular solids generally exhibit both plastic deformation and stiffness changes. Plasticity
models predict permanent deformations but a.ssunle that the stiffness of the material does

not change. Thus, a combination of plasticity theories and continuum damage theories,
which predict stiffness changes, are needed for cellular materials. In the next section,
continuum damage theories which have a structure similar to existing plasticity theories
are presented.

._!:!:iii!i!i!iii_i!i!iii_i!!ii_ii!i!iiiiii!!i!iiiiii!iii_ii!i!!iiiiii!!iiii_:
::::_! i:i:i:::i:i:i:i:i:i:iii:i:i:i:!]i:!#Z:iii:i:!:!:i!i:Z:i:!:!:i!:;i:i::

gl

#

S '
Figure 3.3. Principal Stress Yield Surface.
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3.3 Continuum Damage

(',ontin,lum (-lanlage tl,eo,'i(,s were develol)ed to mathe.nlatically (l(:s('ril)(' the I_,'(,gr('ssiv(,
reductio, in stiffness and si,rellgtll ()f brittle mat(-,riMs reslllting fronl th, iIliti_i,i()u aJl(!

' growth of microcra(:ks a,nd microvoids. Tllese the,ories have I)(,_n',lls(-'(lto (l(,scril)(:, til(,
n_icle_stit>n and growtl_ of lnicrocrmTks and nfi(:rovoids in metals and l;h(' f()rnl;tt;ioll of

' mi(:rocra('ks in concret(', ro(:ks and ceramics (Kacilanov, 1986; Krajcinovic, 1989). All
important assumption implicit in these nlo(te,ls is tha,t the cracks are slnall and (listribllt(,_!

such that the cracked ma,teriM can be iogicMiy represented by an e(llliwdellt c(mtinli,llll
with damage. When the cra(:ks are large, fract,,lre mechanics is used I,o pr('(lict tll('
formation and growth of I_u'geindividual cracks. However, when there are a, large lllllnl)(q'
of small cracks it rapidly 1)e(:(,mes impossible to follow the formation and growtll of ('_u:tl
crack; thus, a c()ntinll,lln damage, theory is lined.

F'or the develol)znent of (:ontiullum danlage theories, consider the tbllowizlg exl)res:;ioll for
the strain eIlergy function,/z,

U =//(_,S) = _. S. _ ' ')

where S is the. fourth-order (ta._age(l elastic stiffness tensor which is equM to the elasticity
tensor, E, wl_eu the _nateriM is _n(lamaged and changes as the _nateriM is damaged. 1 I,
(',lm_sius-I),_hem (lissil.)a,tion iuequMity ca_ be written as

_ . _ _ __Ol:. _ Ol/ .. _; > 0 (:_.'2.0)O_ OS -

[lsiug tl_(' constitutive relatio_
01:

_r= i)_ =S'_ (3.30)

and an exl)ression for tl_e (lissil)ation rate, /),

•

tl_e (ll_usius-l)_h(,_ i_eCl_ality is a,gai_ given I)y l) > 0. Next, if we inl,r()(ll_ce a._
evol,_tio_ (.,Cl_ia,l,iOll for l,l_(,ra,t(, of cha_ge i_ elasl, i(' stiffness

g =

l,_l,io_ of l,h(; da.l_age i_cr(,_n(:;_t. TI_(-'dissil)ation rate is tl_en give_ i)y

&

' l) = _e" R" _ (:].33)

Using a 1)roced_re analogous to tl_at of plasticity, we assume that a damage s_rfac(_ (_xists
and sepa,rates elastic _nd d_naging processes. I h(_.damage surface is m_l,he_ticMly
descril)ed by a,d_m_a.gefi_uction, _P,

1
q, = -_ •q. _ --:/(s,_) (::_.:_4)2

2!)



where Q is some fourth-oMer tensor arid g is some positive function. When qJ is less tllan
zero tile behavior is elastic and ,rhea qJ is equal to zero tile I)ehavior )1lay he ¢la,llaging.
As with plasticity, the thermodynamical constraint for dissipatioll to accotllpany dalllag('

can be satisfied with appropriate selections for the damage function and danmge evoluti()tl
i

equation. For example, if we rise the damage evolution equation giveti l)y gqlla.tion 3.32
and let Q equal R in the damage, function, Equation 3.34, then dissipation will always
accompany dalnage.

Tile damage function given by Equation 3.34 is expressed in terms ofstrain wllicli inli)lies
that tile damage fUllCtioll represellts a sltrface ill strttill space; however, if O¿le is oppose.(!

to working in strain space the damage filnction can always be ex1)resse(I ill t(:rlllS of stress.

For example, choose
Q = S :P : S (3.35)

then
1

_P= -a : P : tr - ,q(S, e) (3.a5)'2

W(' ('ollld also ilse an evolt)tion equation for tile COml)liatl(,e of tlle 1_)a,t('rial,C, itl l)la('(-'
of the evollltion e(lllation for the stiffness given I)y E(ll)a.tioli 3.32. Sill(:(: C : S =I, (,ll(,
evollltion eqlmtions t'or stiffness and cOnll)iian(',e mtlst I)e related as follows

6 = -c. s. c (:).:+7)
?l._,vollltiotieqllations which w()_lldbe al)l)ropria, te for the (la.tl)age t'lltl('(,iollgivell I)y l,(itta-

tion 3.35 are

_; = -aS ' P ' S or (_ = d,P (:{.;l_)

WllllS, for dalllage fllnctions ill stress sl)a,ce it lllay 17)eeasier t() tls(_ ('voltltio_l ('(lllati()llS

for (:Oml)lian(:e. At this point, we have placed _() restri(:tions on the, forms for Q all(I
R and have sinq)ly stated that they should be chose)_ s_('h that (,l_e tl_ertn()dyna_l_i('al

restriction for dissipation to a('COml)any (la_nage is sa,tisfie(I,

3.3.1 Simple Scalar Damage

Most existing continuum damage models are scalar (lan_age)notlels. For th('s(" mo(lels
the orientation of the damage is given 1)y sotne fixed fo_rth-order tensor. One ()f the
si_ll)lest scal_r damage models has a (ta_nztge fi_nction given by

1
qJ = -e ' E ' e - h(S,e) (3 39)

and _m evol_tiot_ etluati()_l h)r tile elastic stiffness tensor given by

g = -G.,E (3.4 0 )

where E is the isotropic elastic stiffness tensor give_l by gq_ati()_ 3.3. Tl_is evoluti()t_
equation indicates that the damage orientation is givel_ by tile original _l(lan_g('(! elasti('
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stiffness tensor. With this evolution equation, tile (:llrre,nt elastic stillness te.l_sor, S, is
related to the _ln(lamaged elastic stiffness ten,_or, E, as follows

S - (1 - w)E (3.41)
11

Since the elastic stiffness tensor, E, is isotropir, the damaged elastic stiffness tellsor, S,
, is also isotropic. As the lllaterial is danlaged, the elastic m(,(l,llus is degraded as fi)llows

E = (1 - w)E ° (3.42)

wht,re E an(l E ° are the elastic Inoduli for tim dalnaged and original un(lalnage(l I_L-
terial, respectively. With this zllo(lel, information abollt the cllrI'ellt (lalnage(! state is
stored in a sil@e scalar, E. This continullnl dmnage n_o(iel is (lllite silnple; however, 1,1,_
al)pr()priateness of this illodel ti)r any damagillg materials has llot been demonstrat(,d
I)eca,use l;,(lllati()n 3.41 implies that Poisson's ratio remains Ilnchange(l.

3.3.2 von Mises Damage

Next collsider a, scalar damage model whictl has the same yield filnction as a w_i Mis_:,s
plasticity model written as follows

q, =7 a_ . p,t 'o'- q2(S) (3.,13)

()n tile s_rface, tl_is yield t'unctiot_ looks different than the yieht function given by l']q_ta,-
tion 3.2(}. tlowev_r, both Equation 3.20 _md this equation represent a yield s_rface that is
a_l inli_itely Io_g cyli_der in pri_cipal stress space as shown in Fig_re 3.2. An approl)riat_,
(lan_age _;w_llltion equation for this model is given by

g = -d;S :pd : S = -4&G'_P d (3.4,-1)

where (2 rei,reseIli, s l,l_e(la_naged sl_ear moci_lus fox' the material, lik_rthis _n,,tM l,h_'
(la_age history is stored i_ the single scalar (;. A yon Mise.splasticity n_odel is cl_ar-
acteriz_,,I by deviatoric pl_stic strains and no change in the volumetric response of tl,,
n_a,terial. Likewise, a w)_ Mise.s dan_age n_odel is characterized by I'e(l_ctio_s i_lthe shear
stiffn_,ss of the _nateria, I and no cha_ge in the volumetric stiff_ess of tl_' materi_d.

3.3.3 Principal Stress Damage

, Next, cow,sider the pri_cil_al stress criterion of Rankine which has damage fu_ctio_s giw'_
by

_i _ pi , (3.45)= 7a' 'tr-h(S) i= I 2,3

where pi is aga.i_l tl_e f(:_rth-order principal proiection operator. Th,., (language_,vol_tio_l
e(l_ations for tills n_o(lel at(, chosel_ to l)e

g = -d./S" P'. S or -(_ = d/P' (3.,,i(i)
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wherel,herepeate¢litldicesimplyslIIllma,tion.Thismodel isnot_ simplescalartl_unage

tnodelalldi1_forma,tional_olli,d_ulmgeistrotstoredilla singlescalarbeca,lsetheoriellta-

i,ionoftlle(lamage,Sl)eCilic,Mly,pi canclltulge(Itlritlga lo_t_litlgI_rOcess.l'_)rthisnlodel,

informat,iouaboutthec_Irrentdalnagedstateisstorediuthe_l_unagedelasticstilrlwss

tellsor, S, or the dam_ged COml_li_ulcetensor, C.
i

l

8,3.4 Principal Strain Damage

Fitlally, collsider a princilM strain criterioll wllich ll_L._recenl,ly been llsed 16' BazaJlt
and Lin (1988) to describe the behavior of concrete. Tl_is model is able to predic_ the
formation of w_,rtical cracks iu concrete, specimens subje, cted to uniaxial compressiot_.
This n_o(tel l_as (t_unage functions given by

_pi _ .pi h(S) i 1,2,3 ' ,= 7_ '_- = (,l. 17)

wlwre pi is again tl_e fourth-order l)rincipal projection operator; however, t_ow i;he. n'
used iu the definition of pi ill Equation 3.26 are w:ctors oriented in a principM str_du
(iirection, Bazant and Lit_'s (1988) crack hand n_o(lel us(',s _ damage evoll_tion (_'ql_ti()n
given I)y

(7,= d:iP i (:l.,18)

The iuteresting characteristic of this n_odel is that for certa, it_ Ioa¢l pal,l_s this n_o_M will
l)redi¢'t _tan_age withol_t _lissilmtion. For eXaml_le, i_ntler _t_ittxial COml)ressiot_ lateral
l.e_lsilestraius are general, ed a._d ¢lal_age is predicted I_t tl_¢-'dissil)al, iot_ ¢,(l_ttio_

1) = g_i_ pi7er' 'o" (:1.49)

iil¢licat.es lliat il¢_¢lissil_atioll is gellerated. Tliis I_o¢i¢'1co_ld I_e ii_lprow,¢l by sil_l_ly lisillg
a dilfi'r_,t_t_la_a,ge evol_tion eql_at,i_. t;k_r_'xa,n_ple, if ot_eof the followil_g dalnag_' ew)ll_-
tiol_ ¢,(l_atio_s is _se¢t with l:l_eda,magt' fi_nct,ion giw,_ by E(tual, iot_ 3.47, l,]_e__iissil_ttio_
will acco_tpal_y da_ge for MI load paths.

_; = -j:iP' or (_ = _biC :P':C (3.5())

This I_ri_,freview of pri_cipai str_d_ models clearly shows l,ha,l, evol_al,iol_ eCl_a,l,iot_s a,t_¢l
dal_age fly,lotion,s cannot l)_,selected arbitrarily. TI_e eX_ml)les iI_ this sectio_ sl_ow tllat
¢lamage tl_eories whicl_ are at_Mogo_s to plasticity theories ca_ b_: ch-:veloped _si_g a
sil_ila.r framework, l_t l,lle tlext secl,itm, we explore tl_eories in whic]_ col_l, iull_lll_ da,l_a,ge
is cO_l)ledwith plasticity.
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3.4 Coupled Theories

II' I)_)l,ll (laltlag_' allll I)la,_l,i_' _l_'l'(Jrtllal,i_ll ar(. g_'ll_'rai,_'(Il,ll_,ll l,ll_' _l_'v_'l_l_li.'_ll,,_I)n',_'lll,('_i
ill ill(' i,r_'vi_,tl,_s('c'l,i_,ll,_11111,_II,c' lll_,_liti_',l I,(_(.al)lllr_. I,I1_'_'_lll,litlg. '1'1_'._l,raill _'w_'r,o'1

' I :::l'(e,e",S)= ._(e-e")'S.(e--e _') (3.51)

er ' i: -- i)l : i)l : . i)l l
i)e--' i: ...... e_'-.... S > l) (3.52)t)e _' i)S -

01:

= #-7

al_(I l,h(' (lissil)al,io_ rate I)y

l)= Ol: . (_ or: . 1
OS ' - #e_--:' e_'= -_(_ - e_')' _'(_ - _") + _' _' (:1.,_,1)

It' w_,i_ll,ro_l_lc(,_.v(_l_l,i_l__,(l_a,ti()_,_tl)r I_oI,I! 1,1_.t'_l_rt,l_-or(h,r _,l_._l,i_,,_l,itfl_,ss 1,(,l_soral_l
1,1_(,.,.'o_(l-_r(l_.r i)lasl,i_' slrai_ l,('l_,_r as t'oll_,ws:

g = -d,R e"'= Pg (3.55)

1,1_(,1_1,1_(,(lissil)a.l,i(_l ral.(, is giv('ll I)y

[) = f'_a' g-F _(_ -- _')' R'(_ - ¢_') (3.56)

At tllis I,uillt w_,_'(_1_1(I_'l_,(,s_'a yi_'l_l ,_l't'a_'_'t'(,1'ttl_' l,lasl,icity i,arl, l,l_a.l,is i_h'l,_'l_l_'_l
I'r_ 1,1_('_la_la_' ,_llrt'a_'(,a_,l r_,(l_ir(. I llal I_)I,!_l,(.r_s il_ !!:(l_ati(_ 3.56 ,_ati,_l'yI,i_, ,li,_-

_al,(,rials, il, s('(,_l_sr('a,,_,_,al,l(.1,_,(,Xl)(.('t l,l_al,(la_a,g(' will _,_l,vI,(' g('_('ral,(,(! wi_('l_ l)(,r-
_l_al_(,_llsl,ra.i_l,_ar(' ,_('_(.ral(,(Iwl_i('l_i_l_l)li('. 1,1_atl'()r sl_('l__a,t(,rial,. 1,1_('(Italiag(' a_l(Iyi('l(I
s_irt'a('(.sa.r(. I,I1('sa_ll(', l':v('_ wil, i_ l,l_isa,s,_l)ti()_, l,l_'r(, is still a sig_liti('m_t a,_.)_l, ()1'
lal,il,_(l(, ill ('ll()()si_l_;a,I)l)r()l)rial,('('v_)i_l,i()_l(.(l_al,i()_s f()r i)(,rl_la_(.lll, sl,ra.i_ a_(I (la,l_ag(,.

' For (,xm_l)l(', it' w_' _'1_(_,_'a yi('l(I t'_'I, io1_giw'_ I_y

, q_= vr : P :o" - :/(e,e_',S) (3.57)

wl_el'('g is ,_(_lll('I_¢)sii,iv(' ['llll('l, iUll, a,ll(I a, (la, lllag(, ('v()]lll, i¢,li ('(lllaJ, i(_ll a, li(! Iluw la,w giv('ll

I_y

:: -&S :P :S e','=/iP :tr (;I.5_)
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then thedissipation rate is giw'll I)y

|

[Tseof the yield t'tlllctioll ,_ivc,tlI)y l",(lllai,iOll 3.57 aud tll_' _,v_,l_lt,i_ti _'(illatiulln _iv_,lt I,y
l_-',(lllatiol_3.5_ will etlslln, i,llat lllecl_atlical _lissil,ai,ioll in gellerai,_,_iwll('ll_,ver _lalllaK_'(,r

_i_)es.\Vl_al this I_u,at_sis tl_at stitFl_essot' i,l_ematerial ('_)ltl_lact,_ally I,e i_cn'asi_U4wl_il_,

1)lastic deforn_a.tiot_is heit_g_et_eral,e(l anal I.i_, tl_eory wo_l(I still be tl_erg_o_ly_att_ically
accel)talfle. ']'he regt_iretm,t_t tl_at (l_.uua_etuot_otot_ically it_ct'_,as_,sis ol_ly al)l_lical)l_,
to (ia,_nageol_ly tl_eories; i_owew:r, for l_ust n_aterialn tha,l exl_il_it I)(_tl_(la_a_, a_l

I)Ol'lllall(Hll, strain it _a,y still be _g)prol)ri_d,_,I)ase(tt_l_l_l_ysicai_11'1_11111('111,,'-;[,(,_ il.";,"illlll('tidal,

req_ire(l.

_()_!(i post_late a, relatio_ship ot' the t'or_

wl_er_,M is sm_(' _l_at,erial i_tralll_,l,er ol_taine_l t'ro_l__'Xl_,ri_,l_lal _l_s_,rv_tit_s. \'\/11_'_

a_i wl_('_l ,'1'1is e(l_lal to o_e, i,l_e I,t_e_ryn'_l_ces io a _ia_;tg_' _lly tl_,',,rv. WI_'_ ,4/

I_ateri_d is I_m_ie_linto tl_' i_'lastic regi_ne.

3.4.1 Simple Scalar Damage Coupled with Plasticity

Nl()st (la_ag(' _o_h,ls are sil_l)l_' isotrol_ic, scalar (la_,_(, _o_h,ls. ()_(' _I' tl_, si_l_l_'sl

wrii,t_,_las

_P = tr ' C ' tr - .q(S, e, e_') (:_.(;1)

wl_ere C is tt_(' co_l_iia_c(, t_,s_s(_r_u_(Iis (,(l_al I,_ tl_(, inverse ot' 1.1_'_i_t_la,g_'_l_'lasti_'ity
te_sor, S. For tills _o_h,I, t,l_(,evol_tio_ (,(l_atiolls for i_lastic strail_ a_i _la,_a,_.;_r('gix'_'_
I)y

e"' = _C. a" =/_(e - e") S = -cUE (:1.(;2) ,

l,l_e()ri_;_tati_ of tll_' I_l_sl,i(• sl,rai_ i_cr(u_u_t is giwul I)y l,l_t,('lasli_' slrai_l I,_._sor,t.-_'=
(e - e").
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3.4.2 von Mises

Next c¢,llsich,r a cOlll)l¢,d yon Mises tlleory with a _.lalllage (yi_,ld) filllctioll giwql I_y

, qj= I pd_o" : tr - g_(e't') (3.63)

Tile flow rllle and dmnage ,,vol_ttion('(lllatiotl are given I)yit

_'1,= fip,t : _ E = -_4(;_P 'l (3.6,1)

As eXlWCte(t, this cOltl)le¢lw:lo(lelis cltaracterize(I I_y(lCwia.toric iJlastic straitts, r_'(lltctio:ls
it_ tlu, shear stiffut,ss, aJ_,t a litlear elastic vol_tnwtri¢' resp¢,ns¢,.

3.4.3 Principal Stress

Fitlally, c¢_lisi(h,ra i)ritlcil)al stress criteri(m of l¢atlkill(' that was rc,cetltly its¢,(I ill a I_las-
ticity Illo_l('l for I)olyltretllam' h)auis I)y Nt,ilseu, Morgau alld Krieg (1!187). If we watlt,_,tl
to (h'velt)p a ('o_tt)le(I t_otlel I)as,,,l¢,_ this sa_[, criterion we Woltld _ts¢,a ¢lat_ag_, (yi¢,l¢l)
fit_ction giveu I)y

tp' I . pi h(t, ¢_v,= 7¢ .tr- s) (3.ti,_)

wl_('reP' is agaiu the, tk_rtl_-or(ler i_rincipai projectio_ Ol)erator. ()_, l_ossil)h, _:hoice tk,r
l,lw I)la:4tic atoll dau_a.ge flow r_tl_,swo_tl_t I_,

i"= fi'P' ' tr S = -¢b'S ' P'. S (3.6Ii)

'l'l_'se cxa_t)h's sl_w that coui)h,(t tlwories ('at_ I)e easily (hweh)t)e_! _tsing tl_' getwral
fra_l_¢,worki_r¢,s¢,_ll,(,_!in l,l_issectio_.

