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ABSTRACT

The nonlinearparticletransportarisingfi'omthe convectionofnonadial_aticelectron

densityby ion temperature gradientdriventurbulenceisexamined fortrapped electron

collisionalityregimes.The renormalizeddissipativenonadiabatictrapped electronphase

spacedensityresponseisderivedand used tocalculatethenonlinearparticlefluxalongwith

an ansatzforthe turbulentlybroadened frequencyspectrum. In thelowertemperature end

of thisregime,trapped electronsare collisionaland allcomponents of the quasilmearpar-

ticlefluxare outwm'd (i.e.,in the directionof the gradients).Nonlinem"effectscan alter

the phase between the nonadiabatictrapped electronphase space densityand the elec-

trostaticpotential,producing inward components in the pm'ticleflux.Specifically,both

turbulentshiftingof the peak ofthe frequencyspectrum and nonlinearsourceterms in t,he

trapped electronresponsecan giveriseto inward components. However, in the dissipative

regime these terms are small and the trapped electron response remains dominantly lami-

nar. When the trapped electrons are collisionless, there is a temperature threshold above
#,

which the electron temperature gradient driven component of the quasilinear particle flux

changes sign and becomes inward. For finite amI:)litude turbulence, however, turbulent

broadening of both the electron collisional resonance and the fi'equency spectruli,._ i'emoves

this threshold, and the temperature gradient driven component remains outward.



I. INTRODUCTION

It has been established that turbulent fluctuations are capable of transporting heat

and particles at the anomalous ratf_s observed in experiment. In many cases, these rates

greatly exceed collisional transport rates. While both particles and heat are transported

as a result of fluctuations, the loss of heat has generally been regarded as the more serious

concern. This view is supl_orted by the fact that the convectiw: comlmnent of the heat flux

(representing heat loss due to particle transport) is often small compared to the conductive

heat flux in the core of the plasnm. In recent years, interesting corr,_lations b(_tw¢__ _e_nthe

density profile and thermal confinement improvements 1-3 have b,,(:,en increasingly evident.

These observations suggest that particle transport (which governs the density profile along

with pm'ticle sources) has important, if indirect, links to global confinement. Accordingly, a

number of recent experimental studies of core transport have specifically ex_unined particle

losses in detail, 'l-° thus providing another point of comparison betwee,_n experiment and

theory.

An interesting question raised by studies of particle transport is the possible existence

of a particle pinch. Typically modelled as a negative (inward) particle convection which

accompanies outwm'd diffusive transport, 7 the pinch is necessary in order to maintain

peaked density profiles in a steady state configuration against diffusive losses assuming

the particle source is negligible in the core. This robust, albeit simple, rationale for the

pinch is further supt_orted by the results of perturbative trmlsport analyses. Using a linear

diffusion/convection model (F = -DOn/Or- vonr/a, where D and v0 can vary spatially

but are independent of n and On/Or) for the particle flux arising in a discharge with a

modulated gas feed, it was found that a strong inward convection velocity of tens of meters

per second was required to model the discharges. 5 A more recent study in TFTR has con-

cluded that the particle pinch required for the plasma to respond to an oscillating gas puff

is markedly smaller. In this study, the flux was modeled a,s a general nonlinear functional



of the density, density gradient, temperature, and temperature gradient, with its precise

form determined by a fit to the data. This general model removes the artificial constraint

that the flux take the diffusion/convection form with linear coefficients and is therefore

more consistent with the reasonable view that transport coefficients are functions of the

turbulence level, which in turn must depend on the driving gradients. While this result

' indicates that the flux model can make a large difference in tile inferred magnitude of tile

. inward pinch, it should not be interpreted as indication that the particle pinch is small in

steady state conditions. Steady state transport has temperature gradient driven compo-

nents whereas the gas puff perturbation in TFTR produced only a very weak perturbation

of the temperature gradient. One long-standing anomalous pinch mechanism is, in fact,

produced by the temperature gradient. 7-1° The TFTR data therefore, leaves open the

question of the existence of a pinch in steady state dischm'ges.

One mechanism capable of producing an inward particle flux in specific electron _olli-

sionality regimes is the ion mixing mode, 7- t0 an effect arising fl'om tile convection of nona-

diabatic electron density fluctuations by ion temperature gradient driven turbulence. The

dissipative nonadiabatic electron density response governs the ambipolar pm'ticle transport

(by virtue of its phase shift relative to the potential) but is assumed to produce only minor

changes in the ion driving mechanism which excites the turbulence. The ion mixing mode

l:)roduces a flux component proportional to the density gradient (nominally diffusive) whictl

is outward, and an off-diagonal temperature graxlient driven component which can either be
i,.

inward or outwaa'd. It is instructive to note that tile net flux produced by Ex B convection

• of fluctuations in the nonadiabatic electron density is identical in form to the particle flux

driven by electron drift wave turbulence, provided the fluctuation level is left unsl)ecified.

Indeed, if the fluctuation level is supplied by experimental measurement (as opposed to

using a level obtained fi'om model dependent saturation conditions), the flux represents a

generic particle trat-isport description for qttasineutral, low fl'equency electrostatic fltlctu-

ations. In the CaSK of electron drift waves, instability is governed by the same correlation



which describes tile turbulent convection responsible for particle transport. When the sign

of the correlation is such as to produce an inward flux, drift waves are stable and. finite am-

plitude turbulence is not possible. In contrast, ion temperature gradient driven turbulence

is driven by ion processes. Hence, the correlation describing convection of electron density

is of negligible consequence to tile driving mechanism provided w,/kllV_ > 5_ where w, is

the diamagnetic frequency, vi tile ion thermal velocity and _i_represents the nonadiabatic

electron density response: Im(fi/no. e(/_/T_) = (4_([e(/_/T_.[2).

