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ABSTRACT

Non-proportional or non-classical damping is defined as a form of viscous damping that
introduces coupling between the undamped modal coordinates of motion. Such problems have

practical applications in the dynamic analysis of soil-structure systems, structure-equipment
systems, and structural systems made of materials with different energy dissipation capacities.

Presented in this report is a review of the methods most commonly used in structural analysis for'

the solution of the dynamic response of systems with non-proportional damping. Both rigorous
and approximate methods are described. Since rigorous methods usually require large

computational efforts, approximate methods using undamped mode shapes are often preferred.
In the study described here, the accuracy of three approximate methods was evaluated for three
benchmark problems, with various parametric variations. Results were compared with the exact
solution for different combinations of structural properties.

Based on these results, conclusions and recommendations are presented for the use of the
selected approximate methods.
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EXECUTIVE SUMMARY

Non-proportionally damped structures have practical applic3tion in the dynamic analysis of soil-
structure systems, structure-equipment systems, and structural systems made of materials with
different energy dissipation capacities.

A compilation of the methods available in the literature to treat this type of structure is presented.
Both rigorous and approximate methods are summarily described. Since rigorous methods

usually require large computational effects and specific programs, approximate methods using
classical undamped mode shapes are often used in practice. In the study described here, three

commonly used approximate methods were evaluated for three sets of benchmark problems.
The benchmark problems included a small- and a medium-size model of a structure made of

different materials, and a large model of a structure-equipment system. Numerous parametric

studies were performed to explore the accuracy of the approximate methods over a wide range of
variables.

Based on the results of the benchmark problems that were studied, the following conclusions
were drawn:

m For ali three problems, the errors in ali responses produced by the
approximate methods were generally less than 15%. Although not trivial,

this error was on the order of that assumed for standard engineering
practice, and was within the accuracy of the damping values that were
assumed. Therefore, even for the method producing the largest error for

a given problem, the error was of acceptable order.

[] For the two problems, in which the structures were represented with
simplified models, the stiffness- and mass-weighted composite modal

damping methods generally overestimated damping, thus producing
underestimated responses.

[] For the third problem, where the structural model was more complex, ali

three methods generally underestimated damping, thus producing
conservative response estimates.

B For the first two problems, ali three methods gave better approximations

when the heavier lower stories had a larger damping ratio than the upper
stories. This observation was in agreement with previous

recommendations by Kusainov and Clough (Ref. 31) for the use of
approximate methods for shear-type buildings made of different

materials. For this case, the mass 'eighted composite modal damping
method produced the largest errors. This effect was not studied for the

third p_oblem.

[] For ali three problems, errors tended to be larger for more heavily

damped systems. Additionally, greater differences in assumed damping
values produced greater errors.

ix Ntj REG/C R-6013



m Tuning or detuning the individual subsystems did not appear to have a
predictable effect on the errors in the results. Tuned systems tended to
have the largest errors for about half of the cases studied for the first two
problems; most of these cases weru for lighter upper systems.

• Overall, the method neglecting the off-diagonal terms of the generalized
damping matrix appeared to produce the most accurate results, lt
produced small errors for the first two problems (generally less than 5%)
where the other two methods produced sornewhat larger errors, lt
produced larger errors (10% to 20%) for the third problem, but these
were essentially the same as those produced by the other methods. An
attempt to explain the apparently superior performance of this method is
provided below.

The poorer performance of the mass- and stiffness-weighted composite modal damping ratio
methods for the two benchmark problems was found to be a consequence of the definition of
subsystem damping. For small models, the idealization of structural damping by specific
damping ratios for ali modes of a subsystem results in a global damping matrix that does not fit
the framework associated with the mass- and stiffness-weighted composite damping methods.
Therefore, the following recommendations are made:

[] Use of the mass- or stiffness-weighted composite modal damping ratio
method is recommended for systems of substructures with different
damping characteristics, if the individual substructures are represented
by refined models. These two methods are much easier to use and
implement than the third approximate method, and they both give
adequate approximations for large problems.

For most problems, the two methods are judged to be equivalent, with
the exception of structures made of different materials for which the
lower stories have higher energy-absorption capacity than the upper
stories. For such systems, use of the stiffness-weighted composite
modal damping ratio method is recommended.

• For systems of substructures with different damping characteristics
represented by simple models (small number of lumped mass points and
elements), the averaging process of the mass and stiffness weighted
methods may not be:very accurate, and use of the method neglecting the
off-diagonal terms of the generalized damping matrix is recommended.
However, it should be noted that this method requires considerably more
effort than either of the other two when the damping of the individual
subsystems is defined in terms of percentages of critical damping, as is
the most common method of defining damping in the nuclear industry.
When this procedure is used, the global damping matrix of the coupled
system must first be assembled and then the generalized damping
matrix must be calculated. Attention should be given to tile method used
to assemble the global damping matrix, as it may lead to a situation that
violates the initial analysis assumptions.
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1. INTRODUCTION

The practical seismic response analysis of elastic structures is generally performed by the mode
r 'lperposition method. In most cases, the undamped eigen properties are calculated, and the

equations of motion are transformed into the eigen-vectorial space. This transformation
uncouples the equations of motion as long as damping does not cause any significant coupling
between the modes. This type of damping is called proportional or classical. For this type of

damping, the energy loss mechanisms modeled by damping are assumed to be homogeneous
throughout the system. When large variations between energy-absorption mechanisms exist in a

system, this system is said to have non-proportional or non-classical damping. Non-proportional
damping can be defined as a form of damping that introduces coupling between the undamped
modal coordinates of motion. In the seismic analysis of nuclear power plant stru"tures, such

damping is found in soil-structure systems, structure-equipment systems, and structures made of
different materials. The term damping as normally defined is "the means by which the response
motion of a structural system is reduced as the result of energy loss, including material as well as

geometrical nonlinear effects."

This study focuses on the procedures with which the damping of these systems can be modeled.
lt consists of the identification, review, and evaluation of analysis techniques that are currently

available for use in the treatment of non-proportionally damped structural systems. For the
purpose of this task, these systems are subdivided into two categories: soil-structure systems for

which radiation as well as material damping are present, and assemblies of interacting
subsystems with different damping characteristics. The focus of this report is the evaluation of

commonly used approximate methods for the analysis of interacting subsystems.

