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1.0 Summary

Plutonium volubility data from several studies have been evaluated. For each data set, a
predictive model has been developed where appropriate. In addition, a statistical model
and corresponding prediction intervals for plutonium volubility as a quadratic function of
the hydroxide concentration have been developed. The expression for the predicted
plutonium concentration, expressed in base 10 logarithms, is

Loglo[Pu] = -6.493 + 1.270X Logl~OH] + 0.505X {Logl~OH]}2

where [Pu] is the plutonium concentration in mole/liter (M) and [OH] is the free hydroxide
concentration in M. The model is valid only for solutions which contain a free hydroxide
concentration of between 7.24x1 O-Sand 10.5 M and which consist of components in the
salt solution comparable to those used to develop the model.

Because of the wide range of solution compositions, the volubility of plutonium can vary
by as much as three orders of magnitude for any given hydroxide concentration and still
remain within the prediction interval. Any nuclear safety assessments that depend on
the maximum amount of plutonium dissolved in alkaline salt solutions should use
concentrations at least as great as the upper prediction limits developed in this study. To
increase the confidence in the prediction model, it is recommended that additional
volubility tests be conducted at low hydroxide concentrations and with all of the other
solution components involved. To validate the model for application to actual waste
solutions, it is recommended that the plutonium solubilities in actual waste solutions be
determined and compared to the values predicted by the quadratic model.

2.0 Introduction

Nuclear safety assessments of the interim storage and processing of high-level wastes
at the Savannah River Site require information as to the solubilities of plutonium and
uranium in alkaline waste solutions. The volubility of plutonium in alkaline salt solutions
has been reported in several different studies [1-5]. Because of different objectives in
each of these studies, the selected parameters and ranges were not consistent for all of
the tests. However, there is overlap among the tests, and all tests were conducted with a
free hydroxide concentration greater than 1xl 0-7 M. An effort was made to determine if
the data sets could be analyzed collectively to provide a consistent model for the
prediction of plutonium volubility in alkaline salt solutions. Such alkaline salt solutions
are currently handled in tank farm facilities and are to be processed through the In-tank
Precipitation and Extended Sludge processing operations for permanent disposal.

3.0 Data

The data from these various studies are presented in Tables 1-6 of Appendix 7.1. The
unit of measure for each constituent concentration and for the Pu concentration is
moles/liter (M). In addition, the concentration of Pu in milligrams/liter (mg/L) was
calculated assuming all of the plutonium is present as Pu-239. The analysis of each of
these data sets is discussed below.
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4.0 Results

Each data sat was analyzed ta determine a model which fits the plutanium concentration
to a function of the parameter concentrations. The results are presented below.

4.1 Data Set #1

The salt solutions in Data Sdf #1 from reference [1] invalved only hydraxide, nitrate, and
nitrite. A multipla regression analysis far these data is pravided in Exhibit 1 af Appendix
7.2. The model fitted ta the data is

Loglo[Pu] = -8.198 + 0.421 [OH] + 0.231 [N03] + 0.100 [N02]

where [N03] is the concentration of nitrate and [N02] is the concentration af nitrite, both
in moles/L.

Thus, all three species included in the salt salutian enhance plutonium volubility as their
concentrations are increased over the range of values of this study.

4.2 Data Set #2

Data Set #2 is discussed in reference [2]. These salt solutians covered a range of
hydroxide, aluminate, and nitrate concentrations while holding the following species at a
constant concentration: carbonate, nitrite, and sulfate. The analysis of the model fitted to
these data is presented in Exhibit 2 of Appendix 7.2. The estimated model is

Loglo[Pu] = - 5.912+ 1.083 Loglo[OH] + 0.231 Loglo[N03] + 0.100 Laglo[Al]

where [Al] is the concentration of aluminate in moles/L.

The estimated coefficients indicate that all three of these species increase Pu volubility
over the range of values af this study.

4.3 Data Set #3

The make-up of the salt solutions of Data Set #3 was the result of a statistically designed
experiment that was conducted at SRTC [3]. Parameters investigated included
temperature and the concentration af nitrate, nitrite, hydroxide, aluminate, carbanate,
and sulfate. Exhibits 3 and 4 in Appendix 7.2 pravide the analyses of these data. Exhibit
3 shows a very extensive model fit and Exhibit 4 a reduced model with only the
significant factors and interactions. The reduced model is

Loglo[Pu] = -7.474+ 0.227 [OH]+ 1.065 [Al]+ 1.740 [C03] + 0.098 [N03]

-1.299 [S04] + t .687 ([S04] ● [OH])
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where [C03] is the concentration of carbonate in moles/L end [S04] is the concentration
of sulfate in moles/L.

Increases in the mncentratians of hydroxide, aluminate, carbonate, and nitrate lead to
increases in plutonium volubility over the range of values studied. The involvement of
sulfate is complicated by an interaction between sulfate and hydroxide. The estimated
coefficients for these terms indicate that increases in sulfate lead to increases in
plutonium volubility for hydfoxide concentrations greater than

~ = 0.77 M.

For hydraxide concentrations less than 0.77 M, increases in sulfate concentrations lead
ta decreases in plutonium salability.

4.4 Data Set #4

Data Set #4 is from reference [4]. These salt solutions covered the low range of
hydraxide concentrations with nitrate held constant at 1 M. Exhibit 5 in Appendix 7.2 is a
scatter plot of these data for Loglo[Pu] versus Loglo[OH]. The scatter appears to be
random. Exhibit 6 in Appendix 7.2 presents a histagram of these data. A test for
normality for this distribution reveals that the data appear to come from a normal
distribution. Thus, no significant model could be determined to relate the plutonium
volubility with the corresponding hydroxide concentration for these salt solutions.

4.5 Data Set #5

Reference [5] is the source of Data Set #5. This study involved salt salutions which also
covered a low range of hydroxide concentrations, but which varied nitrate and nitrite
concentrations. However, since the experimental design was such that nitrate and nitrite
were changed simultaneously, it would be impossible to distinguish between their
effects. Exhibit 7 provides a scatter plot of Loglo[Pu] versus Logl OIOH]. No significant
model could be determined far these data.

4.6 Determination of a Pu Volubility Model

A plot of all the volubility data is presented in Exhibit 8 of Appendix 7.2. This plot shows
the natural log of plutonium molar concentrations versus the natural log of the hydroxide
molar concentration. Two additional points (Data Set #6) from [3] which are provided in
Table 6 of Appendix 7.2 are also included in this plot. A model of the plutonium volubility
was develaped using the data having hydroxide concentrations from 7.24x10-s to 10.5 M
( Loglo[OHJ from -2.14 to 1.02 ). The lower hydroxide concentration is just below the
minimum hydroxide concentration of 0.01 M expected to occur during waste removal and
processing operations [6]. The maximum hydroxide concentration is near the maximum
hydroxide concentration currently present in the waste tanks [7].