:15



36



4. BIFURCATIONS AND LOCALIZATION
8

lil_it,s tli,. t',_r_l_ility _d'_at_,ria.ls a_i_l',','ill _,_ft,_'_(l_li_'kly h'a_l l,_,fail,ire witll _'_lltitl_l_'_l

I_il'_rcati_t__'ril,_,ri_tl(llill, l.q(12;l,lic_,, 1976). ll_,r_,vv_,i)re_lms(, tllat t.ll_,l_ss_d'nt,r_tI,K_'llil_-
ticity crit,eri_ll slm_ll(l IH, _ln_,_lit_ place _,t'f,l_eclansi_'al_liscm_tin_m_lsI_ifi_rcati_t_crit_,ri_
_s a tlcc_,ssal'yc(_n_liti_,_i'_,rI_,calizati_,_. '!'lu, at)l)licati(_ll _t' tli_' ,"4l,t'(}ltg ellil_tirity I'l'il.l'-

,',;yllllll('l,l'i(' Imrt _f tit(, ar_)_lst,ir t,('lls[}l' Illtls|, I)_, i(h,llt, ilied I'atlil,r t,jtatl I|, tt_(Hl_t,ass_riat(,[I

,,,,'itII t,j_clirst z_'r(_ei/_,l_val_u,_t' t,l_eac_lst,i(' t,enn_r itself. 'l'll,_,('i,Ketmyst_'t_I'_r flu, syll_.
tli('tric Iml'l _f the, t,att,K_'litstill'liens t_'lls_l' is _d_t,ai_e_! f_r sew'ral _lilh'r_'t_tI_lasticity _ti_l

IH,_l_larv c_l_iiti_s, al_l Imply ,p.;e_u,try ar_'all nh_w_ tu aih,ct tl_e_ti[t'_lnea,_l Im'_liz_',tt

_l_l I_H'alizati_ in t_(,tal sIH,ci_u,l_sntll)j(,ct I,(_vari_n b_l_dary cmi(liti(ms are _'xl_lai_l_'_!

witl_ a I_ifiircati_,l_ at_alynis_t' a v_tl Mises t_lasticity _(h,I, I'il_all,v, I_it'_lrcati_tl atlalys_,s

4.1 Introduction to Bifurcation Criteria

,K_'ll_'r;_!l_il'_lrc_ti_t_i_ tll_, n(_l_lti(_lis t,l_' I_ss _1'I)_sitiw ' (h'iit_it,e|lens(_t'tl_e rat,_,(_t's_,_'_il_l
_,l'_i(,rw_rk (l)r,l_'k_'r, 1!,15();llill, 195_). 'l'l_is g_'_,r,_dI_il'_r_'a,ti_ _'ril,_,ri_,ll_'_ als_, I,_,

(,xl)r_,ss(,,I_-_sI_)ss_d'I)_)sitiv(, _l(,iil_it(,l_(,ss_)i't,li_,nyl_(,tri(' I)art ,,)f t,ll(, I,;III,K('lll nt, ii['ll(,,sn

will _l. ll_v_' ;_I,:il_('_ti_,ally ('_tl_l)aLtil_l_'I'_._rtt_.'l'l_ls, t,]l_' ts_I(' carl _lIls,,exist ill a,z_il_,

Valazzis (l,qs!)) stat_,s l,izat loss ()i' _zaterial stability siio_zld I_e ass(_(,iated wil,lz tll_, ]izzzit,

I_i_t wl_('r(' tilt' l,ILIIg('lll,stitf_'ss l,e_st,_rt_btains a z_,l'oeigellval_le. 'l'i_is w_ll(l I)e al_-
I._r_)l)r;'-._t_'it' (,,_(' c(_si_l(,rs _llly statically ,:leter_i_lal,e sl)e('i_,_s witl_ t'(_r_,('I)rescril_(,_i
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_y_t,e111_. igor 111_1t_,1'i,_11_witll ny111111_,tric'l_111._elll_liil'il_,_ t_'tl_Jl'_, II1,_'\_'_ll_llli_ (1!1_?})

alicl I)rll_'k,,r (1!1,%11)i111erl_r_'t._dhJt_._I_,tl_ ich'tltil'3 tlw li111it iJ_fillt, _ tl_, l_,illI _11,,,,'l_i_ll

_111_yllllll_'t.t'i_'t,_11,K_'11tst.ill'l_'._ t._'_,_l"_, I_n_ _i' I_it.iv_ , _l_'lit_it_,_,_.__t' 11_,_','_'tt'i_' I_art ii

_d't.ll_, t,_11,_'l_t_tiil'l_'s_ h,l_r ,_tl_l s,_ti,_l'_'ti_l_ _i' f l_, 1_,__,,_n_1",'_'<_lt_liti_11t'_r a ,K_'I_'I'_I

I_i1'111'_'i_1i_1__'_Ul_H'_'_sri:_w'i_rt._ tl_, li111it i_illt..
t

illt._'rl)l'_,I,_'_lan _1.j111111)ill hi:I'll.it1I'_l.l.ewilllitl _. I)_ul(I _,)w,r t,ll_, ntl'i_.ill t'a,l.eill Ilu' n_11'1'_111_1_

I_n,vi(l_,(I I_' _ _)_l-I_H'_d r_11_til,111,iv_'l:lie_ry nr_, i_1'_,_,11t(_rlll'_,y_,l', 1!}!)(11_), A _lH,('l.n_l

I'_'ri_' (l!i!tl) i_l_l_,i_.l'ne11_'_11'_i11_,

()th,._',, _,:,1 I{,:,:,'nn,,,I (1!}!}1) nt._lt_'t.l:_t I,,nn ,d' ntl',,,l_ _'llil_ti,'ity ,,1' ll:,' ._,,v_',',lill._ _iil'

I','r,.lltial ,',111_lt,i_tln _,,','lll'n wll_,ll_,v,,r IH,_it,iw, _h'iillil,,tl,.nn _1" Ill,' ny111111_'lri,'i_al'l _1"II1,'

_1'_,ny111111_'I,l'ic,I_,nn_t' nt,m11,K_'llil_t,icity _ul_l n_t.inl'_u't,i_11_t' t,ll_' _'l_._ni_'_lIle_'_'nn_u'y_'_11_

_lil,i_ I'_r _. _lis_'_t,i_l_,_n I,it'_lr_'_i,i_ will tirol, _H'_'_r at _,1_'na_, I_il_I,. II_w_,v_,r, t'_r

I1_11-sy111111_,t.ric_u'_lst, jc t,elln_._l'n,I_ss _l' st,t'_11_ellil_t,i_'it,y ,,,,'ill I_l'e_'_,_len_t,inl'i_'I,i_l_ _d' I I1_'

I_nit, iv_' _lelillit,_'11_'nn_t' 1,11_'a,_'_lnt,jc l,_'lln_l', I_n.'.__1'nll'_11,K_'llil_t,j_'ity _dll _l]n_ I_, i111_'1'.

wl_i_'l_in _1'_ fi_r_ n_il,_d,l_,t'_r I_r_vi_li_ _ I<i_'ll_t,i_'_lly _'_l_atil_h , v_,l_,_,ityti_'l_l (lli,K_i

I_nn of nl.l',_lI.K_.llil_t,j_,it..v.

t,ln, f1111_l_ullellt,ai _'i,K_'ilt,_'ll._l'. I)i_'_11t,i1111e_11nI_il'_ll'_'at,i_lin at'_' illw'nl, i_t_'_l I_h' _'l_,_,,_i_l,K_



=l_J='l=li=,ll._,'it_n_H'iiet,,,clwit,il iLcli,_c'¢_=li,i=li=_lnsI_il'l=r,'tit,i¢_nl,'l'il_, ===uch,i,_,,xp='q,ns,,clIts it lint.

th,' It,'_)llst.i_'t._,lts_)r.Ily ilit.,,rpr,'titii4 t.h¢.l,rtdd_,lll _)f lllltt,_,ritdsttdlilit,y tl._Jill iggl'lls!,'sLl'lll

' i_rl_l_il,lll ill t,h_, i)rl,sl,i|('t , _)f it ('()tl_l,t'ititlt,, wi, ttlitutlittt, ii'tdly _,sttd_li_h t,ll_, ,_t,rli('tlit'l, flit itl-

t'¢)l'l)()l'ItLiti,K it_ldit, i¢llitti ('()tlst,l'ikiliLS, _ll('}i ZI,,_id_ll,, ,',lLl'lkill, wlli.'ll iti_tyI., lli','x¢,llt, ll,','tt,l_,, _f

' _,xl.,'riild lult¢liti_ Itil,I b_liii¢i_try c,ll:¢liLioiln. 'rhl, pi.,,x,,t:,.t,,if a.,hliLiuiild i',lil,_trtii:its itiit,,I-

I,iltt,i,'_ll,s' iilfi,r tll_t, t,li,, ,is,ittl pro,'e,l,ir,, (_ftiindili_ t,lr, first zi,ru ,'_i,=;,,,lvltl,i,,,_f th,, t=,'uiist.iv

t,lll' t,ltlll4('llL still'll,'n., t.,,iln_,r. Igor,'oliw'lit.i,_iitd t,ltinti,'-plti_ti_' =ll_d,;I._thin ,h,,'Uillp,_nitiuli in

,_itt,inftlctiliil llf ,',liinLrltiliL,<; wlii_'li r,,dlil',, t,l lint'fir itlll, lli'tlic, t,(llittt, i,_il,_ ill Lhl, ,'itll'iiL,,ii,_lli'n,

_llllit, ill' l.lil, ('(tli,_l,l'ttillLs ('itll iiiii.7 ill, sltLislh,d if Lhl, I'lill(ltllill, lll, til i,il((,llVltilit, in Iil,lttLivl,

whil'll lliily ll('('iil'S Wilt'If illtu_Lil'iLy Ilill(ll'l_ wil, h tt_ll('iitLt.(I thlw l'ilh,_ _,×liilliL _Lrtlili ,_llfl,.

t'llilit4, Till' (ll'tl'i't' t,ll" s_lt'L_'liilil, if tiff y, l'('.llilil'('(I Lll IIIl'l,L till' i'(lll_LrttiliL I'lliilliLillii ih,llt,iid,_
lill t,lil' tllti'l,i('iilltr hJitilill I llttLIi ill'iiil4 ('liil,,lilh,l't,d.

Wit, If t,hl, ili,_il(lil lll'_viih'll lly i,lii,_ illll)rittll'll, wl, _]l(iW llittL t'(,&Liirl,_ !,×liilliLt,d hy tt iiii!lill(,r

ill" i'ltt_sil'itl i,×llt,rillii,liLs i'tlll Ill, i,_t_ily i,Xl)lttilit,d ii_ili I _lilnlll(' _'llli_Lil, iiLiv(, lli(llll,l,,i, 'l'hl,

I'itillirl, liillll_,._ ill' It iilttL_,riltl ,,lliltjl'l'L I,o vltri_lii,,i ('_lii_LrtliiiL_ i,tlli pi'_vid_' vttliittlih, i,lllitirliitu.

LiOli _lt' Lht, SiliLtllliliLy ill ti Cllli,_l,iLliLiv(, llliJd(,I. Igor_ililllli(,it, y, Wl' ('l!litilm lllll' llLLl'llLhlli to

rltt, i, illill l,t,liilll,rtlLilr(, ililll,ltl,lilh,nl, liittLl,l'itil ll(,hlivior tlli(i ilitiilil,(,,_iliiltl d(,flll'iiillLillli,_,

4.1.l (]enertll Bifurcatioili

I)rii_'k_,l' (19Pl(), 19Pl!)) I>ll_LiilltLi,iI LhttL Lhl' ,,iLttllilil.y ill it InttL(,ritll i'lllild ll(, t,vltliitlLi,il lly

cllii._id_,l'ilit4 Lli_, wllrk dlill_, I_y fill (,xLI,rlltll i:lll(_lll'_, A lllllLi, l'ittl i,_ _Ltibh, (will I'l'lniliil ill

i'giiililll'iiilli) it" it) I_ositiw' Wlll'k i_ (l(llil' I_,yLift' l'xl,('l'liltl tlll,li('y diil'ililtl Llil' Itlllllil'ilLillll ill'

1,hi, ,,ii,L ill ,_l,i._,,_t,s itll(I ll) Lift, lii,L wllx'k (lilim I,.v iL _lw,r tl ('.yl'l(, ill" ittllllil'ttLioll ttli(I rl,llliiVitl

i,_ _.t,l'll ilr ilti,,iifivt ,. !1' llltl,_Lil ' tl(,t'lll'lllttLillll i_ l(,lil,l'&L(,(I illii'ilil Lit(, cyl'lt, Lht,ii t,lit, IlI,L

W_ll'k IIIIINI, ill, Illlll-_t,rll. 'l'lit,,_l, _l;fi,l,t,lili!!ll,_ ili_li('itL(, l,litlL ti ill;('t,_stlry c(liidil, ioli fill' h_._s_f
IliltLt'l'iltl stttlliliLy in

:@ = 0 (,1,1)

Wli(,l'(' t_' Itli(i _ Itl'l' lll,rLill'llltLi(lli_ Lli Lilt, NLI't'_N ttlid _l.rltill l'tLl.i, th4_lsILL _(llll(' I)lliliL or

I'l'tiltli ili i,ll_' I_l_,iy iliit' Llil, lil' (,×L(,rliltl ttll(,llCV, E(luilLillll 4.1 Wtt_ _III)Wll b)' !!ill (l!i,_14)t,_
i I)(' tt Ili'I'('NNILI'.7 ('(lliliil, illli fill' itllit'iil'l'ilt, iilli itllll bins (if' Illli(lll('liliss, ']'his l(,lll,l'Iil llil'lir('ii.l, illll

_'ril,l,rhlli, l,]llliltLiliii ,1.1,I'itii id,,i<t ll_' wriLl,('ii its

, i: D" :i = li (,I.:2)

Wli_'i't' D _ in i,li_' S,yliiili_'l,l'lC lli_l'l, ill I;li(; Litiig!,lil, st,itl'll('.ils i,('liSOl', I);!,t¢I = I( IJu_.'l t" IJkt,._).
14Clilltl,i()li '1.'.j ili_li_'iil,_',_ l,llill, t4(,iil'l'it] llit'ili'cttLitili,'i IIIit,y (l('('ilr wii(,li_,v(,r D s is lillL I_._it,iv_'
_il'liiiil, i,.
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4.1.2 Limit Point Bifurcations

(i_,ll_'ral I_if'llr_'a,t,i_ll.__tr_,Ilnllally ann_H'iat_'cl',viIIt _'lla.wlgenlit l,lle nl,,'c,nnnl,al,_,IHjl,li illnich'

I

_'llatt,Keit1t,llc'sl,l'esnntai,_'_)r('llr _)tllv at, l,ll(, lizz)il I)_)itit,wh('ll

D : _ = 0 ,,. d_./,(D) = _) (,l.:_) '

(19_l.q)re_'ently,_tlggestedl.h_ttl!',q_l_l,iul_,1.3is _ nece,_,_Itry_tndntifti_'ie_L_,olt_lit,iu_l fl_r I_nn
of mat,,rial ._t_d_ility.His illt,,rl_ret,ati_l_ _xsunr,,_tit_tt t,lie ge_l_,r_dbifilr_'_tti_l_asn¢_'i_tl,_,d

with the'liinit I)uilit is always_tcLiw_t,,(I.Titin int,,rl_ret_tLiu_lin_ltly vali_l whell t,ll_,tallg,,i_t
ntitrtlesst,l'tls()t'is ,_,ylntneLri_'ati(i tra_tiuns _u'_'pr('scril_(,(i,,v(,r.vwl_,re_ti i,l_,,IH_lil_la,ry _f

I_oint ltlay nut I),, a._'t,iv_l,ed, _uld it, bec_i]_(,_i_('('e_,_u'yt(_ev_ltiaL('oLlier pote,_l,i_dgen_;ral

g_,neralhif_Ir_'_d.iongiv_,_ by l!',(luation 4.2.

4.1.3 Classical Discontinuous Bifurcations

r_h.., l'_,lh,wl'r_,_ ll_ul_u_u'_l's (19()3) ._l,_i_lies_I' _'l_nl_i_'._L_d_ility_u_i w_,I'_,_l_,w.h,iH,.ll_y
llill (l!Hi2). l,_t.'r, M_ui_l_.l(19(i(i), l{i_'_,(197(i), ili_'e _i_l lhi_li_i_'ki (197.5, 19ff()), llai_i_._'ki

('_,_i_i_h.ra li_li_,geli_'_,in s_Jlids_il_je_'l,ed tu i_n_l._lli_', l_r_l_i'l,i_i_l lo_ulin_. W_,winll t,_

_'_ZlZl_l.il_ilil,y _'_zi_lil.iuzznr_,_l_lir,,t,lz_l, tli_. st.r_dlzrat,e i_i l.lze l_H'_dize_lz_iz_',_", I_, _I' l.lz_,

_.'= _" + _" ,,i_l_ /.k = ½(In u:_n + n ¢.,_m) (4.4)

A_._,_::_.t.l_t, tl_. _'_tire l_o_lyi_ l.,in,_ l)l_st,ic_dly def_rn_:_l, tl_, _t,re_ a_:d_t,i'a.i,l_'_":_I)_'
i_..Izt.__u'e_zzlif_r_zzt,hr_mgli_)_zt,,_iz_l l,h_,l_u(ly in at, l,he _z_sel,of hwa,liz_d,i_z_.Wit.l_ l,lz_,

o" = D': i" ,_.d #"= D" : _" (,1.r_)
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wller_, D' alibi I.)" ;_l'_,II1_, lalIt4c'lll st,ill'tlc,nn i_'lls_ws i'_,r llla,t_'rial illsi_l_, _lil_l _lll,sicl_, ilia,

ILw_Iliz_',I ci,_'l'_rillat.i_jll zt,ll_', r_'nl,_'ctiw'ly. I"f,,r c_jtll,iilltitlg _,clllilil_l'illwll , tll_' I,r,_.'ti_ul rai,_,s

' i,' _,:i," ,., n. (r/' /r") :=o (.I.tl)

It

Ity ,'_,,_l,illili,u; l.ll_,s_,,,_llial, i_iis, liicl, (I,tt?(i) sli_ws 1,1ill,t, l,lll, I'l,tlllil'l,llll,lll. ['_ll' I'tllll, illllill,12,

_'_lllilil_rililll is _;ix,_,liI,y

n. (D' .....D")' i"-t-Q, ni -: 0 (,1.7)

Wil('l'l'

q = n. D'. t_ (,i.nl

Itolisl.v. 'l'llell it is rt,ast_llallll' l,t_ itssllllie that tile l,a,llgl,lll, sl,itrness l,elim_r I'lll' llla,la,rilll

illsi_ll, tilt' h_l'aliz_'_l z_ltl_,, D', _t,l,l,ll_, iltil, ial,itltl _d' the llit'ltrc_d, itlll. 'l'lll, clltssi_'a,I ii_'c_,s,s_tl'y

_'_lti_lil,it_li for _t ilisc_t:il, itill_llls llit'ltrca, l,i_li is l,lletl _dll,_tilie_l fronl I']_illitt,il_tl ,1,7:

Q . in = 0 ,,,, ,h,l,( Q ) = 0 (,1.!t)

i_'lls_r, Q, lias a z_,t'_ ,:,ig_'liva,lll_,, a tl{'cessary ct_ll_iii,i¢_ll fi_r loss _}f_']lil}i,icii,y (l{ic_', 1!1711),

4.1.4 Loss of Strong Elliptieit, y

'l'll_, lit'st il,,,;Slllll]ll,itlll is 1,11_il,l li_,_list'tllil, illtlil,b, ill 1,11_,sl,ra,ill rld,t' li_,l_l is _'llil,sl,r_ciil_,_ll,ll liav_,

, Sl,_,cilll ['_)rlll,,.;t_lll_ll Illai_'l'ial ill lli_, It_'illiz_,_! zt_ll_' will I'_'lllltili kill_'tllai, ically _'t_llll_tl,il_h,

wii, Ii t,li_' ,stirt't_lill_litig lllat_,i'ial. 'l'li_' s_,_'t_il_lassllllll_l,i_ti in l,lla,l, I,ll_, ,straill rates _,vt_lvl,

l ll_'s_, itssllllllll, i_llt.s. 5';l_,cilically, a K_'ill'l'al llit'llrca, l,itlll will Iit_l, ll_,ct,ssarily I_' _lsst_'i;tl,_,_l

wiili _l lilt.it' wliicll ll;in t,ll_, Sll_,cial I't_rlll t,l' _" ill i']_lllati_ Ii :1.4 ariel l,lil, a_'l,iv_, l,llllgl'lll,

siill'lll'ss i,l'liSill'S t'_ll' Ililll,i'l'i_tI illsilll' illl_i llllt, silh, i,lll, I,il'lii'_'_ti,ioil Zlllil, will lllli, lil,l'l,s,,,;ii,l'iiyi
Ill' iil_'iil, il'ill.

' 'l'til' gl'lil'l'it] llil'llrl'a.l, illll _'i'ila'riilli, ]']llllltl, illli '1.2, is it lll,l'l_ssli,l'y c_liillil, illli I'lir lilly l,yll_,

<>l'llit'iirl'at, i<>li. A lll,l,l,_,,.ili,l'y c_liillil, illli I'_lr it gt,iil,i'id llifiirca, l,ioli wil, ll ii. kili_,illa.l, il'll.lly

ctliiillal, illl_, lli<l_ll,, t:/", is l,lil, I_ss _Jfsl,rong _,llipi, icii,y <'ril,eritlii (ltiglilli i_ii_l illil;i,kl,I, 1991)

7 k I D s ; _7/_' = 0 # Iil, QS. !11 _-(I. ('1, Ill)
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We adopt loss of strong ellipticity as a necessary condition for localization because this

criterion identifies tile first possible bifurcation with a kinematically compatible mode.

The requirement for continuing eqtlilibrium, Equation 4.7, may be satisfied when loss

of strong ellipticity occurs if tile continuity constraint (in time) on _o is relaxed. For
example, let Q be decoml)osed into its symmetric, QS, and antisymmetric, Q", parts:

Q=QS+Q_ (4.11)

Loss of strong ellipticity, Equation 4.10, will first occur when

Qs . m = 0 or det(Q _) = 0 (4.12)

since Q* is positive, semi-definite at this point. This criterion, Equation 4.12, will be
satisfied prior to or at the same time as the classical discontinuolls bifurc_ttion (:riterioll

of Equation 4.9. If no external constraint is placed on _o other than (:omp_tibility, thezl
_o is free to adjust such that the continuing equilibrium equatioll

n.(D i-D ° ):_°+Q_.m=0 (4.13)

is satisfied when tile loss of strong ellipticity criterion is satisfied. This means that a
discontinuous bifurcation may occur when tile loss of strong ellipticity criterion is s_Ltisi:ied
and &ois not constrained.

4.1.5 Summary of Bifurcation Criteria

The criteria for diffuse and discontinuous bifurcations are summarized in Table 4.1. The

general bifurcation criterion is first satisfied when the determinant of the symmetric part
of the tangent stiffness tensor is equal to zero. For materials with associated flow, the
tangent stiffness tensor is symmetric and the general and limit point bifurcation criteria
both identify the limit point as the first point at which a diffuse bifurcation may occur.
However, for ma;erials with non-associated flow the general bifurcation criterion indicates
that diffuse bifurcations may occur in the hardening regime.

Table 4.1. Summary of Bifurcation Criteria.

CRITERIA EQUATION MODE

General _ : D' : _ = 0 Diffuse, Necking

Limit Point D : _ = 0 Diffuse, Necking 0
Strong Ellipticity m. Q_. m = 0 Localized

Classical Discontinuous Q. m = 0 Localized

The strong ellipticity criterion is first satisfied when the determinant of the symmetric
part of the acoustic tensor is equal to zero. For materials with associated flow rules,

the strong el]ipticity and classical discontinuous bifurcation criteria identify the same
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first discontinuous bifurcation point. However, for materials with non-associated flow
the strong ellipticity criterion will predict that localization may occur prior to the point
identified by the classical discontinuous bifurcation criterion.

, Discontinuous bifurcations are a subset of general bifurcations and classical discontinuous
bifurcations are a subset of those discontinuous bifurcations which satisfy the loss of
strong ellipticity criterion. Constraints may inhibit the activation of certain possible
bifurcation modes for which the necessary but not sufficient conditions given in the
previous section have been satisfied.

4.2 Characterization of Bifurcation Modes

Bifurcation modes. _, represent perturbations to a homogeneous strain rate field that
may be activat_d whenever the necessary conditions presented in the previous section
are satisfied. Any bifurcation mode, _, can be characterized by its three eigenvalues,
At < A2 < Aa. Modes associated with discontinuous bifurcations are restricted to be of
the kinematically compatible form, _k, given in Equation 4.4. Suppose we choose a. local
coordinate system with coordinate xl parallel and coordinates x2 and xa perpend'[cular
to n such that the components of n and m are

n =, 0 m =_ (4.14)
0 •

The components of the corresponding discontinuous bifurcation mode,/_k, are

:=_ fl 00 (4.15)
000

When /3 is equal to zero, the relative velocity of the bodies is oriented in a direction
normal to the zone, and the strMn rate jump in the zone represents an opening mode
(Figure 4.1). When a is equal to zero, the strain rate jump represents a shearing mode.

Also, note that _ has eigenvalues of a/2 4- V/a2/4 + [:12and zero. Thus, a discontinuous
bifurcation mode has a fundamental eigenvalue, A1, that is less than or equal to zero,

an intermediate eigenvalue, A2, that is equal to zero, and a third eigenvalue, A3, that is
greater than or equal to zero.

