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A Cloudy Quark Bag Model of
S, P, and D Wave Interactions for the
Coupled Channel Antikaon-Nucleon System

Chapter 1

Introduction

1.1 History of the Cloudy Bag Model

Nucleons are made of quarks, and the interactions between quarks (therefore
the nucleons) constitute the strong interaction. The theory for the strong
interaction between quarks is Quantum Chromodynamics, or QCD[1, 2]. Al-
though this theory is so complicated that no one has yet found an exact
solution, there are a number of phenomenological models which incorporate
the features expected from QCD. One of them is the bag model developed
by the MIT group, the MIT bag model[3, 4, 5, 6]. In the MIT bag model,
quarks are confined to an extended region of space-time. A constant energy
density is associated with the volume of the bag and the balance between

this density and field pressure dynarnically determines the bag configuration.
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The MIT bag model has been remarkably successful in explaining the
static properties of the low-lying hadrons[5, 7). There is however one major
difficulty in this model, namely the lack of chiral symmetry. This symmetry
is an important property of QCD itself. Further, experiments have shown
that besides isospin, the chiral SU(2)xSU(2) is the best symmetry in the
strong interaction|8]. A classic example of a chiral symmetric theory is the
o-model[9] in which the massless nucleon couples to an isospin scalar field ¢
and an isospin vector field . The potential of the ¢ and n fields provides a
mechanism for spontaneous symmetry breaking. According to the Goldstone’s
theorem([10, 11], this eventually gives a finite mass to the nucleon and leaves
a massless boson field.

The difficulty of lack of chiral symmetry was recognized by the MIT
group soon after the original MIT model was developed. In 1975, Chodos
and Thorn[12] made a simple generalization of the o-model to the original
MIT bag model. The phenomenological fields ¢ and # in the o-model are
coupled to the quarks on the surface of the bag to conserve the chirality.

A number of extensions to the original MIT bag model have been devel-
oped to restore chiral symmetry by introducing the pion field as a Goldstone
boson[13, 14, 15, 16, 17]. Among them, the little brown bag, proposed by
the Stony Brook gr-p[13, 14] was a combination of nonlinear s-model and
the original MIT bag model. With the idea of a two phase picture of phys-
ical hadrons, Brown and Rho proposed that the interior of the static MIT
bag contains asymptotically free, massless quarks, while the exterior contains
pions—-the Goldstone bosons of SU(2)xSU(2). The typical value of the bag

radius is about 0.3 fm, a small number due to the tremendous pressure of
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pion field outside the bag.

Jaffe continued Brown and collaborators’ work in a different direction[15].
He worked with a classical pion field and took the view that the MIT bag
should not be drastically altered by the coupling to the pion field. In fact, in
the perturbation expar =ion procedure used by Jaffe, the first term is exactly
the MIT bag model.

In the early 1980s the Cloudy Bag Model (CBM) [18, 19, 20, 21, 22, 23, 24]
was proposed by the TRIUMF group. As with Jaffe’s bag model, the CBM
also uses a perturbative approach. However, it has two distinguishing features
which differ from Jaffe's model: (a) using a quantized pion field and (b)
letting the pion penetrate into the interior of the bag. Although it is contrary
to the two phase picture of hadrons to have a pion field inside the bag, there
are reasons to justify it and it is consistent within the approximation level of
the model[16, 17, 23, 24]. First, the probability of creating gg objects with
the quantum number of the pion is non-zero for a finite distance between
quarks. Therefore the pion field will have finite probability to get into the
interior of the bag. Also, since the surface of the bag (nucleon) must be
dynamic due to its emitting and absorbing the pion field, the time-averaged
pion field will penetrate into the bag to some extent. Finally, due to the static
nature of the bag model, we are restricted to study low energy interactions,
and therefore, a long wavelength approximation of pion field is acqeptable
and in this limit the pion field penetrates all space.

The CBM Lagrangian is a highly non-linear model. Any real calculation
has to be carried out in a perturbation expansion fashion. The zeroth order

term of such a perturbation expansion is just the MIT bag model. The CBM
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was very successful in a number of calculations, such as predicting the axial
current coupling constant g4, the P33 resonance, and the nucleonic charge
radii and magnetic moments[25, 26]. Nevertheless, with the original surface
coupling CBM Lagrangian, there is no obvious prediction for low energy pion-
baryon scattering. A volume pseudovector coupling CBM was introduced
later by applying a unitary transformation to the surface coupling quark
field[27). Weinberg’s effective Lagrangian for the pion-nucleon system|28, 29)
is found within the volume coupling CBM, and in fact the pion-nucleon
scattering was studied in detail for volume coupling CBM[30, 31, 32, 33,
34]. The volume coupling CBM was also extended from SU(2) to SU(3) for

studying the kaon-nucleon and S-wave antikaon-nucleon scattering[35, 36).

1.2 History of the KN Interactions

In vhis thesis, we study the K N system in the region of center of mass energy
from 1250 to 1550 MeV.

K-p

Kon

ntL-

K'p—¢ (1.1)
A

n- 5t

7oA

\

Within this energy range, the KN system couples to the two body channels
mA, 7%, and three body channels 77E. At sub-threshold energy, this system
couples to the resonances A(1405) (S-wave) and £(1385) (P-wave). Above

o
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the threshold, the system couples to the A(1520) (D-wave) at COM energy
1520 MeV.

Several kinds of experimental data exist for the KN system. The scat-
tering cross sections from 70 to 513 MeV/c of K~ incident momentum,
mainly from hydrogen bubble chamber experiments, consist the largest por-
tion of the data[37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. At zero momen-
tum, the K ~p branching ratios are also measured and reported by different
groups[47, 48, 49, 50]. Below the threshold, there are also data derived from
7L mass spectra of the A(1405) production processes[51, 52] and data de-
rived from 7w A mass spectra of the £(1385) production processes[53]. There
are also experimental data on the X-ray of 2p-1s transition of K~p atomic
state.

Although there are large numbers of experimental data on the KN in-
teractions, there is not yet a theory which can describe all these data in
a consistent way. Unexplained experimental results include the nature of
A(1405), the shift and width of 15 state of kaonic hydrogen, the branching

ratios of K~ p at rest. This helps make this system more difficult and also

more interesting.

1.3 The Layout of Thesis

In this thesis, we first extend the Cloudy Bag Model from S-wave only to
P- and D-wave. This is our theoretical foundation for studying the KN
system. We derive the potential from the CBM and use it as the driving term

in a coupled channel Lippmann-Schwinger Equation. Then we introduce the
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numerical methods used for solving the coupled channel Lippmann-Schwinger
Equation. Next we deduce the parameters of the model from fitting the model
to experimental data with the method of minimizing x2. We also introduce
some of the applications of the extended CBM for the KN system. Finally,
we discuss the conclusions from this study and some future directions to

study.
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Chapter 2

The Cloudy Bag Model

2.1 The Basic Cloudy Bag Model Lagrangian

In the early 1980’s, there was a great deal of interest in extensions of the
MIT bag model to incorporate Partial Conservation of Axial-vector Current
(PCAQC). One of the models extending the MIT bag model is the Cloudy Bag
Model developed by the TRIUMF group[20, 21, 19, 25, 23, 22, 24, 54].

As we mentioned in the introduction, most physicists believe that Quan-
tum Chromo-Dynamics (QCD) is the best candidate for a theory for the
interactions between quarks and gluons. But because of the high degree of
difficulty, no one has found a solution of QCD yet. (The numerical solution
of lattice QCD may not be too far from reality due to the rapid development
of massive parallel computers.)

The QCD theory is an SU(3) gauge theory of quarks and gluons based
on the symmetry of an internal quantum number called “color”. The non-
Abelian nature of SU(3) leads to some of the most important features of

QCD. First, at high-momentum transfer or short distances, the interactions



between quarks become weaker and weaker until the point when quarks be-
come free from each other— “asymptotic freedom”. Second, it appears that
at large distances the interactions grow stronger and stronger and it takes
infinitely large energy to separate single quark from hadrons. This leads to
the éonﬁnement of quarks into color-singlet states. Although there is no the-
oretical proof of quark confinement based on QCD yet, the faci that people
have yet to see a free quark experimently supports this assumption.

There are several models which try to incorporate these important fea-
tures of QCD to study the strong interaction. The bag model developed by
the group at MIT is one of them(3, 4, 5]. In the MIT bag model, the “quark
confinement” is achieved by only allowing the quarks to stay inside a small
space-like cavity—the bag, not outside of the cavity. The bag acts like an
infinitely high potential wall. Inside the bag, quarks move freely like in free
space, therefore the “asymptotic freedom”. In a mathematical manner, the

MIT bag model can be described by the Lagrangian density[12, 15]

qqé, (2.1)

B ==

3+
Lmrr = (EQ #q-— B)d, —
where g is the quark field, B is a universal constant called the “bag pressure”,

v is the volume of the bag, 8, is a step-function of the bag defined as

,(z) 1 where z inside bag (2.2)
v \Z) = .
0 where z outside bag

and &, is the surface delta functio{n defined by

0"8, = n*é, (2.3)



o

n* being the outward 4-normal to the bag surface. For a static spherical
bag, these functions are reduced to the regular step-function and the Dirac

§-function |

by(z) — O6(R-1) (2.4)
6(z) — 6(R—7) (2.5)

" The equations of motion for the MIT bag model are obtained by demand-
ing the action S
S = /d‘z LMIT(m) (26)

is stationary under arbitrary changes in the field configurations

g — q+8q (2.7)

g — q+63 (2.8)
8, — 6, + €6, (2.9)
6, — &, —en-06, (2.10)

The results are the Dirac Equation inside the bag
i Pq(z)=0 r <R, (2.11)
the linear boundary condition

i fig(z) = g(z) r =R, (2.12)

and the condition for the bag pressure

B = —-;—n 8 [q(@)a(=)] _, - (2.13)
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transformation”. In an infinitesimal chiral transformation, the quark fields

transforin as

g — q-—1(€ ’7"/2)75q (2.14)

g — §-—1gys(€-7/2) (2.15)

where 7 is the Pauli matrices for the isospin SU(2), and € is an infinitesimal

parameter. The MIT Lagrangian density transforms as
L— L+ %qf- ysqbs (2.16)

and it does not vanish. The source of this non-vanishing term is the surface
term %@5,. It i‘s “chiral-odd” because it changes the chirality of the quark
hitting the bag surface, therefore, violating the chiral symmetry. Because of
the lack of invariance of the Lagrangian density under the chiral transforma-
tion, the current A* associated with the transformation is not conserved. It

has the form

A+ = “7"'75%(10‘, (2.17)

and a non-vanishing divergence

8, A+ = iQ75%q5, (2.18)

The lack of chiral symmetry presents an essential problem for the MIT
bag model, since the experiments have shown that chiral symmetry is a good
symmetry of strong interactions. For example, Pagels has concluded that,

“SU(2)xSU(2) is a good hadron symmetry to within 7%. This makes chiral

WAoo
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SU(2)xSU(2) the most accurate hadron symmetry after isotopic invariance” (8].
In an ideal chiral symmetric world, the quarks are massless and the pions,
as the Goldstone bosons, are massless, and we would have the conserved ax-
ial current ,4* = 0. But in the real world, the pions have a small mass
(compare to other hadrons), and the axial current is only partially conserved
(PCAC)[55),

O AF = —fm2d (2.19)

where f is the pion decay constant and ¢ is the pion field.

There are many models to restore the chiral symmetry in the MIT bag
model[12, 56, 13, 15]. One remarkable way to solve this problem is the Cloudy
Bag Model[20, 21, 25, 27, 19] by the TRIUMF group. In the originz! CBM,
t‘he pion fields are introduced into the picture. The pions intera :t with quarks
on the surface of the bag to compensate the chirality change of quarks hitting
the surface. The CBM Lagrangian density has the form

= (%% Loerdnitgs o L 2
Lcm = (Eq ﬁ q- B) 6, — qu qb, + "2_ (D#J) (2'20)

Here § is the three-vector field of pions, ¢ is the magnitude of the pion field,

and ¢ is the unit vector giving its direction in isospin space

o=
¢

5-8)" (2.21)
$ = $/¢ (2.22)

The D, in (2.20) is the “covariant derivative”

Dud_; = (au‘f’)‘;5 + f sin(¢/f)5“$ (2-23)
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Unlike prior hybrid bag models, the CBM allows the pions to penetrate
into the interior of the bag. This may sound unrealistic but it does have its

justification. In the MIT bag model and the CBM, a bag is a static spher-

ical cavity with a sharp boundary. Since the bag is meant to simulate the

confinement generated by quark gluon interaction, it is impossible to believe
that the bag remains static and unperturbed by the interaction of quarks
and pions on the boundary. The very concept of the interior and exterior
of the bag, therefore, is'by no means clear cut. Letting pions penetrate into
the bag does not make the CBM inferior to other bag models which excludes
pions from the interior of the bag, but if anything, more realistic.

Now let us consider the chiral transformation

g — g—1€ 7/27q (2.24)
§ = F+E + F(Ex ) x $[1~(¢/f)cot(8/f)] (2.25)

The CBM Lagrangian density (2.20) is invariant under this chiral transfor-

mation
6£ 6£ 6£ 6£
BL Bﬁ -
+—=64 + =6(0ud)
8¢ " 8(8ué)
= 0 (2.26)

Further there is conserved axial current associated with this chiral transfor-

mation
0,A* =0 (2.27)
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where the axial current has the form

= gpalon + | 1o0ro + Liodainalr)|  (228)
Now if we go back to the real world in which the chiral symmetry is
broken and the pion has a finite mass m,, the CBM Lagrangian will have a

mass term for the pions

L= —3m2g’ (2.29)

The subscript ‘b’ is added because this term ‘breaks’ the chiral symmetry,

Once the chiral symmetry is broken, the axial current is no longer conserved,

“and it has a non-vanishing divergence

B,A* = — fmi§ (2.30)

This is the same as the PCAC condition Eq. (2.19).

2.2 Voluméa('loupling Cloudy Bag Model

A direct consequence of PCAC in the energy pion-nucleon scattering is the
Weinherg-Tomozawa relation(28, 29] originally developed in the late 1960's.
According to the Weinberg-Tomozawa relation, the S-wave scattering length
of a pion on any target (other than another pion) of isospin Tj, is exactly
mo -1

ar = —L (1 4 ?nT) (T 4 1) =TT, + 1) - 2] (2.31)
Here T is the total isospin, L = 0.11m;! is a convenient length[28], the
term in parenthesis is the center of mass correction, and the term in the

square brackets is 27, - T,. We can see that the scattering length is purely
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isovector coupling in the soft-pion limit. The values of scattering lengths
pfedicted by this relalion compare very well with experimental values[28]. If
the CBM is a valid candidate for meson-baryon interaction, one would expect
the CBM to repeet the successes of the Weinberg-Tomozawa relation. But
unfortunately, the original CBM has no obvious prediction for low-energy
pion-nucleon scattering[27]. However, we can perform an unitary transfor-
mation on the original CBM Lagrangian density so the Weinberg-Tomozawa
relation appears explicitly(27].