Exhibit 9 in Appendix 7.2 provides a scatter plot of Loglo[Pu] versus Loglo[OH] over the
data for which Loglo[OH] was within the range of -2.1”4 to 1.02. A fitted model which is
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quadratic in Loglo[OH] is also presented in this exhibit. The equation of the model is
given by

LogIoIPu] = -6.493 + 1.270 Loglo[OH] + 0.505 (Loglo[0H])2

Exhibit 10 in Appendix 7.2 provides a plot of the same data with the fitted quadratic
model and a 99?4. prediction intarval for the plutonium volubility. The prediction interval
provides a 99% confidence ihterval for the plutonium volubility, a single response, for a
salt solution with a known hydroxide concentration. Exhibits 11 and 12 in Appendix 7.2
provide the same results with the plutonium volubility expressed in mg/L. The details of
the prediction interval calculation are presented in Appendix 7.3.

The hydroxide concentration which provides the minimum predicted plutonium volubility
for the fitted, quadratic model is determined to be 0.0553 M. This value was determined
by taking the derivative of the quadratic equation, setting it equal to zero, solving for the
log of the hydroxide concentration, and then taking the antilog to determine the
hydroxide concentration in moleslliter. A 95% confidence interval for this hydroxide
concentration is given by ( 0.0236, 0.1293) in M. The derivation of this confidence
interval is given in Appendix 7.4.

Besides hydroxide, nitrate is the only other common solution component for all of the
data sets. The addition of a nitrate term to the model for plutonium volubility was
investigated. Exhibit 13 in Appendix 7.2 provides a plot of the Loglo[Pu] values versus
the Log10[N03] values. No evidence of a relationship betwaen these variables is seen.
Exhibit 14 provides a multiple regression which includes a Log10[N03] term, and Exhibit
15 adds a second term, an interaction term between Log10[N03] and Loglo[OH]. Each of
these fitted models show no indication of a significant term involving Log10[N03].

5.0 Discussion

Previous studies have shown that the volubility of plutonium in alkaline salt solutions is
dependent on the concentration of species such as nitrate, nitrite, aluminate, carbonate,
and sulfate [1-3]. However, the data from these previous tests can be fitted to a simpler
prediction model based only on the hydroxide concentration. A prediction interval about
the fitted curve allows one to estimate bounds on a new, independent obsewation of the
plutonium volubility for an alkaline salt solution for which the hydroxide concentration is
known.

Clearly, plutonium concentrations can span a wide range of values at similar hydroxide
concentrations. The wide range of plutonium values are determined by the redox
potential of the solution and the presence of completing agents such as carbonate and
sulfate.

Simplifying the plutonium volubility to a function of a single factor results in a much lower
prediction accuracy for a given solution, as compared to models containing multiple
parameters. This is evidenced by comparisons of the root sum square error values for
the models. The root sum square error value for the quadratic model (from Exhibit 9) is
0.5787: the value for the reduced model fitted to Data Set #3 (from Exhibit 4) is 0.2246.
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Thus, the scatter about the fitted model is more than 2.5 times greater for the quadratic
model than the model developed specifically for Data Set #3.

This is also evidenced by a comparison of prediction intervals for the two models. Table
7 in Appendix 7.1 provides a 99% prediction interval for Loglo[Pu] for the reduced model
of Exhibit 4 (see section 4.3). Row ID #22 identifies a new salt solution with a hydroxide
concentration of 1.OM and the ather constituents at the midpoints of their ranges. The
99% prediction interval for the ptutonium concentration corresponding to this salt
solution is given in the table as (-7.125, -5.754). For a salt solution with an hydroxide
concentration of 1.0 molar, the 99~o prediction interval from the quadratic model (see
Appendix 7.3 for formula) is given by (-8.028, -4.955). This second interval is more than
twice the size of the former.

With the exception of one data point at low hydroxide concentration, all of the data in
Exhibit 10 lie within the 997. prediction interval. With 102 data points used in the
determination of the model, it is not unexpected to have 1 data point outside of the 99%
prediction interval. Therefore, it is concluded that the quadratic model and equations for
the prediction limits can be useful in predicting plutonium solubilities over the range of
hydroxide concentrations from 7.24x1 O< to 10.5 M for alkaline salt solutions comparable
to those included in this study.

Because of the wide range of solution compositions, the volubility of plutonium can vary
by as much as three orders of magnitude for any given hydroxide concentration and still
remain within the prediction interval. For more accurate prediction of the plutonium
volubility, the more extensive models developed for each data set should be used. Any
nuclear safety assessments that depend on the maximum amount of plutonium
dissolved in alkaline salt solutions should use concentrations at least as great as the
upper prediction limits developed in this study.

Far fewer data points exist for hydroxide concentrations less than 0.5M than for higher
hydroxide concentrations. Thus, there is greater uncertainty in the ability of the model to
accurately predict the plutonium solubilities corresponding to these lower hydroxide salt
solutions. To increase the confidence in the prediction model, it is recommended that
additional volubility tests be conducted at low hydroxide cancentratians and with all of
the other solution components involved.

The studies cited here reported plutonium concentrations for alkaline salt solutions
saturated in plutonium. A new alkaline salt solution whose plutonium concentration is
below the lower prediction limit corresponding to its hydroxide concentration may signal
one of two events:

(1) the salt solution is not saturated in plutonium, or

(2) the salt solution is saturated in plutonium and an improbable event has occurred.

For alkaline salt solutions falling into category (1) and having hydroxide concentrations
greater than the upper confidence limit, 0.129 M, for the hydroxide value which is
expected to minimize plutonium volubility, evaporation is not expected to crystallize
plutonium. This situation is represented by data point A in the chart below. For example,
if a solution 0.2M in free hydroxide and containing 1xl O-gM plutonium were evaporated
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to a free hydroxide concentration of 0.8M, no plutonium would be expected to crystallize
because the plutonium concentration after evaporation, 4x1 0-0 M, is below the minimum
predicted volubility of 7.1x10-s M.

However, for solutions falling into category (1) and having hydroxide concentrations
below the lower confidante limit, 0.0236 M, for the hydroxide value which is expected to
minimize plutonium volubility, evaporation of the solution may rasult in some
crystallization of plutonium from solution. This situation is represented by data point B in
the chart below. For example, if a solution 0.01 M in free hydroxide and containing
1Xl O-9M plutonium were evaporated to a free hydroxide concentration of 0.1 M, some
plutonium may crystallize, because the minimum pradicted curve would be intersected.
After evaporation the plutonium concentration would be 1xl 0+ M, which is above the
minimum predicted volubility of 1.4x104 M. Note howaver, that the plutonium may not
crystallize since the evaporated concentration is still below the maximum predicted
volubility of 2.1 xl O* M.