Section 2 describes a literature search that was conducted to identify the available methods of

treating non-proportional damping. Section 3 discusses the selection and implementation of
candidate methods for further review and evaluation. Section 4 describes the benchmark

problems that were used to evaluate the candidate methods and the results of the tests. Section
5 discusses conclusions and recommendations.
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2. LITERATURE SEARCH AND IDENTIFICATION
OF AVAILABLE METHODS

A literature review was performed to ascertain which methods have been proposed and used in

the past for analyses of systems with non-proportional damping and to identify the types of

problems for which such damping is assumed. A total of 37 papers were obtained and reviewed.

In the course of the literature review, a number of different solution methods were identified.

These methods can be classified into two categories: rigorous solution methods and approximate
solution methods. Ali of them can be used in either the time domain or the frequency domain.
However, in practice, time-domain solution methods are usually used. The different methods are
summarized below.

2.1 Rigorous Solution Mr'thods

Three rigorous methods were identified from the literature. These are direct integration, damped
modal superposition (Foss method), and modal synthesis and are described in the subsections
that follow. These methods produce so-called "exact" results, that is, results for which errors are

limited to those caused by limitations in numerical accuracy. Use of these methods requires that

the damping matrix be known in the physical coordinate system.

Direct Integration

For this method, the dynamic equations of motion are formulated in the global coordinates for the

entire system as follows:

[M]{'x} + ICI{x) + [K]{x} = {F(t)} (1)

where [MI = the system mass matrix
[C] = the system damping matrix

[K] = the system stiffness matrix
{x} = the system displacement array
{F(t)} = is the forcing function

The coupled system of equations (1) is solved by step-by-step integration procedure...,Jch as the
Wilson-theta or the Newmark-beta method.

Damped Modal Superposition (Foss Method)

The dynamic equations of a non-proportionally damped system can be uncoupled by a
transformation to the damped modal coordinate system. This method was first proposed by Foss

as follows. Equation (1) can be rewritten as:

[Al{z} + [Bl{z} = [Y(t)] (2)

2-1 NUREG/CR-6013



I [0] [M] I I-[M] [0] 1

in which [A] = [Mi [C] [B] = [0] [K] (3)

and

{z} = {x} j [Y(t)] = {F(t)} (4)

The solution of the homogeneous form of equation (2) may be taken as:

{z}={Z}ert (5)

with {Z} = {t#} (6)

where r = a characteristic value

{Z} = the associated characteristic vector of 2n elements

Combining equations (4),(5), and (6) yields:

{x} = {e}e rt (7)

Derivation of the characteristic values has been given in References 13 and 30 and yields 2n
complex values, two-by-two conjugate, as follows:

rj =pj [-Ej+ i(1 - Ej2) 1/2 ] (8)

where pj = the undamped circular natural frequency

Ej = the modal damping ratio

The characteristic vectors {Zj} are also two-by-two conjugate and satisfy the orthogonality
relations:

{zj}t[A]{Zk} = 0 for j =i= k (9)

{zj}t[B]{Zk} = 0 for j =t=k (10)

Since the eigenvalues and eigenvectors are two-by-two conjugate, the homogeneous solution of
equation (1) will be:

= 2 Re[Cj{e}erj t] (11){X}h

where Cj = a complex constant dependent on the initial
conditions

The particular solution is derived as for classically damped systems, by calculating the modal

participation factors and the modal response vectors, and combining them.

NUREG/CR-6013 2-2



A different form for the solution of equation (2) is presented in References 33 and 43. In this
approach, the system displacement array {x} is written as a combination of real mode shapes,

rather than complex mode shapes as in equation (7).

Modal Synthesis

Modal synthesis is a Rayleigh-Ritz approach using systematically derived displacement functions.
Several variations of modal synthesis have been proposed. They are similar in concept but differ

in the type of substructure r'.lodes used.

Ali modal syntheses are based on the following concepts. ]''he equations of motion for the
complete structural ,system are written as in equation (1). Equations of similar form also apply to

each separate subscructure:

[m]s{'U}s + [C]s{U}s + [k]s{U}s = {f(t)} s (12)

where [m]s, lc]s, [k]s = the substructure mass, damping, and
stiffness matrices

{U}s = the substructure displacement vector
{f(t)} s = the substructure forcing function

Equations similar to equation (12) are written for ali substructures, and are combined in the
following single matrix form:

[m]iu} + [c]{u} + [k]{u} = {f} (13)

[m]l
where [m]= [m]2 (14)

[m]s.

I "j
[k]l

[k] = [k]2 (15)

[k]s

I,c, l[c] = [c]2 (16)

[C]s

{U}l

{u} = {u}2 (17)

{U}s

2-3 NUREG/CR-6013



{f(t)}l

{f} = {f(t)}; (18)

{f(t)}s

If there are m components in the vector {u} and k equations of constraint relating them, then n =
m-k is the order of {x} in equation (1) (i.e., there are n independent displacements). The vectors
{u} and {x} are related as follows:

{u} = [TJ{x} (19)

where [TJ is of order m X n with m > n

Substituting equation (19) into equation (13), premultiplying by [T]t, and comparing to equation
(1) yields the following identity:

[C] = [T]t[c][T] (20)

Equations similar to equation (20) can also be written for the mass and stiffness matrices.

To obtain the substructure damping matrices, the substructure displacement vectors are broken
down into three categories: rigid-body displacement vector, constraint displacement vector, and

normal displacement vector. Each of these displacements is then defined in terms of a set of
normalized displacement modes, as follows:

{u} = {uR} + {u C} + {uN } (21)

{u} = [Y] {p} (22)

where [Y] = the modal m._trix

The modal matrix [Y] can be partioned into the different modes as follows:

[Y] = [yR]I[yC]I[yN] (23)

lt follows that the damping matrix [c] can be written as:

I "cRR oRC cRN

[c] = _ cCRc CC cCN (24)

L cNR cNC cNN

Solutions are rigorous only if the structure is described by ali modes characterizing the behavior
of independent substructures. However, in practice the common objective of these methods is to

achieve an approximate formulation that will permit an accurate representation of system motion
with the fewest substructure modes.
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2.2 Approximate Solution Methods

Classical modal superposition typically is used for the practical e_rthquake response analysis of

linear elastic structures. In order to use this approach for non-proportionally damped systems,
approximations must be made. The approximate methods can be classified into two main

categories: (1) those for which no damping matrix is actually assembled but an equivalent modal
composite damping ratio is used, and (2) those requiringthe formulation of the global damping
matrix. Several methods that fall into these categories are described below.