Previous calculations of the ion mixing mode particle flux have examined _dl relevant,

electron collisionality regimes, but have been restricted to a quasilinear treatment. For

regimes with sufficient collisionality to prevent electron trapping (1/,_/f = i_,_/e > wt,, where

/J_ is the electron collision frequency, e is the inverse aspect ratio, and wt, the electron botmce

fi'equency), the temperature gradient, driven component is inward and exceeds the outward

density gradient driven component, s'° This net inward flux requires sufficient collisionality

to prevent, trapping, and thus operates in colder edge regions, enabling source particles

to penetrate into the plasma. In the hotter dissipative trapped electron regime where the

collisionality is sufficiently low to allow trapping of electrons (i/,_ff < wb), but not so low

that it becomes smaller that the mode frequency (I/_ > w), the flux is wholly outward. 7'_

For the still hotter collisionless trapped electron regime (i/_ < wt,, t,,_ < w), the teml:_erature

gradient driven component becomes inwm'd above a critical tenlperature sonlewhat higher

than the temperature for which !/_ < w. 7'1° This inward component is sufficient to balance

the outward diffusive losses (from the density gradient driven component) and enable a

stationary density profile. Unfortunately, there is no such possibility with quasilinear

estimates in the dissipative trapped electron regime. In moderately sized ohmically heated

devices such as TEXT, this regime occupies a sizable fi'action of the core confinement zone,

and is likely to have a small particle source at best.

The existence of other pinch mechanisms has been noted. 11-13 In the edge, ionization

of neutral particles drives a drift wave whose particle flux, like that of the ordinary linearly



stable collisional drift wave, is inward. 11 With this mode, the ionization source produces

instability even though the flux is inward. This mechanism facilitates the penetration of

source particles, but is not operative beyond the ionization or source region. Another

nmchanism, 13 based on asymmetric potential structure, h_ been proposed but is difficult

to assess as little is known of experimental asymnletries. If these asymmetries arise fl'om

boundary conditions through, for exanlple, a limiter, 14 this mechanism is also restricted

. to the edge. An interesting study of basic nonlinear drift wave dynamics has uncovered

components of the particle flux which are inward and are directly related to the dynamical
w,

evolution of the correlation of fluctuating density and potential. 12 The evolution of this

correlation is typically ignored in drift, wave models and is not captured by quasilinear

transport estimates of mixing mode fluxes. This issue is directly related to mechanisms

which will be examined in the present work and discussed later.

In the present paper, the particle flux associated with low frequency, quasineutral,

electrostatic density and potential fluctuations will be extended beyond previous quasi-

linear calculations to include a variety of nonlinear effects. The principal focus is mixing

mode transport in the dissipative trapped electron collisionality regime, where at present

no viable pinch mechanism has been identified. However, as already noted, if tim fltlctua-

tion level [e_b/T_[ 2 is left unspecified, this an,'flysis is generally apphcable to electrostatic

microturbulence. This calculation thus represents a more accurate description of pm'ti-

cle transport for comparison with experiment than has heretofore been available. G The

nonlinem- effects incorporated in this analysis derive primarily, but not entirely, from a

, renormalized electron phase space density response, and m'e therefore consistent with a

strong turbulence approach. However, because the turbulent mixing rates which enter

the pm'ticle propagators are amplitude dependent, weak turbulence limits, i.e. quasilinear

theory, are also recovered. The nonlinear processes which m'e treated in the electron dis_

tribution function evolution are wave-electron resonance broadening, the nonlinear shift, in

the wave-electron resonance frequency (which appears as the imaginary part of the complex

5



wave-electron resona_me broadening), and the renormalization of the source or potential

fi'equently referred to as the/3 term.14 The latter is proportional to the correlation of the

phase space density with the potential and as such introduces elements associated with the

evolution of the correlation of density with potential. In addition to the nonlinearities of

the renormalized electron phase space density, a turbulently broadened frequency spectrum

is assumed. Modelled as a Lorentzian to facilitate integration over frequency, the spectrum

includes a linewidtil (frequency Sl:_ectrtun width for a fixed wavenumber k) produced by t

the turbulent eddy damping which balances incoherent emission in the steady state. 15 A

nonlinem" shift of the peak away from the linem" frequency wk is also retained. The shift, is

an observed feature of mode-coupling simulations 16 and can arise as a fluctuation induced

modification of diamagnetic drift effects. 17

The results of the present calculation indicate that the nonlinear effects do give rise to

inward components of the pm'ticle flux in the dissipative trapped electron regime. These

terms derive primarily from the frequency spectrum shift and tile/3 terms. The effect of

the frequency shift is readily understood heuristically fi'om tile factor (w-w._) in the flux.

Since the flux inchldes a spectrum weighted integral over fi'eque.ucy of the electron density

response, the sensitivity to the shifts is not surprising. Nor is the general insensitivity to

the broadening surprising, given that in absence of the shifts, the broadening terms tend

to produce both higher and lower fi'equencies, with offsetting effects on the flux. The role

of the/3 terms in producing inward flux components is less easy to describe heuristically.