Log(Pu M)

,4

Lower
Prediction
Limit

I

Log(O.0236) Log(O.129)

Log(OH M)

The quadratic model has not been evaluated against actual waste solutions which
contain not only the components used in the volubility studies, but also contain smaller
amounts of many other chemical species. Some of these species such as the halides,
oxalate, and phosphate, could form complexes with plutonium, and thereby, increase the
plutonium volubility above that predicted by the quadratic model. To validate the model
for application to actual waste solutions, it is recommended that the plutonium
solubilities in actual waste solutions be determined and compared to the values
predicted by the quadratic model. The waste solutions salected for the determination of
plutonium volubility should span as wide a range of hydroxide concentrations as
possible.
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Table 1: Plutonium Volubility Study: Data Set # 1

Reference: Delegard, C. H., “Volubility of PuOZ . H20 in Alkaline Hanford
High-Level Waete Solution: RHO-RE-SA-75P, May 2, 1985.

D.ts S.,1 (N.OHJMIN.AI02JM(Ns2C03JMlNdNO~JM(N.N02]M [NQ2S04)M IPUJM [Pu]mglL

1
1
1
1
1
1
1
1
1
1
1
1
1
1
~
1
1
1
1
1
7
1
1
1

1
1
1
1
1
1
1
>
1
1
1
1
1

1
1
1
1
1

4.00E+OO
5.00E+OO
5.00E+OO
5.00E+OO
5.00E+oo
5.00E+OO
5.006+00
s.00E+oo
7.00E+oo
4.00E+oo
5,00E+O0
5.00E+OO
5.00E+OO
s.00E+oo
5.00E+OO
s.00E+oo
6.00E.00
7.00E+OO
1.00E.00
2.00E.00
3.00E.00
4.00E,OO
s.00E,oo
5,00E+O0
5,00E+o0
5.00E*oo
5.00E*oo
5.00E+oo
5.00E.00
500E.00
5,00E.00
6.00E.00
600E.00
7.00E.00
7.00E.00
B.00E.00
8.00E.00
9.00E.00
s,00E*oo
1.00E.01
l.OOE*o I
1.05E.01

4.00E+OO
1.00E+oo
1.SOE+OO
2.00E+oo
3.00E+OO
XOOE.00
4.00E+OO
2.00E+oo
1.00E +00

1.00E+OO
~.00E+OO
1.00E40
1,00E+OO
2soE-01
5.00E.01
1.00E+OO
1.00E+oo
1.50E+O0
2.00E.00
2.50E+O0
100E+oO
2.00E+OO
1,00E+OO
2.SOE+OO
1.00E+oo
2,00E.00
1.00E.00
1.50E,00
1.00E+00
>.00E.00
5.00E.01
1.00E.00
2.50E.01

4.00E+w
1.00E+oO
1,54E+N
2.~E+oO
S.00E+OO
3.00E+OO
4.00E+OO
2.06E+oz
1.00E+OO
1.00E+oo
1,SIOE+OO
1.00E+64
1.l)OE.00
Z.SOE-O?
S.00E-01
1.00E+m
1.wE+oO
1.SOE+OO
2.00E+oo
2.50E+o0
3.00E+OO
3.~E+OO
1.00E.00
2.50E.00
1.mE.00
2.00E.00
1.00E.00
1.SOE+OO
1.00E+OO
1,00E+oo
5,00E.01
1.coE.00
2.50E.01

1.26E-06
1.34E-06
1.SSE-06
1.6aE-06
2.4SE-06
1.u2E-os
3.00E-os
4,74E.06
7.03E-06
4.00E-07
1.17E-06
0.20E-07
S.SOE-O?
1.12E-06
7.00E-07
7.aoE-07
S,54E-06
5.06E-OS
3,00E-08
1.20E-07
3.20E-07
7.70E-07
2.01E-OS
2.S5E-06
3.06E-06
2.09E.06
6.40E.06
671E.06
a47E-06
14aE-05
1,40E.05
4.60E.06
3.s2E.05
1.03E.OS
S4~E.06
2.s9E.05
644E.05
1.07E-04
S.67E.05
2.6SE-04
145E-04
1.64E.04

3.OIE-0$
3.20E-01
3.7EE-01
4.02E-01
SS3E-01
4.S6E-01
7.17E-01
1.13E+O0
1.00E+OO
6.63E-02

Z. MOE-Of
2,20E-01
1.33E-01
2. S6E-01
1.67E.01
1,ME-01
1.32E+00
1.22E+o0
&20E-03
2.94E-02
7.5SE.02
1.63E.01
4. BOE-01
6,21 E.01
Q.23E-01
s.00E.01
1.S5E+O0
2.osE.00
2.02E.00
3. S4E+O0
3. S4E+O0
1.1oE.oo
e.73E+00
2,46E.00
2.25E.00
7,15E+O0
2,02E+01
2.66E+01
1,50E+01
6.43E+01
347E+01
4.40E.01



WSRC-TR-93-131 February 26, 1993
aae 10of~

Table 2: Plutonium SolublHty Study: Data Set # 2

Reference: Delegard, C.H. and S. A. Gallagler, “Effeots of Hanford High-
Level Waste Components on the Volubility of Cobalt,
Strontium, Neptunium, Plutonium and Americium,”
RHO-RE-ST-3P, 1983.

me 691

2
2
2
2
2
2
2
2
2
2
2
2
2
2
2

[NmoH]M

4.00E+oo
1.00E+OO
4.00E+OO
f .00E*OO
2.00E+OO
2.00E+OO
2.00E+OO
2.00E+oo
4,00E*O0
4.00E+OO
1.00E+OO
1.00E+OO
2.00E+oo
2,00E+O0
2.00E+oo