2.2.1 Use of Equivalent Composite Modal Damping Ratios

Stiffn_._s.Weighted Composite Modal Damping (Biggs)

This method computes the equivalent composite modal damping ratio as a weighted sum of the
different component damping ratios. The weighting function for this method is the stiffness.

The composite modal damping ratios are calculated as follows:

= Sum(di{Yj}m[Ki]{Yj} ) (25)

{yj}T[K]{Yj}

where dj = composite modal damping ratio for jth mode
di = component modal damping ratio for the ith

element

[Ki] = stiffness matrix associated with element i
[K] = system stiffness matrix

{Yj} = mode shape for jth mode

Mass-Weighted Composite Modal Damping (Johnson-McCaffrey)

This method computes the equivalent modal composite damping ratio as a weighted sum of the

different component damping ratios, using the mass as a weighting function.

The composite modal damping ratios are calculated as follows:

dj = Sum(di{Yj}T[Mi]{Yj} ) (26)

{yj}T[M]{Yj}

where dj = composite modal damping ratio for jth mode
di = component modal damping ratio for the ith

element

[Mi] = mass matrix associated with element i
lM] = system mass matrix

{Yj} = mode shape for jth mode

2-5 NUREG/CR-6013



Energy-Weighted Composite Modal Damping (Roesset-Whitman-Dobry)

This method computes the equivalent modal composite damping ratio as a weighted sum of the
different component damping ratios, using the stored energy as a weighting function, combining
both viscous and hysteretic damping effects.

The composite modal damping ratios are calculated as follows:

d i = Sum(ERijEsij) (27)

4=Sum(Esi j)

where di = composite modal damping ratio for jth mode

Esij = energy stored in the jth component of the
system when the system deforms in the ith mode

ERij = ratio of the energy dissipated in the jth
component to the energy stored in the jth
component

Equivalent Modal Damping by Response Matching (Tsai)

This method consists of matching the rigorous and normal mode solutions of the transfer function
at certain structural locations simultaneously at ali natural frequencies within the frequency range
of interest. This method is discussed in References 3 and 4.

2.2.2 Methods Requiring Formulation of the Global Damping Matrix

Neglecting Off-Diagonal Terms of Generalized Damping Matrix

This method consists of forming the global damping matrix and transforming it into the undamped
modal coordinates. If the system were proportionally damped, the obtained generalized damping

matrix would be diagonal. However, when the system is non-proportionally damped, the
generalized damping matrix will have non-zero off-diagonal terms.

The modal damping ratios are calculated as follows:

d i = {Yi}T[c]{Yi} (28)

2MiW i

where di = modal damping ratio for ith mode

{Yi} = mode shape vector for ith mode
[C] = system damping matrix

Mi = modal mass for ith mode
Wi = circular frequency for ith mode

NUREG/CR-6013 2-6



The off-diagonal coupling term

dij = {Yi}T[c]{Yj} with i=l=j (29)

is generally non-zero, but is neglected. The method consists of forcing the system to have

proportional damping by neglecting the off-diagonal terms.

Clough/Mojtehedi Method

This method consists of forming the global damping matrix, and transforming equation (I) into the
undamped modal coordinates with a truncated set of the first p lowest modes, as follows:

{x} = [Y_]{u_} (30)

where {x} = the system displacement vector

[_Y_] = a matrix containing the q first modal vectors (q<N,
N = total number of modes)
{u} = corresponding truncated vector of modal coordinates

Substituting equation (30) into equation (1) and pre-multiplying by [y_.]T,yields:

{_ + CLC__]{__}+ [W___2]{.u}= {E} (31)

where C_ = [Y_.]T[c]Y[__is fully populated

[_W_2] = contains the first q circular frequencies
{F} = [Y]T{F}

The coupled equations of equation (31) are then solved by direct integration techniques. This

method reduces the problem from the direct integration of N coupled equations, to the integration
of q<N coupled equations. However, it is an approximate method since it only considers coupling
between the first q modes, and not ali N modes.

2-7 NUREG/CR-6013



3. SELECTION AND IMPLEMENTATION
OF CANDIDATE METHODS

Candidate solution methods were selected from those identified in the literature review. The

approximate solution methods were evaluated by comparing their results from a series of

benchmark problems with those produced by a rigorous method. The benchmark problems were
for different cases of assemblies of interacting subsystems with different damping characteristics.

Regardless of the solution method used, the following assumptions were made:

(1) The system response is linear-elastic.

(2) The system can be divided into substructures that have proportional
elastic damping properties.

(3) Damping was defined for each substructure as a ratio of critical damping

at each natural mode of vibration, as specified in US NRC Regulatory
Guide 1.61 (Ref. 38).

The rigorous method selected was the direct integration method. Results using this method were
considered the standard against which the approximate methods would be evaluated.

Three approximate methods were selected for evaluation. These were:

(1) Stiffness-weighted composite modal damping ratio method.

(2) Mass-weighted composite modal damping ratio method.

(3) Neglecting the off-diagonal terms of the generalized damping matrix.

These methods were selected because of the frequency of usage in the literature and the ease of
their implementation in existing available software. The first two approximate methods were

already available in the program MODSAP (Ref. 39); the other two were developed by modifying
existing software.

3.1 Development of the Global Damping Matrix

In order to evaluate the approximate methods, consistent problems of assemblies of interacting
subsystems with different damping properties needed to be developed. For a given problem,
proportional or classical damping for each substructure was assumed and was defined as a ratio

of critical damping. This information was sufficient to define the damping for the first two
approximate methods. However, for the third approximate method and for the rigorous method a

global damping matrix that properly coupled the effects of the separate subsystems had to be
defined.

The first step in the implementation procedure therefore consisted of developing a computer
program to assemble the global damping matrix of a system made of multiple substructures. The

i
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method is described in References 8, 9, and 33. lt uses the fixed-base dynamic properties and

the rigid body or pseudostatic properties of each subsystem to back-calculate the global damping
matrix.

Derivations of the method are given in the references mentioned above. The steps required
were:

(1) Calculation of the natural modes of vibration of each substructure
isolated one from another.

(2) For each substructure attached to another substructure, calculation of
the substructure deflections due to a unit displacement at each fixed-

base DOF. This led to an algorithm for the resolution of multi-support

excitation. The approach adopted was the use of pseudostatic modes.

(3) Formulation of a diagonal fixed-base damping matrix containing the

substructure fixed-base damping properties.

(4) Formulation of a transformation matrix using the fixed-base modes and
the pseudostatic modes, allowing transformation from the fixed-base

coordinate system to the coupled physical coordinate system.

