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ABSTRACT

The nonlinear particle transport arising from the convection of nonadiabatic electron
density by ion temperature gradient driven turbulence is examined for trapped electron
collisionality regimes. The renormalized dissipative nonadiabatic trapped electron phase
space density response is derived and used to calculate the nonlinear particle flux along with
an ansatz for the turbulently broadened frequency spectrum. In the lower temperature end
of this regime, trapped electrons are collisional and all components of the quasilinear par-
ticle flux are outward (i.e., in the direction of the gradients). Nonlinear effects can alter
the phase between the nonadiabatic trapped electron phase space density and the elec-
trostatic potential, producing inward components in the particle flux. Specifically, both
turbulent shifting of the peak of the frequency spectrum and nonlinear source terms in the
trapped electron response can give rise to inward components. However, in the dissipative
regime these terms are small and the trapped electron response remains dominantly lami-
nar. When the trapped electrons are collisionless, there is a temperature threshold above
which the electron temperature gradient driven component of the quasilinear particle flux
changes sign and becomes inward. For finite amplitude turbulence, however, turbulent
broadening of both the electron collisional resonance and the frequency spectrun: removes

this threshold, and the temperature gradient driven component remains outward.
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I. INTRODUCTION

It has been established that turbulent fluctuations are capable of transporting heat
and particles at the anomalous rates observed in experiment. In many cases, these rates
greatly exceed collisional transport rates. While both particles and heat are transported
as a result of fluctuations, the loss of heat has generally been regarded as the more serious
concern. This view is supported by the fact that the convective component of the heat flux
(representing heat loss due to particle transport) is often small compared to the conductive
heat flux in the core of the plasma. In recent years, interesting correlations between the
density profile and thermal confinement improvements! =3 have been increasingly evident,.
These observations suggest that particle transport (which governs the density profile along
with particle sources) has important, if indirect, links to global confinement. Accordingly, a
number of recent experimental studies of core transport have specifically examined particle
losses in detail, =% thus providing another point of comparison between experiment and
theory.

An interesting question raised by studies of particle transport is the possible existence
of a particle pinch. Typically modelled as a negative (inward) particle convection which
accompanies outward diffusive transport,” the pinch is necessary in order to maintain
peaked density profiles in a steady state configuration against diffusive losses assuming
the particle source is negligible in the core. This robust, albeit simple, rationale for the
pinch is further supported by the results of perturbative transport analyses. Using a linear
diffusion/convection model (I' = =Ddn/dr — vynr/a, where D and v, can vary spatially
but are independent of n and On/0r) for the particle flux arising in a discharge with a
modulated gas feed, it was found that a strong inward convection velocity of tens of meters
per second was required to model the discharges.® A more recent study in TFTR nas con-
cluded that the particle pinch required for the plasma to respond to an oscillating gas puff

is markedly smaller. In this study, the flux was modeled as a general nonlinear functional



of the density, density gradient, temperature, and temperature gradient, with its precise
form determined by a fit to the data. This general model removes the artificial constraint
that the flux take the diffusion/convection form with linear coefficients and is therefore
more consistent with the reasonable view that transport coefficients are functions of the
turbulence level, which in turn must depend on the driving gradients. While this result
indicates that the flux model can make a large difference in the inferred magnitude of the
inward pinch, it should not be interpreted as indication that the particle pinch is small in
steady state conditions. Steady state transport has temperature gradient driven compo-
nents whereas the gas puff perturbation in TFTR produced only a very weak perturbation
of the temperature gradient. One long-standing anomalous pinch mechanism is, in fact,
produced by the temperature gradient.”~1Y The TFTR data therefore, leaves open the
question of the existence of a pinch in steady state discharges.

One mechanism capable of producing an inward particle flux in specific electron -olli-

=10 an effect arising from the convection of nona-

sionality regimes is the ion mixing mode,
diabatic electron density fluctuations by ion temperature gradient driven turbulence. The
dissipative nonadiabatic electron density response governs the ambipolar particle transport
(by virtue of its phase shift relative to the potential) but is assumed to produce only minor
changes in the ion driving mechanism which excites the turbulence. The ion mixing mode
produces a flux component proportional to the density gradient (nominally diffusive) which
is outward, and an off-diagonal temperature gradient driven component which can either be
inward or outward. It is instructive to note that the net flux produced by ExB convection
of fluctuations in the nonadiabatic electron density is identical in form to the particle flux
driven by electron drift wave turbulence, provided the fluctuation level is left unspecified.
Indeed. if the fluctuation level is supplied by experimental measurement (as opposed to
using a leve] obtained from model dependent saturation conditions), the flux represents a
generic particle transport description for quasineutral, low frequency electrostatic fluctu-

ations. In the case of electron drift waves, instability is governed by the same correlation



which describes the turbulent convection responsible for particle transport. When the sign
of the correlation is such as to produce an inward flux, drift waves are stable and finite am-
plitude turbulence is not possible. In contrast, ion temperature gradient driven turbulence
is driven by ion processes. Hence, the correlation describing convection of electron density
is of negligible consequence to the driving mechanism provided w,/k)v; > d, where w, is
the diamagnetic frequency . v; the ion thermal velocity and 4, represents the nonadiabatic
electron density response: Im<ﬁ/n(, : e&)/Te> = d, <|e<:f)/Te|2>.

Previous calculations of the ion mixing mode particle flux have examined all relevant
electron collisionality regimes, but have been restricted to a quasilinear treatment. For
regimes with sufficient collisionality to prevent electron trapping (v.f5 = ve/€ > wy, where
Ve is the electron collision frequency, € is the inverse aspect ratio, and wy, the electron bounce
frequency), the temperature gradient driven component is inward and exceeds the outward
density gradient driven component.® This net inward flux requires sufficient collisionality
to prevent trapping, and thus operates in colder edge regions, enabling source particles
to penetrate into the plasma. In the hotter dissipative trapped electron regime where the
collisionality is sufficiently low to allow trapping of electrons (v.55 < ws), but not so low
that it becomes smaller that the mode frequency (v. > w), the flux is wholly outward.”?
For the still hotter collisionless trapped electron regime (v, < wy, 1, < w), the temperature
gradient driven component becomes inward above a critical temperature somewhat higher
than the temperature for which v, < w.”' This inward component is sufficient to balance
the outward diffusive losses (from the density gradient driven component) and enable a
stationary density profile. Unfortunately, there is no such possibility with quasilinear
estimates in the dissipative trapped electron regime. In moderately sized ohmically heated
devices such as TEXT, this regime occupies a sizable fraction of the core confinement zone,
and is likely to have a small particle source at best.