Modes associated with general bifurcations can be any symmetric second-order te.nsor

as long as the necessary condition for a general bifurcation, Equation 4.2, is satisfied.
For example, a general bifurcation mode could have coml)onents obtained as a slight

g,

generalization of Equation 4.15:

/ 00
00p
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Figure 4.2. Ceneral Bifurctttioll Mode.
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An analysis in the ;rl -x_ plane ctul be performed _s before for a disc ontinllolls i)iflr-
cation with tlw origin of x:_ at the sllrftu:e of t_ possible (liscontillllity; however, ll()W_Ul
iucompa, tibility in the velocity field exists for l)oi_ll,s x:3_ 0 which _re not ill the xl -;r._

, 1)la,lle (Figure ,1.'2). There a,re two w_ys to interl)ret this sitllation. In l,rittle wll;LteriMs,
some experimentM sl)e(,izllens exhil)it nlicrocracking in a specific orientt_tioll whicll ('(_lll(!
I)(, considered _Lmanifestation ot' tile incoml)a, til)le v(:locity field. Ill ductih-" nl_l,eriMs, tll_'

iI

potentiM development of _m incompatil)le nlode will lead to chtulges in the local stress

sta, te _md tlJe evolution of slllooth ch_ulges in tl_e deformation field such a,s necking.

The constr_('tion given M)ove displays _ compatil)le mode in the x_ -;r._. 1)lime with i,l_e
l)ossil)ility of a,u incoml)_til)le component in the x3 direction. ()f co_rse, _ Coml)a,til)le
mode could l)ossibly exist in ()ther planes. Tl_e a,ctutd orienta, tio_ of the I_ecke(i regio_
n_igl_t be I)_sed ou tl_e geo_e, try of tl_e specimens. For example, if the (lime_sio_s ()l'
a sl)ecin_en in the .r_ a,nd ;r_ directions t_re much Ire'get thall the dime_sio_ i_ l,l_e ,r:_
(lirectio_, the_l there _nigi_t be a t)referen_:e for In()st _nateri_ls to neckwith the (lirecl, i_
()fthe potentia, I incoml)atibility oriented towa,rds the mininuam dimension of the st)e,-inw._.

In ge_(;rM, for a localized zone to form and re,mai_ compt_tible in some plane with ti_e
s_rroundiug _nt_teriM, there _nust I)e some orient_tion in the plane such tht_t the nor_M

cOn_l)onent of the locMized n_ode is e(lutd to zero, In terms of the eigenvalues assoc.iate_l

with a,bifl_rcation mode, compatil)ility ca_ only exist in principM planes for which AiA.i _

0. R,ecMl, that a discontinuous l)ifl_rct_tion mode has a zero intermediate 1)rincipM wdl_e
a_ld is thus (:Oml)_til)ie iu M! three princil)al plumes. (_eueral bifurc_tion n_ottes witi_
()_(' I)(_sitiv(' and two ueg_tive eigenval_es arectm_l)atible only i_ the I)ri_cil)M I)ia_es
with eigenvalues ()t"Ol)l)osite sig_. Finally, g(!:_erM I)ifurcatiou modes theft _r(, 1 os_t_w-

or nega,t.ive (lefi_ite _u'e('o_l)a, til)le only a.t _t single point and a,re _ot (:On_l)_tible i_ _my
l)ri_(:il)M plane.

4.3 Bifurcation Criteria and the Eigensystem for D '_

1_1tllis sectio_, we investig_t(' the rei_tti()_shil) between the bifurct_tion criteria l)resente_l

i_ tl,(' t)revious se(:tio_ an(I ti_e _ggel_systen_ _ssociate(l with the symmetric l)a,rt of the
(,a,l_geutstitr_ess tensor, D _. (l()_si(ler the (:igenwd_e problem

D" : xi = _ixi (4.17)

i_ whi(:l_xi (l(:_otes a_ eige_lte_sor for D _ and _i the corresponding eigenvalue. Due. to its
' _ni_l()r sy_n_etrie.s, D _ I_s six sy_mel, ri(: _u_d three skew-symn_etric eigentensors. Slut('

tl_e I)ifurcatio_ modes, _, are sy_metric second-order tensors, we confine o_r ;¢tte.I_tio_

, to o_ly the sy_mnetric eigente_lsors a,ssocia.ted with D _ _nd refer to them simply as the
eigentensors associ_te(i with D '_thro_ghout the remMndcr of this paper. For (:o_venience,
we nor_ntdize l,l_eeige_tensors so i,h;_I;

Xi:Xj -- bi.i (4.18)
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and order the eigenvalues sllcll tllat co, ___o2__...w,_.'!'11,,st,raizl r_te l_(:rttlrlm.tio_l, _r ally

sym_netric secol_d-order tensor, cal_be written _tsa lill_',_tl'colll])itl_d,iul_ul"l,jl(' _'ig(,lll,_'lls_,rs
ass_,ciated with D" ,ts fidlows:

= _ rex; (4.19)
I,

i=1

and the necess_u'y ,'olltlitiml for tLg,,w,eral I,ifilrc_d,ioll fro,ll Equtd, iull 4.2 ca,n I,e wrii,l,¢_ll
_8

6

_' D" _ = E ,,,_o, = 0 (,I.2,,)
_---]

Tl_e ,lecessa.ry ,',)_ldil,i(,_ fur a, g('nera.I I)if_r('a.ti(;,_ is lirst satislie(I wl_,,_lw, = 0, a,_,_it.l_e

If co_strai_ll, s frown tl_,. ge,)_m:try or bo_dary ,'ouditit)_ls art, l)r,,s,;_lt, ti_,, I,ii'_r,'atiu_
_no¢!,' giv(,_ by the fi_ndame,_tal eigentensor _ay not b,. a.,;tivated. If ti_,' _at,,ri_d strai_
softens with continued loading, the f_(ia_(;_ttd eige,lwd_,' will I),'co_e _ega.tiv,, ;u_(l

the _e('essary conditio_, Equation 4.20, for _,,r(,l_s ,,tl_,'r diffuse _u_,t (liscu_tin_ao_s
I)ifurcatio_ n_o(tes will be satisfied. A ,tis('o_tinuo_s I)ifi_rca.tio_ associate, l witl_ loss _)t'

strong ellil)ticity n_;uyI)e actiw_t,:(I wl_t,n the g,'l_eral I)it'_r,_d,i(,_ criterio_ is satisti,.d _m_l

the corr,,sl)ondinp.; _ I_as a st)eciM form. ,ql)eciiic._dly,th,. illt(,rn_e,lit_t,' eig,,_wd_,, for tills
se('_,n,l-ord(,r te_sor, _, m_ast equal zero. l;'i_ally, i¢,caliza.tio_l will o_ly _,','_r wl_,,_ ll_e
_e,'essary co_(litio_ for a. (lis,,onti_ous I,il'urcati()_l u_o,l,': tllat is _,,t c()_stnd_,,d I,y tl_,.
I,o_(lary co_l,litio_s is s_tisiied.

4.4 Eigenanalysis of the Elastic Tangent Stiffness Tensor

Eige,_a._alys,'s (d"th(, t;mg(,nt stiit'_ess te_s(,rs l)rovi(le a.wea.ll,l_ (,f i_l'or_a, ti(,n a.l,o,_t I)utl_

I)it'_u'ca,ti,,_l n_,)d,'s, l l_,r,,, it is sl_,)w_ tl_a.t tl_,, ,,ig,,_syst,,,n for a,_ elastic' ta.llg('llt sl,ilfll('ss

l,olls()r,s a,sso(:ia,te(I witl_ i)la,stic a_(I ,la._n_gi_g I)r,)cesses _r,, ol,t_d_e(l.

l;\_r _u_elastic il_,'re_(-,_t in a,_ isotrol)iC n_al,eri_d, the t_u_ge_lt sl,ilf_(,ss l,,,_s(,r is (,_ll_a,Il,_,
tl_(, (,l_sticity t(,l_s(,r, E, wl_ici_is r(:p(,a.t,,d I_er(' for c()_v('_i(,_l('e:

E = 3/x'P'V' + 2(,'P 't (,I.21) ,

wh,,v,' K is tl_,' I_11<_(,,l_l_s a,_d (,' is tl_,, sl_,'tu' u_o,l_l_is t',,r th,' elastic _d,_,ria, I. '!'!_('

ti_llows:
E E

h"= (,'=- 2.,) 2(i + ,,)
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The fourth-order spherical projection operator, peT,, and the deviatoric projectioll oper-
ator, pa, are given by

P_P = -li _ i pa = I - P_' (4.2.1)''' 3

Here I is tile symmetric fourth-order identity tensor and i is the second-order identity.
J

r "!Fh_ spherical projection operator, psp, has only one nonzero eigenvalue of one with a
corresponding eigeutensor equal to the second-order identity. All of the other eigentensors
for P"P are in a devi_toric space, a sl)ace of synunetric second-order tensors orthogonai
to i. The deviatoric projection operator, pa has an eigenvalue of one with a multiplicity
of five. The corresponding five eigentensors are orthogonal to i and span tim deviatoric
space. The second-order identity is also an eigentensor fi)r pa with a corresponding
eigenvalue of zero. With this information and the expression for E, one observes that

E has an eigenvalue of 3K with a multiplicity of one and an eigenvalue of 2G with a
mllltiplicity of five. The corresponding eigentensors are the second-order identity and
any set of five tensors which are orthogonal to the identity and span the deviatoric
space, respectively. Specifically, the components in a. (_artesian coordinate system of the
normalized eigentensors, ei, for E can be chosen to be the following:

--10 0 -100 [010 001] 000] 100]
o o o oo ooo
0 0-1 0 01 000 100 010 001

(4..24)
with corresponding eigeuvallms of X_ = 2(,' for i = 1,5 and At_ = 3K. The set of
eigelitensor_': giw_:n above is not unique; however, the set must always span the space

of symzuetric second-order teusors. Also, note that if Poisson's ratio equals zero then
2(; = 3K = E alld all of the eigenvalues are equal to E and E = EI. Since, the elastic
tangent stillness tensor, E, is symmetri(: and positive definite, bifurcations cannot occur
during elastic loading or unloading.

4.5 Eigenanalysis of the Plastic Tangent Stiffness Tensor

A plasticity model is characterized by a yield function, _P, which defines a surface in
stress space separating elastic and plastic regimes and a flow rule

i_ = _g (4.25)
0

where g is a second-order tensor wltich defines the orientation of the plastic straill inc.n_-
' Inent and p is a monotonically increasing parameter. The tangent stiffness tensor h)r a

plastic increment is giw_'n hy

1

D = E - _E'g _ f' E (4.26)
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wIle,ref is tIle m_rtl_altt, l,ll_, yicl_l sllrl'a,c_,cl_,line_lI,y tlu' yiel_l I'llllcl,i_tl tp:

f-_ (,i,'.,7)
'File scalar A is giver1 I_y

A = !1 +g:E:f (,I.2_I)

wllerc I! is l.h_,gcll_,ra,lize, i sl,t';dll Ilar_hmillg lllo(lllllls giw:ll I_y

II = i)qJ .:_;' (4.29)
i)O'

whicll is Imsitiw ', zeros,or n_,gal,iw' fi_r sl,r_tilt hardmlillg, l)('rl't,cl,, atl(l sl, l'Itill s_l'i,ellillg

l)lasticity, rcsl)cctivcly, l_la.stic Itm(liI1g occllrs wl1_'ll q* = 1)all,1 f : E: i > ().

(',t,llsiclcr i,lw _,igens.ysteillsof E : (A,,ei)a_d D" : (_oi,xi)as l)resmlted l_reviously, 'l'lw
_'lastic l,allgellt stilh_ess tmlsor, E, is s.y_n_r,tric an_l Imsitive d(,linitc. Als_, 1,11_'_,ig_'_-
w,cl,ors for E Sl)al_ the si)acc of s,yll_i_ml,ric sm_lld-o|'dm' l,misors. 'Flu, _:ig_',_va,l_u's a.l_l

eig_,_w,cl,urs for tlu, syl_nml, ric part ut' l,lle plastic l,_t_g(;_ll,sl,ilhu,ss t_,_sor, D", will _h,-
l_,t_l u_l l.l_eSl)ccilic l)l_tsticity I_o_t(,I Iwing _tse(i, Sit,co, tire eige_lt_q_surs _)fB siren 1,1_,
Sl)a('(' _)t'sy111111('l,ri(, ,s(:('(Jlld-or(l(:r i,(qlS()l'S_w(' Cil, ll _'Xl)l'(:sS f itll(I g its a, lill('a,r ct)tlil)illa, l,ioll

,.d'tl_' _,iget_l,e_Isorsuf E. SuplU_SCf a_1(lg ca_t lu' _'xl_r_'ss_'_las a li_,a,r _'ot1_l_i_a,l,iu_ _I'
twu _i' tllc _,lasl,ic _gget11,_qts_rs(say l,l_efirst a_l scco_1_ll,_ I_, SlH,dlic). 'I'I_,_

f = ./'_el + ./_e_ g = !ite_ + !l._e._ (,i.3())

illlll

E:f = ,l'_A_e_-F.l'aA.ae.a E:g = !l_A_e_+ !l.aA2e.a (,I.:II)

x = _¢ie_-F{,ae.a (:I.32)

'I'I_,,_i
f'E'x g'E'x

D '_' x --::E ' x 2A E ' g 2A E ' f = _o(_e_ -t-_,_e_) (,1,3:1)

wl_i_'l_sl_,ws tl_t tl_' ImSi,_lla,l,c(! I'or_t__1"l';ql_tl,i_tl ./.32 is vali(I. After _'(l_a,t,i_lgl,l_,
,'_'lli('i_'_l,s _1'el m_,l e..,,l,l_, r_,s_11l,is

{(2,,A_o-2AA,-F2!I,.f,A'_) (9,.f._A,A_+!I._,f,A,A.a)] {_,} {()} (,'I.;H)(:/.a.f,A,Aa-I-:/,.I:_A_A,) (2A_o- 2AA.a+ 2q._.faA._) g,a = (I

Igor a _u1_l,rivial sol_l,i_ I,o _,xisl,, I,I_, _lel,_,r_li_a_l,(_I'I,I_' _:()_;[licic_i,t|_itl,rix _1_sl,_,(l_al
z,,r_. 'I'I_, (l,_a._Iral,i_' ,:l_a,rm'l,_,ristic ,,(l,1_ttio_,yi,_l(Isl,l_c two _gg,,_lwd,_,'s,_, w_ a._,l 1,11,:

witll i,l_,_s,,ot' E ;ut,l Slm.l_I,i1(' I',,_11a,i_li|_g sp;_(;:('o1' sy_lml, ric s(;,:ol_,l-or(h;r t(:_sm's. 'l'l_,
l)ro('[,_l_tr(:('_u_I)(, cxl,_,_(h,(lill it sitllil_u' _na_it_(;rto 1,1_(:case wl1_'ref and g ira, t_icl_l)_,rs

4N



4,6 Bifurcation Analysis of Plasticity Models

llItllissc,_'t.i,,Jll,l,il'_il'_'ati(Jllailalys,:'sar_'l)_'t'l'_t'ilH'cl_ll s_,v,:,ral(,×isl.ill_lJlasti!'ilyill_.l_,ls

, I.(__'llal'a_'t_,,'iz_,tli_,llal,lli'(,_I'l,li_.l_il'llrc,ati_ilsl_i'_,_li_'l,c,_lItyi.lli,n_,ill_i.l,,Isa.lcl,l,,i.c..'lllill_,

ira.l.v_,:,:istill_;iii_Hl_.In_.a,i_'._l)tllr_,tli_,llil'ilr(.ai.i(liis_,xllil)ii,_,_lItv_.,,ll,.la,'s_,li_Is.

4.6,1 Drucker-Prager

('_)llsi(l(,t' a l)i'll_'l_,r-l'l'ag_,l' l)lastil'il,y ,tl_.l(,I witl, a yi(,l(i I'tlll('l.i_)ligiv_,ll I,y

Ill,'t(.ialsir(,sst(,lis(_i'asl'_)llt_ws:

./._= 1o"_' _'_, /i = _' i (,1.3(;)'2

wll_'r,, _r'_is tll_' sl,,'_,ss_l_'viat_l'. Tit,' ll_l'lllal I,_ l,lic yi_'l_lslii'fa_'_',f is giv_,,i Ity

o''1 tt :

f = (2_,_) + 77' ('1,37)

alibi till'_ri_,lil,ati_lil (ffl,ilcI_]a,sti_' sl,raitl liter,,till,ill, is

_r'l 1#.

Ill = (2v/7_._)+ 71 (,1.;ivl)

'l'lil' i,alig('lil, stilFill'ss l,l'llSlll' I'lll' ii. lllastic sl,l,ll is giV(,li I)7 I,(17lili, t,lOli' <I,'").(I.'

Illil'_li'l.iilial,t'ly, aii _'igl'liii.lia.iysis _lt" l.lil' llla,sl, il ' l,ll.lig_qil, sl,ilPlil,ss l,('liSill' t'_i' i,liis lilal,l'l'ili]

is i'iltlil'i' _litli_'lili, lib'i'll.liSt' l,wtl ill' i,li_, _'igl,livalil(,S lili(I l,wll lit' l,lil, I,ig(,lil,l'ii,'.illl'S Ill'Ill,jill

_lli l,li(' lilll'(l_'liilig liill(llilliS, llllWl'Vl'i', iiSilil l,li(' lll'_l(,l'_ll',, olitlili(,(I iii ,Sl'<'i,illii ./.5, wt'
t'iill _llll.llili valii_'s I'lli' l,li_' I'i'il.i_'al lia.i'_l_'iiilip4iilll(lii]i I'(ll' V,..:,'ills llit'lir(,al, illli _'i'il,l,l'iii.. I"lll'

ally llm_lili#4,l.li_' 1,(,iiSill'S f ;i,lill g I';ill Ill' wrii, l,_,ii ii.s ii, ]iill,i_r cllllillilial, illii ill' lwil _ll' l,li_,
I'lasti(' ('ig('lil,l'llSlll'S, llli(' i'l'(llli l,li_' ih,viatllri(' .,.;lilix'l, ill!(I (llll, I'l'lllli l,lil' sllli_,ril'a] Sllii.('l,.

I;_ll' i,.xailill]_,, t'_i' iiliiilxi;i.I l,_,lisillli ili t,ll(, ,I,.,_ilil'tq'l, illli f ali(I g i'il.Ii Ill, wi'il, t_,li iLs Iili_,iii'

('(lliillilial, illilS lit' el ;i,Ii(I eli I'l'(llll E(lilal, iilli ,t.2,1 as I'lllll_ws'.

f = flel-t-,/];et; g- !/lel 4-!/tleil (,I.:1!))

, 'l'w_ I_t'l,lll' ('igl'lit_'liS_li's il,ss(ll'ial,l'_lwitll D " _'a,ll als_ I_., Wl'il, i,('ll as ]ill_,iU' I'llilillilial, illlis ill'

01 _i.li(! o1_iis I'_il_ws:

t

XI == ")/lel "P _tiell Xli = /91OI + #'JtiOli ('1.'/I))

'I'll( ' r('lliailiili I I'(lllr (,ig_,lll,l,llS(ir,,.; i'llr D s IlaVl; ('lli'l'l;Slillll(lili I i,ig_;liVli.llll,S _l[' 7(,' i_li_! iii'l'

14iW:liIt7
x, = e, i = 'J.,3, ,1,5 (,1,,11)



l"rotll I,]qua.t,hm ,1.;_,1,we ot,t,aitl the eigell,,,aille,_a.nsociah,_lwitll xi a,li_l×,. 'l'lt_' tl_'_'c'nn_r.v
conldit.ionlI'or a.Bexlex'alt,ifinrcat.ioniin lir_t sat,i:_lie_lwllc'sl t,he fundal_lellt.al eigerlvailt_,,wt,
obt.a.ixlsa vallLeo1'zero, wilich ._'clnrs wlwn t,iw getwra.lize_lIlar_h'tlillP4IlIO_llnlllsol,taitls a
w.du_,of

le

,:'" = ' v4T,"+ .,,::/:_,!,'_+/,::(/,_+/:_'.,)-{::- {,,/:_/, (._._:z)

of the eigexit.ensorsassc.:iat.e,Iwith D". For a _lisc'oatt.itltiousI_it'tirca.t.ionlto occxlr ill t,lte,

,to -,rz plax_,. (t:_, (',r_arid e::u_t,"._tall e(itlal zero. 'Hie <'._lit, iol_,__'_:_= 0 a_cl i,,_:,= 0

¢_r

_,_luals zero
I

- 7_(_'+ _w,,)+ _,,.,+ _(_',,+ _,.:,,)= I) (,I,,l,,',)
'l'lle ge_.,ral I,ift_rcatiui_ con_¢lit.ioxl,Equal.Low,t.20, l_rovi_h,st,iw t'ollowi_tga_ltlitiox_al _'¢,_l-
st, railer.:

,_.2,_:_axt¢i_,_, we ol,ta,itt eclttatiolts l'or t.lte l'ttntdatttentt,al eig¢,ltvaltteanso_'iat.e_i',vitll h,s._

tl_'crit.i_'a.ll_a.I'clen_in_g_o_l_!lusfort,lwlossofst,ron_gellil,ticit.y.

l"_,rtl_i_I_at.,_,riala_l_lloa,_li_g,l'_dnickia._i_ll'_i_'e(I!)75)flaw'ol,t,a,in_edt,l_erollowi_;

_'Xl,r_,sniox_l'_,rt,l_'l_ar_h':lli_ig_u,l,il_sas,_ociate_l,:,'it,l_a.classicalclis_'o_t,ii_uo_isbif_Ir_'at,io_

(/_-/_)_ (/_+/_- v_)'_
tl '1_'= E ! S(I - I,) -- ;_(i (.I.47)

'1'1_,crit,i{'a/ Ila,r_h,i_i_g_no_l_ilil,redict,ed by t,he vario_Lscrit,eria Ibr _ll_iaxia.lt,_,x_siol_are
I,iott,e_l as a t'_x_ct.iol_ot' I_ for wu'ious values of /:/ in l"iguL'e .1.:1. l"ig_x'e 't.3a sllown

criticalva,l_esof t.l_edi_e_sionh,ssha.rdex_iu_g_odulus,(H/I','),as a l'uxlct,io_ioI't,li,,

il_t,(','_al t'ri<'t,i()_ l)aral_(,t,(,r t_ witli the, (lilatancy i)a,ra_l_(,t,er /-/ lrix(,_iat -().:l, I,(,a_li_g
in cllax'act,_,riz_,dI_y _h,cx'easil_gval_i_'soi' (ll/E). 'l'l_roup.;l_ot_t,t,l_isdlal,t,('r,, vail,, uf
(}.:{ in used t'<,rI'oisso_ls' ratio, '1'1_,g_,_eral bifiir_'a,t,io_ cox_clit,ioi_ is always ,'_,a{:lie,_llit'st,

l'or all va,l_e_ o[ p -_ /'_. When tz = /_ = -(.),::1,t,he ge_eral I,i[_rca,t,i._ a,l_l li_it I_Oilll
I,ifi_rca.t,lou c,rit,eria c,oincide a,s t,he.y should for a,u a,ssc.,iat,ed law. Sin_ilarly, t,l_, st,rox_,K
_,llil,t,ic'it,y coi_dit,iol_ ix always att,ained prior t,o t,l_e_'la,ssi_'al _li,_cont,i_l_,_n I,it'_r_'at,i{,ni

.'3()
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Non-Asso_,i_t_,_t,'I low.