Consider the following unitary transformation on the Lagrangian density

g qu =59 (2.32)
§g— §u =4S (2.33)

with
S = exp [i7 - §(vs/2f)] (2.34)

With this transformation, the CBM Lagrangian density (2.20) becomes

oo 1. 1 2
L = (Eqw ﬂ Qu — B) Bu - 'é"hnq'ué‘, + I)" (D“(;)

|9u7#5(845")gw + G0 S!(BuS v qu] 6, (2.35)

i
2
After expanding the operators S and St as

-4

S, st = i |17 Fvs/2f]" [ n!
= cos(¢/2f) £ (7 ¢m)sin(¢/2f) (2.36)

we can find

S(8u5Y) = ~i8u(8/ 1) 7120 — i(Bud - 7/2)s sin(4/1)
~i(cos(¢/ ) = 1)($ x 8,9) - 7/2 (2.37)

R TR T
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and

a

SY8,S) = 0,8/ 1) /215 +i(Bud - 7/2)vs sin(4/ )
i (cos($/ ) — 1) (3 x Bud) - 7/2 (2.38)

Recalling the definition of the covariant derivative of the pion field (2.23),

we find

S(8uS1) = —ivs(Du/f) - 7/2 — i (cos($/ ) — 1) (B % 8,) - 7/2  (2.39)

and
SY(8uS) = ivs(Dud/f)- 712 — i (cos(/f) — 1) (¢ x 8ud) - 7/2  (2.40)
Now, if we define the “covariant derivative” of the quark field as
Dyugu = Bugu — 1 [W} 7 ($ % 8ud) qu (2.41)

After some algebraic manipulations, the transformed Lagrangian density fi-

nally becomes
' 1 1 1 2 1 - -
L= (50 P qu=B)b—5luqubst3 (Dud) +ﬁm"wqw-(p,‘¢)av (2.42)

Note in (2.42) the interaction term with a step function #,. We see that the
original CBM Lagrangian (2.20) density which had surface coupling, has now
been transformed into a volume-coupling Lagrangian density.

To determine S-wave pion scattering from a bag, we expand the La-
grangian density (2.42) to the lowest order in the pion field. The covariant
derivative of the quark fields leads to an interaction term quadratic in the

pion field:

L= —ﬁ%tmf’wzm (8 x o, (2.43)
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Notice in (2.43), the term in square brackets is the isospin density for the
hadronic bag target, and the ($>< 605) term is the pion isospin density which is
independent of = at the zero momentum. Therefore the S-wave pion-baryon
interaction at threshold has the form
H, = - [da,
- 1r te (2.44)
2f2

which is completely equivalent to the W-T relation Eq. (2.31).

2.3 The S-Wave KN Interaction in the CBM

The Cloudy Bag Model has had some success in describing the low energy
pion-nucleon interactions(20, 21, 25, 27]. Accordingly it is natural to think
about applying this model to the kaon-nucleon and antikaon-nucleon interac-
tions. One of the differences between kaon-nucleon and pion-nucleon system
is the strangeness of the kaon. Consequently we need to include the strange
quark in to the Cloudy Bag Model. The old SU(2)xSU(2) symmetry is no
longer enough now, and so we use the SU(3)xSU(3) symmetry group for the
kaon-nucleon and antikaon-nucleon interactions. Replacing the SU(2) Pauli
matrices 7 in the volume coupling CBM Lagrangian (2.42) by the SU(3) Gell-
Mann matrices ), we obtain the SU(3)xSU(3) CBM Lagrangian for both the
antikaon-nucleon and the kaon-nucleon interactions[54, 35, 36]

1 _ = 1 _ 1 -, 1 - -
£ =(34Pqa~- B, - 5996 + (Dué) + AN (Dug)by  (2.45)
In using (2.45) it is important to keep in mind that the quark fields g are in the

SU(3) space instead of the SU(2) u and d quarks, that the meson fields § are

iR

il

Lt

i
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the SU(3) octet instead of the SU(2) pions, that B is the phenomenological
“bag pressure”, and that f is the meson decay constant. The volume 8
function 6, is 1 inside the bag volume and 0 outside, while §, is a surface
§-function. For a static, spherical bag, as used throughout this thesis, 8, and
6, reduce to the regular step function §(R ~r) and Dirac é-function §( R —r).
The covariant derivatives of meson fields (2.23) and quark fields (2.41) are
also generalized from SU(2) to SU(3)

Duf = (8u$)$+ fsin(4/f)0u (2.46)
Dug = 0Oug— (COS(‘f’/f) - I)A (¢ x Bud)q (2.47)

Here ¢ = ||, ¢ = ¢/4, and the SU(3) cross product is defined as

ey

(Ax B)e =Y farcAaBs (2.48)

ab
with fape the SU(3) structure constants.

If we take a limit of the meson field $ = 0, 1.e. remove the explicit
meson fields, the Lagrangian density (‘2.45) reduces to the original MIT bag
model Lagrangian density (2.1). Since we know that the MIT bag model was
quite successful in the static properties of baryons, we assume that we can
perturbatively expand the field configuration around the MIT bag model, or
equivalently, around $ = 0.

For small ¢, keeping only terms up to order of ¢?, the covariant derivatives
reduce to

D¢~ 0,8 (2.49)
and

Duq = 0ug + —+ (¢ X 6u¢) (2.50)

f
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Substituting the covariant derivatives into Eq. (2.45), we get a linearized,

volume coupling, SU(3)xSU(3) CBM Lagrangian density[35, 36]
v 1 1, =
Lo = (‘;-‘7 Pq- B) By — 5‘7‘15- + ‘2'(6#45)2
0 bnd -, 0 - - -,
—=§7 15Aq - — gt - 2.51
Tl VsAq - (0u9) G A (¢ xBud)g (2.51)
Notice that the Lagrangian density (2.51) can be broken up into pieces:

Lepm = Lmir + Lxe + L, + L. (2.52)

Here Ly is the free MIT bag Lagrangian given in Eq. (2.1), Lk is the

Klein-Gordon Lagrangian density for the free meson field,

Lxe = —;-(6“5)2 (2.53)
and the s-channel and contact interaction Lagrangian densities are
L= grarule (0.6) (2:54)
L. = --(-;?"-)-5(77“X- (6 x Bud)q (2.55)
As usual, the energy-momentum tensor T* is defined as[55]
wwz-ffnﬁw+aw oL oL ¢ — g™ L (2.56)

W®®+mm@

and the Hamiltonian is obtained in the canonical way|20, 35, 36

6(644‘1)

A= f Pz Te) = Hyrr + Hxg + Ho + Ho + Hog (2.57)

here Hpsr describes the free MIT bag, Hyg the free mesons, and H,, is a
“normal-dependent” term due to the derivative coupling interaction

o= -2 ia-(ixfzf)f’ _ Ly Y\2 (2.58)
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Figure i. The Feynman diagram representation of the basic CBM interac-
tion at the quark-meson level. The solid lines are quarks and the dashed

lines are mesons.

Since the “normal-dependent” term is canceled in the S-matrix, we will not

consider it further!. The two interaction Hamiltonian terms are

N 6 - o
= - 30 L FH
H, = /d T 2fq'y Y5 AqOu¢ (2.59)
and :
o= [de2rami. (5x 0.3 2.60

The s-channel and the contact interactions H, and H, are represented by the
Feynman diagrams shown in Fig. 1.
For calculational purposes, it is convenient to project the CBM Hamilto-

nian onto the space of colorless baryon states[26, 24]:

H= " BYBo|H|BY)BYy = Huir + Hre + H, + H. (2.61)
By ,B|

where B} and B/ are the creation and annihilation operators for three quark

bags of type By and Bj, and |By) and |B{) are bare baryonic states.

1The interested reader can refer to page 242 of “Particles and Fields” by David Lurié,
Interscience Publishers, New York, 1968.
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The Fourier transformation of meson fields is written in terms of the

meson annihilation and creation operators a; and a!,

(ai(k)e®™ + af(k)e% | (2.62)

d*k
$i(x) = | —=——=—=
G /\/(27r)32w;c ‘,
The normal commutation relations are obeyed by a; and a/
[ai(k), al(k")] = &; 8°(k - K') (2.63)

[ai(k), a;(k)] = [a!(k), a}(k')] = 0 (2.64)

With the help of Eq. (2.62), we now project the free Hamiltonian onto

baryon-meson states
Ho = HMIT + H}(G = Z"I‘HOB(EBO + Z/dakwka,z(k)ai(k) (2.65)
By i

where mp, is the MIT bare bag mass. In the next sections we project the

interaction Hamiltonian onto the specific baryon and meson states.

2.3.1 The 5-Wave H, Interaction: BM A}, Vertex

The s-channel interaction term H, (2.59) has been studied in Ref. [35] for
S-wave interactions and we now review that work. For convenience, we write

the interaction term here as
A 3 6“ - - e d N
B o= / o 5511100, (2.66)

From its structure, we see that H, involves a quark transition from the initial
state to the final state or absorbing or emitting a meson. From the baryon

level, the corresponding interaction represents a baryon transition from its
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Figure 2. The Feynman diagram representation of a baryon absorbing a me- .
son and transition from initial state B to final state B’ via CBM interaction

H,.

initial state to its final state via the interaction with a single meson. | Its
Feynman diagram representation is shown in Fig. 2.

To project H, onto the baryon space, we first integrate the right hand
side of Eq. (2.66) by parts,

0,
/d3 { [2fq7 YsAq - ¢} (62f )q'r yshg- ¢

-——-f—6 w a7 s %q] - 5} (2.67)

Using the Dirac equation for the MIT bag (2.11), we see that the last
term vanishes. Applying the linear boundary condition (2.12), and the rela-

tion (2.3), the second term of H, is transformed to

(6 0,) "
- Fr*1shg - @ = =2 6.qvs0q - 6 2.68
o 37 (266)
Notice that the space derivative part in the first term can be converted to a
surface integration over a infinitely large surface, and so it too vanishes (the

quark field is located inside the bag). We now eliminate the space derivative
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part of H, by rewriting it as
A . 1: - - 0 — -,
H, = [z | —gvsX - ¢¢6, — —=Bo(g1° s - 2.69
H / w[zfqu 990 — 5700(47°752 - 49) (2.69)
Before we continue any further, it is necessary to analyze the system in
which we are interested. Our interest is in the KN system, including the

Y, Ar channels to which it can couple.

KN
A

In this system, the total strangeness equals —1 and the total angular momen-
tum equals 1/2 (we are looking at S-wave only at this point). For the energy
range near KN threshold, the only possible interﬁediate state is A;/z, and
so we will calculate the vertex for the BM — A1/, transition.

The bare state A}/, is considered as a bag containing three quarks, two in
a ls state and the third in a 1p,/; state. The three quarks have flavor u, d,
and s, and form a SU(3) singlet. The transition BM — A}/, can be viewed
as one quark absorbing a meson and being excited from the 1s state to 1py/2
state.

For a MIT bag of radius R, the s quark wave function is[7]

g (r,t) = \Z— ; (i"(;‘(’;f))a(ﬂ-r>xg‘e-‘~-‘ (2.71)

and 1p,/, wave function is{7]

N, ~Jj1(wpir)(& - 7) .
M pl P M —iw, t
@iy, (1) = —F= O(R —r)xy etvr 2.72)
lpi_ /47‘. ( ijo(wplr) % (
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Here y is the spin-flavor wave function of the quark, jo and 7; are the spherical
Bessel functions, w, ~ 2.04/R, and wy, ~ 3.81/R are the quark energy level
of 1s and 1p,;; state, and N, and Np; are the normalization constants of
respective quark wave functions.

We project the Hamiltonian H, onto the baryon space:
H, = Z [Bo (Bol H, A )AL + ATl (A I/zlffa|30>30] (2.73)

In (2.73) we keep only the terms related to the process in which we are
interested, BM «» Aj,. After substituting the Fourier transformation of the

meson fields (2.62), we can write the Hamiltonian for BM A}, as
B =3 [k Ve + Vi (al(]  (274)

where the superscript (s) labels the interaction as S-wave. The vertex func-
tion is given by

Vi (k) = Ahyva; ,a(k)Bo (2.75)
Applying the quark wave functions, we can evaluate thc function vA;/za(k)

as[35)
vas alk) = <A;,2|H.|a>

(A 0 Byt iz

\/(27r)32‘u_):

where a represents the channel BM;, 1 labels the t/pe of meson (including

I

; f (2.76)

its charge state), */(A} ,|\;|B)*/ represents the matrix element in spin-flavor

space, and finally, the form factor function u is:

qu/: (]C)
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a KN 7% 7A
MoVv2 V3o

Table 1. The coupling constants A for different channels a.

= _N.Np12R2jo(w,R)jo(wle)jo(kR) + N.pr((Uk + w,; — wpl)
R
X /0 drr? [jo(war)jo(wpir) + J1(wir)jr(wprr)] so(kr) (2.77)

The Wigner-Eckart theorem tells us that the spin-flavor matrix elements
are

YA} 5% BY = M (Iig; Ingine| 15 Ing; 00) (2.78)

where the bracket on the right-hand side is a Clebsch-Gordan coefficient,

and the coupling constants A} can be calculated by using the SU(6) quark

wave function[35, 57]. The values of these coupling constants are listed in

the Table 1.

2.3.2 The S-Wave H, Interaction: BMB'M' Vertex

The contact interaction H, (2.60) has also been studied in Ref. [35] for the
S-wave KN interactions. We review this interaction term now. We start

with the interaction Hamiltonian:
~n ﬂv — - -9,
A= [d% Y (Fxada (2.79)

The structure of this Hamiltonian . shows a quark making a transition from
its initial state to the final state by absorbing a meson and then emitting an-

other one. At the baryon level, we are studying the process BM — B'M'.

MEmom

UK IR

T IMT AT
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N y S/
\¢ ¢
H,
B B

Figure 3. The Feynman diagram representation of a baryon absorbing a
meson and emitting another one while transition frem initial state B to final

state B’ via the CBM interaction H..

This corresponds to a baryon transition from one state to the other by ab-
sorbing a meson and emitting another, as shown in Fig. 3. Because the
baryons in the initial and the final states belong to the octet, the quarks in
these baryons are all in 1s state. Thus the quarks in the process must have
tile 1s state as their initial and final state.

For S-wave BM — B'M’ scattering, the spatial derivative part of the in-
teraction H, vanishes, and only the time derivative part contributes. Substi-
tuting the Fourier expansion of meson fields (2.62), we obtain the interaction

Hamiltonian H, for the transition BM — B'M':
Ho=% / Pk Vois (K, k)l (k')a;(k) (2.80)
J
Here the vertex function is given by

Vois(K k) = 3 Bilvg, (K, k)Bo (2.81)
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With the 1s quark wavefunction (2.71), we have[35]
uga(k', k)
v @m)Rw (k) /(2m)Pw(k)

(2.82)

1 i )
vgo (k' k) = é'ﬁ'f(B" - §fa‘i'a}\j|3) f

and so the form factor is

R

o', k) = N2 {w(k) + (K] ["drr? [8(war) + 32 (wir)] do(kr)jo(k'r)
(2.83)
The spin-flavor matrix elements in Eq (2.82) are reduced by the Wigner-

Eckart theorem:
1
“(B| - 5 fu:);|B)* =
Z AB;(IBI'I:B!; IM:’iMrlfglfMl; IO) (IB":B; IMilean; IO) (284)
I

The coupling constants ’\fei are then calculated with the help of the explicit
form of the SU(6) wavefunction of the baryon octet[57]. The values of these
coupling constants are listed in the Table 2[35)

2.4 The P- and D-Wave KN Interactions in the CBM

Part of the original work in this thesis is the extension of the CBM KN
interaction from S-wave[35] to P- and D-wave. Although the P- and D-
wave CBM has been studied for the KN interactions, and there is some
similarities between KN and KN contact interaction terms H., there are
more differences than similarities. First of all, the physics of these two system
are very different. The KN interaction is relatively weak at the threshold
energy, while the KN interaction is much stronger. In fact the existence
of resonances in the threshold energy range, leads to rew set of diagrams

(processes) possible for antikaons.