However, the fact that the fl terms are proportional to a phase space density - potential

correlation, while the same correlation (integrated over velocity) governs the flux, suggests

that a strong effect of one on the other is plausible.

The nonlinem" flux calculated herein is a highly complicated function due to the in-

terplay of the warious nonlinearities, their dependence on fluctuation anlplitude, and the

fact that the nonlinearities are defined recursively in the strong turbulence limit. Quan-

titative evaluation of the resulting terms is difficult, particularly for strong turl:_ulence,
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and will be addressed elsewhere. However, it is possible to make the following qualitative

statements regarding the flux. The nonlinear terms neglected in quasilineax analyses can

be important and make significant differences at fluctuation levels consistent with crude

mixing length axguments, i.e., le/,/Tl ~ A/L,,, where A is a radial correlation length and

L,, is tile density gradient scale length. If the fluctuations responsible for the transport

saturate via a classical weak turbulence mechanism, is the additional factor of 7/_v renders

. the contribution of tile nonlinear terms to the flux small. For ion temperature gradient

driven turbulence (ion mixing mode), the large correction factor associated with the effect

of broader fluctuation structure 19 enhances the fluctuation level and significant nonlinear

modifications occur. At vanishingly small fluctuation levels, the nonlinear particle flux ap-

proaches the quasilinear prediction. As the fluctuation level increases to finite amplitude

(and, hence the linewidth of the frequency spectrum as well), the nonlinear flux can deviate

greatly from the quasilinear flux. In the strongly dissipative regime, the electron response !

is still dominantly laminar and the nonlinem" effects tend to decrease the magnitude of

the outwm'dly directed flux below the quasilinear level. In the moderately _md weakly

dissipative regimes, the nonlinear effects remove the pinch associated with the quasilinear

_TTe term. In the collisionless limit, this can change the sign of the overall particle flux;

fi'om inward in the quasiline_r ,_i:alysis to outward in the nonlinear analysis.

The remainder of this paper is organized as follows. Section II contains a derivation

of the renormalized trapped electron phase space density response. In Section III, the
d

nonlinem" particle flux is calculated using the renormalized trapped electron response and

. an ansatz of a turbulently broadened frequency spectrum. The results of this work are

discussed in Section IV.



II. RENORMALIZED TRAPPED ELECTRON EQUATION

In this section, we derive and examine a renormalized trapped electron phase space

density response in both the dissipative and c_!lisionless regimes, Consistent with previous

theories of ion-temperature-gradient-driven turt.)ulence, 0'19'2° we consider a radially inho-

mogeneous slat, of plasma with the magnetic field given by B = B0 [?_+ .y (x/L_)], where

L-j 1 = Bol OBu/Ox,

The particle flux is given by the E × B convection of the nonadiabatic density

= ,1,
where c. = X/_/mi, p. = c./_i, and the density has been separated into an adiabatic

response and an integral over a nonadiabatic phase space density response r_ek/n_. =

eCk/T_ + ,f dav]zk, The angular brackets in Eq. (1), (...), represent an ensemble average

or, effectively, an average over the radial coordinate,

The nonadiabatic trapped electron density satisfies a nonlinem" gyrokinetic equation,

given by

F. ,/)3 /

= w - a_.e 1 + 71_ --_F,,.,_., (2) .

where Wd_ = e.w._, w._ = (cT_/eB)k,j/L,,, e,, = L,,/R, '_,; = L./LT = dlnT_/dlnn_.,

e = r/R, and v_ = v/T_/m_, The Fourier transformed E x B nonlinearity is given t.)y

N 2 = p_c_ z..., k,j T_ Ox Ox T_. - kv) _' k-k' (3)a

kl _ w-w I

w !



Quasilinear analysis of the particle flux ignores tile nonlinem'ity and assumes a delta time-

frequency si,ectrum, i.e. (_?$k = _8(w- wk)(_?_. While this inaytion for the be
\ [ k

sufficient in a weak turbulence or strongly dissipative regime (IZef.f _>_>W,e,w ), it is clearly

not appropriate in the moderately dissipative or collisionless regimes in the presence of

moderate or strong turbulence. In order to iml)rove upon previous theory, we use a statis-

tical closure method to iteratively renormalize Eq. (2).

. In the iterative l:)rocedure, ]_k-k' is replaced in Eq. (2) with the beat driven fluctuation

/_(2) The beat driven phase space density fluctuation satisfies the equationr k_k I ,

_ T,. . (4)

where R k-k' = W--W'--_,,(W,_--WI,_)"' ,,3__-_' _ + i_ _ + it/_k_k,__,is the trapped electron propagator

and I/k--k' represents the turbulent collisional resonance broadening. The beat driven
¢_,_W I

potential, _(ff)k,, is ignored due to the difficulties in solving the integro-differentJal equation

"_(2)
necessary for including it and the narrow radial extent of the region in which the q_k_k,

perturbation is significant. 21

Using the beat driven fluctuation, the renormalized trapped ele,:tron equation is given

by

-iw + iwd,.v-_,,+ " " D + D_ k /:tk

. where the renormalized coefficients m'e

2 o_ eR__k,k_ , (6)
w k I _ _wl kt

, (7)



=p,,c., _,,, "_, , (8)
_..tIW I

=P_% iRk-k' \ - _ lOXOx k,
(9)

kl _a--_ I

_.s/ _,s!