_t. tl.'y ,_h,.llll fi_r atl _t..s_.'ial,,.ciI_w. iei_;llre,_.1.31,alibi ,l.:h' ,.ll_,w ,_itllilar r,,sltlt,_ wll_,,i
tl.. _lilalatl,'y l)arail.'ter/_ i. lix,'cl at I1,11al,_l 0,3, r,.,_l.'rl,ively,

All L,f tl.',_,' r,.mllt._ illcliral, c. l,ilal, l,ll,, tirsl, _;,,,..ral I,ifllr,'atiu,i puilll, i,_ ,',.a_'ll,,cli,i tll,.
Ii

llar_h.uitlg r,.gi,lw wl.,,i tl.. thaw i,_Ii_.l-_.,_c.'i_tt,iw' ti :/- l'J. Wh,.ll tlw Ih_wi. _,_.._.'ial,iv,.,

all_! 1,1.'lit_il, pui,ll, I_ifltrratiun _'ril,eriul_ IH_t,ll i_h._ltify l,lw Ill,ill, pui,lt a.,.tll_. lir.l, _,l.,rai

w,, _'a_l.i,_lply retw_d,th,, pru_',,._s,l,_e_lill l,lle first imrt ut' l,lli,_ ,_m'tiutl iul_l I,,I, It = I'_,

a val_l,,uf zei'¢_whell t/ e(l_lal._zel'_)ttll(I l,lIM, it t.,gal, ive II, ,_tr_dtl-s_ffl,,,tling,I,,a,I. t_

a tlegal,ive t'_imlal_.,tltal _,ig,'.wd,.,. '1'1_,:,' filt_(l_u_.'til,al eig,,t_l,ell,_r ,'_.'r,'.lH,t_li_ t_ tli,'

I"I''I It ,

x, :: g = +

('i_elllPli:.i_r is _iw'll ILy

t_°"_ (4,.1!))
x. = i

(:IK(/+ 2#_A'f/)
_,',_= ('/.5())

((; +

A ll_'gal, iv_, II lea_ls l,. a llegal,iv_' f_lll_l_tll|_'lll,_tl eig_uiwdl.'.

'l'll_, rritiral hltr_l_,tlilig _..:ttlli I)r,,_licl,e_l liy l,lle v_u'io_ls_'ril,eria. fur _t_li_txittll,_,llSit_ll;.tl'_'

i_luil_.i its a f_t_l('l,i_l _f tt itl l'_iglir_' 4.,1, Note t,llal, for iui _t,ss_.'i_tl,e_l tlow r_ll_,, 1,11_,

tirst I_iflll'_'alioll l)_illl, il_h,lu,l_(l_,l_t, of it,. Als-, wl.;l_ l,ll(, Iluw is _ms(_'i_tl, iv_', l,ll_' st, l'ullg

_'llil_tirity _'ril,_,rim_iui_l tll_, _'lltssir_d (li,._'ol_l,il_ums I_ifurcati_t_ rril, et'io_ gl,ll(;l'id,(, i_h,l_l,ira,I

I_r,,_lirti_msfur 1,1_,_'tlllOl!lll ()f sl,rldl_-softenit_g ll(;t.h,d ft.' It.'_diz_tl,io.. l".r I_.'_dizal,io,_

_hq.,u_l_,_._.. SI.witi_,ally, tt ,_l_sl _,(l_l_dV/3'/2 for a _lis_'t_l_t.in_m_tsIfit'_ir('_d,i_t_1,__.','_lr
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Figure 4.4. ('riti_'al Ilarclellillg M.(lllli t'cJra l)rlad,a,r-i'r.,.g_,r Mat m'ial witll
Asnoc'iat,q,clI.'lo,,v.

4.6.2 von Mises

lit tltin ,_ec't,it,w,,we .Italyz._'a nillll,lc' _,'_,ltMinen I)la._tic'ity Illoch'l with asnoc'i_m.clllow allcl
a .vi(,Iclt'lizlctioll give. ijy

*= v_,/_- _ (4.,_)
'l'll_'ll

O,d

f = g = (_v"_,) (,I,,_)
_ll_l ll_,' t}tllgelll st,itl'i_,'n,_/,,lls_r for. I,I.sl, i_' .st,,p is giw,li I_y

,)r,._,'2 o.,l (_,)o.rl

= - ,,._,1)
D E (il + (;) a"'_'a"'_ (,1 ':'

'l'lt_' I_l_._li_' lat_g_',tt,_till'llt'sn l,l'llntfl' is sy,_t_r.tri,', D = D".

'l'l_, t'_l_la_m_l,al ('ig('itl,('tlsor for D in

x_ = _ (,1,_,1)

t

(,,)_o_=2(; /!+(/ (4,5:_)
#

wl_icl_ v_ries fl'o_ 2(; I,o0 as !! wu'ies fron_ o_ i,o 0 _.d l_,coums _mg_i,iw, for _eg_l,ive
!t. '!'!_' rel_ai_i.g eige_lte_sorsfor D are a s_,tof foyerte_sors wl_icl_Sl)_U_l,i.. re_ai_i_g
space of sy_,l, ric ,_,_:o_l-or_h,r_h,vi&tori_"tensors with _:orresl)O_li_g _.ige_wl_wsot'2(/
_t l,l_es_._:o_l-or_h,ri_l_,_tity witl_ _t_'orresl)O_li._ _'ige.wd_e of ;l/(. Note t,l_tl, for l,l_is



n_.h,I ,iota, of tlu. c,igetltetls()rn a.ll(I only otle eigetlvalll,., tile fun(latlu,tlta.I oil,', ,l,'lH'tl(I _tl
the Jlarch,llillg Inoclullls, It, The f'unda.llu,ntaleigelll,etlsor dues, Imw,w,,r, detHql(I _),1t11,,
('tlrr('tlt,stt'P_N,ql,&t,P.

A gelu'ral I)ifilrcatiml IluV first occllr wlr, ll the t'lludauu.utal eigellvaill_, oijtaills a wd_le
of zero. At this Imint,, t.he hardening llmdulus, tl, eqlmls zero. Tin. cllaract,er uf the
Ififurcatiou i, given I)y the full(lamental eigt,ntetlsor, lg)r e.xatul)h,, whe_ l,lu, _ateria.I is
subjected to tt_iaxial tensim_,

0 (,I,56)
() 0-1

which r(,i)r(,s(,nts a g(,ner_dIfifur('ation since x_ I_as_(, zero (,igenvalu(,s. If c()t_straintn
are l)r(,s(._lt, the. nmterial may I)e Im_d(;dinto a strain-softet_ing r('ginr, witho,_t exhil)it-
il,g localized defort,,ation associated with the li,'st general I)ifurcatiot_ _,,()(h,. in the

straiil-s()ft(,ttittg regime,, thefttn(lann,ntal eigenvallte in negatiw,, an(I ttutnerotts alt(,rnal, e
bif_trcation tno(l('s t_my I)e a(,tivated.

A_,y Ififurcatio._ mode can I)e writtel_ as a linear cond)i.,_tion of the eiget_tensorsasgiven
in E(limt,io_ .1.19. lg)ra (liscontinmn.s l)ifur(,atiot_ t()oc('_tr in the ,z:. -.z:_ I)lat_c,d,:_,i.a:_
a.a.I i:_:_must all equal zero. This implies that (_,ta_id a._ (,q_al zero au(I t,l_e_tl_,(l(.is
restri('u,d to the folh)wit_g form:

0 2 () + (}..2. 0 00 0 +--- 0 () (4,,57)

s_l)j(.('t to tlw ('ol_strainl.

wl_icl_is a_ equatiol_ fur a straigl_t lira, i_t t,l_ea.a--a({ platle. Note that a:_is arl)itrary. '1'1_,
gem'ral I)ifurcatiot_ c(m(lition, l,',quatiott ,1.'20,giw,s the following additional constrai_t

+ + =

whicl_ is t,lle (,(i_iatiol_for all ellipse in the cv_- (_,_plane. Note tl_at wll(.ll wl ,'(luals zero,
the general l)ifl_rcati()n r(,gi,ne is a single point with a_ = <v:_= a,_ = O. As tt and _o,
I)ec()me _('.gative, t.ll(,size of the general bif, tr('ation regis_e grows. The first (lisco_tin_a()_ts
l)ifitrcar,iot__tm(leisreacl_edwhen IIobtainsa valueof-E/12, At thispoint,_ =

v/_(l + ,,)I(5- v), <_,,= v/2(l - 2v)I(5- ,_,),a_,d a:, = 0 (l'3gure 4.5), ()i, tose_, a,,(l
R.ii_,'ssoll (I 991) analyze(l the _icollstic tensor and also sllowe(l that the first, _liscotli,illllolls

l)ifllrcatiotl mode is reache,(lat this poitlt for a w)tl Mises ulaterial siil)jecl,ed I,o llniaxial
tensioll. If the har(lening itlo(llillls decreases beyond -E/12 a(l(lil, iolial (liscolltiiili(,lls
l)ifurcatioll lllolh,s lllay IH, activated,
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Figure 4.5. Bifurcation Regimes for a you Mises Material Subject to Uniaxial
t"

Ft_llSIOll,

Since tile fundanmntal eigentensor depends on tile stress state,, the amount of softening
m,eded to reach a discontinuous bifurcatiotl will also depend on the stress state. For
example, wla:n the you Mises tnaterial is subjected to a pure, shear stress in the xl -,t:_

plalw, the colnpotletits of tim fitndatnental eigentensor are

-1 0 O]0 O0

wllich indicates that the necessary condition fl)r a discontinuous bifurcation is satistie(I
at the lilnit point when H = {}. The important point here is that by altering th¢,
stress path, the alno_tut of strain-softening needed to satisfy the necessary con(litions
for a discontinuous lfifltrcatitm can be signitlcantly chauged. This t_cClll'S hec_utse the

fitn(lanlental eigentetlsor fin" this Illaterial nmdel (lepends on the stress state.

4.6.3 Mohr-Coulomb
It

Next, consicler a sim')le Mohr-Coulotllb model with a yield filtlction given by
tt

where ¢ is the itlternal frictiotl atlgle, c is the cohesion, and the coordinate systeln is chosetl

sltch that al and a._,are the maximum and minimum pritl(',ipal stresses, resl)Ccl,iwqy. The,n
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for all associated flow law

1 0 - 1 + sine 0 (4.62)f=g=_7
0 0 0 •

and tile tangent stiffness tensor for a plastic step is again given by Equation 4.26. For this

model, tile bifurcation at tile limit point, H = 0, is always a discontinuous bifurcation
since the fundamental eigentensor for D 8 is equal to f which has the characteristics

required for a discontinuous mode. The nature of the discontinuous bifurcation, as given
by the eigentensor, indicates that the components of n and m are as follows:

' -x/'l - .si'n"¢ (4.63)n=_ v/l-sine = c tan( _ + _ ) , m o =i
0 0 0

It is not surprising that the Mohr-Coulomb model predicts a discontinuous bifurcation
at the limit point and that the orientation of the localized zone depends on the internal
friction angle because this model was developed to capture this type of failure. A shear
localization is obtained when ¢ = 0 and a discontinuous opening mode i_ obtained when

¢ = r/2. This analysis indicates that a Mohr-Coulomb model is appropriate for materials
that exhibit localization at the limit point with an orientation that is dependent on an
internal friction angle.

A Tresca model with associated flow is identical to a Mohr-Coulomb model with the

internal friction angle set equal to zero. Thus, the previous results indicate that a Tresca
model is appropriate for materials that display localization at the limit point with an
orientation of 45 degrees in the plane of maximum and minimum principal stresses.
This model does not predict the generation of necking or diffuse bifurcation modes that
are sometimes observed experimentally in metals and is, therefore, not appropriate for
metals.

4.6.4 Principal Stress

In this section, we consider the principal stress theory of Rankine which uses a yield
function given by

1

tp = ½(er " pi "er) _i- h(e p) (4.64)

where pi is the principal projection operator. This model has a flow law given by

e'v = &g = &(n. _r. n)n ® n (4.6,5) ,

For proportional loading, the first possible bifurcation occurs at the limit point and

is characterized by the fundamental eigentensor for D _. The fundamental eigentensor
for D _ is equal to g which has the characteristics of a discontinuous opening mode
bifurcation. Thus, this model predicts localization at the limit point with the orientation
of localization given by the orientation of the maximum principal st, _ss.
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4.7 Evaluation of yon Mises Plasticity for Metals

A von Mises plasticity model with associated flow has been used extensively to describe

the plastic defornlation of metals. This model does an excellent job of (:aptllriug the
initiation of plastic (tefornlai;i(m in metals. In this section, we: use the previolls _malys(-,s
to de.te'Jmln(_."' if there is _my relationship l)etweell the bifurcati(_ns predi('te(! by this lm)(i(',l

"* and ext)erilnentally observed neckilig mid localized deformations in metals. Nev¢.ral dif-

ferent experimental investigations that may enhance an understanding of tile lle('king
_uld io(:alized (:tefor111ationin in(-'t,ds are reviewed.

4.7.1 Axisymmetric Rod Subjected to Uniaxial Tension

First consider _ metallic, axisymmel;ri(-rod subjected to uniaxial l,e.lsio11. The first

type of bifurcation that is generated in metal rods is necking at some section along t,lle
lengtll of the rod. Ill some rods, for example aluminum rods tested at high teml)erature,,
(N_(lai, 1950), the _pplied lo._d slowly decreases as tile rods continlle to neckuntil t;il(;
('ross-section_tl area ill the necked region is re(lute(! to a point. In other materi_ds, l;lle

initiatioll of necking is quickly followed by the formation of a (:rack either at an angle or
perpendicular to the al)l)lied loading. Here we interpret tt cr_('k or tile formation of very

thin localized de.formation zones as evidence of a, discontinuous bifurcation, and ne(:killg
as evide.tl(:e of a. diffuse I)ifltrcal, iotl.

Needlemall (1972), Hutchinson and Miles (1974-) and Miles (1975) have all investiga.ted
tile necking of rods sul)jected to uniaxial tension using Hill's (1958) general bifurcatiotl
criterioll. These researchers ll+ve +11shown th+t the initiation of flecking is coinci(ient
with th e attainment of maximum load. The necking in the rod is rel++ted to activation of
the first genet'_i 1)ifllrcation tlu:)cle_nd is characterized by the fulldamental eigentensor,
xl, which is eql_a,Ito the norm_dized deviatoric stress tensor (Figure 4.6).

Materials that neck until failure do not strain-soften and therefore do not allow for th(,

activation of m_y other general or discontinuous bifurcation modes. The fundamental

eigentensor associated with the tangent stiffness tensor for _ von Mises n_terial is de-
pendent on the stress state. As the necked region evolves, the stress state in the _mcked

region changes. Tills leads to a loca.l change in tile stress deviator and thus a change in
tile fundamental eigentenso:'. Specifically, as necking occurs, a shear stress comt)onent is
introduced whicl_ directly leads to the introduction of a she_r strain c(:)mponent in the
fundamental eigentensor which exl)l_ins the formation of a necked region without tile

' generation of a_y incompatibilities in the neck.

, In other materi_ls, a, small amount of necking is quickly followed by the formation of

a crack either at an angle or perpendicular to the applied loading. The analyses giwm
above indicates that a von Mises material subjected to a pure shear stress call localize
without softening but that a von Mises material subjected to a uniaxial tensile stress

must exhibit a significant amount of softening to localize. As the necked region evolw_,s
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Figure 4.6. Activation of First (;ener_! Bifurcation Mode ill a Rod Silbject to
lJniaxi_d Te_lsioll.

in the bar, the stress state deviates from a homogeneo_ls ulli_Lxi_dtewlsile stress sl,_Lt,e
_md strictly speaking the results fi'oln the _d_oveanalyses do zlot apply. However, il' I,I1_'
_zllouzlt of neckiug is not significant, thell it seewlls reasoll_d._l¢:t,o expect the stress stat_,
ill i,ll_ zlecked regioll to a,ppro_u:ll that of the origillal holnogelleous Ilni_xi_d te_sile stress
state _l_(i to conclude th_ct tl_e _nateri_l ,nust exhibit stra, i_ softe_ing for l,l_eIocaJiz_utio_
to occur. Of course, tl_e ]oc_diz_utioncould also be due to i)ress_re (h:l_e_del_(:eof tl_e yiel_i

s_lrfac_', _o_-_ssoci_ted [low, or _ co_nl)in_tio_ of softeni_g, press_re, del)en(le_c(, , _u_(l_o_-
_tssociativity. A_ a_'i'_r_te st_l_ly of tl_e evolution of tl_e necke(l re.gio_ m_(I s_l)seq_le_t

l)(_t,e_l,ial io_'_diz_l,i(_I_would req_ire a u_mric_d stu(ly simil_r to l;ll_l,of Ne('(Ih:_a,_ (1.972)
whicl_ wo_ld _dlow _ cl_a,r_ct(-:riz_tio_ of the stress st_te in the ew)lvi_g _w.ck_:_lre.gi(_.

4.7.2 A xisymn_etric Rod with Lateral Displacements Constrained

Next, co_sid¢_r l,l_esa_(, _xisy_t_(_tri(" ro(i s_l)je('ted to _i;_xiad t(_._sio_witl_ t,l_e,a.rtifi_:i_d
('o_,str_d_t t,l_;_tI_t(:r_l (lisl)l_we_ents be i(lent.ic_l ,d(n_g tl_e _:_tire I(:_gt]_ ol' t,lm I_a,r_gs
sl_ow,l i,_ l'_ig,_,',_4.7. 'l'l_is ,'(_._t,r_d_t will ,_ot a,llow the bar to neck _,_d will l,l_,,s('(_,_i,r_i_
1,1_('tirst ge_er;d ]_if_r_'_tiol_ _o(h'.. F_rthern_ore, the first (lisc(n_ti_ot_s bif_rc;_ti_ _o(h,

giw_l I_yEqua, tio_ 4.57, wl_icl_is chara, cterized by tl_(; fi)r_natio_ ()f a Io(';diz(:_!z(_; ;_1,a,_
_u_gleof 48.8, degrees fr(n_ the Io_(li_g axis will also I_e('o_strained. Wil,l_c(mti_(;_l s_l't-
('ning of the _terial, tl_e first _lnco_strai_wd dis(:o_ti_uo_s l_if_r('_ti()_ t,l_at will m'tt_dly
I(,_(I l,o Io(:aliz_ti(_n is _ (._l_('_i_g_o(h:' disco_tin_o_s I)ifur('atio_ wit,l_ ;_ _ri_,_ta.ti(_, n,

l_a,r_dleito tl_e loa(li_g _txis. '1'oactivate tills n_ode, _6 in E(l_tiol_ 4.57 is _'q_a.! to _._ *_u
a_(! _._ _uree_luai 1,ozero, _(l tl - - E/(6 - 6v). 'l'his exan_l)le show,s l,l_;tt wl_('_ l,l_, first
l)ossible disco_ti_o_,s l)ifi_rcatio,_ is (:o_strai_e(l, the h_(',alizaticm tl_l, is _iti_1,_,ly g('_-
(-'.rated is _ot ('l_a.ra_ct('rize(!I)y the _o(h" associated with the first i)ossil_l_, _lisco_t,i_(_s
bifurcation I)_t r_ttlwr I_y the first unconstrained disc(n_tinuo_s I)ifi_r(';_tio_.
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"I t °Figure 4.7. Localization in Rod with Lateral Displacements (,ons rained to be
Identical.

4.7.3 Thin Plate Subjected to Uniaxial Tension

Experiments on thin metal plates subjected to uniaxial in-plane tension indicate that

necked regions form at angles of between 55 and 65 degrees fi'om the loading axis (Nadai,
1950; Aronofsky, 1951) and not perpendicular to the applied loading as with axisymmetric
rods. Again, the formation of the neck is some,,imes followed by the formation of a crack
plane, and at other times the material just continues to neck until failure.

Necking in a thin plate is again associated with the activation of the first general bifurca-
tion and characterized by the fundamental eigentensor. In the rotated coordinate system
shown in Figure 4.8, the components of the fundamental eigentensor tot D _ based on
Equation 4.54 are

- o ]

_, Z _ 3co.s(O)._in(O) 2co,s'2(0)-.sin'2(O) 0 J (4.66)0 0 -1

F%r a thin necked region to form in the plane of the plate, the x_ - x2 plane, and to
remain compatible with the surrounding material, the perturbation to the strain field in
the necked region is subject to the constraint that the l1 component of the fundamental
eigentensor in the rotated coordinate system must equal zero. This requirement would

, be that of a discontinuous bifurcation if the third eigenvalue of xl is zero instead of-1.
Therefore, there is a potential incompatibility in the x3 direction. The in-plane constraint

e yields 2.sin'2(O) - co.s'2(O)= 0 or 0 = ,,v. ,,,Jo.,J degrees. In other words, the predicted necked
region is oriented at an angle of 54-.7degrees from the loading axis which corresponds to
many experimental observations and is identical to the orientation predicted by Nadai
(1950) and Thomas (1961) using similar in-plane compatibility arguments. However,
these authors did not address the potential incompatibility in the x._ direction. The
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(_L)later_d displ_c',ement _Lte,nd (b) no la,ter_! displ_eluellt _t, _'zi_l

Figure 4.8. Actiwd, ion of (_ener_tl Bifllrca,tion Mode in _ Pl_d,e ,%'ubj_:cl,l,,_[lni_txia,I
q _IISI()II.

n_:_ckis ¢'h_ra_cl,erized by t,he filtld_me.tlt_l eige.tltensor wllicll, t_r _Lw_xlMise,s In_d,_ri_d, is
depeudent, oxl the stress st_l,e. As (,lie neck evolves, the. st,tess starts: in tll_-,neck _txlcll,lllls

t,he fuxld_meul,_d eigent, ensor _q_nge. Tl_e co_uponents of the fun_l_meHt,_d_:ige_te_sor _re
exp¢,cl,ed 1,owtry contit_uously _ts a, fuuctiot_ of lo¢:aXion withi_ the ueck whi,'/_ _'xpl_titls
the, formal, ion of the ueck witho_t the gener_tiot_ of a,ny in_:onap_til_iliti_-;s wl_ich wet,,
it_troduced and left _nexpl_ix_ed i_ Thomas' (1961) _n_lysis of _his thin platte, prol_le_l_,

As showt_ in Figure 4.8_t, t,l_;oriex_l,_l,ion of m wl_i_:hrel)x'esent,s l,he ori_;t_ta_tiot_of rela,t,iw'
w_;Io,'iti_,sof regions ,m opposil, e si_l,'s of tl_et_;cked r_:gio_lindic_tes tl_t, a,t ]_;a,sl, one_'l_,l
of l,ht:;specim_;t_ retest I)e fr,:e l,o I_ove i_l t,l_e:ri diret:tion for l,h_;neck to occ_r _tssl_ow_.

V&rdoul&kis (1978) llas _t_w_lop_._t_ ,tevi,:e. tl_tt _tllows for this I&t,ex'_dtli.spl_tct;mex_t;I_ow-
evt_r, n_ly specixnens _tr_'tesl,etl in ,levi,:es l,h_t, do nol, _dlow la,l,e.r_l ,lispl_,_ex_enl,. Tl_is
le_tds t,o the fonu_t, ion of t,wo _:_:ked regions _nd re.la_tivemotio_ of l,h_:bodies ou opposil,_::
sidles of l,h_'n_;cks a,s show_ i_ Figure 4.8b.