L
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I=0 I =
KN zX «A | KN xT =A
RN| -3 - 055 - ¥
7 | -€ -2 0| -1 -1 0
A j 0 0 0% 0 0

Table 2. The coupling constants z\;_,f, for different incoming and outgoing

channels a and .

2.4.1 The P-Wave H, Interaction: BMY3, Vertex

For the energy range we are interested in, the only possible intermediate
particle for the P-wave KN H, interaction is the neutral A3z The L3, is
an excited state of the & hyperon. This excited sigma has spin 2, positive
parity, and mass 1385 MeV. Only the neutral member £3J, of the triplet
couples to the KN system. The bare state of the L3/, 1s assumed to be a
member of the 10 of SU(3). The quark constituent of the bare neutral state
is uds, with the quarks stayinyg in the 1s state. The transition BM — L3
can be viewed as one quark changing its state (including the flavor, spin) to
another after absorbing a meson.

Similar to what we have seen previously in the case of BM « A}, H,

interaction, with the help of the Fourier transformation (2.62) of the meson
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fields, we can project H, (2.69) to the baryon space:

BP =¥ [@k[VP(K)a(k) + VP (K)al (k)] (2.85)
where the vertex function is

VaP (k) = E5jlvz; ,a(k)Bo = E37H(T3 /| Hale) Bo (2.86)

The superscript (p) in the above equation indicates the P-wave interaction.

The vertex function vg; a(k) in (2.86) can be written explicitly as

1 (f“"m 'k . .
vpe o(k) = -—-/———-—-——-—-._—-.e' (L3516, 01,75 Miq1s + 0uwi 175 Xi g1, | B
;pa(K) 27 ) Jonyom (Z3/2 86,8105 i 147 V5Aiq14| B)
(2.87)
Here we have substituted the 1s quark wave function since the quark initial
and final are both 1s. Notice in (2.87) that §1,7%vsq1, = 0, so the second

term vanishes for the BM — I}, process. After using the 1s quark wave

function (2.71), we obtain

1 N2 sk : . * - '
3/7,,,(k) 2-]-:{;- - /—-- ..mz‘.u.:e ]o(w,r)jl(w,r)& 1(23/2{)\.-0' A By
(2.88)
To simplify the vertex function, we start with the partial wave expansion
of the plane wave
e¥T = 4r S iy (kr)YErr(B)Yim (7) (2.89)
LM

and the relation
o F= L (7)o, (2.90)

B U N T

i MW oo
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where o, are defined as

e = q:\—}-..i(a,-:};a,) (2.91)

g = 0, (2.92)

Substitution yields:

1 N? -2
alk) = =t [dP2 6,47 Y L (k)Y (k) Yo (F
T3 (k) 2F 4m \/m/ I?Adl jr(kr) LM( )Yim(?)

< dor i) S TV Bl B (299)

Using the fact that the surface é-function §, is just §(R —r), and integrating
over the solid angle, we find the vertex function:

~2iN?R? o
vg; (k) 2f o 32wk; vo(B)jo(ws R)j1 (wy R)j1 (kR)(E3 3| \iog| B)*f

(2.94)

At this point, it is appropriate to add in the spin indices we have previ-

ously ignored. Let the X3, has spin p, and baryon B has spin v, then the
Wigner-Eckart theorem tells us

D3 () | Niog B = AT (3v;1q131; 3p) (Isis; Iminme|IsIns; 10)  (2.95)

Substituting this back into the expression for Vs, a(k), we get the final

expression for the vertex function

A2 (=2iNZRY) [4m
v}"‘/:n(k,f‘;l’) 2f\/2_7r-5;£;: (2 ,1q|21,2#><IBZB,IM1M|IBIM,10)

X Vy{us) (k)io(ws R)jr (s R)j1 (kR) (2.96)
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a KN 77X 7=A

|
il

Table 3. The coupling constants AZ for different channels a.

The coupling constants AZ in (2.96) are calculated using the explicit SU(6)
spin-flavor wave function of the baryons. In practice, they are calculated
using a Mathematica™ symbolic manipulation program package we have
developed specifically for this purpose and verified with tedious hand calcu-

lation for several cases. The values of these coupling constants are listed in

Table 3.

2.4.2 The D-Wave H, Interaction: BMAj,, Vertex

The A3/,(1520) is an excite state of the A hyperon with —1 strangeness, 0
charge and negative parity. With spin 3/2, the A} /2 couples to the KN sys-
tem in thé D-wave interaction. It is a special H, interaction of the CBM
Hamiltonian and is added in to others. The bare state of A3, is composed
of u, d, and s quarks and is assumed to be a SU(3) singlet with total spin
3/2. The space wave function configuration of the quarks is 1s*1p3/,. Cor-
respondingly the transition BM A3/, can be viewed as one quark in B
absorbing 2 meson and changing its state from 1s to the 1py/; one of the A3y

(or vise versa). Flavor may also change during the transition.

"y
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As in the S and P wave case, we project the Hamiltonian H

HO = 5 [@4 Va0 + Vi (0al (1)

‘with the vertex functlon
Vi (k) = Aa/z”A‘ a(k)Bo = A}, (A3/5| Hile) Bo (2.98)

The superscript (d) indicates the interaction is in D-wave

The vertex function va;, a(k) can be written explicitly as

VA® /
3a® 2f V( 21r Zwk

X ( ;/2|5-‘11?a/z'75)‘s‘h- + (wl + wk ~ wP3)q1Pa/27075Aiqll|B>‘j(2 99)

(2.97)

where we have used the 1s and 1p3/, quark wave function as the initial and

final wave function. The 1py/, quark wave function is given in Ref 7], and

we rewrite it here for convenience,
j WpaT w
Qipsa(Trt) = Npa | 1(par) | 8(R—r)e” ra‘yf‘g(a,qs) (2.100)
1J2(wpar)(o - 7)

where ) is the spin-angle function, N3 is the normalization constant and

wpa ~ 3.20/ R is the energy level of the 1py/; state.
The spin-angle function in (2.100) can be expanded in terms of spherical
harmonics and 2-component spinors

y,a =Y (Im;iM —m|1L; 2 M) Yimx™- (2.101)
Accordingly, since A}/, and A3, share the same SU(3) flavor function, we

expand the A3/, spin-flavor wave function as

|A3/2> —Z(lm, 2M m|l % % ')Ylmm;/zyf

m

(2.102)

Milhe.
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We now further calculate the vertex function of BM - A}/, with the

spin-flavor wave function of A} /2"

vA; palki 1, v) = (A3 (1) VD | B(v))

11 41I'NNP3 , 2
o e NN (1) (Imy Ly — m13; 20) Y, (B)
2 i g B2V

X K83 a(n = m) Do BN [d2Ys o($)Ym(F) iae(F)in (br)
X {8ula (wiris(wgar) + jo(wer)ja(wpar) |
+ Ou(ws + wi — wpa)[J1(w,)j1 (wpar) — Jo(war)gz(wpar)]} (2.103)

Completing the integral, and using the relations

jo(wsR) = ji{w,R) (2.104)
J2(wpaR) = ji(wpaR) (2.105)

we find

vA.“a(k; ©,v)

3

1 /4w 1 L e £\ (L)
= e g [ ———e e —-1)™ vV 2L -+ 1Y; ku Y o k
2fV 3 \/(2w)32wk§;§( ) a0

x (A} ;5(1 — m)|Niog| B(»))* (LO; 10|L1; 10)
X (Im; 34 — m|13; 3u) (LM;1 — m|L1; 1q) (2.106)

The form factor function u(k) is defined as
) a(k) = =N, N2 R o, s (s R)j2 (KR)
""NaNpS(wa + Wy — wpi!)

Xj{)RdT r* 5L (k)51 (wer )i (wpar) — Jo(wer)ja(wpar)]  (2.107)

Wi
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- We now apply the Wigner-Eckart theorem to both isospin and spin, in which

case we write

(A3 ja(1 = m) | Xioy| B(v))*!

= —V3(Lv;1q|31; 1p — m)(Ipis; IninmlIplas; 00)  (2.108)

where A2 is calculated using explicit SU(6) quark spin-flavor wave functions.
We explicitly calculated the A’s with the Mathematica package and verified
several elements by hand calculation. The coupling constants A} are the

same as in the BM « A}/, case, so we adopted the same notation for them:

AA 4w
Igis; Inging| I Iag; 00) 4| e
2 (Ipip; Imim|I8In; 00) (5r )75

3 V2L + 1Y (k)(L0;10|L1; 10)uA. (k)

vAa/:"‘(k athd ) = _7
X Z (=1)™(1m; 3u — m|1}; %y)(L.M;l - m]Li; 1q)
X (3v;1¢|31; 2p — m) (2.109)
After some lengthy algebraic manipulation with the Clebsch-Gordan coeffi-

cients and 65 symbols, we obtained

Yo (=1)™(1m; 3p — m|13; 3p) (LM;1 — m|L1; 1)

mq

x(3v;1q|31; 34 — m)

L9 1
= _\/6{ : . Z }5M(,,._.,)(%V;LM|%L;=;’-;A) (2.110)
2

where the object with big braces 15 a 67 symbol. Notice that

(3vi LM|3L; 3u)(L0;10]L1;10) = 0 for L # 2 (2.111)
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and that

(5] o]

o
VW
DN w=

1
{ } =575 (2.112)

After these manipulations we finally obtain a clean expression for the vertex

function:

Da
vagelkin,v) = 2f(IazB,IMzM|IBIM,00)( v;2u — v|32; 2p)

(2) (k)

XVar Yy, , e Sl

Hu- ) \/(21r 32(4);c

Here u( ) “(k) is defined in Eq. (2.107) and the coupling constant ), is listed

in Table 1.

(2.113)

2.4.3 The P- and D-Wave H, Interaction: BMB'M'
Vertex

While the particles involved in the P and D-wave process BM — B'M’ are
no different from the ones in S-wave, the vertex function now gets much more
complicated due to spin and angular momenta. For example, we showed in
Subsection 2.3.2, that the spatial derivative part of the H, vanishes in S-
wave, yet this is no longer true in the P- and D-wave, To make the formulas
more clear, we separate the time part and the spatial parts. Using the same
technique we used in the S-wave case, we can project the Hamiltonian onto

the baryon space:

H.=Hy+H., = Z /dak[o,, b Velad (K)aj (k) (2.114)
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Vet = 3 Bl (K, k)Bo (2.115)
Bo,B}

Vit = Y Biug (K, k)Bo (2.116)
BB}

where vg!, (k', k) and vg, (k', k) stand for the vertex functions corresponding
to the time and spatial derivative parts of the H, interaction.
We start from the simpler one, the time derivative part vg, (k',k) and
write it out explicitly
1 —1
4f2 | f2m P2 f(2r 22w
x *(B| /dawovﬁhf-"ij/\j(wk + wp )y C-K)Tq | B) Y (2.117)

Uﬁa(k’ k) =

Notice that the initial and final quarks are in are 1s state. Using the ls
state quark wavefunction (2.71) and the partial-wave expansion of plane

wave (2.89), we have

vg,(k', k)
1 Ji.i -—'i(u}k + Wkl)
4f% 4m \/(27r)32wk \/(27r)32wk;
x B\ fuighs | BY [ b [jd(war) + 3(wir)]

X 30 3 84 Y ()i (k) Vi (B ) () ¥im (7 (2.118)

im l'm!

Integrating over the solid angle produces

vga(K', k)
1 (Wk j‘ Wkt) ) ,f ’
2f2 27r2\/2wk2wk, <B I f' ‘JA |B %:_‘:lflm(k lm(k )

: R ‘
fofo dr r2[52(war) + 52 (wer )5 (kr)ir (k'r) (2.119)
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We have already seen the spin-flavor matrix elements in Subsection 2.3.2.
They can be expressed as
)
“(B'| - 5 fuiidi| B)*
Z Agi(-IBZB; IM"MIIBIM; IO><IBIiB/, IMIT:M:‘IB/IMI; IO) (2]20)
T ‘

with the values of /\gi‘listed in Table 2. Finally we put the spin indices back

in, which merely add another §,,, on the expression of vg,(k’, k)

' e (wktww)
vaa(K'n' kp) = 6uu2w2\/§mz 2f2 & y k)Ylm
X (I};’LB, IM'LM|IBIM,10)([3:’&34;IMliMluBlIMl; IO)

R )
x N? /0 dr r2[i3(w,r) + 52 (wer ) (kr)i(k'r)  (2.121)

The angular momentum makes the derivation of vj (k’ k) a little more

complicated. We first write

vga(k', k)
1 —

412 fom 2, [(2n P2
x /(B / &z 0,q1, fiij A; (k' + k) - ve'&-K)Tg 1By (2.122)

where ¢;, and ¢j, are the initial and final quark wave functions involved in
the process. Substituting in the explicit form of ¢, (2.71), and using thé
identity
[e-A,o B]=2ic. (A xB) (2.123)
we reduce vg (k' k) to
1 7
2f2 \'/(27r)32w;c \/(27r)32wk,

'Uﬂa(k’ k) =

\ml e

v

Vg e
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2 LR
< B2 1%, rifum)si(onr) ! B syl B)
47 Jo
) [e“‘k"'(r x k)eik-r +(r x k;)e—.‘k'-reik-r] (2.124)

Notice that r X k and r X k' are just the angular momentum operators acting

on e¢¥T and T, So, by applying the partial wave expansion (2.89), we
obtain
1 - 8mN?
ver (K, k) i\

212 \J(2m 32 /(2720
X 3 Yin (k) Yim (k) fORdrjo(w.r)j1(w)j:(kr)j:(k’r)

lmm!

x (B! fuishjor - / d, Y;: (7)LYim(7)| B)*! (2.125)
We put the spin indices in and call the last part of Eq. (2.125) A:
A= B/ (W) fuis Aol B [ A Y LYim

= 2 (=1) / A, Y Lo Yim *H(B' (1) fiis Ajo—q| B(w))*f  (2.126)

q
where o_g is defined in Eq. (2.91) and Eq. (2.92). The operator L, is defined

as

L = F (Lt Ly) (2.127)

Lo = L, (2.128)
By using the Wigner-Eckart theorem and pages of manipulations of the
Clebsch-Gordan coefficients, 37 symbols and 65 symbols, we bring A into

the form

A = f(B'Hf«'sjf\jf’HB)’Z(“l)%““\/l(“rl)(?“rl){ l
J

8 )=
o~ =
~ —

N e

X (ga; tm| 3 Im! + ) (Qu's Im! |31 Jm + ') (2.129)
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Ao
I=0 I=1
KN =22 #A| KN =7 =A
EN[-3 g 04 3 F
Tl -4 03 -b -
A0 0 0| -Z 0

Table 4. The coupling constants A;'i for different incoming and outgoing

channels e and £.