The existence of other pinch mechanisms has been noted.'!~!3 In the edge, ionization

of neutral particles drives a drift wave whose particle flux, like that of the ordinary linearly



stable collisional drift wave, is inward.}! With this mode, the ionization source produces
instability even though the flux is inward. This mechanism facilitates the penetration of
source particles, but is not operative beyond the ionization or source region. Another
mechanism,!? based on asymmetric potential structure, has been proposed but is difficult
to assess as little is known of experimental asymmetries. If these asymmetries arise from
boundary conditions through, for example, a limiter,'? this mechanism is also restricted
to the edge. An interesting study of basic nonlinear drift wave dynamics has uncovered
components of the particle flux which are inward and are directly related to the dynamical
evolution of the correlation of fluctuating density and potential.!? The evolution of this
correlation is typically ignored in drift wave models and is not captured by quasilinear
transport estimates of mixing mode fluxes. This issue is directly related to mechanisms
which will be examined in the present work and discussed later.

In the present paper, the particle flux associated with low frequency, quasineutral,
electrostatic density and potential fluctuations will be extended beyond previous quasi-
linear calculations to include a variety of nonlinear effects. The principal focus is mixing
mode transport in the dissipative trapped electron collisionality regime, where at present
no viable pinch mechanism has been identified. However, as already noted, if the fluctua-
tion level Ie&)/ T.|? is left unspecified, this analysis is generally applicable to electrostatic
microturbulence. This calculation thus represents a more accurate description of parti-
cle transport for comparison with experiment than has heretofore been available.® The
nonlinear effects incorporated in this analysis derive primarily, but not entirely, from a
renormalized electron phase space density response, and are therefore consistent with a
strong turbulence approach. However, because the turbulent mixing rates which enter
the particle propagators are amplitude dependent, weak turbulence limits, i.e. quasilinear
theory, are also recovered. The nonlinear processes which are treated in the electron dis-
tribution function evolution are wave-electron resonance broadening, the nonlinear shift in

the wave-electron resonance frequency (which appears as the imaginary part of the complex
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wave-electron resonance broadening), and the renormalization of the source or potential
frequently referred to as the § term.!? The latter is proportional to the correlation of the
phase space density with the potential and as such introduces elements associated with the
evolution of the correlation of density with potential. In addition to the nonlinearities of
the renormalized electron phase space density, a turbulently broadened frequency spectrum
is assumed. Modelled as a Lorentzian to facilitate integration over frequency, the spectrum
includes a linewidth (frequency spectrum width for a fixed wavenumber k) produced by
the turbulent eddy damping which balances incoherent emission in the steady state.!® A
nonlinear shift of the peak away from the linear frequency wy, is also retained. The shift is
an observed feature of mode-coupling simulations!® and can arise as a fluctuation induced
modification of diamagnetic drift effects.!”

The results of the present calculation indicate that the nonlinear effects do give rise to
inward components of the particle flux in the dissipative trapped electron regime. These
terms derive primarily from the frequency spectrum shift and the 3 terms. The effect of
the frequency shift is readily understood heuristically from the factor (w — w,,) in the flux.
Since the flux includes a spectrum weighted integral over frequency of the electron density
response, the sensitivity to the shifts is not surprising. Nor is the general insensitivity to
the broadening surprising, given that in absence of the shifts, the broadening terms tend
to produce both higher and lower frequencies, with offsetting effects on the flux. The role
of the 3 terms in producing inward flux components is less easy to describe heuristically.
However, the fact that the § terms are proportional to a phase space density - potential
correlation, while the same correlation (integrated over velocity) governs the flux, suggests
that a strong effect of one on the other is plausible.

The nonlinear flux calculated herein is a highly complicated function due to the in-
terplay of the various nonlinearities, their dependence on fluctuation amplitude, and the
fact that the nonlinearities are defined recursively in the strong turbulence limit. Quan-

titative evaluation of the resulting terms is difficult, particularly for strong turbulence,



and will be addressed elsewhere. However, it is possible to make the following qualitative
statements regarding the flux. The nonlinear terms neglected in quasilinear analyses can
be important and make significant differences at fluctuation levels consistent with crude
mixing length arguments, i.e., je¢/Te| ~ A/L,, where A is a radial correlation length and
L, is the density gradient scale length. If the fluctuations responsible for the transport
saturate via a classical weak turbulence mechanism,!'® the additional factor of y/w renders
the contribution of the nonlinear terms to the flux small. For ion temperature gradient
driven turbulence (ion mixing mode), the large correction factor associated with the effect
of broader fluctuation structure!? enhances the fluctuation level and significant nonlinear
modifications occur. At vanishingly small fluctuation levels, the nonlinear particle flux ap-
proaches the quasilinear prediction. As the fluctuation level increases to finite amplitude
(and, hence the linewidth of the frequency spectrum as well), the nonlinear flux can deviate
greatly from the quasilinear flux. In the strongly dissipative regime, the electron response
is still dominantly laminar and the nonlinear effects tend to decrease the magnitude of
the outwardly directed flux below the quasilinear level. In the moderately and weakly
dissipative regimes, the nonlinear effects remove the pinch associated with the quasilinear
VT, term. In the collisionless limit, this can change the sign of the overall particle flux;
from inward in the quasilinear aialysis to outward in the nonlinear analysis.