Amuofsky (19,51) sl_ows l,lla,l, the v_x'i_ttion iu 1;heorieul, a,l,ion of tl,: _e,:ke.d r_;gion fron_
25 t,o 3'5 degrees could I_e d_: t,o x_a,l,ex'i_tl_u_isotropy. The _n_lysis i)r_;senl,ed in the If

pre.vio_s sections a,ilows a,nl _lteru_Cive expl_na, tiox_ of this phenoxn_.;non if the Io_tttit_g
de.vice provides a,consl,ra,i_l, which _ilows the ma,teria,I to b_-;Ioa,ded it_to a_str_tit_ softex_i_g
regim_. For t_:xa,_nple,_:ousid_:rtht.: str_i_l perturbation giw-:n by

= x_ + _l_x,_ (4.67)

which sa.l,isfies l;]_e inst_bilit, y condition of Equa,l,ion 4.20. (Jomp¢me_ts of the stra, in
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Figure 4.9. I';tf('c'tof Stra,ili-Sofl,elliliN _)ll the I'redicte(! ()rielita, tioli of LcJca,liza,tiozl.

1)erttlrbation izl the rotate¢l co_rdi_lai, e system hecome

,[2.,in'_(O)-co.,_(O)+/t 3eos(0)._in(0) 0 J0 (1 -] +/_

The I_redicted orientatioll of tile necked regitm is ph_tted a.s a functioll of the _tlllOllll[,(}f
softelling lleed_-'dto satisfy tlle general bifurc_tion condition in Figure 4.9.

Whc,n the, llardening modulus, H, has a value of -E/]O an orientation of 25 degrees
(65 (legrees from the loading axis) is predicte.d. Ew_n less strain softening is nec_dedto

activate llllidPs wil, ll ori(_lltations betwl_en 25 and :].5degrees. These re,suits suggest that
tll_'exp_wimentally obserw_d wu'iations ill orientation could be callsed by the coml)iilatioll

of loading c_mstraillts and sonw strain-softening. Also, when tile hardening lnodllll_s
ol)tai_s a valise of -E/(6- 6v) a_ (_rie_tal, iol_ of 0 (legrees and a discontinuous opening

l_o_l(, bifl_rcatiol_ is l)re(licted wl_icl_ corresiJonds 1,¢)l¢,calization 1)erpe_dicular to tim
al)plied Ioadi_g. S_¢,1_a localizatioli is so_netimes observed experimentally whicl_ wo_l(I
s_ggest float so_n(, ll_el,als m_st exl_il)it a significai_t an_ount of strain softeni_g, i)ressure
del)el_del_ce or no_-associativity a,t,fail_r(,.

4.7.4 Thin Plate Subjected to Equal Biaxial Tension

, M('tal sheets are of'ten t'orme(I by s_l)jecting tlmm to equal I)iaxial tension with a, l_(:_i-
sl)l_('rical 1)u_ch. At s()_ne 1)oi_it ill the forming pro(:ess intersecting shear l)ands t'or_n al,

, angles thro_@_ the thickness (Beaver, 1983) as show_ in Figure 4.10. The necki_g tllat is
get,crated prior to localization i_ thin plates sl_l)jected to uniaxial tensio_ is _lot observed

in thin plates sut)jected to equal biaxial tension. Thus, the change in load path to (:q,_a,I
biaxial tension apparently il_l_ibits the activation of any diff_se/)ifurcation mod('.s prior
to localization.
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,%'tore,lan(t Ri¢,e (1975) s,lggest that that Ioc_dization of pltLl,es sulLiec't to eqmd I,ittxial
tensionprovidesexperi,nentalevidenceoftheformationofverticesi,li,lleyiel(ls,lrl'_u'e.

llecelltly, Hill (I 991) hasshowll i,llat ailisol,ropi(" li_trdellizlg ('olll(l also lead to i,lle ol)sc:rv_,cl
lo(:alizatiotl, llere we present all alternat,iw, exl)lan_d,ioll. For eClllal l)ittxial t(,llsioz_in I,I_(,
;_'_-J':_ plm_e (the plan(, of l,i_eplate), the ('Oml)onenl,s of l,l_esl,ress tensor a_(l the sl,ress
deviator prior t,o lo('alizatio_ are as follows:

o'==_a O0 0 , o"'_=_-_ 0 0 (4,(i9)
._00 1 0 0 1

For t,l_i_l_r(,hlemt;hel'_,:la,_eI_t,ale.ig;et_,e_8orwhi('l_i,_t.l_(__)oru_aliz(,dstre_s¢l(,vial,or

i,__o_,('o_i_al,ihle i_ the l)l:,,ne of t,l_eplal,e l)e('a_,_ethe eige_wd_e,_a,_,_o('i_tedwil, l_ I,I_'

;_'._-,r:_ pirate are l)_)tl_po,_it,iw,. Th_,_, _o oriet_tatio_ ('a,_l)e l'(m_(l for wl_i('l_a l)('rl,_r -
Iml,io_ t,o l,he strai_ I'_d,e[iel(l giw;n hy l,l_efl_n(lamental eige_t('nsor is _'On_l)ai,il)l(_ i_ I,I_'
,_,_- ,_::_t)ia,w witi_ t,he s_rro,_n(iing mat,cried. As l,he material I)(;gi_s t¢, strail_ s¢_ft_,l_,
t_n_ero_s alter_al, e I)ifl_r('atio_ _)och;._ n_y he a(:tivated, llowever, I)y (;o_,_i(h;ri_g all

li_('ar (:()n_hinat,i()_._of tl_e (,ig;enb:n._orsa.sso('iat(::dwitl_ D", we (l_i(:l<ly li_(l tl_al, t.l_efir._l,
hif,_rcal.io,_n)ode whi¢l_ sati._lie._t,he (:ous_,'_dnl,t(, r(;_u_in('On)l)atil:)lei,_l.l_(:;r_- ._:_l)l_u,('

o- o o oo o o (,1.7o)0 0 I 0 01 0 01

whi(_l_sati,_fie_t,l_ei_st,al)ilit,y (_ondition of Equation 4.20. Thi,_ di,_(:o_i_o_ss l)il'_r('at,ion
,_)o,le is a(;l,ivated whe,, II -- -El12, c_ =- -v/3(l -I-v)/(5- ,,) and c_,,= -v/2(l -
2'v)/(,5- v). Tills I)ifl_r('atio_ mode rel)reselltS shear bands for,ning at _u_gle,_of ,18.8 ,

degrees fr()_n tl_e :_ axis whi(:l_ is exa(:tly the type of localization tl_ai, was ol)served by

Beaver (1983). "l'l_e['orlual,iol_ of int_erse.(:tingsh(:ar hands leads t,o an apt)_rel_t ne('l¢iug
due 1,otl_e relal, ive _ol, i()_ of _nal,erial on opl)osil, e si(te,s ()f the sl_e_u"ha_(I,_ (Figure 4.10).
l_st,ea¢lof t,l_er('q,_iren_e_t,()f verti('(,,_(Sl,oren and I¢i(_(',1975)or of a_,is()l,r()l)i('l)ard(:ni_g
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Figure 4.11. Activatioll of a [)iscontimmus Bifurcation at tim Limit Point ill a
Pressurized (_ylilldrlcal Pressure Vessel.

(llill, 1991), this analysis shows that with a sufficient degree of softening, conventional

wJn Mise.splasticity with associated flow can predict the localizatioli in a platy subject
to ecl_lal biaxial tension, l'_llrthermore, this analysis helps to explain why the necking

tllat is obserw_d in Chill plates slibiect to Ilniaxial tension is m_t ol._serw-:din tllill plates
suhjected toeqllal biaxiM tension.

4.7.5 Thin-Walled Cylindrical Pressure Vessel

,%veral iliw.stigations (e.g., Needleman and Tw:rgaar¢l, 1984), haw: inw_lw_d thin-walled
cylindrical pressure vessels sllbjec.ted to internal pressure,. Tll¢:se press_lrv w:ssels fail
rather catastrophically, with cracks formiTlg along the axis of the cylillder and at an
angle throllgh the thickness (_liscontilltlOllS bifurcation) as showzl ill Figure 4.11.

Prior to loc_dizatiolJ the colnponellts of the stress tensor an_l the stress deviator are as
follows'

o o oa_c: .5 , a'_ _ -7
.. O0

We see that the stress deviator is different from the stress deviator found in the pre.vio_,s
examples. For this exau_ple, the fundamental eigentensor h_r D _ which is equal to the

, norn_alized stress deviator re.presents a di.'_:,".ontinuousbifurcation mode. F_rthermore.,

the. fundamental eigentensor indicates that a shear b_nd oriented at 45 degrees thro,_gh

, the thickness and along the axis of the specimen will occur at the limit point. This
predicted localization was observed experimentally by Ne.edleman an_! I v_.rgaanl (1984).
(:on,paring this res_lt with the previous ones, we see that the stre.ss state generated i_
the wall of a cylindrical l)ressure, vessel has a detrimental effect on the. _ppare_t ductility
of the material.
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'l'h('s¢' exa,ltil_h'n nli(_w that the, tyl H, ¢_fIjifilr_'atic_lt, (lilhlne ¢_r_lin('(_ltt,itllt(_lls, c'xltil,it,'cl

I_y ,tlet,aln a,l_lmrc'ltt,ly (i_'lH',t¢lnII_t, _itly _ll t,lle Illa,t¢,rial I_llt,a.lsCj_ll t,ll(' g('(j,ll_'l,ry ali(l
tit(' I)r,'-ljit'lll'('at, i_)tl str('sn stilt,,'. A sill|l)l(, roll Min,l,s I_lantic'ity Ill¢)(h'l wit, It asn_,'iat('_l

tl(_wI),'edi_'tsboth t,lle 11ec'kitlgallcl t,jl(' I(H'alizal,i_lt t,lla,t is _l_s_'_'v_'_lexl_('rillll'lltaljy. 'l'l_in
at_alyninin(li('at,en t,lta,t ntrait_ soi't,(,llittg ('all a('('(}llttt, for Illil, lty f('at, lti'_,s (d)s(,rw,_li_l ttl_'l,,tlls.

M_st I)revi_ln a,l_al.ysenI_a,w,f(H:_ls_'(Il_ri_arily (_t I)r_ns_lr(' _h,IH'll(h,l_('e,|l(_llann_H'iativit,y
a_l v(,rtex (lew,l(_pl|_(,l_ti_ tit(, yiel(I n_l|'fa,c_,l,(_a('('_,_tt fi_r t,ll(, _'xlH,rittletttal _d_s_'l'wtl,i_lln.

4.8 Bifurcation Analysis of Continuum Damage Models

ll_ t,llin n,,('t,i_l_,I_ifiircat,i_ma,l_a,ly,_esare IH,rf_rl_e(I _,t_varistors_'os_t,i|itl_tl_,lal_ag_,t ll(,_ri,,n
l,(_eva.l_lat,(,tl_eapl_|'ol_riatell_,sn_)f('xistii|g t,l_e()riesfor c,,ll,llar s_di,ls, { _ll, i_l_l_ ,la,_a.K,'
t,lt(,(_l'i,'s lla.v,' a, c,I_tlntit, tltiv,' r('la, l,iott _)t' tim fi)l'lti

= S:_ (,I,72)

where o' is tim t(:d,a,Ist,r(,ss l,ensor, S is the _lat_agedela,st,ic stiil'_lesnt,e_n(_ralt(I _ in t,ll_,

total straitt t,eltnor. 'l'_,__h'_t(;r_i_teif a(i(iiti._al (lal_ag_, i_ I_,i_g ,K_,_l_rat_,_l_l_tri_,_i,ll_,

sllrfa('(' ill st,l'('ss or si,ra.ill sl_a,('_,s('l)aratillg t,ll(' _,la,ntic a.ll(I _la.llla,Killg I_r(_'_'ns_'s

q/: I,_¢r:P,_'-g(S) q_=½e'R'e ....,(S) (,/,7:_)

wtl_'r_'P is. I_nitiw,-_l('lillit_ . I'(,|rtl_-_r(t['r l,,'_n_r tl_a.t _l_,li_.s tit(, _h,I al_l R =: S : P :

_ Ii,,w r_ll_,i_ I)la,nti('ity. A I_(,nsil_l_' _ia._ag(,ewd_tt,i(_ (,(l_la,l,i_l_ in ,Kiv('ll I_,y

(la_ag(' ill_'r(,lltetlt,, N_I,(, t.liat l_(_t,lt tit(, (lall_a,g_'t',tttci,i(_tla.tl(]t.lt_',,wdtiti(_tl ,,(l_iat,i(_llliar,,
IH,_,,_('l|(_n,_,tl,(_,in(' tll,, i'_,l,'t,l_-_,'(l(,_'l,('lln,;()t'R,

I ini_lt_tit(, _'(_l_sistell_',!/('(_ll_lit,i(_l, tlt_' t,il,llg{:lll, stiil'lt,:ss t,(,llnor, D,, [(_1'it ,la,llagilig I_i'_H'(',_n
.'.;_t('ltt,llat, O"-- D : _ is _)l_t;fitte(I

= S - A(R: _ u_ f'S) (,1.75) .
D

wlle|'e f in tl_(' ,_o,'i_alt. tl_e (li_l_age surface (ielil_(:(II)y tit(.. (language,flitt('.tioti q_:

0q_

f = Oq = p.o. (,1.76)
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'1'11_'nc'alar A allcl t ll_. _;etieralize_lIlar_h'ilillg tll._ltlllin, II, are givc'tl I_y

A = tl + f' R '+ II = O-'S:: R (,I,77)
;11

'1'11_'lzanh,zlitzgIlztJtllzllzn,il, is I)tJ,sitivt ,` '],<'rt_t_rzlc'gativefor strain Ii+mh,zliwlg,iH,rl't,ct,+lllql
, strait1 s.lt.,,jlitlg el;tIllage',n'slH.vliv(,ly. I)attlago will .cctlr wllc,ll @ = ()a+._l f' _' _ :+.11.

tll_' II_,wr_ll_'in _'l_.n_'l_t_. I., ass_wiah._lwj! II t,]l(' yi_,l_l I'tllicl, iOII,

4.8.1 Simple Scalar Damage

It; tltis sect,i.l_, we atlalyz{, a sil;tl_l_, is{,tn,l_ic, scalar {lair;age _o(l(,I witl; ill{. fidl{_wilig

tp = {e :E :e - !I(S) (,1,7,'.I)

ali_l all ,'v_.lt_l.i_,t_('(lllal, lOII for l.l_e,'lasti_' stilrlmss tt,ll...lora.sfi,lh,ws:

TIw ravage,tit stilr;_,ss t,,t_s_r firr a _lanutgitlg lmWess is givetl I)y

1

D = S - 21/(I - w) :_+ e : a"(a"¢.:,a') (,I.MI))

,%itlv_,tll_, t,attgt,ttt ,,¢t,ith_,'nn t_,ttst_ris syt_ltll_,t,ric, I_il'tlr_'atiolts it_ay lirst t.'vtlr at t,lit, litltit
l_t_illl wIi{'II l,lit' }lal',l,'liiti,K Itlt_tlllllln, II. all(I ill(' t'tilltlatll,,lttal _'igt'ltwlltl_' td)t,aill a valtit'

_,t' z,'r_,. 'l'lt_' ct_t'r,'nlH_ll_liti _ t'tlti_lat_'lit.l t'ig_'lit,otlst_r ft_r D in t,llt' straitl tt'tlst_r, e, wllit'll

,,.;lI'ailt ,.;l,lttt. ]"t_r _'x,i_ll_l,',a scalar .lati_agitlg l_at..t'ial ntllLjt.ct t._a.l_iatlt, ntl'aill _'_ti_litit_tl

n_l_l_.I_,t_,rial ntll,i_.ct_..!t. ttlliaxial t_.ltsih,stress w'.,ll_l exllil_it a _liihts., I_it'tirc,.ti_lt .li,l
ii(,('kill_ at I,}l(' lilltil, I_(_illl,

4.8.2 von Mises Damage

It

t}lat, is i.l_'ltti_'al t_ l.ll_,.yit,ld I'tttl_'ti_,ltfor w_tl Mist.s I_laslicit,y

' ,v = ½,,., ,,. - u(s)

f = P't ' a" = er'_ R = 4(,aP 't (,1,S2)
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alibi th,. tail.s,lit ,_i,ifFzi_,s,_t,,.,z_r ix _,iv,,ll by

.i(;'_

D = S - (2r,o"t : a" +//) {a't c._o'") (.l.x:l)
i

'l'lw t_liRelzt stilrlz,,ss t(.nsur iMsylzzm,.tric tZll(I llt_sa fiilillttzzi,,lzi,tel (,iR,,iivldii,, izil,I _'_,'r,'_

spoliclilig i,igi.lzti.izsorRiveilby
2(/tl

For tlliszzi_delthi'firstllussiblel_iflzrclitiozzischlzra,c'teriz_,clflythvstressclevilti,_li',']'Iz_'

t,ypl.of Idfizrc'ationthatzzzi_y_.'c:llrlltthelimitImizltillthiszlzaterildwill_l_'l_'zbtl_Jzl
the str,.s,sstate. If the mat,,rial is sul_jl,_'tvd i,o a liiire slwar stress t,helz lu,,tdizai,i_.i
lilay ul:clir lit thl, ]iznit l)llJlit lllit if thl' Inatt,rJal in siilljl,l'i,t,(I to liliJltXiiil t,l,liSiuzi t,hl'ii ll

Ililrlisl, llifiirclttiuii ]vallilil tu ill,eking linty lie acl.ivtll, l,ll ill, tli_, ]Jilljl, llUiiil,. If till' liiltt, t,rial

sl, raJli suftens with C(llitiliiil,iI llllt(ljlll4 thl,li llllllllirlillS llther llit'iirl'itt, illli ililllll,s whil'li ill'l,

writteli ItS Iint, ttr ('llliillilllttiuliS lit' tit(' (,ili,lltt,llS(irs its ill I,(liitttl(lll ,I 1!) Itli(I wliicll sttl, isl'y

i.hl' ttli,iil'ral llJflircatiuil i'i'iterillil ill E(lliatJoli 4.211 inlty lie it(,tivtttl,(I.

4.8,3 yon Mises Damage with Alternate Damat e Evolution

lit this st,(,tjuil, CUllSJ(ll,r it Vull Mist,s (lltlilagt, Ilillllt, I wliil'h hlts it ilttliiltg(, t'iili('l, illli wliicli

in iih'iiticltl l.u i.ht, yi_'l_l fiiill'tiiln for Villi Mist's lliltsticil.y

_[_= ,lio' : P'i'o"- !/IS) (,l,i'iS)

itllll

f = p,i,@ = a,,l (,t.l,tii)

If w_' _'liullsl' till, uril'lil, atiuli ill till, (lalllltgl, ilicr_,lnelit l.ll hi, gJw,ii I_y

it = S
l,lleli l.lit' l,ltligt,iil, sl, itrlil,ss l,vlisur is its f_,ll_,ws',

2(,' (a ¢,)a '_) (,t._,'.i)
D = S - (o.,_, a' _-t-II)

'i'lil' t,ltlll41'lit, stilrli_,ss t.i,li,slir I'_lr this ill(l_h,I is it(it Syliilili:tric. All i,igl_iiaiialysis ill' t.lil,

._.711iinl,_l.ric llitl'l, (it' tliis tltlll4(,lit, stilt'lit,ss l,(,lis!lr in lli(irl, _litli_'lill, Liiltli l,li_, ,,it41,111illltlvsis

I)i'l's(:;llt(,(l ill tilt; lirPvi(lilS sl,_'l,iliii, l,'lir tliis !!i(liil,I, tit(, lil,('(,sSltl'y i'llli_lil, illii I'llr it llil'ilr('itl.illll

in Ill'st slitistit'll ill l,lil' liltl'lh,liilil l'l;lJnll, wh(,ii !1 llllLiiillS it. vitIIll, lif ,

i 2(7, ,H = ½ (a'_'a'i) 1 +--(a" 'a'l)(rr.',"a.'_ ') - ½(a'l _.,l):IK . ' (,I._ii) ,

Witli tliis lil(i(!l:I, l,it'iil'_'ill, iulls Ililty (l('('iir ili t,lil, liltl'(h,liililr_ r(T..jillil', t1 ;> I), iili](,s_ till,

sl, l'(,ss stltt(, is lliirt,ly ill,viltl,(iri('. Wilt, it tilt, sl, rl,ss stlll, i, in llili'_,]y (l(,vilti._li'il', llil'iii'_'itl, illliS

inRy first ll('('ill' ill l,lll' Iiiliil llllilit,

(ili



4.8.4 Principal Stress Damage

)' (' ,Ill thi,_ sectiUn, w(, analyze, a dallm,ge ulod,,I which us_:sa trln ,ll)al str_,ssproj_:cti_ll
operatc_ralld a (lawllag_,vwdutio, c,qu_t,ion in wllich tit, c_lnplianc',, of the ulat_:rial in

' itlcre_used ill tlw direction of llmxiimim princil)al str,,ss, (_otlside.r a mod,q with tit,
dalnag(, f_lllctioli

, = : P' : - ,q(s) (4,!Jo)
wlmrl, P' is tim I)ritlcipM projc,rt.iutl _l)l'rat_Jt' giw,u I_y

I

P' = n' ¢._ff c._n' c._n i , (,I,91)

a _._1_.i_ l)ri_vipal ._l.r_,ssnl)ac_'. Igor I)r_qmrl,i(_nal Ioadit_g,tim _Urt_lal1.__, flw_,_f the
_la_tag_,._rfac,, i._giw,_ I_.vf' and th(, tl_w r_h, is charact_,riz,,_l I_.yR' wh_.r_,

f' = P' : _ = (n _, a, n')n' ¢._n_ R' = S : P' : S (,1,!_2)

'l'h,' l,al_g(,l_t._tilt'il,,sst,vtls_r is as fidl_wn:

1

D = S- (_ . P, . S : P, : a + tl ) (S : P' : o.c,._o. , P; : S ) (,I,!_3)

} ''l'h_' I,allg_,lli, sl,ifftt_'._si,(,llsi,l' for l.l_is _m_h,I is syntl_lvtrir a|_d at l,ltv Ill,tit I tllllt lilts a

x_ = P' : o" = (n', o', n')n _¢.)n_ (4.!_,1)

This _,ige_l,_.vt._,r,x_, I_as1,1_.ki_l(.timtically c_patii)h, fl)_'_ of _ iv_I::l_ati_ ,I..t. 'l'l_._,
tills n_h,I pr_,_lict,s I_.'aiizal,i_tt at i,l_. li_nit poi.t i_t tl_, fi_r_ of a _lis_'_t.i_a._s tqH,_i_g
_,I_'l_ifi_rcat,i_ witi_a_ (_ri_,_tati_i_I.I_,_iir_;ctio_ofthe,l)ri_cipalstr(,ns.