(5) Transformation from the diagonal fixed-base damping matrix to the

coupled damping matrix in the physical coordinate system.

Modifications were then made to MODSAP (Ref. 39) to incorporate the two remaining candidate
methods. The first modification consisted of adding to MODSAP the capability to read an

explicitly defined, fully populated damping matrix and to use the damping contributions in a step-
by-step dynamic time-history analysis using the direct integration method.

The second modification to MODSAP consisted of adding the capability to calculate the diagonal

terms of the fully populated generalized damping matrix and use them as composite modal
damping ratios in a modal time-history analysis.
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4. EVALUATION OF THE CANDIDATE METHODS

The selected approximate methods were evaluated against the rigorous method for three test

problems. Each problem consisted of a dynamic time-history response analysis of an assembly
of substructures having dissimilar damping characteristics and subjected to base-excitation. For
the first two problems, small models representative of real structures were selected. The models

of the systems were kept simple enough to allow numerous parametric studies. Maximum
displacements, accelerations, and member forces were obtained and errors in the approximate
results were obtained as percentage differences from the rigorous results. The third benchmark

problem was for a larger model representing a nuclear reactor building internal structure with a
main steam line attached at several elevations. Because of the size of this problem, only a
limited number of par_,etric studies were performed.

The base excitation that wc_ used for the three problems consisted of acceleration time histories

whose spectra satisfy the spec;ral shape criteria set forth in the US NRC Regulatory Guide 1.60

(Ref. 40). Plots of the spectra of these time histories calculated at 5% oscillator damping are
shown in Figure 4.1. The first two problems used only one component of base excitation; the
spectrum of this time history is shown in Figure 4.1a. The third problem used ali three

components.

4.1 Benchmark Problem 1

The first benchmark problem consisted of a dynamic time-history analysis of a structure
comprising of two substructures having different damping characteristics. The seismic input

consisted of a single a-celeration time history: the spectrum of this motion is shown in Figure
4.1a. The structural 'nodel consisted of a modification of a dynamic model of an auxiliary building

for a nuclear power plant. The building was a reinforced concrete structure up to 27.5 feet above
grade and steel frame to a height of 66 feet, rectangular in plan (150 by 110 feet) and supported
at grade by a 4-foot-thick basernat. The building was modeled with four mass points located

eccentrically at the floor and roof elevations. The fundamental modes of vibration of the concrete
substructure were about 22 Hz in each horizontal direction; for the steel-frame superstructure
they were about.6 Hz.

This model was simplified for the purpose of this study to a one-dimensional mass-spring system
shown in Figure 4.2. In addition to this simplification, the stiffness of the substructure was

reduced by a factor of 18 in order to bring the frequencies of the substructure into the amplified
frequency range of the input motion.

Dynamic analyses were performed for 18 cases, for which the frequency and mass of the steel
superstructure, as well as the damping ratios of both subsystems, were varied. The different

combinations of subsystem properties are summarized in Table 4.1. A summary of the modal
frequencies and damping ratios used for the analyses is contained in Table 4.2.

Analyses were performed using modal time-history analysis methods with mass-proportional and

stiffness-proportional composite modal damping and modal damping ratios obtained from the

diagonal terms of the generalized damping matrix of the coupled system (referred to here as
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neglecting off-diagonal damping terms). Maximum displacements and accelerations relative to
the model base and maximum member forces were obtained. These results were compared to
the respective results from the direct integration analysis, and the maximum percentages of

errors at any mass point or element in each subsystem are summarized in Tables 4.3 through
4.5.

Based on the data shown in the tables, the following observations were made for this problem:

m In general, the errors in ali responses produced by the approximate
methods were less than 15%. The method neglecting off-diagonal
damping terms produced the lowest errors by far, generally less than

1.5%; stiffness-proportional damping errors were generally between 4%
and 12%. Mass-proportional damping errors were generally less than

about 14%, varying from less than 1% to over 20%.

.. Overall, errors from the mass- and stiffness-proportional damping
methods tended to be unconservative (i.e., to underpredict response);

the method neglecting off-diagonal terms, on average, tended to be
unbiased. The tendency for the mass- and stiffness-proportional
damping results to underpredict or overpredict response appears to

correlate well with the first mode damping ratios in Table 4.2; both
methods tended to produce higher first mode damping than the method

neglecting off-diagonal damping terms,

m Mass-proportional damping errors were sensitive to the assumed

subsystem damping. For Cases 7 to 12, for which the upper system had
7% damping and the lower system had 4% damping, the mass-
proportional damping method gave errors ranging from about 10% to

20%; for the other cases, where the damping in the upper system was
less than that in the lower system, mass-proportional damping produced
errors generally below 5%. The other two methods did not appear to be

affected by differences in subsystem damping.

l The effect of increasing the mass of the upper system by a factor of 2

was to increase the errors in the mass-proportional and stiffness-
proportional damping methods by factors of 1 and 1/2 to 2. No

significant effect was seen for the other method.

I The effect of tuning and detuning the two subsystems did not appear to
have a significant effect on the accuracy of any of the methods. For a

given mass and damping configuration, changing the stiffness of the

upper system to change its frequency resulted in differences in accuracy,
but there did not appear to be any significant trend.

I For a given analysis, the errors in the two subsystems were not
significantly different.

,_ For the configuration most closely resernbling the actual structure (Case

1), the errors from ali methods were less than 8%.
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4.2 Benchmark Problem 2

This problem is similar to Problem 1 in that it consisted of a dynamic time-history analysis of a
structure comprising of two substructures having different damping characteristics. The seismic

input was the same as that used in Problem 1. The structural model was of a reactor building for
a nuclear power plant. The building was a reinforced concrete structure up to 143 feet above its

basemat, and a steel frame with metal siding and decking above this level. The building was
modeled with six mass points located at different elevations in the building as shown in Figure
4.3. Each mass point had a horizontal and rotational degree of freedom. The fixed-base
fundamental mode of vibration of the concrete substructure was about 7.5 Hz; for the steel-frame

superstructure it was about 11.6 Hz. This model configuration was used for the first analysis
case for this problem.

Dynamic analyses were performed for 18 cases, for which the frequency and mass of the steel
superstructure, as well as the damping ratios of both subsystems, were varied. The different

combinations of subsystem fixed-base properties are summarized in Table 4.6. The frequencies
and calculated modal damping ratios of the coupled models used for each of the cases are
shown in Table 4.7.