[NSAI02]M

S.00E-05
S.WE-05
6,00E-05
5.00E-05
5.00E.01

5.00E-02
5.00E-01

5.00E-09
5.00E.01
5. COE-09
5,00E-01
5.00E-09
5,00E-05
5.oQE-05
5,00E.05

[Na2coa]M

2.50E-oz
2.50E.02
2.60E.02
2.50E.02
2,50E-02

2.50E-02
2.50E-02

2.50E-02
2.50E.02
2.30E-02
2.50E-oz
2,60E-02
2.50E-02
2. 50E-02
2.50E-02

[NsN03]M

2.00E+OO
2,00E+00
2.00E-00
2.00E-08

2.00E+oo.
2.00E*OO
2.00E-08
2.00E-08
2,00E-04
2.00E-04
2.00E-04
2.00E-04
2.00E-04
2.00E-04
2.00E-04

[N.N02]M

1.00E+oo
1.WE+OO
1,WE+OO
?.20E+ w

1.00E+w
1WE*OO
1,SOE+OO

1.wE+OO
1.0QE40
1,00E+co
1,oQE+OO
f .mE+OO
1.WE+OO
1.00E+oo
1.0QE@3

[Ns2S04]M

5.cQE-03
5.00E-03
5.00E-03
5.00E-03
5.00E-03
5.00E-03
5.03E-03
5.00E-03
5.00E-03
5. ODE-03
5.oQE-03
5.00E-03
5.MIE-03
5.&3E-03
5,00E.03

[PU]M

4.58E-06
9 .04E-02
2,07E-05
4.20E-07

3.36E-06
1.29E-04
1.24 E-06
5.70E-07

3.31 E-05
2.34E-06
v.mE-06
3.70E-07
5.70E-07
5. IOE-07
7.40E-07

[P.]mg/L

1.06E+00
2.40E-01
4.95E-01
1.14E-01
6.? OE-01
3,08E.01
2.06E-01
1,36E-01
7,61E-01
S,SOE-01
2.28E-01
9.77E-02
1.37E-01
1.21E-01
1.76E-01
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Table 3: Plutonium Volubility Study: Data Set # 3

Reference: Hobbs, D. T., T. B. Edwards, and S. D. Fleischman, “Volubility
of Plutonium and Uranium in Alkaline Salt Solutions (U),
WSRC-TR-93-056, February 12, 1993.

Da* Set

3
3
3
3
3
3
3
3

3
3
3
3
3
3
3
3
3
3
3
3
3

[NaOH]M

2.00E+OO
?.25E+00
1.25E+00
1.25E+O0
5,00E-01
7.50E-01

2.00E+OO
2.00E+oo
2.00E+oo
5.00E.01

2.00E+OO
5.00E-01

1.25E+O0
1.40E+O0
6.00E -01
5.00E.01
5.00E.01
5.00 E-O 1
5.00E.01

2.00E.00
5.00E.01

lNaA102)M

S.00E-02
1.60E-01
1.SOE-01
<.SOE-01

3.30E-01
3.63E-01
3,30E-01
3.30E-01
5.00E.02
3,30E-01
3,30E-01
5.00E.02
1,SOE-01
2.20E-01
S.WE-02
5.00E-02
3.30E.01
5.00E.02
3.30S-0>
5.00E.02
3.30E-01

[Ns2C03]M

2,00E.02
1.60E.01
1.60E-01
1.60E.01
3.00E.o!
2.00E.oz
2.00E.02
3. WE.01

3.00E-01
2.00E-02
2,00E-02
2.00E-02
1,60E-01
2. 1oE-o1
3. 00E-01
2.ocIE-02
2,0QE-02
3.00E-01
3,00E.01
3.00E-01
3,00E-01

[N.N03]M

1.00E+OO
2.50E+O0
2.50E+O0
2.50E+O0
4.00E+oo
4.00E+OO
1,00E+OO
1.00E+oo

1.00E+OO
4.00E+oo
4.00E+OO
1.00E+OO
2,50E+O0
2.80E+o0
4.00E+OO
4.00E+OO
7.00E+oo
1.00E+oo
1.00E+oO
4,00E+O0
+.00E+oo

[N. N02]M

2.wE+oo
1.05E+o0
1.OSE+W
! .05E+00
1.00E-01

2. DOE+OO
1.00E.01

2,00E+w
1.oDE-01

2.00E+OO
1.00E-01
t ,sQE-01

1.0sE+04
1.40E+o0
2.00E+oo
1,00E-01

2.00E+N
2.00E+oO
1.00E-01
1.00E.01
1.00E-01

[Ni2S04]M

4,00E-01
2.30E.01
2.1oE-o1
2.1oE-O1
2.00E-02
2.wE-02
4.00E-01
2.wE.02
2.00E.02
4.00E.01
2.6QE-02
2,00E.02
2,1oE.o1
2.80E.01
2.20E-02
4. SOE.01
2.00E.02
4.00E .01
4,00E.0~
4.00E.01
4,00E.01

[PU]M

1.S6E-Oe
2.70E-07
2.00E-07
5.00E-07
1.22E-OS
3. SOE-07
3.07E-06
?.30E-06

5.30E-07
2.60E-07
6.70E-07
7.00E-06
4.30E-07
6.70E-07
6. IOE-07
8.00E-08
7.00E-08
1.00E-07
5.30E-07
4.00E.06
1.20E-07

[P.]mg/L

3,78E-01
6. S2E-02
6,86E-02
t.19E-01
2. B2E-01
6.46E-02
7.34E-01

3.11 E-01
1.27E.OV
6.14E-02
1,61E-01
1.72E.02
1.04E.01
1,60E-01
1.47E.01
?.00E-02
1,63E-02
4.16E-02
t,2#E.01
9,76E.01
2,s2E.02



WSRC-TR-93-131 Februaty 26, 1993
aael?of~

Table 4: Plutonium Volubility Study: Data Set # 4

Reference: “Bedrock Waste Storage: Technical Progress Report,
February-April, 1972,” DPST-72-122-2, July, 1972.

mu set

4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4
4

. . . . .. . . . . . . . .. . . . ... . . . . ... . .. . . . . .. --- ... . .- .. . .- .

4. 1OE-O7
7.20E-07
1.05E-06
6.1 7E-06

1.23E-05
!.74E-05
1.74E-05
2.51E-05
3.80E.05
3.s8E-05
5.37E-oS
7.s4E.05

1,46E.04
3,39E.04
3.47E-04
4.68E.04
6. 17E.04
7.41 E-o4
2.76E.03
7.24E-03
7.41 E.03
7.02E.02
1,32E.02
7,32E.02
427E.02
7.5$E-02
.9 71E.02
8 91 E.02
1,02E.01
1 10E. oI
2 80E.01
4 7SE.01
5.OIE.01
575E.O!
5 89E.01
6 46E.01

lN#AIUZJM IN,ZGIXIJM [N~NIJSJM

1.00E.00
1.00E+oo
1.00E+oo
1.00E+oo
1.00E+oO
1.WE+OO
1.00E+OO
1.00E+oo
* .WE+OO
1,00E+oo
I .OoE.oo
1.00E+OO
1.00E+oo
1,00E+OO
1.00E+OO