The remainder of this paper is organized as follows. Section II contains a derivation
of the renormalized trapped electron phase space density response. In Section III, the
nonlinear particle flux is calculated using the renormalized trapped electron response and
an ansatz of a turbulently broadened frequency spectrum. The results of this work are

discussed in Section IV.




II. RENORMALIZED TRAPPED ELECTRON EQUATION

In this section, we derive and examine a renormalized trapped electron phase space
density response in both the dissipative and collisionless regimes. Consistent with previous
theories of ion-temperature-gradient-driven turbulence,?192Y we consider a radially inho-
mogeneous slab of plasma with the magnetic field given by B = By [z + § (z/Ls)], where
L7' = B;'oB, /0.

The particle flux is given by the E X B convection of the nonadiabatic density

:-—necSZpskam T;“’/d%h: . (1)

where ¢, = /T./m;, ps = ¢,/N;, and the density has been separated into an adiabatic
response and an integral over a nonadiabatic phase space density response TZez/ Ne =
ed x [Te+ [ d3vh x. The angular brackets in Eq. (1), (- - -), represent an ensemble average
or, effectively, an average over the radial coordinate.

The nonadiabatic trapped electron density satisfies a nonlinear gyrokinetic equation,

given by

2 3
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where wye = €nwye, wae = (Te/eB)ky/L,. €, = L,/R, 0. = L,/Ly = dInT,/dlnn,,
¢ = r/R, and ve = \/T./me. The Fourier transformed E x B nonlinearity is given by
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Quasilinear analysis of the particle flux ignores the nonlinearity and assumes a delta func-
tion for the frequency spectrum, i.e. <<])"’>k = mé(w — wy) <<:f)2>k. While this may be
sufficient in a weak turbulence or strongly di;sil’)ative regime (Veff 3> Wye w), it is clearly
not appropriate in the moderately dissipative or collisionless regimes in the presence of
moderate or strong turbulence. In order to improve upon previous theory, we use a statis-
tical closure method to iteratively renormalize Eq. (2).

In the iterative procedure, h w—i is replaced in Eq. (2) with the beat driven fluctuation
h (3 ) - The beat driven phase space density fluctuation satisfies the equation

 (2) ehoohn [ gebon)
Bacso o = =pcs |ly—= o = | o= | Rl ) (4)

W o—

1z 1'3

where Ry-w = w—w'—¢, (Wse —w,’,‘e);ﬂ- R e o S 1 K is the trapped electron propagator

w-—w’ W o u}
and v k= represents the turbulent collisional resonance hroadening. The beat driven
—\J

potential, d’ . » 18 ignored due to the difficulties in solving the integro-differential equation

ld-ull

necessary for including it and the narrow radial extent of the region in which the d)k o

w—w!

perturbation is significant.?!

Using the beat driven fluctuation, the renormalized trapped electron equation is given

by
v b 113 0 0 -
— L g £ e a7 v 1.2
( 1'w+lw'1"1)5 + € v3 ()a‘Dw ox + Dwk ) h:
v? 3 0 . 0 y P‘}“‘ .
{w Wxe [1 + Ne (Ut: - 5)] + "é‘:;/j‘: ""; /j lb } T,; mazs (d)
where the renormalized coefficients are
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) e "y

k! w—w!
w

- Oh 8 e -1
v o_ 2.2 E - r ' C
ﬁk pv 8 ?Rk K/ <8.T 81‘ Te>k/ (Fm(u,) (‘))

w w—w!

The real part of D} and DY represent turbulent broadening of the trapped electron colli-

sional resonance while the imaginary part of these terms represents a shift in the peak of

the resonance. 8% and Y are the renormalized source terms'? which allow nonlinear access
w w

to the free energy source and are energy conserving terms (when summed over k). These

terms are related to the cross correlation of the phase space density with the potential.

In this one-point analysis, we will recursively define these terms using the renormalized

e:/) kl
trapped electron equation to determine the phase hetween h K and TL A more complete

two-point analysis would involve an equation for the evolution of the cross correlation,!®

however, that is beyond the scope of this work. The source terms are thus

z _ 2.2 -1 p-1 102 e N Y :
pr =picl ) Rl RTL K, <(T) >.« {w' ~l, |1+, (U—2 ~§)_ ——ﬂ’} . (10)
- Jd e [ v?  3Y\]
Y 2 r__ g 9 _
e Tt ((25)) fo-slion (G-} o

To further improve upon quasilinear theory, an ansatz of a Lorentzian frequency spec-

(), = (#))
%) )T e+ G W) [,

where Awy, represents the finite linewidth of the frequency spectrum induced by incoherent

trum is assumed:

emission®?? and w¥'Y = w; + dwy. contains both the linear mode frequency, wy, and a
nonlinear shift of the peak of the frequency spectrum, dw;,. While previous theories of
ion-temperature-gradient-driven turbulence have calculated the linewidth.” little attention

has been paid to the possibility of a nonlinear shift of the peak of the frequency spectrum.
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While a nonlinear frequency shitt is perhaps unlikely to have an impact on 7; mode stability,
it can have a dramatic effect on the particle flux which is sensitive to the real frequency.’

The integral over ' in the renormalized coefficients is analytically calculable using the
method of contour integration. By closing the contour in the lower-half plane, only the
pole at wf) = w¥ —~ iAwy is enclosed. The integral over ' constrains the renormalized

coefficients to be evaluated at w' = wy, i.e.,

-\ 2

4 _ 2 ed
D% =pi2Y Rk = , (12)

w K w_,“,:) 2] :’:‘

o
N 2 2

r _ 2.2 -1 -1 702 ed ' ' N v 3 ) .
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Note that when summed over k7, most of the real parts of 5 and (#% will vanish since

w

Im {iz —k! } is dominantly odd in k;. The assumption that 3, k7' < $? >k= 0 for n odd

—!
“o

is implicit in this work. If the symmetry of the wavenumber spectrum is broken (e.g., by
a sheared radial electric field?®), then this assumption is not valid and the renormalized
source terms can be quite different.