Analyses were performed using the approximate and rigorous methods previously described.
Maximum displacements relative to the model base and maximum member forces were obtained.
The results from the approximate methods were compared to the respective results from the

direct integration analysis. The maximum percentages of errors at any mass point or element in
each subsystem are summarized in "Fables4.8 and 4.9.

The trends seen in the results of Problem 1 were also observed for this problem.

= Generally, the errors produced by ali methods were less than about 15%.

Overall, the method neglecting off-diagonal damping terms produced the
greatest accuracy, with the majority of errors less than 3%. The mass-
proportional and stiffness-proportional damping methods produced about
the same accuracy overall, with most errors less than 12% to 13%; the

largest errors for these methods were about 18% to 23%.

• As was the case for Problem 1, errors tended to be unconservative for

the mass- and stiffness-proportional damping methods, while the method
neglecting off-diagonal damping terms generally appeared to be

unbiased. Again, the results seem to correlate with the damping ratios
calculated for the first mode of each analysis; for ali analysis cases, the

mass- and stiffness-proportional damping methods calculated damping
ratios that were greater than those calculated by the method neglecting
off-diagonal terms.

• Mass-proportional damping errors were again sensitive to the damping
ratios assumed for each subsystem. For Cases 7 to 12 (upper system

7% and lower system 4%), the errors ranged to over 20%, generally 2 to
3 times the errors for Cases 1 to 6. The other two methods did not show

a similar sensitivity.
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• Generally, the effect of reducing the subsystem damping ratios (Cases
13 to 18), was to reduce the errors in ali methods.

• The effect of increasing the mass of the upper subsystem from 0.013 to
0.130 of the lower subsystem was to increase errors in the mass- and

stiffness-proportional damping results by factors varying from 2 to 4
times; the method neglecting off-diagonal damping terms showed a
decrease of about the same amount.

• Changing the stiffness of the upper subsystem did not appear to have a

predictable effect on the accuracy of any of the methods. Errors tended
to increase for the cases where the subsystems were tuned.

• The errors in the two subsystems did not appear to correlate as well as
was the case for Problem 1; for a given case, the errors in the lower

subsystem were not necessarily of the same magnitude as those in the
upper subsystem.

• For the combination of subsystem properties modeling the actual

structure (Case 1), the errors from ali methods were less than about 4%.

4.3 Benchmark Problem 3

For the third benchmark problem, a more realistic model of a typical structure with non-

proportional damping was selected. The structure consisted of a piping system spanning several
floors of the internal structure of a reactor building. A sketch of the model is shown in Fig. 4-4.

The primary system is the reinforced concrete internal structure, which extends about 50 feet

above the basemat to the operating floor. Its major components are the biological shield
surrounding the reactor pressure vessel and the ring wall. The two structures are tied together at

the operating floor. Both are offset slightly from the containment building centerline. The total
weight of the internal structure is about 26,000 kips. The model of the internal structure
comprised two lumped mass beam models with beam elements connecting 10 mass points

located at appropr.iate intervals between the basemat and operating floor, modeling the biological
shield and ring wall. Seven additional nodes were rigidly linked to tile beam models to serve as

support points for the piping system. Six degrees of freedom were modeled for each node point,
giving a total of 102 degrees of freedom for the internal structure.

The secondary system was a main steam line extending from the top of one of the steam
generators, about 85 feet above the basemat, to a penetration in the containment about 11 feet
above the basemat. The steam line consisted of a 30-inch-diameter run of pipe having a total

length of about 140 feet from steam generator to penetration. The piping system was supported

at seven locations including the end points. The total weight of the piping system was about 64
kips. The piping system was modeled with 28 pipe elements connecting 29 node points. The two

end points were assumed to be anchored to the internal structure and basemat; intermediate
supports were modeled with a combination of spring and stiffness elements. The piping system

model contained 162 dynamic degrees of freedom.
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For the purposes of this study, the piping system support points were connected to the internal
structure by rigid links. For modeling its support off the steam generator, the flexibility of the

steam generator could have been included, but was not readily available and was therefore
omitted.

The seismic input for this problem consisted of three simultaneous components of earthquake

motion, shown in Figure 4.1.

Because of the size of this problem, only three cases were analyzed. For ali cases, the mass and

stiffness properties of both systems were held constant; only the damping in each system was
varied. The damping ratios defined for each of the cases is tabulated below. Note that the Case
2 values correspond to those in Regulatory Guide 1.61 (Ref. 38) for SSE excitation.

Internal Piping
Structure System

Case 1 0.05 0.02

Case 2 0.07 0.03
Case 3 0.10 0.01

For ali approximate methods of analysis, 250 out of a possible 264 modes were used to minimize
errors due to missing mass effects. Figures B-1 through B-16 in Appendix B show isometric plots
of the mode shapes of the first 16 modes, which cover ali frequencies below 33 Hz. These plots

give an indication of what portions of the coupled system participated most for each mode.

For each analysis case, maximum displacements were calculated for ali locations in the primary
structure. Maximum member forces were calculated for ali members in the biological shield and

ring wall and at ali elbows in the piping system. Additionally, for Case 2, maximum accelerations

and response spectra were calculated at the operating floor and at several selected locations on
the piping system.

CASE 1

For Case 1, the damping in the pipin_ system was defined to be 2%, while that in the internal
structure was 5%. The modal damping ratios that were calculated for this case are summarized

for frequencies below 33 Hz in Table 4.10. As can be seen from the table, the calculated values
varied only slightly between the different methods; the largest difference is about 8% and the
average was less than 1%. The results obtained from the three approximate methods were

compared with those from the rigorous method by calculating the percentage of difference (i.e.,
divided by the rigorous solution values) for each response component. The maxima, means, and
standard deviations of the individual errors are shown in Tables 4.11 through 4.13. Mean values

and their standard deviations were calculated two ways: the first was based on the algebraic
mean of the individual errors (positive values indicate that approximate results were higher,

negative values indicate the reverse); the second was based on the absolute mean. The reason
for this was to get an indication of whether the approximate methods were producing
conservative or unconservative results. As can be seen from the tables, the errors in the primary

system were small; for maximum displacements they were 1% or less; for member forces they
averaged about 0.5%, although there were some errors as large as 12%. Errors in member
forces in the piping system were larger than in the internal structure, the average being about 5%

with maximum errors of about 15%. Generally, ali three methods produced the same degree of
accuracy; differences in accuracy were too small to be considered of any significance.
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CASE .9.