In (2.129) #B'||fii;A;0]|B)f is obtained by applying the Wigner-Eckart the-

orem in the spin space:

Y 1] 1
Y (B'()| fuisdjo—q| Bu)*f = (—1)5# ( 2, ? )"(B'Hfs'ar\jﬂllB)f
—p' —q p

(2.130)
The object with the big parentheses is the 35 symbol. Detailed calculations

with SU(6) quark spin-flavor wave function reveals the relation
(B'| fuiidjer|| B
= S Nod(Inip; InginelInIng; 10) (Iprigs; Inpiing:| I Ingi; 10) (2.131)
1

The values for the coupling constants /\fai are calculated by the Mathematica

package and double checked by careful hand calculations. The are listed in

Table 4.

T m

L
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By substituting all these relations back into vgi,(k's’, ku), we obtain

uge (K, k)
o 1
212272/ 2w 2wy

x 3 Msa(Isin; Inin| IsIne; 10)(Iprims; Ingringr| g Ias; 10)
T

X33 (L dm| 3 T M) (3t i |3 T M) Yo, (k) Vi (R)

JM lmm/!

w( — _1\/++E % % 1
(~2)/61(1 + 1)(20 + 1)( ;) { L J}
<[ " g2 [ZNf%jo(w,r)jl(w,r)] ikr)i(kr) (2.132)

The equations (2.121) and (2.132) have the : ame form as the equations (2.8)
and (2.9) in Ref. [36], but as shown in the Table 2 and the Table 4, the
coupling constants (or the spin-flavor matrix elements) are now different(58].

They have to be recalculated, in this case, by the Mathematica package.
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Chapter 3

Explicit Equations

3.1 The Coupled KN System

The antikaon-nucleon interaction at low energy is not a simple one. Even at
zero kinetic energy (K N threshold = 1432 MeV), K ~p couples to the open-
or nearly open- strangeness —1 channels:

4

K-p
Kon -5 MeV
_ 8- 495 MeV |
K™p—{ | (3.1)

7080 4104 MeV
7~ Lt 4103 MeV
| 704 +181 MeV

There are also numbers of resonances in this energy rangs which makes things
more complicated. These includes A*(1405), £*°(1385), and A*(1520). In the
rest of this chapter, we will apply the Cloudy Bag Model to this complicated

system and solve the resulting equations numerically.

ML TR AT
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We assume isospin symmetry and thus use the 2 isospin channels #E(] =
0) and #Z(J = 1) instead of 3 charge channels 7*%Lf and 7°X° As long as
there is no isospin breaking, we can express the 3 charge channels in terms
of isospin channels. The #X(J = 2) channel is not included since it does not
couple to the KN system. The relation between charge channels and isospin

channels are

K3 = —500,0) +[1,0) (3.2)

[Kn) = =10,0)+ —11,0)) (3.3)
1 1

-y ' _}___ ' '
T = 200 - S50 + Zsl0,0) (3.4
og0y = Y25 oy~ Lo oy

[x°E%) = \/§|2)0> \/510’0) (3.5)
- 1 , _}_ , -1— ,
PE) = o)+ i+ 00 (36)
[n°A) = 1,0)" (3.7)

When do use charge channel, we include the mass difference between K ~p
and K%. So in this thesis, when we need to consider the mass difference
of K~p and K°n, we use explicit charge channel for them, otherwise we
use isospin channel for them. We call the former “charge basis” and the
later “isospin basis” even though the #¥ channels are always in isospin basis
throughout this thesis.

We list the channel assignment in Table 5.
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___—-———-———-————»——._________T____-——-————-—_--———-_——-——— Yo — —
a 1 2 ‘ 3 4 5

Charge Basis K-p K Er(I=0)|Zx (I=1)|An®
Isospin Basis | KN(I =0) { KNI =1) |Zx (I=0) | Zx (I =1) | An®

—

Table 5. Channel assignment with “charge basis” and “isospin basis”.

3.2 The CBM Interaction for the KN System

In Chapter 2 we studied the basic interaction vertices of the to K N interac-
tion in the CBM. The potential between incoming channel a and outgoing

channel B can be written as a sum of 5 terms

vaa(k'i k) = oS, ki) + ofA(K k) + oK W, k)
+uge (K, ki) + vE (K w', k) (3.8)

Where k is momentum and p is spin. The Feynman diagram representation
of these potentials are shown as Fig. 4.
The potential (%) is composed of two H, vertices with a Al as an inter-

mediate state:

1
M;

where the form factor UA; o 18 defined in Eq. (2.77). After we substitute the

vha (K’ k) = (BIHL|AL ) s (Al o | Hil) (39)

expression of the BMA} ), vertex, Eq. (2.76), we find the potential to be

Suw A , .
Z}-’?E — M <IB""B'; IM"«M"IBJM:;OO)
/gﬁ( ) 1/2 ( )

X(IB“:B;IM?:MIIBIM;OO)\/Z—- 35 /_.__.-E.z( )
wﬁ:' Wi

vE (k' k)

B
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\ u s Ny om/
X At A X A
H i «(H, H.
B B B B
(a) (b)
\ M MI /
N\ A
H,,
B B
(c)
\ M MI / \ M [ /
AN At A AN oy 4
H <« H, H I« H,
B B B B
(d) (e)

Figure 4. The full Feynman diagrams of 5 CBM potentials for the §-, P-,

and D-wave KN system interactions.
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The partial wave expansion of this potential is

KR = TS [0 Y () Yin (R ki)
m4p=M m'+u'=M
x (Im'; 3w’ |13; I M) (im; 3l T M)
55 L uny 8K uay,a(k) 1 MDA
AP T 4nlopder  E-M; 2
X(IB/iB:;IM:iMrIIBiIM:;OO)(IBiB;IMiM|IBIM;00) (3.11)

The Kronecker symbol in Eq. (3.11) shows this diagram contributes to S-
wave interaction only, while the Clebsch-Gordan coeflicients shows it is an
isospin-0 interaction.

The potential »(*) in (3.8) consists of the time derivative part of H.. It

can be written as
oK', k)
= (BW'|He|ap)

Bt Wr + Wi ) 5 Yl
2m2\/ 2wy 2wy 2f?

SR ACENIN [ dr 3w + 2 idkr)idkn)  (3.12)

(IB?:B; IMiM”BIM; .Ii)(IB'iBr; ]M'iM'IIB'IM'; Ii)

The partial wave expansion of potential v(*) is

W) = T /koko,% o (B Vi (o) (K !, )
m+pu=Mm'+u' =M
x (Im'; 3w |13 J M) (bm; pll3; TM) (3.13)

The integration in (3.13) is quite straight forward. Using the orthogonality

relationship of Y},, and Y}, we obtain:

imy
b),1J (we + wi) R . : L
o2k R) = PO N2 [ r?53 ) + 52wl (k')

LRTIS RN T
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t,I

Ag
X Z <IB;‘I;5:; IM"’:M'-]IB'IM'; IZ) 2f2 (IBZB, IM*MIIBIM) Iz)
1

(3.14)
The potential v(°) is the spatial derivative part of H.. It is
vga(k'n', k)

= (ﬂﬂ'chalau)

ct,!

= ;2—-2——-wk Whr Z ]BlZBI IM:ZM!'IBJM! I’L) 2f2 (IB%B,IM'LM'IBIM,I?.)
x Z 5 (2 31 M) (3 31 ) Y Yo ()

JM imm!
1
J

< /0 % e [2Nf%j0(w,r)j1(w,r)] i(kr)i(k'r) (3.15)

1
2

l

~ N

~2)/6(1 + 1)(21 + 1) (—1)H+4 {

Unlike the previous potentials v(*) and »(®), the partial wave expansion of

v(©) is complicated. By definition,

YR = Y /kokol— Vi (B Vi (B)o (K, Kps)
m+u'"M m’+u’*M
 {tm's 1|15 T M) (b b1k TM) (3.16)

Using the orthogonal relations of the spherical harmenics and the properties

of the Clebsch-Gordan coefficients, after some lengthy manipulations, we

|

obtain

T~ e
"~ [ ST

(W (gt k) = 6I(1+ 1)(21 + 1) (=1)7++4
”ﬁrx(:) 4,”\/2—“7’0'—2:)’:\/ + 1320+ 1) (-1) 2
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Table 6. The values of quantity A" for [ < 2.

'N]
x 3" (Ipripe; Inriae | Ipe Ings; Ii);%(]gig; Inging|1pIng; I5)
I 2
R 1 . .
x/ drr? [2Nf;jo(w,r)j1(w,r)] Ji(kr)gi(k'r) (3.17)
0

We define A as

I

o~ N

AY = (=2)y/6i(1 + 1)(21 +1)(—1)J+‘+%‘{ ; } - (3.18)

The values of A" for [ < 2 are tabulated in Table 6 and they are summarized

l

as

(3.19)

oy I=1-
—2l  J=1+

[N Lol ST

The final form of partial wave expansion of v(¢)
v (K k)

24/ R 1, . o,
L [ r® 2N~ jowuris(wir)| (ke )s(K'r)

le\/Zwerwk
s,/

- : \ABa sy : .
Xz(.IBI'LBI;IMI'LA[IIIBIIMI;IZ) g (IBZB;IMZM|]BIM;IZ) (320)
I

212
The potential (%) corresponds to the incoming baryon absorbing a meson,

becoming a virtual A3/, and then the A3/, emitting a meson, and becoming

e

"oy

[ ER LA

g
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the outgoing baryon. The potential v(9) has the form

vha(k'a', k)

- z(g(y')|H,|A;,,(u))_E.:l.TlE( (V) Hala(u))

1 , , MAA :
= m(IB""B'; IM"‘M'IIB’IM'; 00) —-—-——--(IB‘LB; IM‘EMIIBIM; OO)

(2f)?
2 W0 (B

Vooeton B3 2 en(BVae-in(k)

x (3p;2v — mu|32; 3v) (3p'; 2v — mu!|32; 3v) (3.21)

We define the partial wave expansion of v(?) as

is " A
VKR = X Y [dudf 2 Y (B Yim (R k)
mtpu=Mm'+u'=M
X (Im'; 2! |13; TM) (lm; 3 p|l3; T M) | (3.22)

The final form of v(9), reached after a few pages of integration and Clebsch-

Gordan coefficient re-coupling, is:

U,(;Q’”(k', k)
ufd s a(B) 1 adar

3/2 3/2

4’1!‘\/2(4);,;/2(4}), E - M"; 4f2
X (IB:iB/; IMliMIIIBlIMI; 00) (IB'I;B; IM1M|IBIM, 00) (323)

63
2 I3

The potential v(¢) is similar to v(#) except now the virtual particleis a L3/

instead of a Aj/;, and for v(¢) the potential is in P-wave instead of D-wave
for v{9):

[ L) 1 *

o206 k) = (B H.IBS () 57 BV ila(w))  (3:24)

P

v
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Recall the Eq. (2.96), we obtain

(k! ke
_ (2N2R?) (jo(w,R)j1(wsR))® j1(K'R)j1 (kR)
- 62 E - M 2wk 2wy
X ZYI(, “)(k)YE(,,_“ )(k N34 v — mul31; 3v) (3u'; v — mu'|31; 3v)

AZAZ |
(IBnB, IM'zM'IIB'IM' 10) (IBZB,IMzMIIBIM,l()) (3.25)
4f?

In a similar manner, we carry out the partial wave expansion for v(e):

(N,Rjo(w,R))* 1  ji(k'R)ji(kR)
3r L — M; \/2—wk:2wk

2 E

4f2

where the relation j;(w,R) = jo(w, R) has been used in the derivation.

vl (K, k) = 6163

X/IBN,B/ IM"LM"[B'IM’ 10) (IB'LB,IM'LM”BIM,lO) (326)

3.3 The Coupled-Channel Lippman-Schwinger Equa-

tion

In the previous section we discussed the potential describing K N system in
the CBM. In this section, we show how to solve for KN scattering using the
Lippman-Schwinger equation.

The operator form of the Lippman-Schwinger equation is
T=V+VGT (3.27)

where V' is the potential operator, T is the T-matrix operator and G is the

Green’s function operator defined as

1

C=Em_m

(3.28)

R

y
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" The superscript (4) means that the energy E approaches the real axis from

above the above of the cut on the first| E sheet.
Taking the matrix element between states |5, k’u’) and |a, k'u), and using

the completeness relations of the quantum states |y, pv), we obtain

Toa(k's', kp) = Vaa(K'p', kp) + Z/da Vo (K’ N ,pll) '701((;))”’ kp) (3.29)
"Y

Here o and B are the indices for incoming and outgoing channels, k and k'
are the COM momenta, and p and p' are the spin quantum numbers for the
incoming and outgoing channels. The energy of intermediate channel v at

COM momentum p is E,(k). The matrix elements are defined as

Toa(K'u, kit) = (B, K'p'|Tlar, ku) (3.30)

and
Vea(K'n', kp) = (B, K'w!|V |, kps) (3.31)

Substituting the partial wave expansions of T and V into (3.29) enables us
to reduce the Lippman-Schwinger equation to a one dimensiona] form instead

of the original 3 dimensional form. We define the partial wave expansion form

of the T and V as

Tgr (K k) = Y S0 (Im/, $p/)i; TM) (Im; 3 ulll; T M)
m+u=M m'+u'=M
( ) [ A a0 Yz (R Yim (W) Taall ' k) (3.32)
VELE) = XS (ms bt IM) (i ulid; TM)

mip=M m/+p'=M
< (5) [ ad i (K)o (B Vaalk'n' i) (3.33)
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where T'* (V') is sometimes used as a shorthand for J =1 £ 1.

Notice that we have carried out the partial wave expansion for all the po-
tential terms in Section 3.2. Substituting Eq. (3.32) and Eq. (3.33) into the
full space Lippman-Schwinger equation (3.29), we obtain the one-dimensional,
coupled-chanuel integral equations:

Ay (K, p)T(p, k)
E) — E,(k)

T (K k) = VE(k' k) + = E / ap 2V (3.34)

All of our scattering calculations are based on Eq. (3.34).

3.3.1 Scattering Equations

The< one-dimensional Lippman-Schwinger Equation (3.34) can be solved ana-
lytically only for very limited cases—such as single-channel separable poten-
tial. We solve it numerically for the coupled-channel K N system in the CBM.
The i¢ prescription in (3.34) is handled with the Haftel-Tabakin method[59]
extended to coupled-channel case. The Haftel-Tabakin method uses a prin-
ciple value subtraction to remove the singularity of the (3.34) at E = E,(p).