In the next section, the renormalized nonlinear coefficients and the frequency spectrum
ansatz will be used to calculate the particle flux. The coefficients themselves are evaluated

in various limits in Appendix A.
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III. NONLINEAR PARTICLE FLUX

In this section, the renormalized trapped electron response and an ausatz of a tur-
bulently broadened frequency spectrum are used to obtain an integral expression for the
particle flux. The particle flux is examined both analytically and numerically. including a
qualitative discussion of when the nonlinear terms induce inward directed components in
the particle flux. -

Using the renormalized trapped electron response in Eq. (1), the nonlinear particle

flux is given by

+ox “
e = —n.c, Zpakylm / dr—= /d v e (V)
k
w —o0
o ﬂi ﬂ” ]&2
w1 v? _ 3 92
i —1=7e (;75 2)'*’"2.7?: r ed
= D= D» k2 Tw (:7,‘) 3 (14)
v? v, V3 k €
—igh el + L lh - ooy + ]

where the integral over the radial coordinate has been expanded from xz7 to £oo. This
approximation is valid when the mode amplitude is negligible outside the turning points.
In order to obtain an integral expression for the particle flux. ¢« (x) is expressed in

terms of the Fourier transformed eigenfunction
¢x(z) :/(il'\‘,eXIi)(—iRZ‘)(})k(K.).

Again assuming a Lorentzian frequency spectrum, the particle flux can now be expressed

as a sum over k, and an integral over x, w, and t = v?/vZ,

Fe:necs\/—-zl), ZO <( )2> /df\/fexp t)/dww :w’)/:A%

b &)

L= +n(t-3) +5] - A,

— [L ~ €nl — fi; ] + _L-f 32+ Hr

Wee

xIm , (19)
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where ;, = Re [(D”{; k% + DY I»g) /w,.,e] is the turbulent collisional resonance broadening,
pi = Im [(Dﬁ k2 + Dl."kg) /w.,e] is the turbulent shift of the collisional resonance peak,
and B = Re [ (8% 2 + BYLAZ) fwne] and i = Im [(BE w2 + BYKZ) /wee| ave the real and
imaginary parts of the re:xormalized source.

The integral over w is once again analytically calculable using the method of contour
integration. By closing the contour in the upper-half plane, only the pole at wy = wi¥¥ +
iAwy is enclosed. Note that while ji; and 3, may be dependent on w, this does not affect
the calculation. The particle flux can now be expressed as

+ o0

- 2
[, = necs Z / dk < (%ﬁ-ff(ﬁ)) > (Fon+ Fyr. + Fy, + Fp, + Faw,) . (16)
K e ¢

where
2 [
Fou =1/ Z0dky / atviexp (=) { (1= ) [(t/0)* + i + A] DI} (172)
0
% [ :
For, = ‘/-g-psky/ dt V7 exp (—1) {m (t _ %) [(tg/t)3/2 + i +AQk] D;l} (17D)
0
) T -
Fp, =/ =peky / dtvEexp (=) { B, [(ts/t)*/* + i + AR D'} (17¢)
0

Fﬁn = V %Epaky/dt\/zexp(—t) {_Bz (QL‘ — €,t — /]‘1) D(Tl} » (l7d)
0

[2e 7 |
Fau, = -;rfpsky /(lt\/{exp (—t) {AQL (. — €t — iti) D;l} . (17e)
0

2
and D, = [ — €.t — i;)* + [(153/t)3/2 + ji, + Aﬂk] . In Eq. (16) all frequencies have
been normalized to the electron drift frequency. Q = wi¥/w... AQ = Aw/w,.. and
t3 = (Ve f/w..e)z/ 3. The overbar on the renormalized coefficients denotes evaluation at

W = Wwy.
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The flux functions have the following physical interpretations. Fy,, and Fyr, represent
the quasilinear Vn and VT, driven terms, respectively, and are modified by the turbulent
broadening of both the frequency spectrum and the electron collisional resonance. Fp,
and Fp, are verms proportional to the real and imaginary parts of the renormalized source
and represent nonlinear access to both the relaxation of the density gradient and off-
diagonal driving from the temperature gradient. Finally, Fa,, is a result of the finite
linewidth of the frequency spectrum. Note, however, that the dominant portion of this
term, Fau, ~ AQkaDo‘l, cancels a similar term in Fy,, and does not contribute to the

particle flux.
A. Qualitative Analysis

By analyzing the flux functions, Eqgs. (17a)-(17e), qualitative predictions can be made
of when the nonlinear terms will either modify the existing quasilinear pinch terms or
produce additional anomalous pinch terms.

1. The sign of the Vn driven term, Fy,,, is determined by the difference between the
electron diamagnetic frequency and the mode frequency, i — w¥/w... For modes
propagating in the ion direction, w)¥ £ /wy, < 0, this term is always outward. In order
for this term to be inward, there must be a nonlinear shift of the peak of the frequency
spectrum such that wL/w.. > 1. For n; modes, this implies the magnitude of the
nonlinear frequency shift be greater than the magnitude of the linear frequency, |w,N L.
wk| > |w|. In order to determine if such a shift is possible or to determine the physical
origin of such a shift, a self-consistent calculation of the nonlinear effects on the peak
of the frequency spectrum is necessary. It is worth noting that recent work on the
cross coupling of electron nonlinearities in long wavelength drift wave turbulence has
uncovered large finite-amplitude-induced shifts.?425 While it is not possible to infer

from that work alone the existence of such shifts in the present case, such shifts, if
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(2]

they exist, would produce a significant inward flux component in high temperature
regimes at finite amplitude.