4.8.5 Principal Strain Damage

by

q_;=e:P;:e-h(S) _P;=cr:O:P':C:o'-,(S) (,l,,qS)

wi_[_,r_' C is tlw ('o,_l)lia,_'e (_f tl_,' .naterial, C - S-_, a_id P' is th,, l)ri_tcipai pmj,,cti_l_
ot)(,rai,or. "l'l_is .yi_,l(Ifitl_'l,i_ll r_,l)rvsel!tsa ('111)o ill I_ri,cil)al sl, raill sl)ac_,.FOr I)roj)ol'i, iollal

, I_a_li_g, i,ll_' I_(_ri_al i,o _1_('far_,_f tim (lalllag(, s_lrfa('(, is giw:u by

f = (2 : P':C :o" (,I.!_ti)

By s_,l_,_'ti_ga _lan_ag[, _,wd_ti_ (,g_atio_ witl_ till, fldlowing fi)r_

R = P' (4,97)



w_'oljlJdu a sylullwl, ric' La.tI,K_,ui,sl,ilru_,ssla,llsor:

1

D=S- (e.p_:c:p,:e+lt) (P;: ec'_c:P') (4.!)8)
It

AI, the' lilllil, Imint, !1 = O, t,llis t,_Ulg_,llt,st,ithwss t,_,tlsor ll_ts a fllll_l_ull_,tli,_tl_'i_;_,llv_tlll_'

c,¢lll_tll,o z_,rowil,ll a ¢'orr_'sl_oll,lill_;(llll_l_tuwut,_d_,i_¢'_lt,_'nsorgiw'll by

x_ = ¢,' : P' ' e (,1,!)9)

: 4 qq,

iz_tti¢mai_¢l_'o_st,it_Itiw,l,lwori_,s,A l_il'_ir¢'_t,i¢m_u_tlysisalongwit,h ¢'_u'_ffulol)s_,rwtt,i¢_i_of

_tbh,¢'oi_lirt_mtioll¢_ft,}_,al)Pr¢_l_ri_tta,_,ssofl,l_,¢'o,_st,il,_tiw,tl_¢,ory¢'l_os_,_for_ Sl_,('ili_•
II_atJ,l'i_tl.
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5. NUMERICAL SIMULATION OF
LOCALIZATION

$

A larg_,llllllll)cr LJFr_,s_,arc'll(,z'._Iiav_,Ils_,(Itillit_, c'l_'l_('lll,Itl('t,ll_cls l.IJillvc'._t,igat_, I_,calizal,i_jll
I_ll_'ll(_lll('lla (l_azallt alld l,ii_, I,(}ss', Bdyt.s_'llk_, l"i._ll alld l:;llg_'lll_a,_l_,l!}_;; (h,lh_rnt,

5.1 Analyses with Existing Finite Element Codes

I_tl_i,_s('('ti_,_,s_'v('_'al(l_lasi-ntati(',l_i_(la,ry val_,l_r_)l)l(,_sax'_,i_i_n_,ri('ally_t_alyz_,_l

5.1.1 Rod Subjected to Uniaxial Tension - von Mises Plasticity

TI_(' first n_:,_'i_,s_f _t;tl),._,s was l)_,rf()r_m_,(I_sing l,i_r(::_,_iilF_:re_ttw_j-di_(,_si_al, axisy_-
I_,tri(" _h,l._ _t' _ l'_l (l:i_'_, 5.1). "1'1_;,_'_ls w_,r_,giw:_ a_ i_itial in_l)_,rfi,_'ti(_ I)y

y,_',_w_,r(,l)(,rf(_rm_,(l1_si_g,SANTOS (,Stot_,,I,q92)wl_i('l_isa fi_it(,_,l(,m_,_t('_(h'that

ti_', I_('I'fi'_'tly1)lasti(' mat_,_'ial with th(' l)rOl)_,rti(,sgiv(_n i_ Table 5.1 w_,r_'us(,(I i_ th('s_,

'l'l_r(,(, (lifh,r_,_t a_alys(,s w('_'(' l)_,rfi_rn_(_,d_isi_g various _:h,m_nt siz¢,s I,(_(h_t_,r_im, if |,h_,

, _xi;d _lispla('_,_,_t (_f (I.(15i_,l_(,s ar_, sl_t)w_ ill l:ig_'( ' 5.2. 'l'h('s(" plots show theft l,ll_'

. Table 5.1. v(_ Mis_::sMatt,rial P_ram(_ters.

Y()_g's Modulus = :10.0E+06 psi
Poisso_'s Ratio = 0.30

Yield Str_ngth = 30.0E+03 psi
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0.4 in.

in.

(a) 16 elements (b) 64 elements (c) 256 elements

Figure 5.1. Axisymmetric Finite Element Models of a Rod.

necking associated with activation of the first general bifurcation mode is predicted by the
finite element analyses. Tile bifurcation analyses preser_ted ill Section 4.7 also predicted

activation of the first general bifurcation mode for this problem. ['lots of applied load
versus end displacement are shown in Figure 5.3. These plots indicate that the numerical
results have converged to an accurate solution with mesh refinement.

Next, the effects of strain-softening on the numerical simulation were investigated by
analyzing the behavior of rods constructed from strain-softening materials. Two analyses
with different amounts of strain-softening were performed using the 256 element model

shown in Figure 5.1. In the first softening analysis, the material was given a softening
modulus of -El12 which according to the bifurcation analysis is sufficient to initiate
localization at the limit point. A plot of applied load versus end displacement and a
plot of the deformed mesh at the last solution step are shown in Figure 5.4. These
plots indicate that the solution algorithm remains stable well into the inelastic regime.

The co,._tour plots of equivalent plastic strain indicate that localized shear bands may
be starting to form at the last stable solution step. The first possible bifurcation is not
activated at the limit point in tiffs analysis because it is associated with a mode which is
not axisymmetric and this axisymmetric analysis will not allow deformations which are

not axisymmetric. If the rod had been r-p:'-:sented by a three dimensional model, this
bifurcation mode may have been predicted. When the rod was given a softening lnodulus

equal to-E/(6- 6v) the solution algorithm became unstable during the first load step

7O



(a) 16 elements (b) 64 elements (c) 2,56 elements

Figure 5.2. Deformed Shape of Finite Element Models Subject to an Axial
Displacement of 0.10 in. - Elastic, Perfectly Plastic yon Mises Material.

1000 ...... ,...,...,...,...

800

,.o
600

0 400
Elements
--16

20o --- 64
-.- 256

-01 .00 .01 .02 .03 .04 .05

, DISPLACEMENT in

Figure 5.3. Applied Load vs. End Displacement- Elastic, Perfectly Plastic von
Mises Material.
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into the softening regime (Figure 5.5.) The contour plot of equivalent plastic strain or
the deformed mesh plot at tile last solution step provide little intbrrnation about tim
reason for the instability. However, the bifurcation analysis presented ill tile previous
section indicates (,hat the initiation of a discontinuous opening mode bifurcation which is .

axisymmetric should be expected at the limit point in a rod with this amount of softening.

5.1.2 Rod Subjected to Uniaxial Tension- Principal Stress Plasticity

The next series of analyses was performed using the same models as in the previous
analyses (Figure 5.1); however, in these anMyses, an elastic strain-softening material
which uses the principal stress criterion of Rankine was used. Material parameters given
izI Table .7).2which are appropria.te for a brittle foam were used.

Table 5.2. Principal Stress Material Paranmters.

Young's Modulus = 3000 psi
Poisson's Ratio = 0.0

Tensile Strength = 300 psi
Softening Modulus =-100 psi

Plots of the deformed mesh are shown in Figure 5.6. The 16 and 64 element models have
been subjected to an end displacement of 0.06 inches and the 256 elenmnt model has
been subjected to an etM displacement of 0.042 inches. At this point in the simulation,
the axial stress in the 256 element model has been nearly reduced to zero due to the

large amount of softening in the middle row of elements. These plots show the fornlation
of a discontinuous opening-mode bifurcation in one row of elements. The width of the
localized zone depends on the size of the elements being used. The bifurcation analysis
of this problem also predicts the initiation of a discontinuous opening mode bifurcation
at the limit point. Plots of applied load versus end displacement are shown in Figure
,5.7. These plots show that the solutio_ is not converging with mesh refinement and that
the predicted applied load versus end displacenlent depends on the size of the elements
used ill the simulation.

5.1.a Thin Plate Subjected to Uniaxial Tension - von Mises Plasticity

The next series of analyses were performed using JAC-aD (Biftte, i989). JAC,-aD is
a three-dimensional finite element code which uses the conjugate gradient method to
solve large deformation, quasi-static, solid mechanics problems. In these analyses, three-

I,

dimensional models of 3.0 inch square plates which are 0.30 inches thick (Figure 5.8)
were subjected to uniaxial tension and equal biaxial tension to determine if the bellavior
l)redicted by the bifurcation analyses would be exhibited. The plates were given an initial *
imperfection by reducing the plate thickness near the center to 0.29 inches.

In the first analysis in this series, a. yon Mises plasticity theory with the properties
given in Table 5.1 was used. The thin plate was subjected to uniaxial tension in the
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Figure 5.4. Results from Finite Elemellt Analysis with H = -E/12.
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Figure 5.6. l)eformed Sha,p¢_of Vinite !!;l¢:_lnentModels Slll)]ect to Uni_Lxia,I 'iX'llsi¢_Ii-
f'rillcip_d Stress Plasti¢:ity.
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• i% 4 .i,Figure 5.7 Applie.d l.o_Ldvs. I_,_I¢Il)isplacem_mt - l:'riucip_d ,St,r_.,s,sPl_Lsticity.
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(a) 576 ele_nents (b) 3456 elements

Figure 5.8. Finite Element Models of a Thin ['late.

y-clirection showll irl Figllre 5.8. The defl)rmed shttpe of the model and contollrs of out-

of-plane displacelllelit are sllowu in Figure 5.9. The (lisplacement contotlrs clearly show
tl_e iuitiation of necke(I regions oriezlted at an ttngle of approximately 60 degrees from the

Io_tding _txis, which is w_ry close to tile orientation predicted I)y the bifurcation analysis.
A second analysis of this l)rol)letli was then performed using the, fine mesh to evaluate the

_wcuracy of the co;_rse mesh sollltion. A comparisoll of results from this _m_lysis (Figllre
.5.10) with results obtained with the coarse mesh indic,m_ that the coarse mesh solution
is acceptably accllrate.

5.1.4 Thin Plate Subjected to Equal Biaxial Tension

In the llext allalysis, the s_nle plate was subjected to equal I)iaxial tension in the x-y plane.
The defornled shape of this too(tel and contours of ollt-of-1)lane (lisplac,ement are shown

in Figllre 5. I I. The numerical analysis indicates that bifurcations will not be generated
for an elastic l)erfl_('tly l)lastic, yon Mises material. The theoretical bifurcation analysis
t)erformed previo_lsly illdicates that plates subject to equal l)iaxial tensioll wollld have
to be constructed fr(,m a material which exhibits a significant amollnt of strain-softening

, for I)ifllrcations to o(-clar. Thlls, both the bifurcation analysis and the numerical analysis

indicate that this nlateria] and loading will not generate any general or _iiscontinllous
, i)ifurcat, ions.

To sim_l_te io,:alizatitm I_i_e_o_nena, we wo_ld like to I:)eable to oi)ttdn solutitn_s that

_re _umerica, lly stai)le beyond discontin_o_s I)ifurcatio,._ points. When the nun_erical
I)r_)ce(ll_re f_ils to converge, we really don't know if a disconti_uo_s l)ifl_rcation point
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Figure 5.9. N{irliia.I [)isl}li[{'eln{_iit (.',{}lll,oiirs t'{:}r i[ Thin Plat{: Slll}j{:;{:t{'{i t{} [lliia, xia, I
'I]'iisi{}Ii - 57{J l']lenit:iil, Me81i.
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Ill lo.nor. 3
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Figure 5.10. Nornlal l)islila{'.{_m{_nl,(]{}utours for a Thin Plai,e Sli/}j{-'{_lx'{1t{> [llliaxid
_Tension 34,56 I._]{-;nlent, Mesh.

76



DISPLACEMENT (in)

|: 11:18_E:I

Figure 5.11 N(Jrtllal l)isl_iac(UWi(ult('¢)lltollrs for a rl'llitl l'late Stll)j_'cte(l to l,(lllal
l_iaxial rl'('tlsi¢)zI.

Ilas I,(,_'ll r('acll('_l or if tilt, sollll,i¢)ll alp.;oritlllu is IlIlsta,I)h!. _1_ I)c:al)le t(J say ;ULyl,llillp.;
al,t,_lt 11_¢'it_itiati(_l_ all(I Ilal.lll'¢'()f l,l_('ltJcalizatioll w¢,insist iw al_h, to ol_l,aill ¢OllVergelli,

s_lllli¢,_s I)e.v¢m_t1.1_¢'p¢)i_t of I¢)calizatio_. Tile s¢'cot_dl)rol)len_ which u_st I)e a,l(Iress¢,_!

is float of tnesh del_¢,t_(l¢ulce. T¢)feel conlf()rl, al)l¢, with sol_ti()ns to i()ctdiza.ti(_! l)rol)l(,l_s
¢)rany 1)r¢)l_l(,tt_swe _eed st_l_ll,io_s l,l_a.tcollverge witl_ mesl_ rt,tinelt_¢,t_t, lI_ t,l_e t_t,xt two

s('cti,:,I_s, v-,',:'_l_rieily a(l(Ir(,ss tl_ese two I)rol,l(,n_s ,-_,ss(, I_'L|,(rd W tl_¢' ical si latiol_
oI'lo¢'alizali(_ 1)l_¢'llo_n('_la.

5.2 Modifications to Obtain Numerical Solutions

i..('alizati(,_l 1)h¢'_(_¢'naarc'p.g(,_l(:,ra,lly w'ry _litti('_ll to sim_lal,e n_n(,rically, L()('a,liza,ti¢)_
(,('(,_rs wll(,_l t.l_e I_al,(,ri_d is softe_i_4 a._d 1,1_(,sl,l'llCl,lll'(, is _nsta/)h,. 1'he load gel_t'rally
(loes I_()t _(_n(_to_li('a,lly ill('rt'ase; l;l_l_s,it is g(u_erally lit)l, t)ossil)le I,o solve lo(,aliza,ti()_!
1)rol)le_s il_ wl_i('l_l,l_e i(_ad is 1)r(,scril.)(,d. [_ the exa_l_pi(, 1)r()l)le_nsI)r('s(u_t¢,(Ii_ th(' I_rt,-

vi._as s(,ctit_s, sol_ltiol_s wet(: ol)tai_le(I I)y l)r(_scril)i_g _lisl)l_c('n|el_ts wl_icl__n()n¢,t()_i('ally

sl_al)-Imcl¢ (S('l_veyer :u_d ('l_¢u_, 198(i) whicl_ (:_n()t I)e followed I)5' si_l)ly pr(i;scril)il_g
. _lispla('(,_le_l.s (leigur(, 5.12). To follow thes(; l)_d,l_swe m_st r¢:sorl,to _ore (;On_l)l::,xI)r_)-

('(,(l_r(,s For a_lv_cl_('iu_;l.l_(,i_rol_l(-'l_,l(.iks (1979) and (Irisfield (l!)81) I_a,ve tlevelol)e(i a,n
arc-lel_gth ('o_ltrol I)r()c(::_l_r(,wl_icl_c;u_,s()lv(._so_n(,struct_rtd n_ech_mi('sl)r(_l)len_s(;xl_il)il,-

i1_gs()fl,eI_i_K. With ti_is 1)r()ct'tlure, ll_e sol_tio_ is int'rem(-'_te(t a, cerl,;d_ _lista._('e alollg
tl_(:-,l(mtl-(lisi_la,('e,l_(u_tc_al'veduri_lg (!;_c,hload ste I) a,l_(l l,l_('I)rescril)etl lo;uls ()r (lisl)la.(,e-
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Figure 5.12. Load-Displacelnent (',titre Exllibiting Silai)-Ba(,k.

uleuts _u'e fulictious of th!:_ constraint, tlowever, de Borst (1986) im(I (',lic,il, Neilseil all(I
Schreyer (1991) have follnd that the ar(':leugth (,.ontrol l)ro('(:(lllre is li()t roi)llst (,wi()llgll
t() ol)tain solutions to nlaily localization l)rol)leills. R()l)_istn(,,ss of tlie ar('-h;ngtl) ('()lltr()i

I)roce(lllre is inll)row:(l sigllifi(',alitly l)y lising a nornl of the incr(:nlelit_fl (lisl)la(_(;zllentsa,s-
s()('.iltte(!witil nodes lie{u' tile Io(:._lizedzone in piILceof a gloi)al )l(,rln as tile constrltiilt ((t(;

Borst, 1986). (',hen, N(:ils(:ll aud Schreyer (19.01) l)rOl)OSea sollltioil l)ro(:e(lllre ii)wllicll
tile in('reme,nt in (lamage or plastic (iefornlatiol} gener_tte(l ill sonm criti(',al eh:illelit is tll(,
('()iistraint. With this t)r()ce(Jure, the damage or l)lastic straiil illcreln(:nt is l)r(:s('i'il)(.I
t() )ilouototli(:itlly incre_tsean,,i the load needed to gellP, r_tt( _,the I)res(_i'il)e(Iill('relll(;llt ill

I)Jitsl,ic strltill or (Jalllageis COilil_)llte(;J. This soliltiOll l)roce(lilre Jlli,s J)(:ell sll(:c(;ssflllly lise([
ill l,Jl(-'SOil.it,ion of a nl.lllli)er (if Jo(:aJizatioll proJ.)lelllS.

5.3 Modifications to Eliminate Mesh Dependence

Even if th(-,s(:)llition algorithm is rol)l.ist enough to solve tile I)rol)h-;nl, w(: fill(I that s()-
JlltiollS to localization i)rol)li;ms are niesh (lel)en(:lent as SJlOWll ill _e(;tiOll 5.1,2. It' the

lll(;sh is orielite(| _]Ollg tile localized ZOlle, the. :_izeof the localized (h-:l'ornlati())lZiJlie will
I)(-'(:(lual to tile (liniension of the elements l)eiug used. The first iul(l silni)l(:st iq)l)i'()_L('.li
for (:Ol)ingwitll tile Ill(.;sJl(h:pencien(:eis to silnl)ly ilse eh;nlents l,lli_t _u'(:the SlLIll(: SiZ(:

iis tll(' ext)('.(.:t(::dlo(:'._liz(:(l(leforinlitioli ZOIIf;, With this al)l)roa(:li tiler(,, is rea.lly iio wily
I,() (;valuate the _(:(:llrltc,y (if the sollltion with IllesJl 1'(_t111(_111(:11I,Jie('.itllS(:;tile l}re(li('t(',(I
size of the localized d(;forluation zone is lilesll (lel)(:n(h'.nt. The s(:,:(:)iitl a, lilir(ia(:h is to

iiSe non-lo(:_dconstitiitive theories which have sonic iliternal h,ngtii scale as a nlld;erial
I)ara, illeter. When tllis alii)roa(;tl is iiseli, ¢;Jelneilts which ar(-_ siilall(:r l,Jiltli the width
(if the l<)('.aliz(:(I (h:forilli_ti()n ZOll(!' a.re lisu_lly re(luir(:(I t() elt,l)tllre tile Io("illizlltion. '['lle
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thircl _q_prom'll is to view localization and the size of tile Iocalize,l deformatiml zorn, as

strllct, llral property whicll is independent of the material or constitutiw; respon._e mid tu
_sllwlll, tllat till, h,calized defornmtion zone is eml.:d(hul within an element. With this
approacll, eh,lnents whicll are larger than the width of the localized defornmtioli zotm

' call I,, Ilse_lwllich is al)l)ealing I)ecausethe size of localized debnnation zom:s ol)sm'wnl
ill experillr,nts inwdviug w_rious materials are generally Inucll slllalh'r than the strll('.l.llre

' being mlalyz{,¢l. I'ietrtlszcak and Mroz (1981), ()rtiz, Leroy mid Needleman (1987), Ih:-
lytschko, Fisll ariel I'hlgelnmnn (1988), and Neilsen, (',hen and Schreyer (19!}1) Imw, Iis_;¢l
variol_s apl)roacl_es to embed localized deforn_ations zom,s within elm_r;nts, I'ietruszcak

an_d Mmz (15)81) ass_e that material out,side the localized _hfformatio_ zone is rigi_l
a_,¢l tl,at eh,_ent (h,,foru_ations are gow,rne_l by deformatio_s within the iocalize¢l ch;fof
_al, ion zone, ()rtiz, l,eroy and Needleman (1987) enl_ance the shape fi_nctio_s t¢_allow

fl,r ¢iefor_ati¢mn associated witl_ the lirst posnil,le _liscontin_m_s bif_rcation, Belytnchko,
l;'inl_and E_gelnmnn (1.q88)_notlify tl_e strai_l nodal.tlisl)lace_nmlt nmtrix to accm,nt for

tl_¢,¢,xiste,lce of the I_-'alize¢l _lefor,_mtion zone within the element. With this apl)roacl_
tll,, nt_mthu'_l mapping i_etweeu element stndns trod nodal displlu:ements is replace_l by
n_al_l)i_gs l)etw(:e_ softening zone strains and t_odal displaceu_ents and ,_nloa(ling zone
strain,s tu_d nodal tlisplace_ents. Neilsen, (._hen and Schreyer (1991) investigate the _s¢:
of emlm(l_led eh,lnt,_ts witl_ thin,aging materials. In the next section, we discuss the _s_.

of _'le_r,_ts witl_ en_l)e_lded localized defl)rmation zones and rem_alyze tlw l)roblem of
.%_'tio_ 5.1.2. wl_i¢'l_was severely _nesi_dependent _sing standard tinite ehu_mnts.

5.4 Elements with Embedded Localized Deformation Zone

(l(,_si_ler a finite eh,nmnt of lengtl_ a wl_i¢'h is s_bjected to a _niaxial stress, rr, (l:ig_re
5, i3)tu_,l c¢_lstruct.ed from tu_elt_stic-plastic m_terial with the coustitutiw; rel_tion showu
in Fig_n, 5.1,1. WI_¢:,_the bar is Ioatle(I i_to the inelastic regi_m,, softeni_g is ass_mml

i.o (wc_r _ifi,r,_ly in a regim_ of le_gth s tl_at extends thro_gh the I)ar (s is a nmterial
i)ar;um,ter). Material o_tsitle the softe_ing zone elastically _nloatls. If the I)ar is mo_h:h,¢l
with fit_ite elen_ents and the elenmnts are chosen such that the softening zone is n_oth:le_!
witl_ a single element, the_ a conventional finite element al)l)roacl_ can i)e use(i. 'l'l_e
_liftic_lty arises wl_en tim softeni_g zone is snmller than a single eh:_r:nt. Tl_e (:o_,stit_tiw'
relt_tiou in Fig_re 5.14 describes the _naterial behavior, but canm)t co_!)letely describe
l,l_' I)el_avior of _u_el('n_ent in which some of the material is strain-softeni_g a_(! the,
re_aiili_g _aterial is ,q_stically _l_loading.