We let ko, be the “on-shell” momentum of channel v, that is

i

E,(ko,) = E (3.35)

we thus write

_/"" P*Vay (K, P)Tya(p, k)

B - Ey(p) |
2 [y [PYAE D) 2RV b ol )
m Jo E(+) — E(p) kg, — p? + 1€

2 . o 1
= X 20k Var (K, koy) T oy, k)/o P

e (3.36)

: W!}Nl”“l !
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where p, is the “reduced mass” in a relativistic sense

dp?

| (3.37)

20y = 57|
AN
The second integral in Eq. (3.36) can be carried analytically
00 1 i
A g i 2k (3.:38)

Since the integrand in the first integral in Eq. (3.36) now vanishes at the
on shell point, it is no longer singular and the i€ is not needed. We can
now use the Gaussian quadrature method to approximate the integral by a

summation over a set of grid points:

. N
/(: dp = > w (3.39)
=1

Applying Gaussian method to the first part of Eq. (3.36), and with
Eq. (3.34), we obtain

Toa(k', k)
= VaalK, k) |
2 * pzvﬂﬂ(kla p)Tva(p: k) szkgy%1(k') kO‘V)T'YG(kO‘Y) k)
D[ [FEERG -R
2 2 ! | m 1 '
+Z; — % 2pkgy Vay (K, koy) Tra(koy, k)/o dpm (3.40)
= Vﬂa(k') k)
+ }: _2_ iwi {pfvﬂw(’“'»Pi)Tﬂya(?ia k) _ ZP'vkngﬁ'v(k;” kO'v)zT'va(kO'n k)]
¥+ Tz E-E,(p:) k()‘y X
=3 2iprkoy Vin(K', Kor)Talkon, &) (3.41)
v

Here {p;ls = 1, N} are the Gaussian grid points and {w;|i = 1, N} are the

corresponding weight factors.
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We define

4

Va(PryPm) forn=1...N and m=1...N

@ m f =N 1 d =1...N
Vi = | Vaa(kog, pm) forn + and m (3.42)
Vea(Pny ko) forn=1...N and m=N+1

‘Vﬂa(koﬁ,koa) forn=N+1 and m=N+1

Tga(pr,pm) forn=1...N and m=1...N
Toulkop,pm) form=N+1 and m=1...N
Ty = | Pelbospm) forn=N+1 and m (3.43)
" Tga(Pnykoa) forn=1...N and m=N+1

| Tpalkos, koa) forn=N+1 and m=N+1

and
\ 2550 forn=1...N
Gn-y = N 2 wik} dp?| 'k dp? f = N1 (3.44)
: —2"=1;F§:—p'.dE kO-,_z Oy IE kor orn =N+

\

Now using Eq. (3.41) produces the set of linear equations
N+1
Togma = Vagma + ; Z&’ Vg iy Giy Tig e (3.45)
where Tg,ma are unknowns. We have now n?(N + 1)? unknowns and n?(N +
1)? equations (n is number of channels and N is the number of Gaussian grid
points). ‘We can therefore solve these equations for the T-matrix elements.

We line up the elements of T', V, and G up an orderly fashion and obtain a

matrix equation

1-VAT =V (3.46)

The set of linear equations (3.46) can be solved using Gaussian elimination

method (the inverse of the matrix (1 — VG) is not actually calculated). In
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our case, the potential V is taken as the sum of 5 individual terms (shown
in Fig. 4). We thus solve for KN scattering as a 5 channel problem with 24

or 32 Gaussian grid points used in each channel.

3.3.2 Bound State and Resonance

If a physical system has a bound state or pole at some energy, the T-matrix
must have a pole at the energy (although not all poles of T' will be bound state
or resonances). From matrix version of Lippman-Schwinger Equation (3.46),
we can see there are two occasions in which T-matrix can have poles. Either
the potential matrix V has a pole, or the matrix (1 — V@) is singular. The
first type of pole is called a “fixed, or potential pole” (“fixed” since it is
independent of potential strength). We are not interested in this type of
pole because it depends on details of the model as opposed to the dynamic
characteristic of the model. The second type of pole, the so-called “dynamic
pole”, occurs where (1 — V@) is singular. It depends on the potential’s
strength and it what we are interested in. Mathematically, the equations for

a dynamic pole, a singular (1 — VG), is equivalent to equation
det(1-VG) =0 ' (3.47)

This type pole is called “moving pole” because its position varies with the
strength of the coupling. The position of the pole on the complex energy
plane directly reflects the character of the bound state or resonance of the
system. We look for the position of the pole by searching for the solution of
Eq. (3.47) on the complex energy plane[60, 61]. The search with the nuclear

potential alone is quite straight forward. We will concentrate on the nuclear
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plus Coulomb interaction. The nuclear case can be treated as a special case

of that (with zero Coulomb potential).

3.3.3 Bound State With Coulomb Interaction

The bound state problem with the Coulomb interaction in addition to the
hadronic interaction raises some special difficulty due to the singularity of
the Coulomb potential at q = 0 in the momentum space:

Zl dez 5“1“
2r2 |k’ — k|?

VO (K'u' ku) = (3.48)

The Kwon-Tabakin-Lande method[62] is used to remove this Jsingularity,
along with Landau s extension to the couple channel problems[60, 61]

Due to the limitation of this method in the open channel, which we will
show later, we assume that there is no Coulomb interaction in the open
channels. This does not propose too big of a problem in our case because the
K°n has no Coulomb interaction at all and the ©7 and A thresholds are far
below the K~p threshold, the particles in these channels are quite energetic
therefor not affected much by Coulomb forces. This will however limit the
applicability of the calculation when applied to branching ratios.

We start from the partial wave decomposition of the Coulomb potential

VR = YT /dnkdﬂk,— Yy (B)Yim (k) Ve (K, k)
mip=M m!tu'=M
(lm,2p|ll JM)(lm; LuliZ; TM) (3.49)
7,7
= ;kfe Qi zrk) (3.50)

where zpx = (k" + k?)/2k'k and @Qi(zx) is the Legendre function of the
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second kind

1 1 PRu(t)
= = el dlt .
Qi(2) 2/.1 P (3.51)
As we see from the the first few [ values,
1 z+1
Qo(2) = glog|—— (3.52)
z z+41
@i(z) = Flog|—| -1 ~ (3.53)
YA z+1| 3z
Qx(2) = Z(Sz ~1) log — ll— 5 (3.54)

all of them have singularities at z = 1.

We look back at the integral term in Eq. (3.34), and notice that the
potential V is the sum of the nuclear potential V¥ and the Coulomb potential
VC (we omit the indices [J with the understanding that all the computation
is done in the partial-wave basis). The explicit form of the integral term is

/°° dp PV (K, p)Tya(p k) PVE (K, p)Tre(p, k)
0 E() - Ey(p) E(+) — E,(p)

} =IN 4+1° (3.55)

The nuclear part I can be easily approximated by Gaussian quadrature
method as we did in solving the T matrix case. The Coulomb part, however,
has two possible singularities. One of the possibility is E,(p) = E and the
other is p = k. The Kwon-Tabakin-Lande method|62] can only remove the
second singularity. One way to avoid the first singularity is to deal with
closed channel. That way, the energy E is below the threshold and the E.(p)
is always above threshold therefore there is no singularity. That is why we
assumed from very beginning that there is no Coulomb interaction in the

open channels.
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The Kwon-Tabakin-Lande method[62] removes the p == ¥’ singularity by

subtracting the singular part out of the original integral

(% P2V v(k')P)Tva(p) k)
A S ) |
_ S [PT(pk) KT E)
- [ "”VBC"““’?)[E—EW(p) (& = B,(F)) Pieay)
k285 (K')Tya(', k)
E—~E.,(k’)

We understand that Vi and S}, vanish except when the channel 8 is the

(3.56)

same as v and there is a Coulomb interaction in that channel, The function

g, (k') is defined as?

Vﬁ'y 7p)
S (k') = / dp g% (3.57)

and for a closed channel

VALK, o dp Wi_1(zkip)
St (k) = T["z’“/; & 21 kp)

P Pi(zy)
WZ]ZQE
7 [-- - I:} (3.58)
where
Wi(z) Z pPp 2)Piy(z ) (3.59)

We take W_; = 0 and the Lande s subtractxon integral I; as

°°dp W(-1(Zk;p)
L=~ [ RH1lZe)
: 17'-/(‘) P Plzry)

The values of I; for the first few ! has been calculated and tabulated in

Ref. [62]. We list their results in Table 7.

(3.60)

*The definition of a non-vanishing §%, here is different from the S in Ref. [62] by &

constant factor.
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Table 7. The values of Lande’s subtraction integral I;.

Notice that the integrand in the first term on the r.h.s of Eq. (3.56) has
no singularity any more. We now can apply the Gaussian quadrature method

to it along with the nuclear part Iy:

IC+I”

Z wq Vﬁ'v

=1

[ PToa(pi k) KTyo(K, K) ]
E - E\(p:;) (B~ Ey(k))P(2kp:)

i V,s-,(k i) Tva(pis k) o 202K, Vs (K, koy) Tra(kon, k)
g - E,(p:) ! ké, — p}
k"2 Sa (k" Tya(K' k _ g
ol ?E’(,f,) ) 017y Vi Tralbon, k) (3.61)

The step-function ©,, which equals to 1 for the open channels and 0 for
the close channels, is inserted because we do not make the principle value
subtraction in the closed channels. The superscript ! of Sé,r is suppressed
with the understanding we always solve the Lippman-Schwinger Equation in

the one-dimensional form.

With this subtraction method, Eq. (3.34) becomes
n 2 k™S5p4(K')Tya(K', k)
T N k’, k — V(, k', kl By hi )
a ( ) ﬁ'y( ) [i'y( ) - E — E-,(kl)

w P. T’ya(Pn k) _ ka’Ya(k’r k)
TS WK, T Ep) (B = By(R))Plowg)

¥ =1
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L2 E [ pIVar (K, pi)Tya(pi, k) _e 204 k8 VI (K', koy)Tya( Koy, k)

T3 E — Ey(p) ! k3, — p}
"?"'vavko'vv Tya(koy, k) (3.62)
Next we define the matrix elements of V© as
VE(pn, Pm) nom=1...Nand n#m
Ve = g )= ¥ wi V.2 (Pn.pi) w. n=m=1...N
ny,my ‘Y‘I(pﬂ T1#£En _}51'853— [y = = d...
0 ; n=N+10rm=N+1
(3.63)

and use Eq. (3.42) as the definition of V¥, Eq. (3.43) as the definition of T,

and Eq. (3.44) as the definition of G. We obtain

N4l '
Topma = Ve + Vomat 30 3 (VI iy + V%) GixTima  (3.64)

v =1

Eq. (3.64) can be expressed in the matrix form
(1-VaYT =V (3.65)
V=ve4vV¥ (3.66)
The condition for T' having a pole at energy E is the complex equation
det(1-VG) =0 (3.67)

In practice, the real part and the imaginary part of this equation are solved
simultaneously for the position of the pole on the complex energy plane. We
use the “charge basis” (see Table 5 for the meaning of each channel) for the
Coulomb plus the CBM potential. The Coulomb potential only occurs in
K~ p channel, or channel 1.

For the case of nuclear potential only, we use the same procedure but

without the Kwon-Tabakin-Lande subtraction in any of the channels.

(1T
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3.4 Numerical Method

The computation for T-matrix elements or searching for the pole positions is
very numerically intensive. Therefore, it is valuable to find a mcre economical
method for the task. We have done that by noticing that the potential matrix
V is often symmetric due to the symmetry principle in the physics. Special
methods are developed to take the advantage of the symmetry of the potential

matrix. We will discuss the new methods in the rest of this section.

3.4.1 Searching for Pole Positions

When searching for pole positions, the computation time can be saved dra-
matically by utilizing the symmetric property of potential matrix V[63]. To
start, we write Eq. (3.67) as

det [5,'_,' — V“jGJ‘]MXM =0 (3.68)

where V and G were defined before. Wetake M = nch x (N +1) as the size of
our “super” matrices. First we notice that the matrix G is a diagonal matrix.
If none of the elements of G are zero, the reformulation is particularly simple.

After we factor out all elements of G, Eq. (3.68) becomes
PxD=0 (3.69)

where
P = H G, (3.70)
and

D = det [8;67" ~ Vi), v (3.71)
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If needed, the calculation of P would be very easy. More important, the
calculation of D—which is all that is needed to determine the eigenenergies—
now requires only the evaluation of a symmetric complex matrix instead of
a general complex matrix.

If there are some elements of G which vanish, the reformulation is more
complicated, but still possible. For example, consider the case in which the
lth element of G vanishes while none of the others do. In this case the lth
column of the matrix in Eq. (3.68) looks like

i ]

0

B EERERE [th row (3.72)

0

We can thereby eliminate all other elements on the Ith row without changing

the value of the determinant. Specifically, we define

. 1 ify=1
G = { (3.73)

G; otherwise

and
0 ife=lorj=1
V) = prEren (3.74)
Vi; otherwise
Eq. (3.68) is then equivalent to
det [6; = V5Gy| =0 (3.75)

g
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Since there are no elements of G; which vanish, and the potential is symmet-
ric,
Vi =V} (3.76)

Eq. (8.75) is equivalent to Eq. (3.68) and the symmetric Eq. (3.71) D = 0

can be used.

3.4.2 Solving for T-Matrix Elements

Following the same line of reasoning as used in searching for pole positions,
the computation time for solving the Lippman-Schwinger equation for the
T-matrix elements can also be dramatically reduced.

The numerical solution of Lippman-Schwinger Eq. starts from Eq. (3.46).
In the simplest case, if none of the elements of G is zero, everything is very

easy. Eq. (3.46) can be reformulated as
(G -V)GT)=V (3.77)

Since G~! — V is a symmetric matrix, we can now solve a symmetric linear
system of equations for GT first, which is much faster than to solve a general
system. From GT we can easily obtain the value of T since G is a diagonal
matrix and its inverse is very quick to calculate on the computer.

If there are some elements of G which vanish, the reformulation is a little
more complicated. For example, consider the case in which the last element
of G vanishes when none of the others do (if the vanishing one is not the last

element, we can always rearrange the order of the column and row to make
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it last one without changing the final answer). The linear system looks like

1—vg O t i v U
g = (3.78)

—vpg 1 ty tm Up UM
Here the matrix v is an (M — 1) x (M — 1) symmetric matrix, the matrix g
is a (M — 1) x (M —1) diagonal matrix, the matrix tisa (M — 1) x (M —1)
matrix, v, and t, are (M — 1) x 1 row matrices, v, and t. are (M — 1)x1

column matrices, and vy and tp are the lower right corner elements of V

and T'. We now split the system (3.78) into the following;

(1-vglt = v (3.79)
(1-vg)t. = w. (3.80)
~vpgt +t, = v, (3.81)

—vpgt. +iy = wvum (3.82)

We can now solve for ¢ and t. first with symmetric v matrix first (which is
also faster), and then come back to solve for ¢, and tp if needed.

If there are more than one elements in G which vanish, we can follow
the procedure recursively and finally solve a symmetric system instead of a

general system.

3.4.3 Timing Benchmark

The computing time saved by this new method are considerable. For in-
stance, for calculating the energy of the kaonic hydrogen 15 level, the new
method took 1716 seconds of CPU time on a Ridge Turbo computer whereas
the old one took 2988 seconds. In both methods, the final result is the same,
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(—239.9,1207.5) eV for shift and width. For the case of calculating T-matrix
lements, the direct LU decomposition method took 1214 second on the RISC
Systern/6000 Model-530 to calculate a set of scattering amplitudes while the

new method took 493 seconds to give the same results.
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Chapter 4

The Fitting Procedure

There are several parameters contained within the CBM description of the
KN interactions. We determine these parameters by fitting the scattering
and other observables predicted by this model to the experimental data.
In this thesis work we studied different kinds of data including the K-p
scattering sections {37, 38, 39, 40, 41, 42, 43, 44, 45, 46], the K~p threshold
branching ratios, the 7 mass spectrum for K~p — 7t7~(Z-7*), and the
7°A mass spectrum for K~p — w+n~(m%A). In the rest of this chapter, we
will first shown how to compute these experimental observables from the
CBM theory. Then, we will introduce the procedures of fitting the model

parameters against these data.
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4.1 K p Scattering Cross Sections

Even at low energy, the K ~p scattering process has many different, coupled
final states.