1.00E+OO
1.00E+oo
~.00E+OO
1:OOE+OO
7,00E+OO
1.00E+OO
1.00E+oo
1.00E+OO
I .JOE.00
1.00E+OO
1.00E+oo
1.00E.00
1.00E.00
1.00E+OO
1.00E .00
1.00E.00
1.00E .00
1,00E.00
1.00E.00
1.00E.00
1,00E.00

lM~NIJZ]M lNaZS041M [PLI]M

1.30E-07
1,40E.07
5,00E-07
1.00E-07
8,00E-06
1.40E-07
1,1 OE-O7
7.00 E-o.9
4.00E-07
1.70E-07
4.00E-06

3.00E-07
1.soE-07

2,20E-07
3.00E-08
4.00E-08

6.00E-08
2.00E.08
8.00E-08
3.70E-07
7.00E-08
1,50E-07
1.40E.07
1.60E.07
2.00E.07
7.00E-07
1.50E.07
1.00E-07
2.00E.08
3 30E-07
7.00E.08
3.00E.08
1.00E.07
4 OOE.08
1 90E.07
5.00E.08

[wjmgm

3.16E-02
3,30E-02
1.20E-01
2,41E-02
1.soE-02
3.42E-02
2.58E-02
1.7t E-02
9.51 E-02
4,06E-02
&63E-03
7.24E-02
4,6%E-02

5.38E-02
6.60E-03
6,63E.03
1.42E.02
4 ,06E.03
1.93E-02
8.80E-02
1.73E-oz
3.40E-02
3,25E.02
3.92E-02
4 .76E-02
1.67E.01
3.70E.02
2,44E.02
4.45E.03
7,96E.02
1,71 E-02
7.1 OE.O3
2,41 E.02
a.wIE.03
4.46E.02
1.20E.02



WSRGTR-93-131 February 26, 1993
‘a9e130f35

Table 5: Plutonium Volubility Study: Data Sat # 5

Raference: Marine, 1.W., “Bedrock Waste Storage: Technical Progress
Report, September 1972- June 1973,” DPST-73-1 22-1,
October, 1973.

D.h Set

5
5
s
5
5
5
5
5
5
5
5

2.60E-07
5.00E-07
2.6SE-06
7.24E-03
f.17E-01
2.24E-01
2.00E-07
8,91 E.06
7,41 E-04
1.17E-02
1.66E-01

INSAI02]M lNa2c03]M [N.N03]M

8,75E-01
8.75E-01
8.75E-01
8.75E-01
8.75E-oT
8.75E-01

3.50E+o0

3.50E+O0
3.50E+O0

3. SOE+OO
3.50E+O0

[NaNo2]M

1.25E-01
1.25E-01
1.25E-01
1.25E-Ot
1.25E-01
1.25E.01
5.00E-01
5.00E-01
5.00E-01
5.00E.01
5.00E-01

[Na2S04]M [Pu]M

4 .M E-08
a,30E-o@
6.1 OE-OS
4.50E-09
5.20E-06
5.00E-08
3.90E-os
3.00E-08
3,70E-09
1.80E.09
2.00E-02

[P.]mg/L

8.60E.03
2.22E-03
1.46E-03
1.08E.03
1.24E.03
1.09E-02
9,32E-04
5.08E-03
8.84 E-o4
4.30E-04
5,02E.03
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Table 6: Plutonium SoluMity Study: Data Set # 6

Reference: Hobbs, D. T., T. B. Edwards, and S. D. Fleischman, “Volubility
of Plutonium and Uranium in Alkaline Salt Solutions (U),
WSRC-TR-93-056, Februaty 12, 1993.

O*U S*1 [NaOH]M [NaAt02]M [Ns2C03]M [N*N03]M [NaN03JM [Na2S04]M [Pu]M [P.]m@/L

6 5.1 OE-O2 5,00E-02 3.00E-01 t .00E+oo ?.00E-01 4, WE-01 1.24E-06 2.96E-01

6 5.1 OE-O2 5.00E-02 3. L!OE.01 1.00E+oo 1,00E-01 4.00E-01 1.67E-06 3.99E-01
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Table 7: 99°A Prediction intervai for Reduced Modai Fitted to Data
Set #5

Row ID

1

2

3

4

5

6

7

6

9

10

11

12

13

14

15

16

17

18

19

20

21

22

Row ID

1

2

3

4

5

6

7

6

9

10

11

12

13

14

15

16

17

18

19

20

21

22

[NaOH]M [NaAI02]M [N,2C03]M

2 0:05 . . .

1.25 0.19

1.25 0.19

1.25 0.19

0.5 0.33

0.75 0.363

2 0.33

2 0.33

2 0.05

0.5 0.33

2 0.33

0.5 0.05

1.25 0.19

1.4 0.23

0.5 0,05

0.5 0.65

0.5 0.33

0.5 0.05

0,5 0.33

2 0.05

0.5 0.33

1 0.19

Prod [logPu]

-6.0047

-6.2942

-6.2042

-6.2942

-6,1032

-6.4902

-5.7063

-6,0074

-6.3057

-6.7635

-6,2000

-7.1S36

-6.2942

-5.9736

-6,4015

-7.0618

-6.8852

-6,6692

-6.5709

-5.2226

-6,5709

-6.4394

“.”C

0.16

0.16

0,16

0.3

0.02

0,02

0.3

0.3

0.02

0.02

0.02

0.16

0.21

0,3

0.02

0.02

0.3

0.3

0.3

0.3

0.16

S.E. prod

0.2676

0.2303

0.2303

0.2303

0.2677

0.2545

0.2726

0.2668

0.2729

0.2639

0.2759

0.2735

0.2303

0.2349

0.2671

0.2745

0.264S

0.2602

0,2569

0.2703

0.25%9

0.2303

[N8N03]M [NmN02]M [N,2S04]M

2.5

2.5

2.5

4

4

1

1

1

4

4

1

2.5

2.8

4

4

1

1

1

4

1

2.5

L99%PI

-6,8013

-6.9797

-6.9797

-6.9797

-6.9002

-7.2460

-6.5179

-6.8017

-7.1181

.7.5491

-7.0213

-7,9976

-6.9797

-6,6730

-7.1967

-7.8788

-7,6736

-7.6439

.7.3417

.6.0538

-7.3417

-7.1249

. . ..4

1.0:

1.05

1.05

0.1

2

0.1

2

0.1

2

0.1

0.1

1.05

1.4

2

0.1

2

2

0.1

0.1

0.1

1.05

U99%PI

-5.2080

.5.6068

.5.6088

-5,6088

.5.3062

-5.7325

-4,8948

.5.2131

-6,4933

.5.9778

-5.3787

-6.3695

-5.6088

-5,2743

.5.6063

-6,2448

.6.0969

-6.0946

.5.8000

-4.3913

.5.8000

-5.7540

“.*

0.21

0.21

0.21

0.02

0.02

0.4

0.02

0.02

0.4

0.02

0.02

0.21

0.26

0.02

0.4

0.02

0.4

0.4

0.4

0.4

0.21

[Pu]M

1.56E-06

2.70E.07

2.90E-07

5.00E-07

1.22E-06

3.50E-07

3.07E-06

1.30E-06

5.30E.07

2.60E-07

6.70E-07

7.00E-08

4.30E-07

6.70E.07

6.1 OE-O7

8.00E-06

7.00E-08

1.80E-07

5.30E-07

4.09E-06

1.20E-07
.
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7.2 Exhibits

Exhibit 1:

Exhibit 2:

Exhibit 3:

Exhibit 4:

Exhibit 5:

Exhibit 6:

Exhibit 7:

Exhibit 8:

Exhibit 9:

Exhibit 10:

Exhibit 11:

Exhibit 12:

Exhibit 13:

Exhibit 14:

Exhibit 15:

Exhibit 16:

Multiple Regression Analysis for Data Set # 1

Multiple Regression Analysis for Data Set # 2

Full Model Fit for Data Set # 3

Reduced Model Fit for Data Set # 3

Scatter Plot for Data Set # 4

Histogram of Plutonium Solubilities for Data Set # 4

Scatter Plot for Data Set # 5

Plot of Plutonium Volubility Data

Scatter Plot and Quadratic Fit of LoglOIPu Ml versus Log IO[OH]

Quadratic Model with Prediction Limit for Plutonium Volubility
for Pu Concentrations Expressed in Molar

scatter Plot and Quadratic Fit of LoglO(Pu mg/L) versus LoglOIOH]

Quadratic Model with Prediction Limit for Plutonium Solubiiity for Pu
Concentrations Expressed in mg/L

Scatter Plot of LoglOIPu] versus Log10[N03]

Multiple Regression Analysis With Additional Log10[N03] Term

Multiple Regression Analysis With Additional Loglo[N03] and
Interaction Terms

SAS Output for Quadratic Fit of Loglo[Pu] versus Loglo[OH]



WSRGTR-93-131 February 26, 1993
aae 17 of 3!5

Exhibit 1: Multiple Regression Anslysis for Data Set # 1

Response: Log(PuM)

Summary of Fit

RSq”are 0.917475
Rc-al Me.. Square Err.< 0.?55614
Mean of Res~sa -5.38004
Observations (m Sum wgts) 42

‘Lack of Fit )

Source DF Sum of Squares Mean Square F Ratio
lack of Fit 33 2.39904S5 0.072698 4.3363
Pure Error 6 0.0838249 0.01 676S Prc. b>F
To!al Error 36 2.4S28714 0.0S36

Psrameter Estimates

Term Estim*te Std Error t Ratio Probsltl
lnle,cept -8,197946 0.15865 -51.67 0,0000
[NaOH]M 0.420QOQ6 0.0207 20.34 0.0000
[NaNo3]M 0.230704 0.03735 6.18 0.0000
[N.N02]M 0.1003163 0.03735 2.69 0.0107

Effect Test
1

Source Np.rm DF Sum d Squ.r.s F R.tio
[NaOH]M

Prob>F
11 27.027978 413.6594 O.Woo

[NaN03]M 11 2.492425 36.1462 0.0000
[NaNo2JM 11 0.4712S4 7.2125 0.0107

Whole–Model Teat

.3.5

.’2

.s,0 .7.0 .6,0 .5.0 .4.0
Log(P.M) Predicted

4nalysis of Variance

1’
.

0.4
“<

“4

.
0,3 .,

0.7

i ~~~

+.

01
.+

F.
. . .

‘ 0.0 a ~~~g ,.{ . . . .

: . . ,.

-0,1
,. ‘<

.0.2 +

.

.

J +
0.3 . .

. . +

.0.5 ! , ! 4 I I I , :

.8.0 .7.0 .s,0 .5.0 .4.0
Log(PuM) Pred#cled

I

source DF Sum of Sq.. rcs Mean Square F Ratio
Mod,! 3 27.6032G7 9.20109 140.8214
;, ,0, 36 2.482671 0.06534 P,ob>F
: Total 41 30.086138 0.0000
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Exhibit 2: Multiple Regression Analysis for Data Set # 2

Response: Log(PuM)

Summary of Fit

l(Lack of Fit)

Sour..

lack of fit
Pure Error
To!al Error

~

Effect Test

Source NP.rm DF Sum of Squares F Ratio Prob. F
Lcg(c+l) 11 o.asoloz~l 26.S076 0.0003
Log(At ) 11 0.22450518 7.0005 0.0228
L@mz) 11 0.27163672 8.4701 0.0142

~Whole-Model Test )

j

, ,, ......../(
..

.5.4
.,x

.5.5 ,, .

5,6

i
.f,7--

~

,, ,..

~ -5.8
.

$ :;::~ ”””’”’””””””””’””” ““”””:;.g+:”~””””
J

.6.1

i

. . .
,. ‘;

,..’ ,. . .
.6.2 x“ ., 1,

.6 .37

/

.,., ”-”:

.G. L-

1 .’’,:-”
.6,5

.7.5 .7,0 .6.5 .6.0 -5.5

Lw(P.M] Pr.d,c!ed

Analysis 0( Variance

0.1

O.c

.01

.0.7

.0 3

-0 L

x
.x

* x

x ‘x
.

.

“

source DF sum of !%..rcs Me.. Squaw F Ralio
Model 3 1.3462448 0.448748 13,99?7
Err.< 11 0.3 S2771 1 0.032070 P,c. b>F
c ToIal 1< 1.6990159 0.000!>

.7.5 .7 [ 65 .6,0 .5.5
LOXP.U) P,edicled

——

II
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Exhibit 3: Full Model Fit for Data Set # 3

m-.
Parameter Estimates

T*,m Estlm.1. SM Error I R.lio Pm b,lll
1“,.s.0, .7.634784 0,30151 -19.50 0.0000

0.4036466 0.32144 126 0.2405
WO?]M 0.80060S5 0.7.3467 1.09 0.3~ 19
[Wccop! 2.4S347 0.75501 32S 0.01.1
[M403]M 0.343S041 0.09971 1.44 0.1010
p’lm02pJ .0,178531 0.20883 -0.85 0.420S
(Na2SC4JM -1.309344 0S563 -2.35 0.0.508
p&A102J-[NaOH]M 0.2199041 0.62317 035 0.7346
lNa2c03j-[NaOHJM -0.604407 0.6343 .0.9S 0.3724
lN.N03]WfNaCU]M .0.04311 0.07107 -0.61 0,s633