The real pm't of D_ and D_ represent turbulent broadening of the trapped electron colli-
lJ)

sional resonance while the imaginm'y part of these terms represents a shift in the peak of

the resonance. _ and fT_ are tile renormalized source terms 14which allow nonlinear access

to the free energy source and are energy conserving terms (when summed over k). These

terms are related to the cross correlation of the phase space density with the potential.

In this one-point analysis, we will recursively define these terms using the renormalized
e_ k l

trapped electron equation to determine the phase between/_ k, and ---_'. A more complete

two-point analysis would involve an equation for the evolution of the cross correlation, 13

however, that is beyond the scope of this work. The source terms are thus

R_k,
Z) ,<, 2--P_Cs Z R-_lk' w' 1 + 'q,_ f7_ , (10)

/J7 2 2 1 -1 0 e v2 3
=PsC"ZR-k k'R-k' OX k' --_.. l +rl,_ v_ 2 "k' '_-'% -% ,.,,W I

To further improve upon quasilinear theory, an ansatz of a Lorentzian frequency spec-

trum is assumed:

= Au,<lrr e¢ 2

t T<)
where Aw_, represents the finite linewidth of the frequency spectrum induced by incoherent

emission 9,22 and wNL = wk + _wk contains both the linear mode frequericy, ask, and a

nonlinear shift of the peak of the frequency spectrum, _wk. While previous theories of

ion-temperature-g_'adient-driven turbulence have calculated the linewidth, 9 little attention

has been paid to the possibility of a nonlinear shift of the peak of the fi'equency spectrum.
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While a nonlinear fi'equency shift is perhaps unlikely to have an impact on r/i mode stability,

it can have a dramatic effect on the particle flux which is sensitive to tt.o. real fi'equency. 7

The integral over w' in tile renormalized coefficieI,.ts is analytically cah:ulable using tile

method of contour integration. By closing the contour in the lower-half I,lane, only the

pole at w_ = %N,D _ iAwl,, is enclosed The integral over J constrains the renormalized

coefficients to be evaluated at w _ = w;i, i.e.,

,
_ta I

O
kl

I

'* _O

[ )Z_ 2 2 -I ,2 _,) 2
R -,, _(, - _.,, 1 + 'q,: \_ 2=p,c, __R-_., I% ' -13' .(13)

,_'o

Note that when stlnlined over /_, nlost Of the real ],arts of/7( and fT_ will vanish since

{ ) .Im /_-k, is dominantly odd in Ic,_. The assumption that Y'_k kv < _2 >k = 0 for n odd
uoO

is implicit in this work. If the symmetry of the wavenmnber spectrum is broken (e.g., by

a sheared radial electric field 2a), then this assumption is not wdid and the renormalized

source terms can be quite different.

In the next section, the renormalized nonliimar coefficients alld the frequency sI, e,:trtmi

ansatz will l:,e used to calclflate the particle flux. The c,,efficients themselves are evaluated

in various liniits in Appen,lix A.
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III. NONLINEAR PARTICLE FLUX

In this section, the renormalized trapped electron response and an ansatz of a tur-

bulently broadened frequency spectrum are used to obtain an integral expression for the

particle flux. The paxticle flux is examined both analytically and numerically, including a

qualitative discussion of when tile nonlinear terms induce inward directed components in

the particle flux.

Using the renormaJized trapped electron response in Eq. (1), the nonlinear particle

flux is given by . :

-
w

[ ( ) • ,.
v2 flk -2 /3kk_]

• 02 •+,_.._+ _ - _.__ + _-_

where the integral over the radial coordinate has been expanded fi'om +XT to 4-oo. This

approximation is valid when the mode amplitude is negligible outside the ttwning points.

In order to obtain an integral expression for the particle flux, 4_k(x) is expressed in

terms of the Fourier transformed eigenfimction

/0,2(x ) = dnexp(--inx)_,k(n).,.,

Again assuming a Lorentzian fi'equency spectrum, the particle flux can now be expressed

as a sum over k u and an integral over h:, w, and t = v 2/v 2,

r. = .:. p.k. a. (.) dtv'7.xp(-t) d_o + Aco_k k 0 - --_:,_O0 i:

12



where#,.=Re[(D:_'+D_k_)lw._ ],_ is the turbulent collisional resonance broadening,

,,: _..[(_,_.+. _,:,,_)/.,..]is,,°<<,,,,,,lo°,.,,<o,<,o.o., ,.° co,,o_<,
imaginary parts of the renormalized SOtlrce.

The integral over w is once again analytically calculable using tile nmthod of contour

NL
integration. By closing the contour in the upper-half plane, only the pole at w0 = wk +

" iAcok is enclosed. Note that while #i and/7,, may be dependent on w, this does not affect

the calculation. The particle flux can now be expressed as
.)

k -- ¢:x2.

where

2/77k iFv,,= VVp.,'_ dt.vlT.exp(-t){(1-rl,,)[(t31t.)3i'+D,.+Arl,< DO'} (17a)
0

r,,,_=_/_:,,.k,__,.m.ex.(-,__.,,- [/,,./,/',_+#,.+Aa_]v:' .¢_b>
0

Fn, = _/7p.k. dtvlTexp(-t) + #_+
0

0(2,

Fa, = V.-_.p,k,x dtvl_.exp(-t) {-[3i(fl, -e,,t- #i) D21}, (17d)
()

!