For Case 2, the damping in the piping system was 3%, while for the internal structure it was 7%.
The modal damping ratios that were calct_lated for this case are summarized for frequencies
below 33 Hz in Table 4.14. As was true for Case 1, the calculated values varied only slightly

between the different methods; the largest difference was about 9% and the average was less
than 1%. The comparison of results frorn the three approximate methods with those from the

rigorous method are shown in Tables 4.15 through 4.17. The errors for this case were almost
identical to those obtained in Case 1.

Maximum absolute accelerations and re,._ponse spectra at various locations were also obtained
for this case. Mean values and standard deviations of the errors in maximum accelerations are

shewn in Table 4.18. The mean error,,_were less than 3% for ali methods, and the 84% NEP

(mean-plus-one-standard-deviation) values were less than 6%. Maximum errors were less than
10%.

Response spectra were obtained for 5% damping at the same locations as the maximum
accelerations. The spectra on the internal structure were virtually id_.ntical except for the spectral4

peak for the top of the ring wall where errors of about 5% occurred. The comparisons of spectra

on the piping syste_ are shown in Figures 4-5 through 4-7. The errors at these locations
averaged about 9% with maximum errors of about 15% to 20%.

Inspection of the results from this case showed that most of the errors were conse_'_tive (i.e.,
showed greater response). Furthermore, no appreciable differences could be seen in the
accuracy of the different approximate methods.

CASE 3

For Case 3, the damping in the piping system was 1%, while for the internal structure it was 10%,
representing an extreme case of dissimilarity in damping characteristics between the two
systems. The modal damping ratios that were calculated for this case are summarized for

frequencies below 33 Hz in Table 4.19. As was true for Case 1 , the calculated values for these
frequencies varied little between the different methods; the largest difference is less than 3% and
the average is less than 1%. The comparison of results from the three approximate methods with

those from the rigorous method are shown in Tables 4.20 through 4.22. The errors in maximum
displacements were only slightly larger than those obtained inthe other cases. Errors in_

maximum forces in the internal structure were about double those from the others, with average

errors of about i % and maximum errors of about 20%. For forces in the piping system, errors
were 2 to 3 times as large as for the other cases, averaging about 15% with maximum errors as

high as 37%. There was no distinguishable difference in accuracy between the different
" methods.

In ali cases, the errors produced by ali methods tended to be conservative. This can be seen
- from the algebraic means which are ali positive. In particular, for the case having the highest

errors (the piping system forces for Case 3), while the absolute mean errors were about 15%, the
" algebraic errors were about 12%, indicating that the great majority of the individual errors were

conservative. This was further supported by a review of the individual errors which showed that
while 2/3 of the errors were over 10%, over 90% of them were conservative.
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Table 4.1 Benchmark problem 1
Summary of fixed-base subsystem properties

Masses Frequencies Damping Ratios

Case Lower Upper Lower Upper Lower Upper
No. System System System System System System

1 606.6 107.0 6.09 6.09 0.07 0.04
2 606.6 107.0 6.09 3.04 0.07 0.04

3 606,6 107.0 6.09 12.18 0.07 0.04

4 606,6 214.1 6.09 6.09 0.07 0.04
5 606 o6 214.1 6.09 3.04 0.07 0.04

6 606.6 214.1 6.09 12.18 0.07 0,04

7 606.6 107.0 6.09 6.09 0.04 0.07
8 606,6 107.0 6.09 3.04 0.04 0.07

9 606.6 107.0 6.09 12.18 0.04 0,07

10 606.6 214.1 6.09 6.09 0.04 0.07
11 606.6 214.1 6.09 3,04 0.04 0.07

12 606.6 214.1 6.09 12.18 0.04 0.07

13 606.6 107.0 6,09 6.09 0.05 0.02

14 606.6 107,0 6.09 3.04 0.05 0.02
15 606.6 107.0 6.09 12.18 0.05 0.02

16 606.6 214.1 6.09 6.09 0.05 0.02

17 606.6 214.1 6.09 3.04 0.05 0.02
18 606.6 214.1 6.09 12.18 0.05 0.02
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Table 4.2 Benchmark problem 1
Summary of modal frequencies and damping ratios

Mass- Stiffness- Neglecting

Case Mode Proportional Proportional Off-Diagonal
No. No. Frequency Damping Damping Damping Terms

1 1 5.329 0.0603 0.0666 0.0580
2 6.204 0.0434 0.0432 0.0440

3 15.370 0.0682 0.0696 0.0674
4 38.830 0.0481 0.0406 0.0500

2 1 3. 038 0.0400 0. 0402 0.0399

2 5.394 0.0628 0.0691 0.0607
3 14.830 0.0637 0.0650 0.0617
4 20. 300 0.0535 0. 0457 0.0584

3 1 5.412 0.0635 0.0699 0.0619
2 12.230 0.0405 0.0403 0.0406

3 15.460 0.0684 0.0697 0.0680

4 77.170 0.0475 0.0401 0.0479

4 1 4.848 0.0575 0.0679 0.0536

2 6.211 0.0420 0.0419 0.0427
3 15.090 0.0679 0.0696 0. 0666

4 43.420 0.0526 0,0407 0.0568

5 1 3.030 0.0401 0.0404 0.0397
2 4.911 0.05B5 0.0686 0.0549

3 14.610 0.0652 0.0663 0.0628
4 22. 680 0.0562 0.0446 0. 0644

6 1 4.916 0.0593 0.0698 0.0560
2 12.260 0.0408 0.0405 0.0409
3 15.200 0.0679 0.0695 0.0671

4 86.170 0.0520 0.0402 U.0541

7 1 5. 329 0. 0497 0,0434 0.0377

2 6.204 0.0666 0.0667 0.0680
3 15.370 0.0418 0.0404 0.0388
4 38.830 0,0619 0.0694 0.0823

8 1 3.038 0.0700 0.0698 0.0695
2 5.394 0. 0472 0.0409 0. 0356

3 14.830 0.0463 0.0450 0,0421
4 20. 300 0.0565 0.0643 0.0798

9 1 5.412 0.0465 0.0401 0.0354
2 12.230 0.0695 0.0697 0.0700

3 15.460 0.0416 0.0403 0.0394
4 77.170 0,0625 0.0699 0.0816
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Table 4.2 (Continued)