K-p

K°n

ntl-

K p—3 (4.1)
, wo%o

=Lt

7OA

\

There are yet other channels, but their branching ratios are so small that
we assume we can ignore their coupling without significantly change of the
physics.

The low energy K~p scattering cross sections have been measured for
several decades. The most common method of measuring the cross sections
are the bubble chamber experiments. For a typical bubble chamber experi-
ment, a beam of antikaons is introduced into a superheated liquid hydrogen
chumber. The charged particles (including the K —, &’s from the interaction)
cause the liqﬁid hydrogen to boil and forms bubble trails. The particles and
accordingly the trails are bent in a magnetic field to assist particle identifica-
tion. Tens of thousands of photographs of these trails are taken, and the path
length of the antikaons are measured. The total cross section is calculated

by the formula[38]
I =Ieor (4.2)
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and i
. ond [ A ,
ol = -ﬁ— (;IV;) (4.3)
where (pNp/A) is the number of protons per unit volume, J; is the observed
K- path length in the ith momentum bin, nJ is the number of interactions
of the jth event type in the ith momentum bin, and finally, af is the cross
section for the production of event type j averaged over momentum bin 2.

Experimentally the small angle scattering is excluded since it is dominated
by the Coulomb interaction. The cutoff angle varies from experiment to
experiment with 10° a typical value.

Scattering with very low laboratory momentum is not included since the
length of the final particles’ trails are so small as to make them indistinguish-
able from “at rest” events.

We have extended the TRIUMF’s CBM KN interaction from S-wave
only(35] to the S-, P-, and D-wave and analyzed data up to 520 MeV/c.
Correspondingly we do not have to limit ourself to the very lo§v energy as
occurring with only S-wave. This is important since it has been reported
that even at K- lab momenta as low as 150 MeV/c, there are P-wave
contributions in the reactions K-p — n*L¥[45]. Also, at K~ momenta
around 390 MeV/c, there is a clear signal of A(1520) which is a D-wave
resonance(37). The data (either read from tables or off graphs) are from
references[37, 38, 39, 40, 41, 42, 43, 44, 45, 46] and are plotted in Fig. 5,
6, 7, 8, 9, and 10. We see from these plot that there are considerable er-
rors, especially at low momenta where the tracks are short and the Coulomb

correction large. This clearly indicates the need for a statistical fit.
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Figure 5. The K~p — K~ p elastic scattering cross sections with incident

momentum below 520 MeV/c.
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Figure 6. The K~p — K°n charge exchange scattering cross sections with
incident momentum below 520 MeV /c.
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Figure 7. The K~p — n+L~ reaction scattering cross sections with incident

momentum below 520 MeV/c.
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Figure 8. The K~ p — n~L* reaction scattering cross sections with incident

momentum below 520 MeV/c.
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Figure 9. The X ~p — #°X° reaction scattering cross sections with incident

momentum below 520 MeV/c.
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Figure 10. The K~p —» 7°A reaction scattering cross sections with incident

momentum below 520 MeV/c.
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In Chapter 3, we have already described how we solved the coupled-
channel Lippman-Schwinger equation (3.29) for the T-matrix elements. The

differential cross sections are related to the T-matrix elements by

doga ke<
dé = 167"pgoar D |Taa(K’ k)|’ (4.4)

TS

where the bar over the summation means that it is the sum over final spin
states and average over the initial spin states. The p’s are the “reduced mass”
defined in Eq. (3.37). The momentum for incoming channel a and outgoing
channel 8 are labeled as k and k’. The total cross sections, defined as the

integral of differential cross sections over the solid angle, are

do
0o = / an =2 (4.5)
Using the reverse transformation of Eq. (3.32), we have

(k’ ' kp)
YTSE(K' k) -+ T} (K, k)] 8 Pi(cos 6)

27r2

C o+
5; [ThE(K! k) — Tho (K, )] (w'lio - (k x &')|u) P (cos 8) (4.6)

Substituting the above relation into the total cross sections yields

12

= 167pspay z[z+1 T (K, B) +z\T,§;(k',k)[’] (4.7)

In practice, the computation is always carried out in the “charge basis” to
permit a direct comparison to data (See Table 5 for the channel assignment).
The incoming channel is always K ~p, or channel number 1. The outgoing

channel varies depending on the reaction measured. For the K~ p elastic
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scattering and ‘/K”’p — KOn charge exchange reaction, the outgoing channels

are 1 and v
A !' ‘
N PO 2. 2
o(Kp e Kp) = 16n22% [(1 LR
=0
!
o(Kn — K™p) = 167rp1p2-z;
2

x 3 [(z +1) [T (R, B + 1| T (R k)|2] (4.9)
1=0

iz (', k)] 4.8

The n¥ channels requires a few more steps. Even though we solve the
Lippman-Schwinger equation (3.34) in the “charge basis”, the T-matrix ele-
ments related to 72 channels are always formulated in the isospin basis. To
calculate the scattering cross section, we need first to add the amplitudes
coherently, and then take f;he sum of the square of the moduli. With the

explicit form of the Clebsch-Gordan coefficients, we have
o(Ztr~ « K~ p)

k' 2 1
= lﬁwpaplk [ l \/—Téi (K', k) + —\/—ETii“(k',k)

2

T::I kl ) Ti;(k’:k)

g
o(Z%7° K~ p)
kf
k iz
o(Z77t K"p)

s ] (4.10)

2

,1
+ ¢

i , |
(14 1) | == Tat (K, k) 7

V3

= 16mpapr— Tsi (K, k)

2} (4.11)

1, S
-\7—§F§T(k',k)-~ Tl“(k k)

=Tl (K, k) } (4.12)

. -
= 167(,03[)1'}; L (l + 1)
1=0

Ty (K, k) —

Hiz 7

Rl
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The 7°A T-matrix elements are computed in the charge basis with %A
being the channel number 5. Accordingly, the cross section for K ~p — %A

18

k3 2 RN
o(h = K7p) = 6mpsg 3 (14 1) [T, 0+ 1] (4, )
=0
(4.13)

4.2 The A(1405) Resonance

Strongly coupled to (7X)° channels and lying about 30 MeV below the XN
threshold, lies the A(1405) resonance, an I = 0 state of the § = —1, and
JP = 17[64]. Since 7X scattering is not directly accessible to experiment,
this resonance can be observed directly only in the (#X)° system of the fi-
nal states of production experiments. It was first reported by Alston in
the reaction K-p — Zmrr at 1.15 GeV/c[65]. By now this resonance has
been seen in many other experiments. Thomas[51] reported a respectable
signal for A(1405) in the reaction 7~p — (L*7¥F)K at 1.69 GeV/c. How-
ever, the cleanest and highest statistics sample of A(1405) was obtained
from the reaction K~p — 77t (wL)° at 4.2 GeV/c by Hemingway[52]. In
Hemingway’s experiment, the K = beam of 4.2 GeV/c is introduced to the
CERN 2m hydrogen bubble chamber and the reactions K~p — E+(1660)r~

£+(1660) — A(1405)7*, and A(1405) — (wX)° are used to isolate the
A(1405) signal. The T*7~ mass distribution is read off the Fig. 4 of Ref. [52]
and plotted in as Fig. 11 in this thesis. Notice that we did not plot the
error bar in Fig. 11. In the original paper, only 7 error bars were given for

the total of 14 energy bins. Only those data with error bar are used in the
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fitting procedure. The rest of data are used for determine the total number
of events (therefore the normaiization of the theoretical curve).

Although the experimental signal of A(1405) is clear, the theoretical in-
terpretation of its nature is not totally clear. Due to its strong coupling to 7%
channels and close proximity to the KN threshold, the A(1405) resonance
dominates the low energy KN system. Over the years, much theoretical
works has been done on the description of A(1405)[66, 67, 68, 35, 69, 70, 71,
72]. The following are some of the possible interpretations of the nature of
the A(1405): The A(1405) is (a) a three-quark s-channel resonance, (b) a
quasi-bound-state of the K N system, (c) some kind combination of case‘ (a)
and (b). In this thesis, we follow the method used in Ref. [35]. We let the
K N system couple to a three-quark bag with the correct quantum number of
A(1405), then fit the X mass spectrum for K~p — Zanr at 4.2 GeV /c[52]
within the model, and finally use the deduced fit to determine the nature of
A(1405).

In Chapter 3, we have already described how the bare three-quark state
couples to the KN system via the interaction v(@)(k'y', ku) (the Feynman
diagram is shown in Fig. 4). To calculate the ¥ mass spectrum, we use
the impulse approximation together with a Watson ﬁnal-state-interactioﬁ
model[37, 72] to obtain the necessary matrix elements. There are accordingly
a good number df assumptions in this model and a detailed reproduction of
the data is not expected.

In the final state interaction model, the relative S-wave two-particle sub-

system of a multi-particle final state is assumed to have the asymptotic wave
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Figure 11. Hemingway’s data of invariant mass distribution of the tx~

system from the reaction K~p — Ttr~wtr~ at 4.2 GeV/c.
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function

$(r1,r2) o exp[iQ- (r1 + ra)/2]da(r) ;

= exp[iQ: (r1 + r2)/2]sin (kr + 8) . (4.14)

where r = |r; — ra| is the separation of the two particles, k is the relative
momentum of the two particles in their COM system, and 6 is the scattering
phase shift. Inserting this wave function into the impulse approximation ma-

trix element describing the reaction amplitude produces the matrix elernent

M

i

/d3r1d3r2 H d*rq F(1,2;a)9(r1,r2)
= / Pryd®r, ] dra F(1,2;0) exp[iQ - (r1 + r2)/2]
sin kr coskr "
X (--k—;-— cos 6 + ~—sin 5) e (4.15)

where @ includes all degrees of freedom other than particle pair (1,2). The
function F(1,2;a) is a product of initial and final state wave functions for
all particles except (1,2).

If the (1,2) interaction range is small relative to the size parameters
in the wavefunction product F(1,2;a), the momentum dependence of the

integral (4.15) will be dominated by the second term. This means

. oi6
sm’f - (4.16)

M

This should be a good approximation to the k dependence of the matrix
element if a resonance peaks in a narrow range of momentum.
Replacing the slowly-varying integral over F' in the matrix element (4.15)

by a constant, the rate of the ¥ events, which is proportion to the square
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of the matrix element, at energy E, is given by

dN sin? §
-5 = 0Pk, Q) (4.17)

Here C is a factor independent to the momentum k, p(k, @) is the density of

final states for particle (1, 2) with total momentum @ and it can be approx-

imated by
p(k,Q) = kQ - (418)
Finally then, we have the number of events per unit energy interval as
dN sin® §
dE ~ Tk
X kOgpens (4.19)
. 2
o kpig Tk, k)| (4.20)

The overall normalization is not determined since, at best, the model gives
the shape of the mass spectrum. In the practice, we fix the overall normal-
ization by setting equal the area under the theoretical mass spectrum curve

to the total event number in the experiment.

4.3 The ¥(1385) Resonance

Discovered by Alston in 1960(73, 74], the ¥(1385) is a P-wave resonance
strongly coupled to the wA channel. Similar to the A(1405) resonance, the
%(1385) is below the KN threshold, and is best observed in the mA system
within the final states of production experiments. Aguilar-Benitez fitted the
7°A mass spectrum for the reaction K ~p — Ar%rtr~ at 4.2 GeV/c and gave

five different fits to the ¥(1385) resonance parameters[53]. In this thesis, we
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are only interested in the neutral member of the £(1385) triplet for the obvi-
ous reason that only it is reached by the K ~p scattering. The experimental
7%A mass spectrum for the reaction K~p — An%2tw~ at 4.2 GeV/c is read
off from the Fig. 10 of Ref. (53] and plotted as Fig. 12 in this thesis.

The theoretica,l‘ calculation of the 7#°A mass spectrum is similar to the
72 mass spectrum of the A(1405) resonance. We use again the Watson’s
final state interaction theorem. For the case of P-wave resonance, Eq. (4.16)
ecomes[37)

sin &; %!

where | = 1 for a P-wave resonance. The rate of production for 7°A events

now is ‘
dN sin? §; \
dE Cmp(ka Q) (4.22)
Replacing the density of states by kQ and letting | = 1, we obtain
il_\f_ sin2 51
dE T
o OxAe—xA (423)
k
2 2
o -’i};—" T8 (k, ) (4.24)

One problem using the data from Ref. [53] is the large background. In the
reference, the authors fitted the data with a polynomial background term and
a resonance term, but they did not give the parameters of the background.

We assumed a polynomial background as

(M) = a0+ 01 (31 ) + (%)2 (4.25)
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Figure 12. Aguilar-Benitez’s data of invariant mass distribution of the 7°A

system from the reaction K~p — An%rt7w~ at 4.2 GeV/c. The solid line is

our polynomial fit to the background.
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where Mp is the mass of the resonance. To determine the background, a
Breit-Wigner resonance form is added to it and the whole sum is used to fit
the mass spectrum.

bMET?
(M — M,)* + MET?

AN
iM

= fo(M) + (4.26)

The mass and Width of this Breit-Wigner form is given by the best fit of
Ref. [53] with M = 1384.1 MeV and I' = 34.8 MeV. The parameters are

@y = —T754.73

a; = 15303.0

a; = —T7402.42
b = 158.648

The background is subtracted from the original data and the output is used

as the pure 7°A spectrum for our final fitting program.

4.4 The K~p Threshold Branching Ratios

Even at the zero momentum, the K ~p system is strongly coupled to the open
channels, 2#07xF° 70A, and K~p itself. The threshold decay branching

ratios of the K~p atom are defined as

rate(K~p — &-7)

K rate(K-p — Ttm-) (4:27)
rate( K ~p — charged particles)
R, .
rate( K -p — all final states) (4. 28)
te( K- °A
R, = rate( K—p — 7°A) (4.29)

rate(K ~p — all neutral states)

wor g
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e——ereren

e R
v R, " R,

Humphrey 0.655 4+ 0.011 | 0.186 £ 0.017
Tovee 2.34 +0.08
Nowak |2.35+0.07|0.664 £0.011 |

Goossens | 10.206 £ 0.015 |

e e e e ettt e bt e et e et

Table 8. The K ~p zero momentum branching ratio data.

These branching ratios have been reported b-_y" different groups(47, 48, 49, 50}.
Some of the data are tabulated in Table 8.

Nurnerically, it is not possible to calculate the decay rate of the K ~p
system at zero energy. The method we used is to calculate the K - p scattering
cross section at very low energies F to find a set of branching ratio at finite
energies. And then decreasing the absolute value of £ until the the branching
ratios stabilized on their limit, which is used as the theoretical values of the
branching ratios,

The threshold branching ratios are very sensitive to the method for in-
cluding isospin symmetry breaking. In our CBM, we assume isospin is good
and only break it by using physical masses for the antikaons and nucleons at
calculation stage. We thus do not expect our model to give the branching

ratio close to the experimental data.
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4.5 Fitting The Experimental Data

Earlier in this chapter, we discussed the experiments which studied the low
energy K N interactions and how we would calculate these physical observ-
ables measured in the expesiments. In this thesis, we tested how well the
CBM could reproduce these data by acfua]ly searching for the best fit to the
data.