.i ¢2_',

0

[ ]'and Do = [ftk- e,,t- #i] 2 + (talt) 3/_ + #,. + Aftk In Eq. (16) all fi'equencies have

ND
been normalized to the electron drift frequency, ftk = cok iw,_, Aflk = Awklw,_:, and

ta = (u_SS/w,_) 2/a The overbar on the renormalized coefficients denotes evahiation at

f,x) -- C,d0 .
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The flux flmctions have the following physical interpretations. Fv,_ and FvTe represent

the quasilinem" Vn and VTe driven terms, respectively, and are modified by the turbulent

broadening of both the fi'equency spectrum and the electron collisional resonance. F_r

and F_, are _erms proportional to the real and imaginary parts of the renormalized source

and represent nonlinem" access to both the relaxation of tile density gradient and off-

diagonal driving fi'om the temperature gradient. Finally, Fa,ok is a result of the finite

linewidth of the frequency spectrum. Note, however, that the dominant portion of this

term, FA,ok " Af_kfftkDo 1, cancels a similar term in Fv,, and does not contril:)ute to the

particle flux.

A. Qualitative Analysis

By analyzing the flux functions, Eqs. (17a)-(17e), qualitative l:)redictions can be made

of when the nonlinem" terms will either modify the existing quasilineax pinch terms or

produce additional anomalous pinch terms.

1. The sign of the Vn driven term, Fv,,, is determined by the difference between the

I fNLIelectron diamagnetic fi'equency and the mode fi'equency, i - _,k /w,_. For modes

_NL Jpropagating in the ion direction, k /w,,, < O, this term is always outwaxd. In order

for this term to l:)e inward, there nmst be a nonlinear shift of the peak of the fi'equency

spectrum such that OdgL/Od*e-k > 1. For r/_ modes, this implies the magnitude of the

nonlinear fi'equency shift be greater than the magnitude of the linear frequency, IwgL-

wkl > Iwkl. In order to determine if such a shift is possible or to determine the physical

origin of such a shift, a self-consistent calculation of the nonlinear effects on the peak

of the frequency Sl:_ectrum is necessm'y. It is worth noting that recent work on the

cross coupling of electron nonlinearities in long wavelength drift wave turbulence has

uncovered Im-ge finite-aml:flitude-induced shifts. 24'25 While it is not possible to infer

fi'om that work alone the existence of such shifts in the present case, such shifts, if'

14



they exist, would l:)roduce a significant inward flux component in high teml:)erature

regimes at finite amplitude.

2. The sign of the VT_ driven term sign depends on the integral over v/_,(t-

3)lRkl2Im{/'/k }. In the quasilinear analysis the imaginary part of the proi:,agator

is given by (1_3/t)3/_ and the sign of the integral depends on which terms dominate

in I/2kl2. In the dissipative limit, eoa,e/lJ_ << 1, the collision operator dominates tht:

, propagator, IRk[ 2 ,-_(ta/t) 3, and the VT_ driven term is outward directed. In the colli-

sionless limit ew,e/u_, >> 1, the frequency dominates the propagator, IRis[2 ,,o (aa/w,_,)2,
J

and tile integral is negative. In the nonlinear particle flux, the additional terms in the

propagator have two effects. They tend to squeeze the region in which tile dissipative

limit is applicable, i.e. the dissipative limit becomes iJ_/c-_co,_>> 1 + p,,.+ Acoj,/co,,, and

in the collisionless limit, the imaginm'y pm't of the propagator is dominated by the

turbulent collisional resonance broadening and the finite linewidth of the fi'equency

spectrum, Im {Rk} ,,- (l_,. + A_l,). Thus, for strong turbtflence in the collisionless

limit the VTe driven term is not a strong pinch term. This will be demonstrated more

clearly in the numerical analysis.

3. The real part of the renormalized source induces an inward component in the particle

flux when/),, < 0. While this condition is met in several limits (see Appendix A), this

term is small for a spectrum symmetric in/':,a, as noted in the previous section.

4. The imaginary part of the renormalized source induces an inward component in the

particle flux when _i(_k- e,,t- #i) > 0. Again, this condition is generally met as well

(Appendix A), but this term is 'also small for the previously noted reasons.

5. The term Fa,ok is proportional to (f_k- e,,t- l_i) and thus, for modes propagating

in the ion direction, f/s, < 0, this term is inward. However, as noted previously, the

donfinant term FA_okcx Af_j,g_l, cancels exactly with a term in Fv,,.

In summation, tlm nonlinear terms tend to decrease the magnitude of the flux, inhibit

the quasilinear pinch term and produce only weak additional inwaa'd directed terms. The

15



only exception to this is the case of an extremely large shift of the peak of the frequency

spectrum.

B. Numerical Results

In this section the nonlinear flux functions, Eqs. (17a)-(17e), are numerically integrated

over t for a given ku and n = 1/_ through the use of Mathematica. 26 Two al:_proxima-

tions of the nonlinear coefficients have been used. In the first apl:n'oxinlation, all recursive

dependence on the renormalized coefficients will be ignored. In tile second method, an

approximate scheme to include the recursive dependence is used. However, since both

methods produced the same qualitative results, we will not distinguish them below. De-

tails of the two approximations and the form of the nonlinem" coefficients m'e contained

in Appendix B. Due to the interplay of the various nonlinearities, their dependence on

fluctuation amplitude, and the fact that the nonlinearities are defined recursively in the

strong turbulence limit, quantitative evaluation of the renormalized coefficients is difficult,

particularly for strong turbulence. The following analysis is therefore to be interpreted

only as a qualitative description of the effect of nonlinear terms on the particle flux.