Mass- Stiffness- Neglecting
Case Mode Proportional Proportional Off-Diagonal

No. No. Frequency Damping Damping Damping Terms

10 1 4.848 0.0525 0.0421 0.0331
2 6.211 0.0680 0.0681 0.0694
3 15.090 O.0421 O.0404 O.0384

4 43.420 O.0574 O.0693 0.0924

11 1 3.030 0.0699 0.0696 0.0689
2 4.911 0.0515 0.0414 0.0329

3 14.610 0.0448 0.0437 0.0409
4 22.680 O.0538 O.0654 O.0909

12 1 4.916 0.0507 0.0402 0.0321
2 12.260 0.0692 0.0695 0.0701
3 15.200 O,0421 O.0405 0.0391
4 86.170 0,0580 0.0698 0.0914

13 1 5.329 0.0403 0.0466 0.0406
2 6.204 0.0234 0.0233 0.0237
3 15.370 0.0482 0.0496 0.0481

4 38.830 0.0281 0.0205 0.0259

14 1 3.038 0.0200 0.0202 0.0200
2 5.394 0.0428 0.0491 0.0432
3 14.830 0.0437 0.0450 0.0428

4 20.300 O.0335 O.0257 O.0333

15 1 5.412 0.0435 0.0499 0.0442
2 12.230 0.0205 0.0203 0.0205

3 15.460 0.0484 0.0497 0.0485
4 77.170 0.0275 0.0201 0.0244

16 1 4.848 0.0375 0.0479 0.0378
2 6.211 0.0220 0.0219 0.0223
3 15.090 0.0479 O.0496 0.0475

4 43.420 0.0326 0.0207 0.0297

17 1 3.030 0.0201 0.0204 0.0200

2 4.911 0.0385 0.0486 0.0389
3 14.610 0.0452 0.0463 0.0440

4 22.680 0.0362 0.0246 0.0362

18 1 4.916 0.0393 0.0498 0.0400

2 12.260 0.0208 0.0205 0.0207
3 15.200 0.0479 0.0495 0.0478

4 86.170 0.0320 0.0202 0.0276
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Table 4.3 Benchmark problem 1
Summary of maximum percentage of error

in maximum relative displacements

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal

Damping Damping Damping Terms

Case Lower Upper Lower Upper Lower Upper
No. System System System System System System

1 0.84 3.56 6.04 7.26 1.44 2.51

2 1.72 1.56 6.82 5.28 0.08 0.10
3 1.44 1.44 6.67 5,28 0.03 0.39

4 2.86 3.21 10.70 10.72 0.70 0.60

5 3.19 3.21 11.12 11.18 0.13 0.13
6 2.99 3.03 10.94 11.19 0.01 0.05

7 12.24 12.23 7.04 7.02 2.08 3.45
8 10.05 10.05 4.72 4.72 0.04 0.10

9 9.71 9.97 4.23 4.43 0.02 0.15

10 18.95 18.97 10.08 10.09 0.59 1.04
11 21.30 21.36 11.47 11.49 0.10 0.56

12 21.92 22.21 11.40 11.55 0.03 0.0!

13 1.92 1.77 3.84 4.08 1.62 1.47
14 0.48 0.37 5.15 5.19 0.03 0.08

15 0.63 0.62 5.14 5.31 0.01 0.15

16 1.07 1.01 9.39 9.42 0.73 0,66
17 0.61 0.65 11.54 11.56 0.09 0.02

18 0.94 1.06 11.25 11.59 0.03 0.09
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Table 4.4 Benchmark problem 1
Summary of maximum percentage of error

in maximum relative accelerations

....

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

Case Lower Upper Lower Upper Lower Upper

No. System System System System System System

1 0.46 4.22 4.83 7.99 2.02 3.19
2 1.37 1.55 6.18 5.45 0.32 O.17

3 1.13 1.04 5.98 5.17 0.22 0.36

4 2.21 3.28 7.94 8.50 0.92 1.47
5 4.44 3.50 8.93 9.14 0.46 0.25

6 1.30 2.87 6.23 11.18 0.12 0.13

7 13.58 8.96 8.05 5.20 2.37 2.88

8 11.65 5.20 5.73 4.24 0.09 2.68
9 11.01 7.12 5.01 4.27 0.04 1.10

10 20.14 20.15 10.83 10.83 0.68 1.24
11 21.16 20.58 10.59 10.62 0.19 2.26
12 21.98 21.98 10.58 10.59 0.10 0.22

13 2.38 2.32 4.38 4.97 2.03 2.08
14 0.72 0.02 5.49 3.08 0.16 0.08
15 0.81 0.94 5.33 2.98 0.14 0.70

16 0.98 1.03 10.23 10.21 0.59 0.64
17 0.46 0.66 11.52 11.39 0.17 0.18

18 0.95 0.94 12.08 12.08 0.05 0.25
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Table 4.5 Benchmark problem 1
Summary of maximum percentage of error

in maximum member forces

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

Case Lower Upper Lower Upper Lower Upper

No. System System System System System System

1 0.84 1.44 6.03 5.37 1.35 0.40
2 1.65 1.82 6.82 5.30 0.08 0.55

3 1.40 1.57 6.66 4.68 0.03 2.39

4 3.08 4.00 11.23 11.73 0.70 0.72
5 3.32 2.72 10.80 9.08 0.15 0.34

6 3.09 2.98 11.33 11.28 0.02 0.70

7 12.36 11.91 7.10 6.44 2.08 1.21
8 10.26 9.62 4.86 4.77 0.06 0.62
9 9.81 9.90 4.28 4.36 0.02 0.48

10 19.51 19.99 10.40 10.60 0.63 1.68
11 21.89 22.13 11.77 11.82 0.12 0.27

12 22.41 22.93 11.64 12.20 0.04 0.56

13 1.92 0.36 4.01 5.98 1.61 0.71
14 0.47 0.18 5.25 5.25 0.03 0.50

15 0.63 2.49 5.19 5.27 0.00 2.29

16 1.08 0.34 9.76 10.85 0.73 O.17
17 0.64 0.67 11.89 9.33 0.09 0.13

18 1.01 1.03 11.54 12.14 0.05 0.55
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Table 4.6 Benchmark problem 2
Summary of fixed-base subsystem properties

Masses Frequencies Damping Ratios

Case Lower Upper Lower Upper Lower Upper
No. System System System System System System