If tl_e _at, erial o,_tsi¢le the softening zone is elastically unloa(li_g the_ the strai,_ rate i_a

b
, = -E

wl_(:re E is the elastic mod_l_,_. '['l_e strain rate in the softeni_g zone, i.,, is as follows:

'' = fi + 77
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Figure 5.15. Al)l)li_,(l l.()a_l v,_. l':t:(l l)inl_la('_,J::(,tltJ_r(;(li('tiuli,_()l_l,a,i:l('(l llnili#; l"illil,('
l';l(,iIH,_ll,_witl_ l'hlil.,(l(l('(l S()ft(,lliti#; Z¢)ll('s,

'" =/7 +_ ('_':_)
l':(lilat,i_)l_5.3i_i(li('al,('nl,llal, a_i(,l_'lll_'llt wlli('ll 'IS('()llSl,l',l('l.(,(l(.ill,ir(,ly, l'r()i_, i_al,(,l'ia,l wit,l_

II.
II, = -- (5.,'1)

will I_a,,,(,i,i_(,sa_, axial r_,,_l)U_ls(,a,_1.1_(,(,1(,_(,_I,witl_ 1,1_(,_,_l.,_ld_,_ls()l'l,(,l_il_gzu_(, a_l a
' ', ' 5..'2

_ tix_,_lI_,_I,1__)1'l).l)125 i_('l_,,_.'i'1_, !,1_(,Ili _,l(,l_(,_l,_(,sl_ was a_alyz_,_lwil,l_ a_ (,l(,_(,l_t

l'r(,_ i I_(',_('a_aly,_(',_(l"i#;_r(, 5, 15) ,_l_()wl,i_al.,_(,l_l,i(,_:_wl_i('l_at(, _()I,_(,,_I_(l(,l)(,_(l('_t ('a_,

l

, t,i_(,_la,t('rial i_ (,lanl,i('-(la_a,_i_ wil,l_ tim ('o_sl,il,_l,iv(, rt;l_d,iu_ ,nl_()w_i_ i"i_4_r('5. Ill. I1'w_'

O"

,,, = /q (s._)
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Str_dll ill the softelling z_,ll,_,,.,, is given by

O"
_,: (5,(_)

E(I-,,,)

wl,,,r,. ,v is ,l_ul_Lg,'il, ill,' ._oft.,'liillgzoim llml,,,riM. Tim h,llowiilg ,:Xl,r,,ssiollfl,r ,Lv,,r_Lp.;,.

,q
_,_= [I - ,,,+ -.,]_. (,_.7)

¢1

II"tim ,,l¢.nm_tstress,or,_u_,l._tr_d,i,_, ,u',: rel_t,:d l_y

o": I£(I - w_)_,. (5,S)

where w_ is tile equiwd,'_t _'l,:i_,'_It,,l&_g_'_, th,,_ it ,'&t_Im shown th&t the el,:n_,;t_td_unag,.
is r,,,lfft,',l t,od_u_,, i_ tl_e s_ft,,.,_i_gzorn. _l,,,ri_d, w, l_y the followillg e_l_l, io_.

,sID

"" = [. - .,,,+ ,_w] ('_'!_)
I

,:_l,_iv_denti_,'l_sti,_ ,,l,',n,:nt l,'v,'l l_aramet,:rs. This r,q_tio_shil, depe_ds ,,_ l,h,, siz,, ,,i'
tl_e sol'tenin_ zone aal,loi_ tli,' .sizeof tlw eh:nmt_ts l_eii_ used.

opei_ing _no,h:,ori,,nl,e,l _,:ross a si,_gl,' row of el,:inellt,,_.For g,:,_er_d_q_l,li,':.tl,i_,_s ii_ tw_
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and three dinr, nsiolls, tile, etubedded localized defornlation zolle appr_mdl must be aide
to Iiandh, botll tq)ening and shearing localizati(ms with variolts orientations and ItJcations
witilin an element. For example, tit, localized deformation zone may cross the center of

the element ur ptJssibly only the rorner, It is llot clear that the current approaches for
' _,h:nu,nt,s with embedded localized defortmttion zones are able to solve general Iocalizatitm

l)roblenis. Larssou and Rtttlesson (1991) and others have showll that using finite element
' Illeshcs which are aligned along localized deforlnation zones significantly enhances our

ability l,o solve g_,neral localization l)roblems, f_erhaps a combination of adaptive lnesh
rc,lim,nlent along with embedded localized zone techniques should be c,onsidered for the
llllluerical sollttion of localization problems. A significant amount of research and de-

w'loimr'nt remaills t_ I_c,done in tills area before, localization problems can be solw, d
rt_tttinely,

_3
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6. A MODEL FOR POLYURETHANE FOAM

, l!3xl)erilnent,al investiga,l, iolls t)y Slmw a,lld Sa,ta (1966) aald Patel a,ll(! l'_illIlie (19(i9)ill(.li-

(:ate that the initia, l yield surfa('(' for polyurethane ['oa,ltl (:all 1)e described using a i)rincil)al

sl,ress theory. Recent experilnents (Donald a,ll(l Ma.ii, 199'2)indical,(, that l)()lyllretllaI,e

l'oa,ln exhibit,, locMization pla,stic defortlmtion a.lld damage when it is crushed. For ('orll

I)ressive and l,ensile loads, tlle localize(! defornla,tion zones axe oriented in a direct, ioll
r 1 •

norlnai to the principa, l stresses. Ih_: I)ifurca,tioi1 analyses of princip_tl stress l)la,sticity

models indicate th&t t,hese models do predict, l,he localized deformat, ions exhil)ited I)y

poly'urethane foams. Thus, the i)rillcip&i stress plasticity model for polyurethane t'oa.l_l

developed by Neilsen, Morg_m and l(rieg (1987) does capture the localized deforlnations

exhil)ited by rigid l)olyurethane foa,lnS. The original polyuretha, ne foam model alollg
•(_ _ (:,with modilical, ions thal l:tl ct skeleton damage and improved I)ellavior a,l lock-u I) are

i)reseIlted in t,llis sect, ion.

6.1 Description of the Foam as a Mixture

Tile first st,ep ixl t,lle develol)lllent of the constitutive theory l'or polyurel, hane foams was

a.ll exa_nilla, l,ion of l.lle individual cotlll)Onenl,,_s of l,he foam sl,ru('ture. Rigid l)olvurethan(',.

['oal)ls consists of closed l)olvl]ler, cells with air inside the cells. Therefore, e:a('h foam

('ollsists of two structural collll)o_lent, s' (1) tile polynmr structure or skeleton, and (2)

a ll_ixlur(" of air a.tl(l l)olylller pa,rl,i('les. In apl)lic_tl, iol-_S wl_eI'e tile a,ir ca,n_ot (Seal)(,

t'ro_ll tl_e sl<elel.ol_ ([tiring loading, t,llo air (,O_ltril)utio_ l_my be sig_ifi('ant, lor (,xa_nl)l(' ,

i_l I_y(lr()st,ati(' a l_d triaxial ('ot_pressiol_ lests Cleat were pert'or_ned by 1)o_ald a_d Ma,ji

(1992), ill(, sa,n_l)les were jackel,e(l and th(; air coul(l not escape. Thtis, a _o(lel whi(']_

('o_lsi(lers file co_tril)ul, io_ of the air to tile overall stru(:tur_l respo_se of the t'oa_l_s is

_t('e(le(I to ('al)ture the ['oath I)el_avior exllil)ited il_ l]_ese tesl, s. Tot.al I'oa_ r(,sl)ox_se ('a_l

I)("(l('('o_lll)OS('d illlo tile resl)OllS(, of l.l_('sk('l('to_l al_(I tt_e 'e',Sl)O_,_s, of tl_e air i_l series willl

l.ll(' l)oly_er wall l_la.lerial as sl_own i_ l"igtlr(' 6.1.

Sitl(:e, the air//l)oly_l('r (lo('s ll()l resist any shear defor)nation, tl_e air/polymer (:o_tril)u-

l,iol_ is ('O_nl)letely volu_l(,tric. For ('()nve_lien(:e, tl_e skeleto_ is assui_(:d to o('('upy tl_('

sa_e Sl)a('e as tile ['()al_. This implies that tile sk(l"", ei,o_l strain is ('qual to l,h(-,t'()a._ st,faith.

' Also, tile t'oa_,t_css _rf iss ',". , give_ I,y the following ('qua.tio_l

" o"I o"'_k- pi ((i. 1)

where o"'*k is the skelet,o_l stress a_l(l pi repr(,senl, s tl_e air/poiy_iier co_ttril)ut, iott. Tli('

pressur(, in t,l_e ,nixture of air _l(l polyl_er parl, icles, p, is posil, ive ill ('o_ni)r(,ssion. '1_o

b(-tt"(,_"un(lerstand t.his equatio_l, coilsider a hydrostatic., <.O_nl)ressio_ l,est ill which l,l_e
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Figure 6.1. I)etxmq)osition of Foam H.e.sl)onse into ,_kelei,on an(l Air/I)oly,l(:_r
H.esl)onses.

foam sample is jacketed _nd the air is not allowed to escape. If tl)e l'()_)l) ('onsisted
of loosely connected peu'ticles of polymer, then the skeleton contril)llti(:)n to the foalu
response would be negligible and the external 1)ressllre applied to the foam would eqllal
the interu_l air/polymer pressure. This foam would uot l;)e_ble to resist tuly devi_toric
loading. In most foams, however, the skeleton is structured so thai, it can (:arty load
aud the c()ntril)lltion of the skeleton must be added to the air/l)olynler (:olltril)ution to
determine how much lo_(l the foazn can carry. In the llext se(:tiou, an expression for the
air/polymer (:ontril)lltion as a fun(:tion of the foam strain is derived.

6.2 Air/Polymer Response

All exl)ression for the air/1)olytner pressure, p, was obtained I)y asstlllfing that tile air
trat)l)ed within the cells is a perfect gas and that tile fo;un compr(_.ssit)n is an isothermal
process. The isothermal assumption is made I)e('allse the air is in intimate contact with
tile polymer that makes 111)the (:ell walls _n(i the thermal mass of tile l)()lymer is sig)lifi-
cantly larger than the thermal mass of the air. These ec.lllations indicate tllat the 1)effect
gas eqlla,tion of state ('_tn be lls('(! for tile a,ir all(I that

p,zzr V.zr __." /a_r= _,, _, (6._)

where p"" is l,lle cllrrellt air press_re, V"" tile currel_t air voll_l_m,p""" (!_(' urigil_al air
press_)r(., al_d i,<_', tile origi_l_d air volcanic. Ti_e ()rip.;il_aiair v()l_)ll,' is r(,lat(,d l,(, tile
original foals) volt,me, i'_, i)y

1/_'_-- l<':,(I - 0) (6.3) ,' 0

wllere O is the roll,me fractioll ()t"solid material. If we ass)_l)_(-'tl_at ill(, w)ll_)_)e()f tile

polymer is iixed when the [oa)n is n_an_fa(-t_re(t and merely (,i_angesits 1)()sitio)l as tl)('
foam deft)tins, an expressi()n for the engineering vol)_n_estrai_), e,,,t, is

A V"""

'"°_= Vo ((i.,t)
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Prior to loading, we assunae that the internal air pressure, p_i,., is in equilibrium with the

environment, i.e., p_i,. = 14.7 psi at sea level or p_ir _ 112.5psi here in Albuquerque, New
Mexico. The change in internal air pressure due to the loading _v= p,_i,. _,,i,., - Po is related
to the change in air volume as follows#

/xv"" = -pro( 1 - ¢ )
po_;r + P (6.,5)

Combining the above equations we obtain the following expression for the air contribu-
tion, p, in terms of the current engineering volurne strain, e,,ot

_air ,.,
--Po e,vol

P = (coot + 1 - _) (6.6)

This equation is used by Neilsen, Morgan and Krieg (1987) in their foam model and also
by Gibson and Ashby (1988). In the development of Equation 6.6, a critical assumption
is that the volume of the polymer does not change during loading. This assumption is
only valid when the pressures are small. If the pressures are large, the volume of the
polymer which makes up the cell walls will change according to the bulk modulus of the
polymer, K p°tu, as follows

A Vv°tu -pVo ¢
- Kpoty (6.7)

The bulk modulus for polyurethane is approximately 150,000 psi. The expression for
engineering volume strain is now given by

A V '_i"+ A V r'°t_

evot = Vo (6.8)

Finally, by combining the above equations the following quadratic equation is obtained

_air .z. _ L.poly _air
(_p2 + [Po '_ + IiP°tu( 1 - ¢b+ e,_ot)]p+ evot.a '1"o = 0 (6.9)

This equation can be easily solved and only one root is shown to be physically realistic.
Plots of a,ir pressure as a function of volume strain using Equations 6.6 and 6.9 are
shown in Figure 6.2. This figure clearly shows that the effect of considering the elastic
bulk response of the polymer is only significant for large pressures.

If the air is allowed to escape then the response of particle interaction is given by Equation
6 9 with the initial air pressure, _ai,. Equation, • Po set equal to zero. With __i_P0 equal to zero,
6.9 reduces to

l( VOtu

' p = 0 or P = (I) (1 - (I)+ evot) (6.10)

These equations describe two intersecting lines. The response of the pol3mer when the
air is allowed to escape can be approximated by simply prescribing a small value for the
initial stir pressure as shown in Figure 6.3.
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Figure 6.2. Air/Polymer Response for a 20 pcf Polyurethane Fc)am.
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6.3 Plasticity Theory for the Skeleton

Neilsen, Morgan, and Krieg (1.!)87) ¢lewqol)ed a plasticity model to describe the ¢'ontri-
l)ution of {,heskeleton to tile, ow:;rall foalrr resporlse. The yield function for tlleir skeletollP

nuulel is giwm by

' 1
"I

_'= ½(o-. P_. at)7 -A < II'> +B(1 + (,',,or) ((i.l 1)

where pi is tile prillcipal projection operator, I I' is the second invttriant of the devial, oric

strains, <> is the Heaviside step t'uncl,ioll, and e,,ol is the engineering volume sl,ra.ill.
The yield stress in eacil principal stress direction is a function of both the volume straill
and the deviatoric strain. A, /3, and C are material constants. The constant B is the

yield stress of the skeleton for" l)urely hydrostatic loading, arid the product of B and

(7 is the slope of the skeleton volumetric response Mter yielding for purely hydrosttLtic
loading. The constant A is equal to the difference between the axial yield stress for

hydrosta, tic loading _md the axied yield stress for deviatoric loading. In Equation 6.11,
the term A < II' > is actiw_, only if the loading is deviatoric. This yield function

was based on a series of uniaxial, hydrostatic and tri_xial compression tests on low-
density rigid lmlyurethane foams which were completed by the (_ivil Engineering Research
Facility (CERF) at the New Mexico Engineering Research Institute (NMERI) in 1982.
R.esults fl'om this experimental investigation are documented by Neilsen, Morgan and
Krieg (15)87).

In triaxial compressioll tests, the material is subjected to some level of hydrostatic com-
pression and st:0sequently addition_d load in one direction only. Results fi'om NMERI's
tri,txial tests on foa.m indic_Lted tha,t the foam exhibited a higher strength when the a,ddi-
tiollal axial load wa,s applied as opposed to llydrostal;ic compression only. The applic.atioll
c)t'_dditional axial load corresl:)on(ls to the introduction of deviatoric str_l,irls whicll le(1
(,o th(" assumptioll that the yield surt'a,ce grows wllen deviatoric strains are introduced.

A recellt series of tests ('ompleted by Donald _md Maji (1992) reveal that the apparent
increa,se in strength associated with the _l)plication of the additional axial load is act:_-

_dly due to the _nisotrol)iC character of the low density foams. I)urizlg the NMER, I tests
the _dditional _Lxialload wtLs _tlways applied in the rise direction of the foam and tile
foam is generally stronger ill the rise direction them in directions t)erpendiclllar to tile rise

directioll. Therefore, for the. iml)roved model developed in the next section, we adol)t an
_llisol,ropic yield function that does not include a jlmlp associated with the illtroducti(m
of deviatoric loading.

#

, 6.4 Coupled Theory for the Skeleton

Experiments completed by Donald _nd Maji (19.,)2) indicate that the skeleton exhibits

both plastic deformation and d_mage as it is crushed. Therefore, a coupled plasticity,
continuum (t,xm_ge model for the skeleton would, be more apl)ropriate th_n the previously
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developed plasticity model. The experimentM evidence suggests that a prizlcipal stress

based model is appropriate for polyurethane foams; thus, we adopt the following yield
(damage) function

1

_i 1 pi 0")7 Bevot (6 19)=7(o"' : -(A+ ) . . ,

where pi is again tile principal projection operator, A and B are material parameters
that are dependent on the current amount of damage in the current principal stress
orientation. Information about damage is stored in the damaged elastic stiffness tensor,
S. The evolution equations for plastic strain and damage are given by

e'_ =/}Pl • er S = -d_S' Pi:S C = &pi (6.13)

The evolution equation tbr plastic strain indicates that plastic strains will be generated in
principal stress directions. The damage evolution equation indicates that the compliance
of the material will be increased ill a direction parallel to the current nmximum tensile

stress. Even if the skeleton stiffness is isotropic prior to loading, the damage evolution
equation indicates that the material will become anisotropic as it is damaged. Since
the material stiffness is not isotropic it cannot simply be represented by two scalars and

instead the entire stiffness or compliance matrix must be stored. However, by storing the
compliance matrix we have implicitly stored information about load history.

To complete this model we need an additional equation that prescribes the relative
amounts of damage and permanent strain generated during an inelastic step. The addi-
tional equation is given by

M/i = (1- M)& (6.14)

In this equation, we allow the magnitude of the non-negative material parameter M to
depend on the sign of the principal stress. Specifically, in compression the inelastic be-
havior is dominated by plasticity, whereas, in tension the inelastic behavior is dominated
by damage.

6.5 Simplified Isotropic Theory for the Skeleton

Most existing finite element codes were developed using only isotropic plasticity mod-
els and generally do not have the architecture required for the easy implementation of
anisotropic models. In this section, an isotropic, coupled plasticity damage model which
captures at least most of the behavior exhibited by the foam skeleton is developed. This
model uses the yield (damage) function given by Equation 6.12 and the flow law for
plastic strain increments given by Equation 6.13. However, for the material to renmin

isotropic, we must adopt an isotropic evolution equation for damage.

If we assume that the skeleton has a Poisson's ratio equal to zero, thel, the undamaged
elastic stiffness tensor for the skeleton, E, is given by

E = EoI (6.15)
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whereE0 istheinitialororiginalelasticznodulusand Iisthefl_urth-orderidentitytensor.

Thlls,forthismodel we adopta simpleisotropicdamage evolutionequationgivenby

= -& E0I (6.16)
i

With thissimplescalardamage model,damage historyisstoredina singlescalar,the
• damaged elastic modulus, E = (I - w)Eo.

6.6 Analysis of Material CharacterizationTests

A seriesoftestswererecentlyperformedintheCivilEngineeringDepartmentatthe

UniversityofNew Mexicotocharacterizethebehaviorofrigidpolyurethanefoamsand

aluminum honeycombs(Donaldand Maji,1992).Inthissection,severalfiniteelement
analysesofthematerialcharacterizationtestsareperformedtodetermineiftheconsti-

tutivemodel developedinthischapterwillanalyticallypredictthefoam behaviorwhich
was observedduringtheexperiments,

The constitutive model developed in this chapter was inlplemented in the finite element

code SANTOS (Stone, 1992). In SANTOS, the constitutive relations are expressed in
terms of the deformation rate and G'auchy stress in the unrotated configuration (Taylor
and Flanagan, 1986). The analyses were performed using SANTOS and the finite element
models of axisymmetric material specimens shown in Figure 6.4. The models were subject

to uniaxial compression, hydrostatic compression and uniaxial tension. The predictecl
response of the foam from the finite element analyses was compared with the experimental
observations. Properties that are appropriate for a 5 pound per cubic foot foam were
used in this investigation (Table 6.1).

In the first analyses, the models were subject to uniaxial compression. A plot of the
undeformed and deformed 200 element mesh is shown in Figure 6.5. The deformed shapes
show that the model predicts only axial deformation when the material is compressed in
the plateau regime and a combination of axial and radial deformation when the material
is loaded into the lock-up regime. This deformation behavior is observed experimentally.

Mesh refinement had no significant effect on the predicted compressive response of the
material. A plot of the applied load versus end displacement predicted by the finite
element analys,_ is compared with the experimental result in Figure 6.6. This plot
shows that response predicted by the finite element analyses is qualitatively accurate;

' Table 6.1. Material Parameters for a 5 pcf Polyurethane Foam.

! I ! I IElastic Pols,,on s A B M A B M _

Modulus Ratio (_onap. (_ornp. (Jomp. Tell,. Tens. Tens.

(psi) (psi) (psi) ___--I I
3,000 0.0 110 0 0.1 i 110 ! "100 ! 1.0 J0.091
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howew'r, the atuollllt of ¢'rush reqllirc;d to lock-lip th(" foalll is slllaller t,llati the' _'rusll a,t

lo('k-ilp predi('ted by the a|l_dyses. ()ue possihh' explatlatioll for this (lis¢'rep_ul¢'y is i,lla,t
the polyuler parti¢'les which make, 111)tile cell walls _w.tllally begin to ¢'oui,act ¢'ach oth('r
_I1(t carry load hefore tile vollitll¢: ft'actiozl of solid llla.t,eri_d is close t,¢,ullity, To ('¢,rt'c'('t
this (liscrepallcy, a,ll additioHal p_Lrticle illteraction c(mi,ril/,utiou ¢'ou1¢1he iu¢'.llld¢'dor tile
materiall)aralueter,_,couldl)enlodili_:dtoa(:¢¢ollntforl)articlei|iteracl,io11.

Inthenextanalyses,themodelsweresubjecttouniaxialteusiozl.A plotofthed(:forll_e_I

_eshesisshown iuFigure6.7.The deformedshapesshow theformationof_,(Iiscou-

tiuuousopeuingmode bifurcationwhichisalsoobservedinpolyurcthauefoam samples

subjec,ttouniaxialtension.A plotoftheappliedloadversuscud displacementpre(Iicte_I
by thefiniteelementanalysesiscompared withtheexperimentalresultin Figure6,8,

Both the loading and unloading responses predicted by the finite elemeut analyses are
shown. The behavior predicted during loadiug in the softening regime is clearly mesh-
depeudent, This result was expected because a non-local feature was not incorporated
in the current model. As expected, the unloading curves pass through the origin which
indicates that the model predicts only damage when the material is subjected to uniaxial
tensiou.