For comparison, the quasilinear flux flmction is also ewfiuated. In the quasilinear

analysis, the renormalized coefficients are set to zero as well as the finite linewidth of the

frequency spectrum. The nonlinear flux function will be denoted by F NL = FV,, "of"FVT -t-

F_ + F_, + FA,o_, and the quasilinear flux function by F QI' = Fvn(q) + FvT(q). Tile

parameters used are contained in Table 1, except where otherwise noted. The results of

both the nonlinear and quasilinear analysis are as follows.

1. Strongly Dissipative Regime.

In Figure 1, the nonlinear flux function is shown as a function of the finite linewidth of

the fi'equency Sl:)ectrum in the strongly dissipative trapped electron regime, ew,_/l,,_ =

0.1. The quasilinear flux function is shown for comparison. As noted previously, in this
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regime all terms of the quasilinear flux are outward, v The density and temperature gra-

dient driven components of the flux function are shown in Fig. lb. The nonlinear Fv,,

and FVT are reduced below their respective quasilinear levels by the finite linewidth.

In Fig. l c, the nonlineax flux terms FZ_, F_., and Faw_ are shown. While these terms

do give rise to inward directed components of the particle flux, they are smaller than

the other components of the flux by orders of magnitude due to the cancellations in

. the renormalized source and the dominantly laminar trapped electron response in this

regime.

Figure 2 shows the nonlinear and quasilinear flux functions as a function of the non-

linearly shifted peak of tile fi'equency spectrum in the strongly dissipative regime. The

nonlinear shift has been assumed to be in the electron direction, i.e., awj¢ > 0. While

the quasilinear flux has been allowed to vaa'y with the peak of the fi'equency spectrunl,

it must be noted that there is some inconsistency in allowing for a finite shift of the

peak of the fi'equency spectrum with zero width, i.e., Aoak = 0. It is apparent from

Fig. 2b, that the Fv,, and Fvn(q) terms decrease linearly with the shift, of the real

frequency in this regime. These terms become inwardly directed when the shifted fi'e-

N L, While we have denotedquency increases above the diamagnetic fi'equency, wk > w._.

this term as the Vn driven term, tile source of the nonlinear fi-equency shift has not

been specified. Thus, this term may no longer be directly dependent on tile density

gradient. The quasilinear VT_ driven term increases with the increasing frequency,
,r

reacting to the electron collisional resonance, flk "" e,,t. In contrast, the nonlinear VT_

. driven term is insensitive to the collisional resonance due to the finite linewidth of the

fi'equency spectrum.

2. Moderately Dissipative Regime.

In Figures 3 and 4, the nonlinear flux function is shown as a function of the finite

linewidth and shifted peak of the frequency spectrum in the moderately dissipative

trapped electron regime, eco,,,,/sJ,,= 1.0. Again, the quasilinear flux function is shown

17



for comparison. While the Fvn term is again reduced below its quasilinear level by

,'he finite linewidth, the effect on FVT is much more dramatic in this regime (Fig.

2b). The quasihnear VT_ component of the particle flux is inwm'd in this regime.

While previous analytic estimates of the threshold for this ternl to become inward

have required higher temperatures 7 (namely, eW,e/IJe > 1.0), the numerical lwediction

is lower, ew,_/I,,e _ 1. This is due to the inclusion of the complete propagator over

the whole region of integration. The nonlinear VT_ component of the flux, however, is

outwardly directed (see Fig. 3b). In this case, Awk/IJe > 1 and the collisional resonance

broadening and finite linewidth dominate the imaginm'y part of the propagator. Thus,

the nonlinear flux is less likely to have an inwm'd directed term in the moderately

dissipative regime. The shift of the real frequency also has a strong effect on the

quasilinear VTe driven term (Figs. 4a and 4b). This strong effect is due to the shifted

NL
frequency approaching the electron collisional resonance, 0a_, "_ wd_. The nonlinear

flux function is insensitive to this resonance due to the finite linewidth, Awk = w,_.

The primm'y effect of the frequency shift on the nonlinear flux function is once again

NL
to induce an a inward component (F v,,) when wk > w,_.

3. Weakly Dissipative Regime.

These trends are seen to continue in tim weakly dissipative regime, ew,_/_,,_ = 10.0,

in Figs. 5 and 6. In Fig. 5a, it is apparent that both the magnitude and sign of the

nonlinear flux function are different than the quasilinem" flux fimction. This difference

is due primarily to the change in the FVT component (Fig. 5b). While this term is

a strong inward pinch in the quasilinem" analysis and dominates the particle flux, in
,j

the nonlinear analysis this term, while remaining inwm'd, becomes much weaker as

Aoak approaches w,_. The effect of the shifted frequency (Fig. 6) is the same as in

the moderately dissipative case. The quasilinear terms are strongly affected by the

collisional resonance, while the nonlinear terms do not even see the resonance.