[UN02]M7)QOH]M 0.109996 0.16628 1.20 0.2682

IM2SC+[NKW]M 1.6709172 0.46736 3.58 0,0090

[N. OWM.(NaN03]M.[NaN02]M .0.1 55S36 0.09572 .1.62 0.1482

[NaN03]M-[NaN02]M 0.!*69S12 0.08353 %.40 0.2041

Effect Test

S*”,.. Np. r.n OF sum 01 S.1..ws F 17.tio Prob. F

-N , 0,0770?398 1.5?69 0.2495

N. AI02)M ; 1 0.05804S26 1.1876 0.3110

NUC03)M , 1 0.5161485? 10.5S99 O.Oldl

PuN03]M !1 O.!O% 93207 2.08S4 0.1919

NaN02)M , , 0 03572393 0.7309 0.4209

Na2S04)M ! , C 27076991 55397 0.05ffl

N, AC02].[N.OH)M ,, 0 00 G08257 0.1244 0.7346

N.2C03]. IN.OH)M 11 004438019 0.W80 0.3724

NaN03)M .1NaOH]M 1, 0.0, 79S549 0.3U0 0.9S-33

N* N02JM.(w OHpd ) , 00707, !47 ! 4467 0.2682

Na2S04j.(NaOH)M ,? o 6247610E !?7820 00030

NaOH]U.( NaN031M.l NaN021 t,, ,, 0 ,290623S ?6405 0.14e?

Na,t031Mv Nah,02, M ,! c 095e80?3 !.9616 020.1,..

Nhole-Mod@l TCSI ]

.5,5 I_.,oj
‘4~
y

.6.5- 1
I

Lo,,PuM, P,.o,c,. L!

inalysis of Variance

0.?

\

c

0? ,: ... .
0 .,

~ 00 . . . . . . . . . . . . . . ..%C.F............
0

;

=.O! . .

:
0.2‘1

],
.o.3-

.C,,-L—
.n . . .7 .’ .! .’ .3

L.a.#P”f.tl Vve.,cwd I

;. .,... Or sum of S..... s M... Squ.rc F R.8i.

Jcd.1 ,: 4.57303s! 0.3$, 77? 7.1969

:,,0, 0.34214G7 0.04?? 871, Pr-b,F
: 10!.) 20 4.9,5,850 0.007,
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ExhIblt 4: Reduced Model Fit for Data Set # 3

Response: Log(PU)

Summary of Fit
1

P4wf. 0.85631
M IA- dquve Emu 0.224605

Fx%si%%’- W*, 2,

.6.3570,

L )

Lack of Fit 1
s..... OF Sum .1 squ.,.. 1A... sq..w F R,lk
l&k d FN 10 0.440S7476 0.04.90? 0.7G3

Pure Eltol 4 0.2 S628687 0.06,072 P,eb>F

Toml Err., ,4 0.70G 26, 63 070’5

Parameter Estimates I

,W
E.tim.l. S16 Error I R.tm P,. b.Itl

Effecf Tesf

Se”r.. NII.r.m OF sum 01 SW. . .. F R.tio Pzob. F
N’Jnmw 0.1 7S37312 3.476* 0.M3*
IN.AI021M ; 1 0.33183030 6.5778 0.~5
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Exhibit 5: Scatter Plot for Data Set # 4

.og(PuM) By Log(OH)
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Exhibit 6: Histogram of Plutonium Solubilities for Data Set # 4

og(PuM)

Qiiiiim-)
maximum Ioo. o% .6.1549

99.5% -6.1549
97.5% -6.1549
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median So. o=z -6.9214
quartile 25. o% .7.2052

1 0.0% .7.5368
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0.5% .7.7696
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Moments J
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Std Oev 0.39549
S1d Err Mean 0.06592
Jpper 95% Mean .6.83040
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Exhibit 7: Scetter Plot for Data Set # 5

og(Pu) By Log(OH)
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Exhlblt 8: Plot of Plutonium Volubility Data
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Exhibit 9: Scatter Plot and Quadratic Fit of LoglOIPu M] versus
Loglo[OH]

og(PuM) By, Log(OH)
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Exhibit 10: Quadratic Modal with Prediction Limit for Plutonium
Volubility for Pu Concentration Expressed in Molar
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Exhibit 11: Scatter Piot and Quadretic Fit of Loglo(Pu mg/L)
versus Loglo[OH]
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Anaiysis of Variance

source DF Sum of Squaras Mean Square

Model 2 62.749892 31.3749

Error 99 33,152318 0.3349

C Total 101 95.902210

F Ratio
93.6924
Prob. F

0.0000

Perameter Estimates

Term Estimate Std Error t Ratio Pro b>ltl

Intercept -1.114621 0.06093 -13.77

L@OH)
0.0000

1.2704622 0.09599 13.24 0.0000
Log(OH)A2 0.5051876 0.07794 6.48 0.0000
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Exhibit 12: Quadratic Model with Prediction Limit for Plutonium
Solubllity for Pu Concentrations Expressed in mg/L
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Exhibit 13: Scatter Plot of Loglo[Pu] versus Log10[N03]
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Exhibit 14: Multiple Regression Analysis With Additional
Log10[N03] Term

Response: Log(PuM)

Summery of Flt

_

Lack of Fit

sOurc* DF Sum of Squares Maan Square F Ratio

lack of Fit
Pure Error
Total Error

~’.

)

“~

S0ure9 Npmrm OF Sum of Squ#r*~ F Raa10 Preb>F
L0g(No3) 11 0.0305S2 0.0953 0.7583
Poly(Log(OH),2) 22 65.643S56 102.5475 O.oom

Vhole-Model Test ]

.9 .8 .7 .6 .5 -4

Loo(PuM) Predicted
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\nalysls of Varlanca

2.0 I I I

.“ , ../
1.. ..*. .
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. ..%” .,!

n
.. :!...
..”

.1.5 4 I
.z.o~

.9 -a -4
Lcg(Pu~) P;~dicted 5

1
30urce OF Sum of Squmos Mmn Square F Rsllo
hdel 3 65.0?7751 21.95S3 66.4002
:rror 89 28.572629 0.3210 Preb>F
: Total 92 94.450380 o.cGcm
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Exhibit 15: Multiple Regression Anelysis With Additional
Log10[N03] and Interaction Tarms

Response: Log(PuM)

Summery of Fit
1

&xD!m_l I
SOurc* DF Sum of Squares Maan Squwe F Ratio

Lack of Fit 56 23.765372 0.424917 3.0973
Pure Error 32 4.390013 0.137188 Pfob>F

Total Error S8 28.185385 0.0005

.