In the final analyses, the models were subject to hydrostatic compression. Plots of the
deformed meshes are shown iu Figure 6,9. The size of the original undeformed sample
is indicated by the dashed lines in Figure 6.9. These analyses 1)redict the generation of

ratl_er _nusual deformed sl:_a,pes and localization during hydrost_tic c()n_l)ression tests.
A I)if,_rcatiol_ analysis of this model and stress stat(_ indicat(,,s tl_t lo(:_diz_tiou is _ot

_'Xl)_'('t(:'(Isiu('e the fund_m_eI_ta,I (_'igeutensor for the l,_u_gc_t stiffness tensor is e(lllal to
the se('on(i-order i(le_tity which l_as n() zero eigenval_le. However, if tl_e str¢:;ssstat¢_ is I_,_t
1)urc'iyhydrostatic due to n_lm(',rical rouudoff theu the I)if_rcatio_ a._alysis i_(licate, s tl_at
localizatio_ as ¢_xl_il_itedby the fiuit(', element analyst, s may oc('_r. Also, re(;(;llt st_l¢li(:'s
I)y Benallal, Billardo_ and (_e,ymonat (1989, 1990) of instabilities at tl_e I)ounda,ry of a
solid may help to exl)lai_ thes(' numerical res_lts.

h t)lot of applied l)ress_re w,rs_s engineering w)l_me strain 1)re(lieted hy th( _,tinit(' ('l('-
_('nt analyses is c()ml)ared witt_ l,l_('exl)eri_t'_ltal result i_ Figure' 6.10. This plot shows
tl_a,t reSl)(ms(, prt-,(iictt;d I)y tl_e lignite el(-'n_e_t aI_alyses m_tcl_es tl_¢,exl)eri_n(:'_i,a,I r_,sl_lt
reasotlahly well. Eve_ though i,t_(,dt,fort_e,d sh_q)t,s were r_tl_er mesIl (Iel)e1_d(,ut th(" l)lots
t)f al)l)]i_,(II)ress_re vs. volu_w sl,rai_ were uot _nesh (lepen(leut.
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7. ALUMINUM HONEYCOMB MODEL

° S °, Ext)_,l'itnet_ts (m alun_i:lulll h_m,y('otub itldicat(' tha,t Io('alizati_n arid pla, t.lc (let'_Jrnla:
tiol| is gem_rated whell th(:, mat('rial is crllsh_,(I. Thus, a plasticity model _lewd_l)ed fiJr
alliinitlllm honey('oillb sll()lll(I 1)re(li_'t Ioc:alization wiles the tnaterial in loaded itlt_ the'
l)lat(,au regime. 'l'h(, localization _,xhibit(,d I)y h_meycomb in oriellte(I al_mg ge_)nmi,ri,'
lim,s which is lint a typical charact('.risti(" of other materials. The only c_xisi,ing ill_clc,I
that predicts I()(_alizations whid_ are similar to th_)se,ol)serw_d il_ honeyconib is the M(_l_r-

(_oulomb iHo(h,I which predicts h_calization with an orientation which in del)e_de,_t on
the interHal friction angle and the orieutation of the principal stresses. A plasticity mo(hd
which predicts localization with an orientation that is depeudeut on the geometry will
require a yield function that is del)endcnt ou the geometry. Such a model was dew;l-
oped by Klintworth and Strouge (19U8). Their model along with a bifurcation analysis
is presented in the next section.

7.1 In-plane Response

A _un_l)¢,r_f r_,s(,arci_(,rsh_w. inw_st.igat_,d the i_-l)lam: behavior of alumiuum hom_ycoml)
(Kli_lw_rth _u_(!Str(_l_ge, 1988; (lil)so,_ and Ashby, 1988) a_(I develop(:(I (:Xl)ressit:ms t'_)r
tl_, illitial yi_'l(I sl_rf'a_._,sfi_' tl_is i_au,_'i;d, l(li_tw(_rl, l_ and Stro_g_, (1988) haw' inw.,sti-

i"i_;_'_'7.I.'I'II('iri_v_:,si,i_i,i_l_i_di_'_t_'st,ilai,i,I_'.vi_,l_Is_rI'a,c_,Fori_-I_i_l_'I_Is _'_t_sist,s

_I_= ._,,,.+ l_a!.,-I-¢'(_.,,:,+ %..)--,i (7,I)

' 0q_ a c

f=g= 0er =_ c b (7.2)
, 0 0 0

The Idfurcatiou analyses of plasticity theories with associated flow rules indicate that the
first possible I)if,,_rcatio_ uccurs at the limit point. The mode associated with this bifur-

t:atio_l is chara('t(,riz('d by th(, _ormal to the yield surface, f, which is del)ende_t on the
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"I ,°Figure 7.1. In-plane Loading of Aluminum Honeycomb (,ells

material parameters and thus cell geornetry. For example, when the honeycomb is sub-
jected to uniaxial compression in the .c directi6n, the active yield surface is characterized
by

1 1
a --

_x Tx

1 1
b= ---+-- (7.3)

E,j T_
1 1

2E_ 2Txy
d=l

where Ex, _ys_,and E_.y.are elastic buckling parameters and T.., T,j and T_y are plastic
collapse parameters defined as follows:

7r2Eta

E_"= 12L_(H + L,sin,O)cosO
7r2F_ta

.j- 12Laco.sOsinO
7r'2E t :3 *

E_:,,= 121.3(L + HsinO) (7.4)
"1

/2%

T:,. = 2L(tt + LsinO),_inO

l'2o.y
Tu = 2L._co.s.20
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t2%
Txy --" , q2 H Lco..0

where L, H. t, and 0 are the dimensions and angle that describe a typical cell as shown

in Figure 7.1. E is the elastic modulus for the solid material and cryis the yield strength
/J

for the solid material. Parameters for a typical aluminum honeycomb are given in Table
7.1.

Table 7.1. Parameters for a 0.125-5052-.002 Aluminum Honeycomb.

,, _ ......

E cry H L t 9
psi psi in. in. in. degree

10.0E6 24000 0.072 0.072 0.002 30

Using these material parameters we obtain the following values for the yield function
constants: a = -0.0884 in_/lb, b = 0.0785 in2/lb, c -- 0.0425 in2/lb. By substituting
these constants into the expression for f, Equation 7.2, and performing the bifurcation
analysis we find that this plasticity model predicts localization at the limit point with an
orientation of 30.0 degrees which is very close to the experimentally observed orientation
(Figure 7.2.) Furtherlnore, the orientation of m indicates that the bifurcation is primarily
a shearing type bifurcation which is also consistent with experimental observations.

When the foam is subjec, ted to uniaxial compression in the y direction, the active yield

surface is characterized by

1 1

" = - + T-7
1 1

b= (7.n)
0.346_yE u Ty

c=0

d=l

where
LsinO

¢Y= H (7.6)

Using the material parameters given in Table 7.1 we obtain the following yield flmction
constants: a = 0.0736 in2/lb, b = -0.0952 in2/lb, c = 0.0 in2/lb. By substituting these
constants into the expression for f and perfornfing the bifurcation analysis we find that
this plasticity model predicts localization at the limit point with an n oriented at an

, angle of 48.7 degrees from the x axis which is again reasonably close to the orientation

which is observed experimentally (Figure 7.3).

_I_h¢.,'s¢,"bifurcation analyses indicate that the plasticity model developeJ., by Klintworth
and Stronge (1988) does ca,pture the localized deformations for the lo_d c_mes that were
analyzed. It was beyolld the scope of this paper to evaluate all of the yield slirfaces
reqllired to describe all l_ossible lo_td paths.
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Figure 7.2. Comparison of Bifurcation AnMysis Predictions with Experimental
Observations of Localization in Aluminum Honeycomb Subjected to
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Figure 7.3. C'on_l)arison. of Bifurcation Analysis Predictions with Experimental
Observations of LocMization in Aluminum Honeycomb Subjected to
Uniaxial Compression in the y-Direction.
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Figure 7.4. Localized Deformation Exllibit by Alunfinmn Honeycoml3 Subjected l,o
Uni_xial (',on;pression Along its Generator Axis.

7.2 Generator Axis Response

When altlminunl honeycomb is used in impact limiters tile material axes are usually

oriented such that the material will be crushed along its generator axis during an ac-
cidental impact event. This material exhibits a significantly higher strength wllen it is
loaded along its generator axis as opposed to in-plane. Uniaxial compression tests along
tile generator axis (Dona,ld and Maji, 1992) indicate that this material exhilfits localized
deformation oriented in a direction normal to the loading axis when it is loaded into the
plateau regime (Pigure 7.4). This localized deformation can be captured with an associ-
ated flow law _nd a yield function which uses the principal projection operator, P_', as
follows

_" = ¢r : P= : _r-. e(e, eP) (7.7)

The bifllrcation analysis of such a plasticity model presented in Section 4.6.4 indicates
that this model will predict localization oriented normal to the principal stress dire¢'l,ion
_t the limit point.

7.3 A Baseline Model

, _.ctions indicate that the rather complex combinatioll ofThe analyses in the previous s_ '

yield functions developed by Klintworth and Stronge (1988) would capture the localized
deforlnations that are generated when tile honeycomb is subjected to in-plane loa¢ls.
In most impact limiter applicatiohs, the honeycomb is oriented such theft the prilllary
loads are oriented along the generator axis and tile material is expected to absorl_ energy
by crushing along the generator axis; thus, to simulate these impact events the t_ost
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Figure 7.5. Yield Surface for Aiumiuuna l-loueyconll_.

important behavior th_tt lIiust be ctq)tured is the crush of the materi_d along l;hegetleri_tor
_Lxis. A yield fuuctioll which uses the pritlcipal projectiou operator, 1!3qlmtion 7.7, is
_d)le to predict the localization which occurs when the material is subjected to Ituiaxi_d
compression along the generator axis. By using this yield function to describe pia,llar

caps for the yield surface described by Klintworth _nd Strong's (1988) iu-pla_le yiel<t
functions, we obtaiu the yMd surface shown iu ffigure 7.5.
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8. FINITE ELEMENT ANALYSIS OF AN
' IMPACT EVENT

A typical impact problena was analyzed using the two-dimensional finite element model
shown in Figure 8.1 and the code PRONTO-2D (Taylor and Flanagan, 1986). This
plane strain model represents an infinitely long steel cylinder surrounded by a foam
layer which is covered with a thin aluminum shell. Three analyses were performed using
different constitutive theories for the foam material to investigate the effects of the foam

constitutive theory on the predicted response of the impact limiter.

ALUMINUM

5 PCF FOAM

9.0

\
8.9 i_, 6.0 in 4.8 in

\

Node 175

Figure 8.1. Finite Element Model Used in Dynamic Analyses.

, The I)ackage was dropped onto a rigid surface at an initial velocity of 528 inches per
second, and tile resulting deformations and accelerations were (:olnputed. The impact

, velocity ()f 528 iIlches per second resalts from a regldatory drop of 30 fi_et onto an ttn-
yielding target for llll(:lear waste shit)l)ing containers.

Material properties used ill these analyses are given in Table 8.1. Properties typical of
a 5 t)ound-l)er-clll:_ic-foot rigid polyurethane foam were used for the foam layer. Ill the
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first ana, lysis, tile foam I_tyer was modeled lising eo wm Mises pl;Lsticity model for whicll

properties were determined based oil results fronl uniaxiM conlpressioll tests on the foal n.

For tllis model, the-,ma.ierial was a,sslinled to be elast, ic-l.)erti_cily I)lt_sl,ic a.iid was givl,il a

yiel<t stl'eligtli t'qua.I t<:l tile I:ilM,<-'a.ll stress for the flJ_Llli. Ill the s_'.<,t)ll(t a.ila,l.ysis, tli<' I'imlll t

was Ino<tele<l 1.1Sill<l_tile <lriginM ['Oa.lll 1)Iasticib' mo(lel d<'velolwd Ily N<,ilseli, Mlll't_ali

aild l{ri<'g (1987). lii ill<' [lila,] a.lia,lysis, ttil' ['tmili was nit)d<.,l_,d ilSiiig i;li_, iiew l,li<,<_i'$,'

COllsistilig t)t" t)la.sl, icity cOlil)le_l witll isol, rolliC <,oiltiliili.ilil da,nia.gl,, l/<.'sllll, s ['l-lllil I_ol,ll 1,ill,

lliliaxial a.lid tlle liydmsta,tic tests were I.lse(! to detorllliile Ina.l,eria, l l:lrtJl)(,rl, il,s [\lr tli<,

foanl l)l_sticity a.lld lleW colipled lllOdels.

tt,esulis fronl tliese analyses are shown in Figures 8.7 io 8.6. Displaced shapes ot" tlil,

finite elenlent nlodel at nlaxiillunl crush-up a,re shown ili Figure 8.7. When the w)n

Mises plasticity model (Figure 8.2a) is used for tile foi_in Inaterial, tile foam is not able'

to exhibit l)erlllailent voil.line chaiiges and is forced to try to flow [1"o111be.neath the.

iinpacting cylinder. On the oilier hand> when tile original foam plasticity model or the

lleW foa,nl model are, used, the perlllanellt volunle changes exhibited by fO&lll are captlired

(Figures 8.2b and 8.2c).

The predicted vertical displacement, velocity and acceleration of Node 175 (see Figure

8.1) in the steel cylinder is plotted as a function of time from initial impact in Figllres

8.3, 8.4 and 8.5. The new coupled theory predicts a slightly larger alnollilt (:if foam

crush and a higher rebound velocity than the origillal plasticity theory. The acceler_tioli

tiine histories generated iising tlie origilial h)a,in t:ila,sticity nlodel and the colit:ii_,d ['_ain

lllodel are very sinlilar. All al'CllI'&te 1)rediction of tile a,cceleratioli tiille liistory ix vt'r,v

iilil)ortmit as it 1)rovides _ ineasllre ot" the a,inount t)f l)rote(:tioli l)rovided by tile illit:ia<'t

Iiinilt'r. "I'tie dist)l_u'elilelit , velt_city alid ac'celeration t:iredictioils getiera, l,ed l.lsill7 l,ll_,

roll Misi,s l)lasl, icil, y l,heory a,l'e sigliificanl, ly dilt'erelit l,hml ille lire(liciions genei'_Ll,e_l wil, li

_,il.h_,r <it"l ll<, ['()a.lli theories. When tli<, foalll is illodeled with a Villi _/]ises l)lasti<'il,y l,llc,<li'y,

ii is liOf alltJw<'di:,o<,xhibit ally I:il,rllia.ll('llt \'OlUllie I'ha, llges a.lld Iillrea,listic ['oa.ill I,<'havi<lr

ix lll'<,¢li<'i,ell. TllilS, the \,(ill Misi,s t,ileory l:iredicts a i)eak a,ccel_,ra,liOli ]('re] a,ll¢l _Ll'<'ll<lllllll

v_'l<_<'ii,y tliat ix ilillcll higlier tliali thai, l/rl'_tici, ed by eil, lier N)alll [,llpory.

l:illally, a l/l<_l <_t"<l_ulla{_e ill tile ['Oalll illa, teria.I a.t llia, Xilliillii i,rllsli-li I) is sli(iWli ill l"i_lir<,

S.(i. 'l'liis ill<it slil_ws tliat, l,li_' la,rgest alll(ililit _.)['[];)alll da,lliage is gellt'l'a.t(,_l ill till' t'tJa.lli

lilal.l,l'ial Ilt_al' l,ll<' si_l_'s<,t" tli<' six'el cylilider a.ll(l lltJl, I:ml,w<_ell ill<, steel i'ylin_il,r alibi

tli<, illllJa('t Slll'l'a(:t,. ])allla, g#,' _,)(:('lll'S lier<' I:iec_l.ise tll(_ origilia, liy circllla.r illllta<'t lililil,l,r is

<lef_li'liled illto aii <>va]sll_l)<-' dlll'illg tile inlpact evellt whicli l_,adsto tile geil('l'i_tit)ll o[' li_l'_<,

1,eliSi]<' stresses a.iid ihiis dainage Ilear the sides of the steel cylinder. In tliesl' a.llltl.yses > i

we have aSSl.ilile(l that the linliter is foatlied in place and that the foaili reliiailiS boiided

to ttie steel cylinder. The analyses with tlie coupled tlieory Sllggesis that debonding or

foam failure will occur near the sides of the steel cylinder.
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' Table 8.1. Mat¢'rial Paralneters [1see! ill li'inite l:]lellwnt Analyses.

Allillli11_lill: 'YOllllg's Mc_¢lllliis.---I().01!,_+0(_psi
l%isson's l_a,l,io = ().30

•*s _ •l)ellsity - 2.51:,-0,1!1_s /lu 'l

Steel: Yoilllg's N'lo_tllllls = 2!).01_+0(i psi
l%isson's Ra.l,io = 0.30

Density = 7.()1C-04Ib s'a/in '1
Voaill: (yon Mises Plasticity Model)

Young's Modulus = 3000.0 psi
Poisson's Ratio = 0.0

Density - 7.5E-06 lb S'*_/ill4

Yield Strength = 110.0 psi
Hardening Modulus -= 0.0 psi

Foam: (Original Plasticity Model)
Young's Modulus = 3000.0 psi
Poisson's FI,atio = 0.0

l)ellsity = 7.5E-06 lb s'a/in 4
Volllme Vraction, O = 0.09

Initial Air l'ressure, plL_i'" --"=-14.7 psi
Yiel_l la'llnc. (',OIlstaIlt, A = 49.2 psi
Yiel_l l;'llll{'. (lo_lsta_l,, /4 = 60.8 psi
Yiel_l lglllc. (l{)llStallt, (7 --. -0.5

h',,lllle;'s ,k:l_;_l,_l_s:--::l()(){).{)l_si

Ih,llsily ::-:7.,ql,',-()(i I1_s"/i_ '_

[Itilial Air i'r_'.-,s_tr_.,,._ ---:14.7 l_si

('_,_l_t'{'ssiv_' Yi_'l_l(IOllSl,ltlll;,,':1 = l 10.0 I_Si

(k_l_ressiw, I)aI_a,g_' Ratio, M - 0.1

'l'_,_sil_,Yiel_l (',OllStalll,, A = 11().()I)si
'l"e_lsile Yiel_l (:Ollsl, allt, B =-10[).0 psi
r I i '

, l_l_s_le Da,mage Ratio, M - 1.0
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(a) _'ullWUlt,i_ll_d _h,vi_d,ori_' I>la,st,i_it,y

Figure 8.2, l)_'t'_l'lll_'_lSll;i,i_' _1'l"i_lil,_' I",l_,_,I_l,Mt_l_'l al, N'l_,xi_t_l ('rl_.nl_.lIl_,
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9. CONCLUSIONS AND FUTURE WORK
_t

I']1_' primary i'oclls of this n,s_'arcll was tile deveioplnent of cotlstitutive l,ll_'ories for _'el-

l,ll_u"111al,erialsthatllotoIlly_:_I_tllr_'theelasticresponseof"i,llesezlla,terialsl_,ll,als_

tileplasticdeI'orlll_tioll,clam_geand Ioca,lizeddeI'on_lationthatisgenera,l,eclwlu,tll,Iies_,

inaterialsares11bjecU:dI,ocnlsIlingloads.The constil,utiw_re.lal,ionsdevelopc_dli_rthese,

mal,erialsusea combin_tionofplasticitytoldcontinuumdin.agetheories.PIasl,icityis
a constitl_i,ive.theorywith_ well-clew'lopedstructure.(',onl,in_un_damage theatrics,o_

the o_her hand, are just c_rrenl, ly bei_g developed (Krajcinovic, 1989). In this pal_er, a.
rather general contiuuum d_m_ge theory with ,t sl,ructtu'e similar to existing plasticil, y
theories is developed, list: ot'a similar structure, simplifies the development of couple_l
plasticity-continuum da_nage theories which share common yield (damage) s_rf_wes, in
this report, a, coupled theory was developed for rigid polyurethane foan_.

When cellular solids are loade_t into the inelastic regime, they often exhibit deformations
tl_a.t are localized into small region,s at some point in the loading process. Localiz_U.io_
is often associated wil,h satisl'actio_ of ti_e classical discontin_mus I)ifurc,ation crit_u'io_.

lien, we l_ropose tl_a.t 1,1_,loss _f stro_g ellit_ticity c_litio_ should b_,used in place ot' tile
cla.ssical disco_tin_o_s I_it'_r_'a,tio_ criterio_ a.sa _ecessa.ry co_ditio_ t\)r I_cMiz_d,i_. The
a,i_l)lica,tio_ofi,l_,sl,ro_LK_'llii_ticity_,rit,_'rio_i_pliesl,h_d,a l,il'_rcatioI_mode associ_d,ed

witI_lossof'i_sil.ive_leli_ii,_u_'ssofi,l_esyn_el,ricI_artofthe:a,c,ol_stictensorm_st I_¢'

i_I_'_tiliedral,I_'rl.I_a.l_a l_od_,associatedwithtI_elirstzeroeig_,_\,a,I_.,of'the a.co_sl,i_'

U,i_s_r its_,lf. TI_, _'ig_._sysi._,l_fl,r l,l_e sy_nmei,ric l_a,rI, of tl_e l,a,ltgel_l, sl,iigness l,e_s_r is

_,I.ties, I_o_lary c_dii.it_s, a_I I>_dy N_'t_,i, ry a,re all sl_>wll I,_ afro,el, 1,1_editf'_._ea_l

al_alys_,s w_'l'_,l.tl_,i_i_,rt'_,rl_,._l t,l_ I_t,l_,_ll,ial co_sl, it_i, ive l,ll_,_l'ies for _'_'ll_lar ._,li,ls. /\

_'_,_l_l,al'ist,II_,t"_'_'sllll.sl'l'_,_ l li_' I)it'Izr_'_d.io_la l_alys_,s with exl,_'rin_'_l,a.I _l)s_,rvatio_s _t"

_I'statict_'sl,s oI_ri?.;i,II_lyl_n,I,I_al_'I'oa,l_wer_a,_alyz_'_I_._Itiler_'s_II,sI'ro_l,I_,li_il,_,

el_.n_el_l,_u_alys_'sw_rec_pa,re_lwitI_experil_e_t,alobserw.U,io_s.I_'i_dlya tyI_icali_l-

l_cl,I._l'ol_l_'_was a.l_d.yze_l_si_?4va.rio_s_:onstit_l,iw,_o_lelsI'_rtl_ei)ol.y_rel,l_a,_.I'oa,i_

I,_ _Ie.n_o_sl,ra.l.e the _'tf_'cts _f _si_g vario_s co_st, itui, iw_ descril_l,io_s for 1,11_'foa_.
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C'ellular solids exhibit some additional features that are not captured by tile constitutive
theories which were developed in this work. First, dynamic tests on cellular solids indicate
that the strength of these materials is strain-rate dependent. The models developed in
this paper could be modified to capture this rate dependence. For example, the yield• k

function for the skeleton part of the models could be modified to include the strain-rate

dependence. Next, the cyclic tests on this material indicated that a hysteresis loop is
generated by unloading and reloading in the elastic regime. For the models developed in
this paper, the elastic response is assumed to be linear. The hysteresis exhibited in the
experiments may be due to the behavior of the polyurethane cell wall material or to the

escape and reentry of the air from the sample during the cyclic loading. The motion of
the fluid would have to be modeled and coupled with the skeleton model to capture the
effect of fluid flow. The coupling between the fluid flow calculation and the str,lctural

calculation could be rather complex. For example, a large pressure gradient could cause
damage and the amount of damage generated by crushing or fluid flow would have an
effect on the rate of fluid flow• The solution of this coupled problem was beyond the
scope of the current work• Finally, it is clear that a significant amount of work is still
needed in the area of developing robust numerical procedures before it will be l)ossible
to routinely solve localization problems.

i

The response of cellular materials is complex with several modes of localized deforma-
tion exhibited when stress paths a,e allowed to span a large range. One aspect of the
verification of a constitutive model is to show that the predicted orientation and nature
of these localized deformation modes agree with experiments. Because of the lack of a

routine procedure for theoretically obtaining such modes, this type of verification is prac-
tically never done for any material model, let alone those developed for cellular materials.
The study of bifurcation phenomena presented here represents a significant enhancement
to current technology, and provides an additional important mechanism for evaluating
constitutive theories.
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