18



The numerical analysis confirms and elucidates many of tile points made in the qual-

itative analysis. Instead of producing new inward coml_onents in the particle flux, the

nor_linear terms inhibit the quasilinear _TT_ pinch.
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IV. DISCUSSION

The nonlinear particle flux for ion-temperature gradient-driven turbulence has been

examined in the dissipative trapped electron regime both anMytic',dly and numerically.

The primary results of this work are as follows.

i. Nonlinear effects can substantially alter the predicted nonlinear particle flux fi'om the

quasilinear value.

ii. In the strongly dissipative trapped electron regime, though the electron response re-

mains dominantly laminar, the predicted nonlinear particle flux is still nmch less than

the quasilinear value (,-, ½).

iii. In the weakly dissipative or collisionless trapped electron regime, both the sign and

magnitude of the nonlinem" pm'ticle flux can differ fi'om the quasilinem" prediction.

Specifically, both the finite linewidth of the frequency spectrum and the turbulent

broadening of the electron collisional resonance act to inhibit the quasilinear VT_

driven inward pinch in this regime. While the total quasilinear particle flux is inward

for collisionless trapped electrons, the nonlinear particle flux is outwm'd.

It is interesting to note the recent pellet fueling experinaents on the Joint European

Torus (JET). 2 In these experiments, the evolution of the electron density profile was

modelled with a particle transport analysis code, PTRANS. 27 The results of the trans-

port code were compared with predictions of particle transport fi'om theories of r/i-mode

turbulence, 9,_s,29Mallof which used some form of quasilinear analysis to calculate the par-

ticle flux. While the comparison of the quasilineaxly predicted and exI:_erimentally derived

particle diffusivity met with mixed results (there was, however, limited data on ion tem-

perature profiles), there was a marked discrepmacy between the strong inwm'd convective

velocity predicted by the quasilinear estimates, since the experimental parameters were

in the collisionless trapped electron regime, and the experimental results which predicted

no anomalous inward flow. It is clear from the results preseated in this paper that the
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predicted nonlinear particle flux in the collisionless trapped electron regime has only a very

weak inward component, which is in nmch better agreement with tile experimental results

than the quasilinear estimates.

This work also presents a cautionary note to those performing numerical sinmlations of

ion temperature gradient driven turbulence. While in the past many of these simulations

have asstmmd adiabatic electrons (i.e., no particle or electron heat transport), there has

. been some discussion of including the nonadiabatic electron response in order to predict

the particle flux. If future numerical simulations consider the coliisionless trapped electron
ii

regime, then _ ae full nonlinear trapl:,ed electron response rnust ]_eincorporated in order to

correctly evaluate the particle flux.
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Appendix A: Renormalized coefficients in various limits

It is useful to derive expressions for the renormalized coefficients in the dissipative and

collisionless limits.

1. Dissipative Regime, ew,_/v_ << 1.

In the dissipative regime, the trapped electron proi)agator is dominated by the collision

operator, e'_' Expanding in powers of ew,e/v_ and assuming _k k_' (_,2) = 0 for i

i

odd, then to order (ew,_/v_) 4 tile renormalized coefficients are

_L,.= _k(t/t3) 3/2, (lSa)

/L,-- c_k(t./t.3)3(_k -e,,t.), (181))

/3,.= _k(tlt3 )°12AClk(_k - E,,t) , (18(:)

D_= --ak(t/t3)3A_k. (18d)

2. Collisionless Regime, ew,_/tz_ :>>1.

In the collisionless regime, the propagator is dominated by the real temls, w- Wd,,_.
i,

While in this limit the denominator is more appropriately treated as a delta function,

the following are estimates of the sign and magnitude of the coefficients. Expanding

in powers of (ew,_/v_) -l, the renormalized coefficients an-e

#_ = (_kl'2)(t31t)3/2(ak -- _-,,t)-2, (l'J_)

I', = (c_k/2)(flk - e,,t) -1, (19b)

_,.=(_k/4) aak-2(ta/t)3/2[l-ak-_/_(t- )]/a_ (_b,-e,,t) -_, (1_c)
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I

/_ = -(_k/4)[1 - fl,,-,7_:(t- _)](flk- _,,t)-_, (19d)

3. Stro_ Turbulencea_im_, (a_k/_._l,_,,,>>("_/_*_),1_/_._1.

In the strong turbulence regime, tile propagator is donfinated by the collisional reso-

nance broadening and the finite linewidth of the fl'equency spectrum, With the ap- i

proximation, Awk/w,_. ,,.,#,., the renormalized coefficients are

- _,_= _, (2o_)
1

. #, = _.(nk - _,,_), (2oh)

I_,,= -(_,,/3)(flk- _.,,t,)(#,,+ Aflk)-2, (20c)

fli = --(ak/3)(t_,. + Afll,) -t. (20d)

While the above approximations nmst be taken as rough estinlates, they can be used

to make the following observations. #,. > 0 and #, < 0 (for modes propagating in the

ion direction) in 'all of the above cases. Both ft,, and l]i are generally less than zero for

modes propagating in the ion direction.