The sign of the VT, driven term sign depends on the integral over Vit —
I\ RiPIm {R}. In the quasilinear analysis the imaginary part of the propagator
is given by (t3/t)*/2 and the sign of the integral depends on which terms dominate
in |Ri|?. In the dissipative limit, ew,./v, < 1, the collision operator dominates the
propagator, |R;.|% ~ (t3/t)%, and the VT, driven term is outward directed. In the colli-
sionless limit ewye/Ve > 1, the frequency dominates the propagator, lelz ~ (w/ww)z\
and the integral is negative. In the nonlinear particle flux, the additional terms in the
propagator have two effects. They tend to squeeze the region in which the dissipative
limit is applicable, i.e. the dissipative limit becomes v, /cwue > 1 4+ pt, + Awy, /w.,e and
in the collisionless limit, the imaginary part of the propagator is dominated by the
turbulent collisional resonance broadening and the finite linewidth of the frequency
spectrum, Im {Ry} ~ (p, + AQ). Thus, for strong turbulence in the collisionless
limit the VT, driven term is not a strong pinch term. This will be demonstrated more
clearly in the numerical analysis.

The real part of the renormalized source induces an inward component in the particle
flux when /3, < 0. While this condition is met in several limits (see Appendix A), this
term is small for a spectrum symmetric in k,, as noted in the previous section.

The imaginary part of the renormalized source induces an inward component in the
particle flux when /3;(Q. — €,,t — ;) > 0. Again, this condition is generally met as well
(Appendix A), but this term is also small for the previously noted reasons.

The term Fa., is proportional to (£ — €,t — ;) and thus, for modes propagating
in the ion direction, §};, < 0, this term is inward. However, as noted previously, the

dominant term Fa,, x AQ.$) cancels exactly with a term in Fy,,.

In summation, the nonlinear terms tend to decrease the magnitude of the flux, inhibit

the quasilinear pinch term and produce only weak additional inward directed terms. The




only exception to this is the case of an extremely large shift of the peak of the frequency

spectrum,
B. Numerical Results

In this section the nonlinear flux functions, Eqs. (17a)-(17e), are numerically integrated
over t for a given k, and x = 1/A through the use of Mathematica.?® Two approxima-
tions of the nonlinear coefficients have been used. In the first approximation, all recursive
dependence on the renormalized coefficients will be ignored. In the second method, an
approximate scheme to include the recursive dependence is used. However, since both
methods produced the same qualitative results, we will not distinguish them below. De-
tails of the two approximations and the form of the nonlinear coefficients are contained
in Appendix B. Due to the interplay of the various nonlinearities, their dependence on
fluctuation amplitude, and the fact that the nonlinearities are defined recursively in the
strong turbulence limit, quantitative evaluation of the renormalized coefficients is difficult,
particularly for strong turbulence. The following analysis is therefore to be interpreted
only as a qualitative description of the effect of nonlinear terms on the particle flux.

For comparison, the quasilinear flux function is also evaluated. In the quasilinear
analysis, the renormalized coefficients are set to zero as well as the finite linewidth of the
frequency spectrum. The nonlinear flux function will be denoted by FN¥ = Fg,, + Fyr +
Fps, + Fg, + Fa,,. and the quasilinear flux function by FQL = Fy.(q) + Fyr(q). The
parameters used are contained in Table 1, except where otherwise noted. The results of
both the nonlinear and quasilinear analysis are as follows.

1. Strongly Dissipative Regime.

In Figure 1, the nonlinear flux function is shown as a function of the finite linewidth of

the frequency spectrum in the strongly dissipative trapped electron regime, ewy, /v, =

0.1. The quasilinear flux function is shown for comparison. As noted previously, in this
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regime all terms of the quasilinear flux are outward.” The density and temperature gra-
dient driven components of the flux function are shown in Fig. 1b. The nonlinear Fy,,
and Fyr are reduced below their respective quasilinear levels by the finite linewidth.
In Fig. lc, the nonlinear flux terms Fp,, F,, and Fa,,, are shown. While these terms
do give rise to inward directed components of the particle flux, they are smaller than
the other components of the flux by orders of magnitude due to the cancellations in
the renormalized source and the dominantly laminar trapped electron response in this
regime.

Figure 2 shows the nonlinear and quasilinear flux functions as a function of the non-
linearly shifted peak of the frequency spectrum in the strongly dissipative regime. The
nonlinear shift has been assumed to be in the electron direction, i.e., dw;, > 0. While
the quasilinear flux has been allowed to vary with the peak of the frequency spectrum,
it must be noted that there is some inconsistency in allowing for a finite shift of the
peak of the frequency spectrum with zero width, i.e.. Awy = 0. It is apparent from
Fig. 2b, that the Fy,, and Fy,(q) terms decrease linearly with the shift of the real
frequency in this regime. These terms become inwardly directed when the shifted fre-
quency increases above the diamagnetic frequency, wf'% > w,,. While we have denoted
this term as the Vn driven term, the source of the nonlinear frequency shift has not
been specified. Thus, this term may no longer be directly dependent on the density
gradient. The quasilinear VT, driven term increases with the increasing frequency,
reacting to the electron collisional resonance, ;. ~ €,,t. In contrast, the nonlinear VT,
driven term is insensitive to the collisional resonance due to the finite linewidth of the
frequency spectrum.

Moderately Dissipative Regime.

In Figures 3 and 4. the nonlinear flux function is shown as a function of the finice
linewidth and shifted peak of the frequency spectrum in the moderately dissipative

trapped electron regime, €w../r. = 1.0. Again, the quasilinear flux function is shown
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for comparison. While the Fy, term is again reduced below its quasilinear level by
the finite linewidth, the effect on Fyr is much more dramatic in this regime (Fig.
2b). The quasilinear VT, component of the particle flux is inward in this regime.
While previous analytic estimates of the threshold for this term to become inward
have required higher temperatures” (namely, ew,/v, > 1.0), the numerical nprediction
is lower, €w.e/Ve ~ 1. This is due to the inclusion of the complete propagator over
the whole region of integration. The nonlinear VT, component of the flux, however, is
outwardly directed (see Fig. 3b). In this case, Awy /e > 1 and the collisional resonance
broadening and finite linewidth dominate the imaginary part of the propagator. Thus,
the nonlinear flux is less likely to have an inward directed term in the moderately
dissipative regime. The shift of the real frequency also has a strong effect on the
quasilinear VT, driven term (Figs. 4a and 4b). This strong effect is due to the shifted
frequency approaching the electron collisional resonance, wj*% ~ wg.. The nonlinear
flux function is insensitive to this resonance due to the finite linewidth, Aw; = wye.
The primary effect of the frequency shift on the nonlinear flux function is once again
to induce an a inward component (Fy,) when w,’:’ Ls w,e.