[[Parameter EetlmatesJ I

~

Esllmato Std Error t Rat10 Pro b>ltl

Source Nparm DF Sum of Squar*a F Rntio Prob>F

@[OH) 11 62.067804 193.7872 0.000o

Log(OH)”Log(OH) 11 15.903820 49.6547 O.owo

Log(OH~Log(N03) 11 0.387244 1,2090 0.2745
Loo(N03) 11 0.137440 0.4291 0.5141

fVhole-Model Test I

.9 .8 -7 .6 -5 .4
Log(PuM) Predicted

4nslysis of Variance

1.5
1

. .

.2.o~
.9 -8 .7 -6 -5

Log(PuM) Predicted

source DF aum of squares M**n Square F Rml10
b60del 4 66.264995 16.5662 51,722S
Error 88 28.185385 0.32U3 Preb.F
: Total 92 04.450380 O.OCW
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Exhibit 16: SAS Output for Quadratic Fit of Logl oIPu] versus
Loglo[OH]

Model: MODEL1

X’X Invarse, Psrsmater Estimstes, snd SSE

INTERCEPT LOGOH LOGOH2 LOGPUM

INTERCEP 0.0195567 -0.0121642 -0.0132518 6.4930190
LOGOH -0.0121642 0.0275146
LOGOH2

0.0152492 1.2704823
-0.0132518 0.0152492 0.0181387 0.5051876

LOGPUM -6.4930190 1.2704823 0.5051876 33.152318

Dependent Variable: LOGPUM

Anslysis of Vsriance

sum of Mean
Source DF Squares Square F Value

Model 2 62.74989 31.37495
Error

93.692
99 33.15232 0.33487

C Total 101 95.90221

ROOt MSIS 0.57868 R-square 0.6543
Dep Mean -6.06504 Adj R-sq 0.6473
C.v. -9.54127

Psrameter Estimatas

Parameter Standard T for HO

Prob>F

0.0001

Variable DF Estimate Error Parameter=O Prob > IT]

INTERCEP 1 -6.493019 0.08092574 -80.234 0.0001
LOGOH 1 1.270482 0.09598886 13.236 0.0001
LOGOH2 1 0.505188 0.07793679 6.482 0.0001

Covariance of Estimates

COVB INTERCEP LOGOH LOGOH2

INTERCEP 0.0065489753 -0.004073432 -0.004437642
LOGOH -0.004073432 0.0092138618 0.0051065259
LOGOH2 -0.004437642 0.0051065259 0.0060741426
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7.3 Determination of Prediction Intervals

Let ~ represent the predicted value of Loglo[Pu] in either M or mg/L. A 100 (1-a)%
prediction interval for Loglo[Pu] for a given value of LogIO[OH], say x, is given by

where

95

h-p,a/2

s

x

(x’x)-l

+

1

tow,ti s [ ]11 + (1 x X2 )(X9X)-’ x
X2

is the upper cd2 percentile of the Student’s t distribution with
n-p degrees of freedom where n is the numbar of
observations (102) and p is the number of parameters in ttre
fitted model including the intercept term (3),

is the root mean square error term from the fitted model,

is the salt solution’s value of Loglo[OH] for which the
plutonium volubility is being predicted, and

represents the inverse of the X’X matrix where X is the design
matrix used in the multiple regression.

Exhibit 16 of Appendix 7.2 is an analysis similar to that of Exhibit 9 except it was
completed using the SAS statistical package for the lBfvl/PC. The results from that
analysis are used to determine the following prediction interval for Loglo[Pu] where $ is
expressed in M or mg/L as desired:

; ~ tgg,ti 0.5787 4 1.0196 - 0.0122 X +0.0010 X2- 0.0265 X3 + 0.0161 X4

; f t99,w-2 { 0.3414 - 0.0061 X +0.0003 X2 - 0.0069 X3 + 0.0061 X4

For a = 0.01 with tgg,o.ggs= 2.6264, that is a 99% prediction interval, we have

P? q 2.3550- 0.0559 X + 0.0021 X2 -0.0614 X3 + 0.0421 X4
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7.4 Determination of Confidence Interval for Hydroxide Concentration Which
Minimizes Predicted Plutonium Volubility

Let y = Loglo[Pu] and X = Loglo~OH]. Assuming that the quadratic equation is an
appropriate model over the range of hydroxide under investigate, the equation for the
expected value of y, denoted by E[y], may be written as

Let Xmin= the value of X which minimizes E[y]. Thus, taking the derivative of (1), setting it
equal to zero, and solving for x gives

The parameters ~1 and ~Z are unknowns which are estimated using the multiple

regression approach of Exhibit 9 or Exhibit 16. Let bl and bz be the estimates for j31and

132,respectively. Then Xminis estimated by the random variable, xmin, which is a function
of bl and bz, f(bl ,b2), given by

X~in = f(bl ,bz) =
*
2b2 (3)

The variance of xminis estimated using the propagation of variance technique based on
the Taylor Series expansion of the function f(bl ,bz) (as described in [8]). Let the
estimates of variances and covariances be denoted as follows (the values are from
Exhibit 16):

Term Description Vaiue

Var(Xmin) = estimated variance of x~in (to be estimated)
var(bl ) = variance of bl (0.00921)
var(bz) = variance of bz (0.00607)
cov(bl ,bz) = covariance between bl and bz (0.00511)

The estimate of the variance of x~in is given by

Var(xmin) = (W--# )I,b 2
var(bl) + (W&J

)

t,b 2
var(bz)

~f(bl ,b2) ~
where ab, IS t e partiai derivative of f(bl ,bz) with respect to bl for t=l and 2.
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Taking the pattial derivations and evaluating them at the estimated parameter values of
bl = 1.2705 and bz = 0.5052, yields the following equations

VW(Xmin) = () ()I)J2
“ 2 var(bl) + Zb;m Var(bz) + (*) (~) Cov(blbz)

Var(xmin) = (A6J20009214+ (-)20-4
+(T&J(%%%)

Var(Xmin) = 0.0341

0.005107

Thus, the standard deviation of xmlnis given by = = 0.1846 and a 2-sigma
(approximately 95%) confidence interval for xminis given by

X~in f 2 jvar(xmln)

-1.2574 ~ 2-

(-1.6266, -0.8882)

Since this is a confidence interval on LogIO[OH], the corresponding 95%’. confidence
interval on the value of hydroxide, in M, which minimizes the plutonium volubility is
obtained by taking the antilog of the end points and is given by

(0.0236, 0.1293)