Appendix B: Approximations for Numerical Analysis

In the simplest approxinmtion of the nonlinear coefficients, all recursive dependence is

ignored. While care nmst be taken to deternfine wtfich terms vmfish when summed over

• k _, subsequently we do not differentiate between _k and _j¢,, etc. The coefficients used for

numerical integration m'e then given by
J

#r = ak (t/t3) 312A1A_.N(-_1, (21a)

#, = ak (t/t3) 3 BIA_N(71, (21b)

- (t/t3) 3/2 BiB2 (A_ + '2A2Aa) } Nt-' N(_-t ,
(21¢:)
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- (t/t3) 3/2 BIB2 (A3A 2 + AIA2) }N[tNo 1, (21d)

where,,A, = 1+,lAr_k(tits)312+2(t,lt_)_[2_r_l+ (a,<- _,,t,)_],A_.=_+2Aflk (tit3)3/2,
A3 = 1+ Arlk (tit3) 3/2,B_ = rlk- E,,t,t72---1-rlk + 77_(t-_), No = A_+ 4(t,/t3)3n_

and NI = A 2 + (tit3)3B_.
In the second method of approximating the nonlinear coefficients, a two-step method

is used in order to capture some properties of the recursive definitions appropriate for the i

strong turbulence limit. First, with the approximation _k = _tk, (after cancellations of

odd powers of kl),

4B 4 + [f_,,+ 2Afb_ +

The second term in the curly brackets on the righthand side of Eq, (34) is less than 1/2.

We thus recursively define #,. as

{( }4olkC0

_,:_b""_+_"_/"_"]_+b,,_,,+_,,,/,,>_,,1,-' , _>
where

co:, I,+[f,,o+,_,.+I,,l,.>'"j"- /2 [B_ - D,0]_]-', b

{( }4C_k

1 [2Aak+ (t31t)312] l+ - 1
h,.o= 7 3/2]2 '2Aft1, + (ta/t)

The shift of the collisional resonance has been similarly recursively defined. Using/2,0 =

.,.B./[4B._+ (#_,)+2A_+U._/t)_/_)_1._,,i_de_.od_s

#i .kBll[4(Bl #io) 2 + (#,, + 2Af_k + (t31t)312) 2= - ]. (24)
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The renormalized source terms have also been al)l:)roximated in this manner, By as-

suming fl .-_fl_, the following forms were derived for numerical integration,

?j,.= _2a_B_y3y; _ {[1 -.kY_Y_Y( _ (1 + WONT)] B: + aft,. (_ + 2A4)}
, 2 (1 akNagsg; t) "'_n2N_y(2y_,NoNT] '[(1 + 2akB3g3 ) - -"'k'-'3

(25)

{[_+2_kB_Y_g('(_+ Yog_)]_,_ + gobs}}3_= -_kg3g_g; 1
[(1 + 2_kB2N3)(1 -at_Y3NsY;') - 2c_2_B2N_N42NsNoNT] '

- (2_)

• where B3 = B1 - #,, N3 = A4A5 - B,_, N4 = (A'_ + B2)A2N_, N_ = A 2 + 2B 2, NG =

B3(2A4A_ + Afb, Ns)N_IN51, N7 = (2A4 + Af_k)N31, A4 = (ta/t.) 3/2 + #,, + A[]k, and

A5 = A4 4- A_k.

Finally, as stated previously, in order to calculate the quasilinear particle flux the

nonlinem" coefficients were set, to zero (c_k = 0) as well as the finite linewidth, ,_f_t, = O.
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Figure Captions

Fig. 1. The nonlinear flux function as a function of the finite linewidth of the fi'equency

spectrum in the dissiaptive regime, ew,e/Z/e = 0.1. The quasiliaear flux function

is shown for comparison, a)The total nonlinear (F NL) and quasilinear (F QL)

flux ftmctions, b)the Vn and VT_ components, and c)the nonlinearly driven

components.

Fig. 2. The nonlinear and quasilinear flux functions a function of the nonlinearly shifted

peak of the fi'equency spectrum in the dissiaptive regime, ew,_/l/_ = 0.1. a)The

total nonlineru" (F NL) and quasilinear (F QL) flux functions, b)the Vn and VT,;

components, and c)the nonlinem'ly driven components.

Fig. 3. The nonlinear flux function as a function of the finite linewidth of the frequency

spectrum in the moderately dissiaptive regime, e.w,_,/i_ = 1.0. The quasilinear

flux function is shown for comparison, a)The total nonlinear (F NL) and quasilin-

ear (F QL) flux functions, b)the Vn and VT_ components, and c)the nonlinearly

driven components.

Fig. 4. The nonlinear and quasilinear flux functions a function of the nonlinearly shifted

peak of the frequency spectrum in the moderately dissiaptive regime, ew,_/l_,¢ =

1.0. a)The total nonlinear (F NL) and quasilinear (F QL) flux functions, b)the

Vn and VT¢ components, and c)the nonlinearly driven components.

Fig. 5. The nonlinear flux function as a function of the finite linewidth of the frequency
i,

spectrum in the weakly dissiaptive regime, ew,,,/s/,.. = 10.0. The quasilinear flux

flmction is shown for comparison, a)The total nonlinear (F NL) and quasilinear

(F QI') flux functions, b)the Vn and VT_ components, and c)the nonlinearly

driven components.

Fig. 6. The nonlinear and quasilinear fltLxfunctions a function of the nonlinem'ly shifted

peak of the fi'equency spectrum in the weakly dissiaptive regime,ew,_,/i/_ = 10.0.
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a)3'he total nonlinear (F NL) and quasilinear (F QL) flux functions, b)the Vn and

VTe components, and c)the nonlinem'ly driven components.
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Figure 6

i Ill In II Ill l - =