Weakly Dissipative Regime.

These trends are seen to continue in the weakly dissipative regime, ewy./ve = 10.0,
in Figs. 5 and 6. In Fig. 5a, it is apparent that both the magnitude and sign of the
nonlinear flux function are different than the quasilinear flux function. This difference
is due primarily to the change in the Fyr component (Fig. 5b). While this term is
a strong inward pinch in the quasilinear analysis and dominates the particle flux, in
the nonlinear analysis this term, while remaining inward, becomes much weaker as
Awy approaches w,,. The effect of the shifted frequency (Fig. 0) is the same as in
the moderately dissipative case. The quasilinear terms are strongly affected by the

collisional resonance, while the nonlinear terms do not even see the resonance.
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The numerical analysis confirms and elucidates many of the points made in the qual-
itative analysis. Instead of producing new inward components in the particle flux, the

nonlinear terms inhibit the quasilinear VT, pinch.
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IV. DISCUSSION

The nonlinear particle flux for ion-temperature gradient-driven turbulence has been
examined in the dissipative trapped electron regime both analytically and numerically.
The primary results of this work are as follows.

i. Nonlinear effects can substantially alter the predicted nonlinear particle flux from the
quasilinear value.

ii. In the strongly dissipative trapped electron regime, though the electron response re-
mains dominantly laminar, the predicted nonlinear particle flux is still much less than
the quasilinear value (~ 1).

ili. In the weakly dissipative or collisionless trapped electron regime, both the sign and
magnitude of the nonlinear particle flux can differ from the quasilinear prediction.
Specifically, both the finite linewidth of the frequency spectrum and the turbulent
broadening of the electron collisional resonance act to inhibit the quasilinear VT,
driven inward pinch in this regime. While the total quasilinear particle flux is inward
for collisionless trapped electrons, the nonlinear particle flux is outward.

It is interesting to note the recent pellet fueling experiments on the Joint European
Torus (JET).? In these experiments, the evolution of the electron density profile was
modelled with a particle transport analysis code, PTRANS.?” The results of the trans-
port code were compared with predictions of particle transport from theories of 7;-mode
turbulence,?28:2% all of which used some form of quasilinear analysis to calculate the par-
ticle flux. While the comparison of the quasilinearly predicted and experimentally derived
particle diffusivity met with mixed results (there was, however, limited data on ion tem-
perature profiles), there was a marked discrepancy between the strong inward convective
velocity predicted by the quasilinear estimates, since the experimental parameters were
in the collisionless trapped electron regime, and the experimental results which predicted

no anomalous inward flow. It is clear from the results presented in this paper that the
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predicted nonlinear particle flux in the collisionless trapped electron regime has only a very
weak inward component, which is in much better agreement with the experimental results
than the quasilinear estimates.

This work also presents a cautionary note to those performing numerical simulations of
ion temperature gradient driven turbulence, While in the past many of these simulations
have assumed adiabatic electrons (i.e., no particle or electron heat transport), there has
been some discussion of including the nonadiabatic electron response in order to predict
the particle flux. If future numerical simulations consider the collisionless trapped electron
regime, then f 1e full nonlinear trapped electron response must be incorporated in order to

correctly evaluate the particle flux.
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Appendix A: Renormalized coefficients in various limits

It is useful to derive expressions for the renormalized coefficients in the dissipative and

collisionless limits.

1.

Dissipative Regime, éwye/ve < 1.

In the dissipative regime, the trapped electron propagator is dominated by the collision

IIa

operator, ¥ —¢. Expanding in powers of ew,./v, and assuming ¥, ky <¢,7:2> =0 for n

odd, then to order (ewu./v.)* the renormalized coefficients are

pr = ak(t/t3)?/2, (18a)
f: = ap(t/t3) (U — ent) . (18h)
Br = ar(t/t3)°2AQ (U — €nt) (18c¢)
Bi = —ay(t/t3)} AQ. (18d)

Collisionless Regime, €w,./v, > 1.

In the collisionless regime, the propagator is dominated by the real terms, w — wd.,%;.
While in this limit the denominator is more appropriately treated as a delta function,
the following are estimates of the sign and magnitude of the coefficients. Expanding

in powers of (€w.e/v,) !, the renormalized coefficients are
pe = (ar/2) (t3/1)°% (U = €eat) ™2, (19a)
i = (an/2)(Qe = ent) ™", (19D)
Br = (. /4) {AQk ~ 2(133/19)3/2 (1= Q= et — %)]/Qk} (Q = €nt)™2, (19¢)
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Bi = (/1 = = i lt = ][O = eut) (199)

3. Strong Turbulence Regime, (Awp/wie). tor > (Ve/eWne ), |w/wre.
In che strong turbulence regime, the propagator is dominated by the collisional reso-
nance broadening and the finite linewidth of the frequency spectrum. With the ap-

proximation, Awg/wee ~ fy, the renormalized coefficients are

for = Vo /2, (20a)

Hi = %’(Qk - Ent) ) (20]))
By = —(on/3)(Qp — €nt)(ptr + AQ) 2, (20c)
Bi = =(ue/3)(ptr + AQ) L (20d)

While the above approximations must be taken as rough estimates, they can be used
to make the following observations. g, > 0 and yx, < 0 (for modes propagating in the
ion direction) in all of the above cases. Both /3, and f; are generally less than zero for

modes propagating in the ion direction.