There are four groups of experimental data included in our fitting. The
first is K ~p scattering cross sections up to 520 MeV/c of K~ laboratory

mormentum, including elastic scattering, charge exchange, and reactions to
| rZ, xA channels [37, 45, 46, 41, 42, 43, 144, 38, 40]. This group contributes
the largest number of data points to the fit.

The second data group is the Ltx~ mass spectrum for the reaction
K-p — Ttr-wtr- at 4.2 GeV/c[52). These are the data which signal
the existence of A*(1405).

The third group is the zero-energy decay branching ratios of the K-p
atom(47, 49, 50]. And the last group of data is the mass spectrum of 7°A
in the reaction K~p — Ax%x*x~[53). These data indicate the £°(1385)
resonance .

There are 7 different independent parameters in the CBM. They are the
radius of the bag R, the bare masses of the 3 resonances, m} for A(17), m}
for £(27), and m} for A(37), and finally, the 3 coupling constants, fr=o for
all isospin 0 channels, ff, for all isospin 1 channels with kaons, and fJ.,
for isospin 1 channels with pions. It is quite a challenge to fit all these data

well with only 7 parameters, The goodness of the fitting is a measure of how

e
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a Data T;'pe Number of Data Point
o Scattering —300 )
72 Spectrum | 7
Branching Ratios 3
nA Spectrum | 200

o Rt aondeer e ¥ Ml e A e M S T O AOS99 20, TR S PRI o

Table 9. A list of different data type and number of data points in each of

thermn.

good we understand the R‘N interaction and the CBM. Since we must solve
coupled integral equation to calculate observables, it is also numerically véry
intensive to run these fit on a computer.

The chi-square is defined as

th _ geep\ 2
x* = ZZ (...‘.’.'L.u.__.!.'.'....) (4.30)
g ]

Oy

where g is the index for different data groups, f;7* is the experimental value
of ith point in data group g, oy, is the experimental error of this observable,
and ft% is the corresponding theoretical calculation of this observable from
the CBM. We minimize the x? by searching in a multidimensional parameter
hyperspace using the ‘anlsl’ subroutine of the Core Math Library (CMLIB)
from National Institute of Standards and Technology.

Because of the large difference between the number of data points of
diffemnt‘type of data, (7 points for 7L mass spectrum and 300 points for

K ~p scattering data), and apparent inconsistency in the estimates of error
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of different groups, we often find one type of datp overwhelmed by others.
To give a fair chance to different data types, we did some variations to‘the
standard x? fit. Basically, we manual adjusted the weight factors for various
data groups and then repeated the chi-square minimization. The new chi-
square, we call it x? is defined as

exp\ 2

cosr (B

wgagl‘ /

We can see that Eq. (4.30) is a special case of Eq. (4.31) with all w, = 1.

4.5.1 Fit 1

First, we fit the low energy K ~p scattering cross sections with only the S-
wave CBM. By “low energy”, we mean the laboratory momentum for scatter-
ing below 250 MeV/c. This set of data has been used by most other groups
in their study of the S-wave K ~p interactions. The center-of-momentum
energies of the scattering system range from the KX~ p threshold of 1432 MeV
up to 1470 MeV. This set of data should not have much influence on the
resonances such as A*(1405), A*(1520), and £°(1385). The parameters from
this fit is listed in Table 11. The theoretical calculation of the different scat-
tering cross sections and mass spectra are shown in Figures 13-19, and the

branching ratios are listed in Table 10.

4.5.2 Fit 2

This is a straight x* fit to the low cnergy scattering data and the 7L mass
spectrum data of K~p -— Trwx(52], all within the S-wave only Cloudy Bag

o
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Figure 13. The K~p — K~p elastic scattering cross sections calculated by
the CBM with the parameter sets from the low energy fits.
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Figure 14. The K~p — K°n charge exchange cross sections calculated by

the CBM with the parameter sets from the low energy fits.
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Figure 15. The K-p —+ n*L~ reaction cross sections calculated by the

CBM with the parameter sets from the low energy fits.
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Figure 16. The K~p — w~I* reaction cross sections calculated by the -

CBM with the parameter sets from the low energy fits.
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¥Figure 17. The K~ p — n°%0 reaction cross sections calculated by the CBM

‘with the parameter sets from the low energy fits.
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Figure 18. The K-p — n°A reaction cross sections calculated by the CBM

with the parameter sets from the low energy fits.
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Figure 19. The ¥ mass spectrum calculated by the CBM with parameter

sets from the low energy fits. The histogram is Hemingway’s data.
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v R. Ry

TRIUMF (A) | 1.04 | 0.649 | 0.157
Fitl  |2.08|0.629 | 0.336
Fit 2 1.66 | 0.623 | 0.284
Fit 3 1.48 | 0.650 | 0.169
Fit4 | 1.00 | 0.654 | 0.123

Table 10. The K ~p threshold branching ratios calculated by the CBM with

different parameter sets.

Model. These are basically the same data used by the TRIUMF group|35).
The parameters of this fit, however, are different from the ones listed in the
reference. This is no surprise because the numerical fitting procedures are
not the same. And the experiment data used in two fits are not necessarily
the same either. The parameters from this fit are listed in Table 11. The the-
oretical calculation of the different scattering cross sections and mass spectra

are shown in Figures 13-19, and the branching ratios are listed in Table 10.

4.5.3 Fit 3

- The major extension of this thesis beyond the TRIUMF’s CBM is the P-
‘and D-wave interactions. With the S-, P-, and D-wave interactions, it is

v possible for us to include the scattering cross sections with higher incident

momentum and the L(1385) resonance data. In this fit we include all of |

‘the four data groups (scattering cross sections, branching ratios, 7% mass

I

ey

v

(AL RN |
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spectrum, and 7A mass spectrum) and run a straight x? fit. The parameters
are listed in Table 11, the theoretical curves are shown in Figures 20-27, and

the branching ratios from this set of parameter are listed Table 10,

4.54 Fit 4

As we mentioned at the ‘b-wgi;a‘mi‘ng‘ of this chapter, due to the lm"ge differ-
ence of the number of data points in different data group, it is often ta see
one type of aata overwhelmed by others il we simply do the standard x?
fit. To give a fair chance to all the data, we designed a 4t with manually
adjustable weighted x? (4.31). After adjusting the weight manually and ex-
amining dozens of fitting results, we picked the one we thought to be the

best representing all the experimental constraints. The weight factors are

Wocattering = O
ey == 1

Whranchingratio = OO

il
(=]

WeA

We do not include the branching ratio data. This model does uot produce

reasonable branching ratio value for the reason we mentioned previously.
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Figure 20. The K~p — K~ p elastic m:.a.ﬂcr‘ing cross sections calculated by

the CBM wiih the parameter sets from fitting all of the data.
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Figrire 21, The K-p — Kn charge exchange cross sections calculated by
the CBM with the parameter sets from fitting all of the data.
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Figure 22. The X~p -—» #*Z- reaction cross sections calculated by the

CBM with the parameter sets from fitting all of the data.
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Figure 23. The K~p -» »~L* reaction cross sections calculated by the
CBM with the parameter sets from fitting all of the data.
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Figure 24, The K~ p — x°%° reaction cross sections calculated by the CBM
with the parameter sets from fitting all of the data.
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Figure 25. The K~p - #°A reaction cross sections calculated by the CBM

with the parameter sets from fitting all of the data.
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Figure 26. The v mass spectrum calculated by the CBM with parameter
sets from fitting all of the data.
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Figure 27. The A mass spectrum calculated by the CBM with the pa-

rameters from fitting all of data. The “data” points shown in the plot is
g p P

Aguilar-Benitez's data after background subtraction.
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flzl
x

R | My | My | My | f'=°] fi&?
TRIUMF (A) || 1.00 | 1630 | N/A | M/A | 120 | 100 | 110
Fit 1 1.29 [ 1554 | N/A |[N/A | 87 | 80 | 75
Fit 2 0.95 | 1588 | N/A | N/A | 126 | 82 | 146
Fit 3 1.23 | 1577 | 1421 | 1558 | 96 | 100 | 79
_ Fit4 13215421417 |1546 | 103 | 96 | 78

TS M S T P et A 4 et e e A e TR e Aot

Table 11. Final parameters of different fits. The radius R is in fm. Others

parameters are in MeV.
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Chapter 5

Applications of the Cloudy Bag Model

5.1 The T-matrix Elements on the Complex Energy
Plane

In Chapter 4, we‘have shown the numerical methods used for solving the
coupled-channel Lippmann-Schwinger Equation (3.29) for T-matrix elements.
We study the detail of CBM T-matrix behavior in thie section. The I = 0,
S-wave KN T-matrix elements of 4 different fits are plotted in Fig. 28 and
Fig. 29.

Fit 1 fits only low energy K ~p scattering croas sections. It does not match
the 7¥ mass spectrum at all. We do not expect it having any resonance
structure in the J = 0, S-wave channels. The real part of its T-matrix
element changes sign once at near above the 7% threshold and once at near
below the KN threshold. The imaginary part shows a sharp peak near the
7L threshold and a big ‘shoulder’. The big ‘shoulder’ peaks slightly at some
place between 1400 MeV and the KN threshold. It does not show any sign of
having a resonance at 1405 MeV. However, from Fig. 30, the 3D plot of the
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Figure 28. The KN Sp; T-matrix elements of low energy fits. The TRI-

UMF’s T-matrix elements are shown for comparison. The arrows show the

72 and K N thresholds.
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Figure 29. The KN So; T-matrix elements of full fits. The TRIUMF’s
T-matrix elements are shown for comparison. The arrows show the 7L and

K N thresholds.
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T-matrix elements on the complex plane, it shows that there are two poles of
~ the T-matrix eléments. Orne is very close tok the 7% threshold and the other
‘.is very near KN threshold (the search routine shows that the position is
above the thfeshold). The first pole causes the rapid change of the T-matrix
elerﬁents near 7 thresﬁold. vBut the second pole is too far away from the
real energy axis and too weak to cause a big peak on the real energy axis.
It, howevef, causes the sign change of the real part T-matrix elements below
K N threshold. |
Fit 2 fits low energy scattering and the 75 mass spectrum. Just as we
mentiorned in Chapter 4, it behaves very much like TRIUMF'’s fit. The real
part changes sign below I? N threshold and the imaginary part peaks (with

an asymmetric shape) at the same position. The 3D plot (Fig. 31) shows

that it also has a pole above KN threshold.

Fit 3 fits all the data. But due'to the large number of scattering and

wA data points, the constraint of 7 mass spectrum is not very significant.
Actually, the fit does not give a good mass spectrum shape, as we saw in
Chapter 4. The real part of the T-matrix elements also changes sign below
K N threshold. But, the imaginary part shows two broad, asymmetric peaks,
one below K N threshold and the other above the 7L threshold. The 3D plot
(Fig. 32) shows that there are two poles on the complex energy pl@e. One
near KN threshold and the other near 7% threshold. Both of them are very
close to the real energy axis. |

Fit 4 is our “best” fit of the new CBM. It gives good scattering cross

sections, good 7% mass spectrum, and good A mass spectrum. The shape

of the T-matrix curves on the real energy axis are very similar to the one of
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Figure 30, The XN S5 T-matrix elements of fit 1 on complex energy plane.
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Figure 31, The KN Sp; T-matrix elements of fit 2 on complex energy plaue.
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fit 2 and the one of TRIUMF's. The magnitude are about 30% larger. But
since we only calculate the shape of #L mass spectrum, not the magnitude,
this fit is also very good on the 7¥ mass spectrum.

There are other resonances in the coupled XN, #T, and 7A systemn. The
T(1385) is in the channel I = 1, L = 1, J = 3/2 and the A(1520) is in
the channel I = 0, L = 2, J = 3/2. The plots of T-matrix elements of
these channels (Fig. 34 and Fig. 35) show clearly the resonance shape at the

energies we expected.

5.2 The Pole Positions in the CBM

In the energy range from 1300 to 1550 MeV, the KN system couples to
several resonances, including A(1405) in S, £(1385) in Py/y, and A(1520) in
Dsy;. In this thesis, we extended the original XN CBM interaction from §-
wave to P. and D-wave. In this section, we apply the extended Cloudy Bag
Model to explore the classic question of the relation between the properties
of a resonance and the poles of the corresponding T-matrix(75, 76). Experi-
mentally, physics is conducted along the real energy axis, and it is there that
a resonance produces a characteristic signature in 7. Conventionally, (for
theory), physical values of energy are those obtained by approaching the real
axis of the first (physical) energy sheet from above, with bound state and
resonance poles appearing as poles of T' off the positive energy axis(75, 76).
Convention and experiment concur that a pole in T on the second (unphys-
ical) energy sheet near the real positive axis produces a narrow resonance

along the positive real axis. And from a theoretical point of view, one of
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Figure 33. The KN 85, T-matrix elements of fit 4 on complex energy plane.
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the best ways to characterize a model of KN scattering is by knowing the
singularities, poles, and branch cuts of T in the complex energy plane. As
a matter of convention|75, 76], we consider poles of T to be either resonant
poles (on the second energy aheety) or bouhd state poles (on the first energy
sheet)—even if they afe not near the real energy axis. The conditions for
which a pole on the second energy sheet may actually cause a resonance de-
pend on a number of factors, such as the existence and proximity of other
poles, different channe] openings, etc. Nevertheless, we search for poles even
far from the real energy axis in an effort to understand better the sometimes
pﬁzzling behavior of T' along the real axis.

In Chapter 3, we already studied the numerical methods for searching
the pole positions. In this case, it is nuclear interactions only (the CBM

interactions). The pole positions are determined by
det(l - V@) =0 (5.1)

with V being the CBM potential.

5.2.1 5/ Resonances

In the S, jg channel, the XN system couples to the A(1405) I = 0 resonance.
The plots of T-matrix elements on the complex plane in last section clearly
shows there are poles in this channel. However, there are two poles in this
channel, the position of both poles are listed in Table 12. As a comparison,
we list the resonance parameters deduced from real axis T-matrix behavior.

Results from cther models are also listed as a comparison.

| CIR L
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Parameter set

(E., B)) (MeV)

Fit 1 (+2, -27)
Fit 1 (-104, —0.6 x 10~4)
Fit 2 (+17, -31)
Fit 2 (-80, -76)
Fit 3 (+5, -21)
Fit 3 (-129, -4)
Fit 4 (1.2, -13)
Fit 4 (-114, -74)
TRIUMF (A) (+13, -12)
TRIUMF (A) (-95, -76)
r1{77] (-58, -32)
nrl[77] (-8, -14)
_ AHW[es] (-14, -25)

— s
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Table 12. The S-wave resonance pole positions in complex energy plane.

The numerical uncertainty is approximately +2 MeV.
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—_—
Parameter set | (E,, E;) (MeV)
Fit 3 (-48, -12)
Fit 4 (46, -12)

Table 13. The P3/; resonance pole positions in complex energy plane. The
energy given in the table is relative to the KN threshold which is at 1435
MeV. ‘ | |

5.2.2 PF;;; Resonance

The X(1385) is a Py, resonance. The positions of the pole is listed in Ta-
ble 13. The published result of mass and width for £%(1385) is (1383.7 £ 1.0,
36 £ 5) MeV[64].