Appendix B: Approximations for Numerical Analysis

In the simplest approximation of the nonlinear coefficients, all recursive dependence is
ignored. While care must be taken to determine which terms vanish when summed over
k', subsequently we do not differentiate between Qy, and Q. etc. The coeflicients used for

numerical integration are then given by
fir = ay (t/t;;)3/2 A1A2N(,_1. (21a)
_ 3 2 nr—1 o1}
fii = ax (t/t3)” ByASNG (21b)
By = au (t/t3)"2 B, {AQk [A3A§ — 2 (t/ts)° A2 B})
— (t/t3)** B\ By (A% + 2A2A3)}N1‘1N(,‘1. (2Lc)
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Bi = o (t/t3)° {AQ,C [A1A2A3 ~ (t/ts)° Ang]
— (t/ts)*/? By B, (A3 AL + A1A2) }N{’NO“. (21d)

where A, = 1 +4AQ (t/t3)* +2 (t/t3)° [mﬂ'«,; + (% - e,,t)z] CAg = 14240 (t/t3)%/,

Ay = 14 AQy (t/ta)*/%, By = Qi — ent, By = 1 = Q + 1.t — ). Ny = A} + 4(t/ts)° B
and N, = A2 + (t/t3)° B,

In the second method of approximating the nonlinear coefficients, a two-step method
is used in order to captu.re some properties of the recursive definitions appropriate for the
strong turbulence limit. First, with the approximation Q) = Quw (after cancellations of

odd powers of k'),

2B?
2
4B + [ + 209 + (t3 /t)3/2]

i, [nr + 2A0; + (t3/t)3/2] —apdl- (22)

The second term in the curly brackets on the righthand side of Eq. (34) is less than 1/2.

We thus recursively define ji, as

b
1 40,,.C
fr=3 [2Aﬂk + (tg/n)”"’] 1+ 0 —| -1 (23)
[2AQk + (t3 /)% ]
where
2
Co=1-[2+ [ﬂro + 2480 + (ts/t)s/z] /2By — o))
4
2
1 : 4ay,
o = 5 [‘ZAQk + (t3/t)d/2] 1+ k ~1

[ZAQk + (ta/t)s/z] ’

The shift of the collisional resonance has been similarly recursively defined. Using jtio =

2, (n . 3/2\% .
ax B, /[4Bf + (um + 240 + (t3/t) ) ]. fii is defined as
2
fii = By [[A(By = [lip)® + (ﬂr + 240, + (ta/t)s/z) ] (24)
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The renormalized source terms have also been approximated in this manner. By as-

suming 8 ~ 3', the following forms were derived for numerical integration,
{[1 - le},-N'g1\7,5]\/'4--1 (1+ N0N7)] By + AQy, (A + 2A4)}
[(1+ 22, B3N3) (1 = axNsNsN) — 202 B N} N> Ny N N7
(25)

/EV,. = —20%B§N3N4_1

{[1 + 20, B§N3N;' (1 + NoNy)] AQ) + N By }
[(1+ 20, B3N3) (1 = . NgNy N t) — 203 BENZN; 2Ny No No |-
(20)

Bi = —a Ny Ny Nt

where By = B) — jii. N3 = AqAs — B2, Ny = (A2 + B%)AZN,, Ny = A} + 2B, Ny =
B3(2A44A% + AQuNs)N7INSY Np = (244 + AQ)N; Y Ag = (13/8)*% + i + AQy, and
As = Ay + AQy.

Finally, as stated previously, in order to calculate the quasilinear particle flux the

nonlinear coefficients were set to zero (ay, = 0) as well as the finite linewidth, A, = 0.




1

2

[}

References

S. M. Wolfe and M. Greenwald, Nucl. Fusion 26, 329 (1986).

L. R. Baylor, W. A. Houlberg, S. L. Milora, G. L. Schmidt, and I>. Kupschus, Nucl.
Fusion 31, 1249 (1991).

J. Luxon, . Anderson, F. Batty, C. Baxi, G. Bramson, N. Brooks, B. Brown, B. Bur-
ley, K. H. Burrell, R. Callis, G. Campbell, T. Carlstrom, A. Colleraine, J. Cum-
mings, L. Davis, J. DeBoo, S. Ejima, R. Evanko, H. Fukumoto, R. Gallix, J. Gilleland,
T. Glad, . Gohil, A. Gootgeld, R. J. Groebner, S. Hanai, J. Haskovec, E. Heckman,
M. Heiberger. FJH. N. Hosogane, C. Hsieh, G. L. Jackson, G. Jahns, G. Janeschitz,
E. Johnson, A. Kellman, J. S. Kim, J. Kohli, A. Langhorn, L. Lao, I’. Lee, S. Lightner,
J. Lohr, M. Mahdavi, M. Mayberry, B. McHarg, T. McKelvey, RR. Miller, C. I. Moeller,
D. Moore, A. Nerem, . Noll, T. Ohkawa, N. Ohyabu, T. Osborne, D. Overskei, I’. Pe-
tersen, T. DPetrie, J. Phillips, R. Prater, J. Rawls, E. Reis, D. Remsen, . Riedy,
P. Rock, K. Schaubel, D. Schissel, J. Scoville, R. Seraydarian, M. Shimada, T. Shoji,
B. Sleaford, J. Smith, Jr., . Smith, T. Smith, R. T. Snider, R. D. Stambaugh, R. Stav,
H. St. John, R. Stockdale, E. J. Strait, R. Street, T. S. Taylor, J. Tooker, M. Tup-
per, S. K. Wong, and S. Yamaguchi, Plasma Physics and Controlled Nuclear Fusion
Research (IAEA, Vienna, 1987), Vol. I, p. 159.

P. C. Efthimion, D. K. Mansfield, B. C. Stratton, E. Synakowski, A. Bhattacharjee,
H. Biglari, . H. Diamond, R. J. Goldston, C. C. Hegna, D. McCune, G. Rewoldt,
S. Scott, W. M. Tang, G. Taylor, R. E. Waltz, R. M. Wieland, and M. C. Zarnstorff,
Phys. Rev. Lett. 66, 421 (1991).

K. W. Gentle, B. Richards, and F. Waelbroek, Plasma Phys. Controlled Fusion 29,
1077 (1987).

R. V. Bravenec, D. W. Ross, P. M. Schoch, D. L. Brower, J. W. Heard, R. L. Hickok,
P. W. Terry, A. J. Wootton, and Xuanzong Yang, Nucl. Fusion 31, 687 (1991).