5.2.3 D;/; Resonance

The A(1520) is a Dy, resonance. The pole positions are listed in the Table 14,
The published result of the resonance mass and width is (1519.5+1.0, 15.6 ¢
1.0) MeV[64].

5.3 Kaonic Hydrogen

With its negative charge and heavy mass, the K~ can slip inside of the
electron orbit in a ordinary hydrogen and form a “kaonic hydrogen” with
the Coulomb interaction between the negative charged K~ and the positive

charged proton. A hydrogen-like atom can be described semi-classically by

m
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Parameter set | (E,, E;) (MeV)
Fit 3 (+81, -6)
Fit4 (+83, -6)

Table 14. The Dj/; resonance pole positions in complex energy | lane. The

energy is the relative to the KN threshold which is at 1435 MeV.

the Bohf mode] and its Bohr radius are

L (5.2)

me?
where m is the reduced mass and n is the principle quantum number of the
state. The mass of the K~ (493.646 MeV) is about 1000 times the mass
of the electron and the reduced mass of the kaonic hydrogen is about 650
times the reduéed mass of the ordinary hydrogen. From Eq. (5.2), the Bohr
radius of the kaonic hydrogen is about 650 {imes smaller than the hydrogen
for the same principle quantum number. For the 1s level, the Bohr radius
of the kaonic hydrogen is about 83 fm. At such a short range, the strong

interaction causes a significant shift to the energy level from its value of the

 Bohr energy level. Also the coupling to other channels gives the energy level

a significant width. However, the shift and width of the 2p level is negligible
because the Bohr radius of the level is too large for the strong interaction to
have & significant effect to this state. Therefore, the shift and width of the
1s level can be effectively measured by measuring the X-ray emitted from
the kaonic hydrogen transition from 2p to 1s level.

Experimentally, antikaons from the beam are stopped in the liquid hy-
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drogen and the X-ray lines from kaonic hydrdgen atoms are identified. The
results of the shift and widtﬁ measured by three different groups|78, 79, 80]
are shown in Fig. 36. | ‘

Theoretically, the Coulomb plus nuclear bound state problem is solved
for different parameter sets. With the bound state ;energy (relative to KN
threshold) as (Eg, E;), the shift and width are defined as \

¢ = —Ep—Ep | (5.3)

I = -2E | C (5.4)

- where Eg is the Bohr energy for the kaonic hydrogen with pure Coulomb
interaction. The shift and width are plot in Fig 36 alone with experirﬁental

data.

We note ‘tvhat in all cases the calculated shiff € is toward the less bound
(negative) while the experimental shifts are toward the more bound (posi-

tive).
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Figure 36. The experimental values and theoretical prediction of the CBM
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Chapter 6

Summary and Conclusions

6.1 Summary

We have extended the Cloudy quark Bog Model (CBM) from $- to S-D-waves
for the coupled (KN, #X, A) system. The parameters of this extended CBM
are determined by fitting to the K ~p scattering cross section (6 different
channels of a total of 300 data points), the #¥ mass spectrum from the
K p— Zrrw reaction‘ (7 data points), the K~p threshold branching ratio
| (3 data boints), and the xA mass spectrum from the K—p — An7r reaction
(200 data points). Four sets of CBM parameters are obtained by'ﬁtting
different combinations of data. The ldw-energy ﬁts; 1 and 2, show a small y?

per degree of freedom (1.5 for fit 1 and 2.0 for fit 2). Actually, if we compare

our fit 2 (Fig. 13 and Fig. 14) to Schnick’s potential model[81)], (Fig. 37) we

can see they are equally good at momenta less than 250 MeV/c. This is
because the error bars of the scattering data are very large at low energy.
The data are derived from the photographic pictures of the particle trails of

bubble chamber experiments, and at low momenta, the trails are very short,
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order of millimeters, and are very hard to measure accurately. While tens of
thousands of photographs are analvzed but only hundreds of events are used
to determine the cross sections.

The overall quality of the fit differs when higher momentum scattering
data are included. Fit 3, which include higher energy scattering data as well
as all other data, shows a large x® per degree of freedom. Mixing the low
and higher momenta data together tends to make the higher momenta data
dominate 'Le fit. This is because at higher energy, the A(1520) resonance
data are very well determined, in fact the error bars look tiny compared
to low énergy ones. Other data (7L mass spectrum, branching ratio) are
overwhelmed by them as well. A weighted x?2 fit (4) is designed to give &
more balanced fit by giving less emphasis to the A(1520) data.

As described in the thesis, our model was not constructed to provide an
accurate description of isospin-breaking effects. Therefore it is not surprising
to see it fail to produce the K~ p threshold branching ratio. In fact, in fit 4,
which we considered to be our best fit, was not fit to branching ratio data at
all. And yet even when the branching ratio data are included in the fit 3, it
does not have much influence on the fit due to the large number and small
error of scattering data. From our experience with a weighted x2? fit, the fit
to the scattering data turns out bad if we try to increase the importance of
the branching ratio.

We have used the extended CBM to study resonances to which the KN
system couple, specifically, the A(1405), L(1385) and A(1520). In fit 4's
description of the A(1406), the scattering amplitudes show an asymrnetric

peak in the imaginary part and a sign change in the real part between 1400
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Figure 37. Scattering cross sections of Schnick's potential model,
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MeV and the KX N threshold 1435 MeV. However, the position of the pole
in the complex energy plane found by the search routine is above the KN
threshold. The asymmetry peak and sign change are a consequence of the
interference between the pole and the fhrcahold itself. This is a unique feature
of the coupled-channel system.

For the other two resonances, £(1395) and A(1520), the scattering am-
plitudes show standard resonance shape. The poles in these cases are at
the locations consistent with the energies deduced from the study of the
T-matrices.

The kaonic hydrogen shift and width calculation are consistent with those
found by others. While all the experiment shows the shift towards more
bound, ¢ > 0, all conventional theoretical calculations show shift towards the
less bound, € < 0. The accepted view now is that experiment might well be

in error.

6.2 Future Directions

To obtain better understanding of the low energy KN system, more high
quality data are needed. Perhaps the comrnissioning of the KAON accelerator
will provide more experimental results in near future, Also, a definitive X-ray
experiment of kaonic hydrogen transition would go a long way in supporting
or ruling out the CBM prediction. On the other hand, it is important to
investigate how to incorporate isospin symmetry breaking effect in to the
CBM. It may be the last piece of the puzzle of the branching ratio and the

kaonic hydrogen.
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Another direction is to apply this extended CBM in the nuclear environ-
ment, that is, to study the K=~ A system. Since the nuclear environment test
the off-energy shell (small r) part of the T .matrix, this would be a valuable

adjoint to the present work.
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Appendix A

- The Quark Wave Functions of the MI’I‘ Bag Model

For a static ﬁpherical M:IT bag with radius R, the massless quark wave func-

tion is governed by the Dirac equation insi ie the bag
i §o(z)=0 r <R, | - (AD)
and the linear boundary condition

i fg(s) = g(s) r=R, (A2)

where 4 = —y - F.

The Dirac equation (A.1) can be rearranged as
where the Hamiltonian H is defined as

H=za-p=-ia-V (A.4)
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and the 4 X 4 matrices o are defined as

with o as the Pauli matrices.
The total angular momentum J is defined as the sum of the orbital angular

momentum 1 and the spin X/2
J=1+2 (A.6)

where X is defined as

The total angular momentum J is conserved because it commutes with

the Hamiltonian H
[3,H) = I+ 2/2,H]
= [rxp+ ¥/2,a-p]

= 1aXp—1aXp

=0 | (A8)

If we define the operator K as
K=8(%1+1) (A.9)
we find that it commutes with both H, and J.
[K,H] = [8¥ 1,a-p]+[B,a-p]

= —2fa-p+2Ba-p
= 0 (A.10)

a=(0 0) : ‘ (A.5)
o 0 ‘

2:(" 0) (AT)
0 o

[T T
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and similarly

[K,3)=0 (A.11)

Notice that we have the relation

K"~_—(2J-l+1)’=l"+2~l+1=J’+-}I (A.12)

So the eigenvalue of K is related to eigenvalue of J by the relation

1 7, 1)}
2 . \ - -
=41+ = (J+2) (A.13)

or

k=% (J + %) (A.14)

With all these help, we can now solve the Dirac equation for the eigenstate

of H, J?, J, and K. In spherical coordinates, we have

(@ r)(a-p) = —-irg; +iZ 1= —ir 2 L i(BK 1) (A.15)
and
(a-r)(a r)(a-p)=r}a-p) (A.16)

So we get the identity
(- p) = —i(ax - #)8, + =(a- F)(BK -1) (A.17)

Notice that e == 45X, then for a stationary solution ¢, we can write the

Dirac equation (A.3) as

$ i

: o[ 0 K
Hyg = —iyg(Z - 7) (-é; to — E;'“) g = Eq (A.18)



and ‘q is also eigenfunction of J2, J, and K, as we mentioned before.

Bt = J(J+ 1))

L = Mgt

KQJ o= —xg) ia

For the convenience, we write ¢ as

M,

Myﬂ — éb’vu“ \

g = M |
$1L
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(A.19)

(A.20)
(A.21)

(A.22)

where ¢M'“ and ¢M"‘ are Pauli spinors with total angular momentum jm,

and

(o l+1)q‘>“’“ = --m:ﬁ%»}“
(e l+l)¢M*“ = n&f}fﬁ"

We know that the spin-angle functions JM has the property
3 .
(oD = (J 1) -1 - 3) Y
Then we can write ¢y and ¢y, a8

¢Ju = 9(")3):,3‘
oy if(r) Yy

it

the | and !’ are related to J and x by the relation

—-K = J(J+1)‘-—~I(l+l)+i-

kom JIH1) =+ 1)+

2

i

(A.éa)
(A.24)

(A.25)

(A.26)
(A.27)

(A.28)

(A.29)
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For the spin-angle function W™, we know that J = |+ 1/2. For the case
J =1-1/2, we have |
Il = (A.30)
' = k-1 (A.31)
and for the case J =+ 1/2, we have
Il = —x-1 (A.32)
I' = -« | (A.33)

Now let us go back to Eq. (A.18), using the identity

(o 1M = -3 (A34)
we have
d 1+« s
(3; + 1 )g(r) = Ef(r) (A.35)
d 1l-—x ,
(3 +55) ) = -Eato) (A.36)
These set of equations can be rewritten as
d’g  2dg 2 Mrt1)
oot (E ~ =g =0 (A.37)
&f 2df . K(x—1) _
oy + s + (E B f =20 (A.38)

and these are the differential equations for the spherical Bessel and Hankel
functions. The spherical Hankel function is not related in this case because
it diverges at r = 0. For the case of J = [~ 1/2, x = land I' = |~ 1, the

solution for g is (up to a constant)

9(r) = u(Br) (A.39)
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Using the identity

ar N I+1,
Ji(®) = jia — - aifz) (A.40)
we can find that
1 (dg 1+ P |
fr)=% (a‘f'“" "‘;“59) =jia(Br) = ju(Br)  (Ad1)

Therefore the 4-component quark wave function is
W Er)YM B ‘
i (Er) VY —i(e - #)ju(Er)
For the case of J = {+1/2, x = —(1 4+ 1), and I' = | + 1, the solution for

g 18
9(r) = ji(Er) (A.43)
Using the identity
. I, .
ii(z) = —ji(2) — (=) (A.44)
we can find
flr) = (% + '1“159 = —Jis1(Er) = —ju(Er) (A.45)
E\dr = r i

There fore the 4-component quark wave function is
W(Er)YM i(E
1 Wit B0 B F R TV
—i5(Er)YY, (o - #)ju(Er)

The normealization constant N is determined by the condition
/dzz glg=1 (A.47)

and the energy level E is determined by the boundary condition (A.2). Also
please notice that all above derivation is done inside the bag, so the wave
function is only valid inside the bag. Outside the bag, the wave functions

vanish.
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Si/2 Quark Wave Function

For 5y/2 quark wave function, ! = 0, J = 1/2,l' = 1 and k = —1. So we have
, o(Ws?
M=N| JO(, ) M (A.48)
1(or)j1(wer)
The boundary condition (A.2) implies that
jo(wsR) = j1(w, R) | (A.49)
and the lowest solution is

P,/; Quark Wave Function

For Py, quark wave function, [=1,J = 1/2, ' = 0 and £ = 1. We have

J1(wpsT) ~j1(wpr)(e - 7)
‘I:f/'.-:N( e )yﬁ/z""N'( g XM‘

~i(o - #)jo(wpr) ijo(wprr)
(A.51)
The boundary condition (A.2) implies that
Jo(wp R) = —f1(wpn R) (A.52)
and the lowest solution is
wyy = 22 (A.53)

R
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P;/; Quark Wave Function |

For Py, quark wave function, ! =1, J=3/2,l' =2 and k = —2. We now

have
91 {wgat)
M =N| 1 » M, (A.54)
| i(o - #)ja(wpsr)
The boundary condition (A.2) implies that
ja(wpaR) = —j1(wpsR) (A.55)
and the solution is |
apo = 222 (A.56)
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Appendix B

Additional Fits
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We give more fits in this appendix. Fc2.n.n.n.7 is a fit which fits only to the

scattering data and fc2.n.n.n.cl is a fit which fits to the scattering data with

manually assigned equal error bars. The final parameters of these two fits

are listed in Table 15. And the theoretical curves are shown in Figures 38-

44. The curves labeled as tc2.n.n.n.7 corresponding to the fit fc2.n.n.n.7 and

tc2.n.n.n.cl corresponding to fit {fc2.n.n.n.cl.

vadrmins. ———
o

R | M: M; MJ f!:.—U II(‘-—_I fisl
fc2.n.n.n7 || 1.34 | 1564 | -1249 | 1553 | 92 80 88
fc2nn.n.cl [} 1.19 | 1623 | -12682 | 1568 | 90 87 80
MMIM“L-WTM-'M

et T

e s o e s s Pty
o o—

Table 15. Final parameters of the additional fits. The radius R is in fm,

and other parameters are in MeV.
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Figure 38. The K~p — K~p elastic scattering cross sections calculated by
the CBM with the parameter sets from the additional fits.
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Figure 39. The K~p — K°n charge exchange cross sections calculated by
the CBM with the parameter sets from the additional fits.
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Figure 40. The K-p — #*tI- reaction cross sections calculated by the
CBM with the parameter sets from the additional fits.
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Figure 41. The K~p — =n~X* reaction cross sections calculated by the
CBM with the parameter sets from the additional fits.
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Figure 42. The K~p — 7°Z° reaction cross sections calculated by the CBM

with the parameter sets from the additional fits.

LIRS



148

- S ,0.0
Kp—AT
20 v T T |‘ i T L T ‘*— T
\ — t‘cZ.n.n.h.?
. --- te2.n.n.n.ct
15 - .
F 1
o)
E 10+ .
o

-
-
-
-
-
;”\ ~--.

I L 1 L | i } e

0 1
: 0 100 200 300 400 500 600
: Incident Momentum (MeV/c)

Figure 43. The K-p - 7°A reaction cross sections calculated by the CBM

with the parameter sets from the additicnal fits.
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Figure 44. The 7X mass spectrum calculated by the CBM with parameter

sets from the additional fits.