206




7

8

9

10

11

12

13

14

16

17

18

19

20

21

22

23

P. W. Terry, Phys. Fluids B 1., 1932 (1989).

B. Coppi and C. Spight, Phys. Rev. Lett. 41, 551 (1978).

G. S. Lee and . H. Diamond, Phys. Fluids 29, 3291 (1986).

R. E. Waltz and . R. Dominguez, Phys. Fluids B 1, 1935 (1989).

A.S. Ware, . H. Diamond, H. Biglari, B. A. Carreras, L. A. Charlton, J.-N. Leboeutf,
and A. J. Wootton, Phys. Fluids B 4, 877 (1992).

F. Y. Gang, I. H. Diamond, J. A. Crotinger, and A. E. Koniges, Phys. Fluids B 3,
955 (1991).

K. C. Shaing and R. D. Hazeltine, Phys. Fluids B 2, 2353 (1990).

T. H. Dupree and D. J. Tetrault, Phys. Fluids 21, 425 (1978).

P. H. Diamond, P. L. Similon, P. W. Terry, C. W. Horton, S. M. Mahajan, J. D. Meiss,
M. N. Rosenbluth, K. Swartz, T. Tajima, R. D. Hazeltine, and D. W. Ross, Plasma
Physics and Controlled Nuclear Fusion Research (IAEA, Vienna, 1982), Vol. I, p. 259;
P. W. Terry and P. H. Diamond, in Statistichal Physics and Chaos in Fusion Plasmas,
ed. by W. Horton and L. Reichl (Wiley, New York, 1984) p. 335.

P. W, Terry and W. Horton, Phys. Fluids 26, 169 (1983).

N. Mattor and P. W. Terry, Chys. Fluids B 4, 1126 (1992).

L. Chen, R. L. Berger, J. G. Lominadze, M. N. Rosenbluth, and P. H. Rutherford,
Phys. Rev. Lett. 39, 754 (1977)

N. Mattor and P. H. Diamond, Phys. Fluids 31, 1180 (1988).

P. W. Terry, J.-N. Leboeuf, P. H. Diamond, D. R. Thayer, J. E. Sedlak, and G. S. Lee,
Phys. Fluids 31, 2920 (1988).

F. Y. Gang, P. H. Diamond, and M. N. Rosenbluth, Phys. Fluids B 3, 68 (1991).

P. W. Terry and P. H. Diamond, Phys. Fluids 28, 1419 (1985).

B. A. Carreras, K. Sidikman, I. H. Diamond, P. W. Terry, and L. Garcia, Phys. Fluids
B 4, 3115 (1993).

27



24 Y.-M. Liang, P. H. Diamond, X.-H. Wang, D. E. Newman, and P. W. Terry, Phys.
Fluids B 5, 1128 (1993).

% D. E. Newman, . W. Terry, P. H. Diamond, and Y.-M. Liang, Phys. Fluids B 5,
1140 (1993).

% Wolfram Research, Mathematica (Wolfram Research, Inc., Champaign, Illinois, 1992),
Version 2.0.

27 L. R. Baylor, Particle transport in pellet-fueled JET plasmas, PhD Thesis, Univ. of
Tennessee, Knoxville (1989)

28 H. Biglari, . H. Diamond, and M. N. Rosenbluth, Phys. Fluids B 1, 109 (1989)
2 F. Romanelli and S. Briguglio, Phys. Fluids B 2, 754 (1990)

28




TABLE 1. Equilibrium Parameters

e
kyps

Wil & fune

0.15

2.0

0.1

o

ay
Kps

Awk/w*e

0.1
1.0
0.1
1.0
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Figure Captions

The nonlinear flux function as a function of the finite linewidth of the frequency
spectrum in the dissiaptive regime, €w.,/ve = 0.1. The quasilinear flux function
is shown for comparison. a)The total nonlinear (FVL) and quasilinear (F®@%)
flux functions, b)the Vn and VT, components, and c)the nonlinearly driven
components.

The nonlinear and quasilinear flux functions a function of the nonlinearly shifted
peak of the frequency spectrum in the dissiaptive regime, ew,./ve. = 0.1. a)The
total nonlinear (FNL) and quasilinear (FQF) flux functions. b)the Vn and VT.
components, and c)the nonlinearly driven components.

The nonlinear flux function as a function of the finite linewidth of the frequency
spectrum in the moderately dissiaptive regime, €w../v. = 1.0. The quasilinear
flux function is shown for comparison. a)The total nonlinear (FN%) and quasilin-
ear (FQL) flux functions, b)the Vn and VT, components, and ¢)the nonlinearly
driven components.

The nonlinear and quasilinear flux functions a function of the nonlinearly shifted
peak of the frequency spectrum in the moderately dissiaptive regime, ew../ve =
1.0. a)The total nonlinear (FNL) and quasilinear (F@L) flux functions, b)the
Vn and VT, components, and c)the nonlinearly driven components.

The nonlinear flux function as a function of the finite linewidth of the frequency
spectrum in the weakly dissiaptive regime, ew,./v, = 10.0. The quasilinear flux
function is shown for comparison. a)The total nonlinear (F™%) and quasilinear
(FQL) flux functions, b)the Vn and VT, components, and c)the nonlinearly
driven components.

The nonlinear and quasilinear flux functions a function of the nonlinearly shifted

peak of the frequency spectrum in the weakly dissiaptive regime,ew,./r. = 10.0.
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a)The total nonlinear (F VL) and quasilinear (FQL) flux functions, b)the Vn and

VT, components, and c)the nonlinearly driven components.

DISCLAIMER

This report was prepared as an account of work sponsored-by an agency of the United States
Governpment, Neither the United States Government nor any agency thereof, nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsi-
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or
process disclosed, or represents that its use would not infringe privately owned rights. Refer-
ence herein to any specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom-
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