1 2651. 34.4 7.47 11.63 0.07 0.04

2 2651. 34.4 7.47 7.47 0.07 0.04
3 2651, 34.4 7.47 4.80 0.07 0.04

4 2651. 344.1 7,47 11.63 0.07 0.04

5 2651. 344.1 7.47 7.47 0.07 0°04
6 2651. 344.1 7.47 4.80 0.07 0.04

7 2651. 34.4 7.47 11.63 0.04 0.07

8 2651. 34,4 7.47 7.47 0.04 0.07
9 2651. 34.4 7.47 4.80 0.04 0,07

10 2651. 344.1 7.47 11.63 0.04 0.07
11 2651. 344.1 7.47 7.47 0.04 0.07
12 2651. 344.1 7.47 4.80 0.04 0.07

13 2651. 34.4 7.47 11.63 O.05 O.02
14 2651. 34.4 7.47 7.47 0.05 0.02

15 2651. 34.4 7.47 4.80 0.05 0.02

16 2651. 344,1 7.47 11.63 0.05 0.02
17 2651. 344.1 7.47 7.47 0.05 0.02

18 2651. 344.1 7.47 4,80 0.05 0.02
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Table 4.7 Benchmark problem 2
Summary of modal frequencies and damping ratios

Mass- Stiffness- Neglecting

Case Mode Proportional Proportional Off-Diagonal
No. No. Frequency Damping Damping Damping Terms

1 1 7.209 0.0670 0.0690 0.0660

2 11.820 O.0428 0.0419 0.0428
3 20.330 O.0682 O.0684 O.0685

4 26.270 0.0424 0.0415 0.0428
5 30.950 O.0696 O.0694 0.0699
6 42.470 O.0700 O.0700 O.0700

2 1 6.758 0.0537 0.0568 0.0512
2 8.153 0.0558 O.0534 0.0579
3 16.600 0.0415 0.0416 0.0412

4 20.620 0.0691 0.0684 0.0700
5 30.880 0.0700 0.0699 0.0701
6 42.470 O.0700 O.0700 0.0700

3 1 4.730 0.0405 0.0413 0.0395

2 7.467 0.0681 0.0681 0.0688
3 10.780 0.0414 O.0408 0.0417

4 20.450 0.0700 0.0698 0.0704
5 30.870 O.0700 O.0700 0.0701
6 42.470 O.0700 O.0700 O.07O0

4 1 5.801 O.0558 O.0670 0.0497

2 12.680 0.0523 0.0498 0.0505
3 19.980 O.0604 0.0613 0.0621

4 28.500 0.0577 0.0549 0.0586
5 32.490 0.0637 0.0593 0.0684

6 42.510 0.0700 0.0699 0.0701

5 1 5.336 0.0500 0.0605 0.0419

2 9.337 0.0551 0.0508 0.0597
3 16.520 0.0497 0.0499 0.0478
4 22.440 O.0654 O.0604 O.0728

5 31.080 0.0699 0.0694 0.0712
6 42.480 O.0700 O.0700 O.0701

6 1 4.252 0.0426 0.0488 0.0359
2 7.462 0.0582 0.0583 0.0619

3 11.620 O.0496 O.0454 O.0522
4 20.940 0.0696 0.0680 0.0743
5 30.930 O.0700 O.0698 0.0707

6 42.470 0.0700 0.0700 0.0700
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Table 4.7 (Continued)

Mass- Stiffness- Neglecting

Case _41ode Proportional Proportional Off-Diagonal

No. No. Frequency Damping Damping Damping Terms

7 1 7.209 0.0430 0.O410 0.0387

2 11.820 0.0672 0.0681 0,0692
3 20.330 0.0418 0.0416 0.0422
4 26.270 0.0676 0.0685 0.0699
5 30.950 0.0404 0.0406 0.0411

6 42.470 0.0400 0.0400 0.0400

8 1 6.758 0.0563 0.0532 0.0480
2 8.153 0.0542 0.0567 0.0616
3 16.600 0.0685 0.0684 0.0682

4 20.620 0.0409 0.0416 0.0435
5 30.880 0.0400 0.0400 0.0402
6 42.470 0.0400 0.0400 0.0400

9 1 4.730 0.0695 0.0687 0.0671
2 7.467 0.0419 0.0419 0.0430
3 10.780 0.0686 0.0692 0.0702

4 20.450 0.0400 0.0402 0.0411
5 30.870 0.0400 0.0400 0.0401

6 42.470 0.0400 0.0400 0.0400

10 1 5.801 0.0542 0.0430 0.0307

2 12.680 0.0577 0.0602 0.0632
3 19.980 0.0496 0.0487 0.0516
4 28.500 0.0523 0.0551 0.0602

5 32.490 0.0463 0.0507 0.0625
6 42.510 0.0400 0.0401 0.0404

1! 1 5.336 0.0600 0.0495 0.0345
2 9.337 0.0549 0.0592 0.0708
3 16.520 0.0603 0.0601 0.0588

4 22.440 0.0446 0.0496 0.0657
5 31.080 0.0401 0.0406 0.0432

6 42.480 0.0400 0.0400 0.0402

12 1 4.252 0.0674 0.0612 0.0499
2 7.462 0.0518 0.0517 0.0583

3 11o620 0.0604 0.0646 0.0727
4 20.940 0.0404 0.0420 0.0509

5 30.930 0.0400 0.0402 0.0414
6 42.470 0.0400 0.0400 0.0401
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Table 4.7 (Continued)

Mass- Stiffness- Neglecting

Case Mode Proportional Proportional Off-Diagonal

No. No. Frequency Damping Damping Damping Terms

13 1 7.209 O.0470 O.0490 0.0470
2 11.820 0.0228 0.0219 0.0224

3 20.330 0.0482 0.0484 0.0484
4 26.270 0.0224 0.0215 0.0223
5 30.950 O.0496 O.0494 O.0497

6 42.470 0.0500 0.0500 0.0500

14 1 6.758 O.0337 O.0368 0.0331
2 8.153 O.0358 O.0333 0.0362

3 16.600 0.0215 0.0216 0.0213
4 20.620 O.0491 O.0484 0.0494
5 30.880 O.05O0 O.0499 O.0500

6 42.470 0.0500 0.0500 0.0500

15 1 4.730 0.0205 0.0213 0.0202

2 7.467 0.0481 0.0481 0.0484
3 10.780 0.0214 0.0208 0.0214

4 20.450 O.0500 O.0498 0.0501
5 30.870 0.0500 0.0500 0.0500

6 42.470 0.0500 0.0500 0.0500

16 1 5.801 0.0358 0.0470 0.0351
2 12.680 O.0323 O.0298 O.0298

3 19.980 0.0404 0.0413 0.0415
4 28.500 O.0377 O.0349 0.0370

5 32.490 0.0437 0.0393 0.0446
6 42.510 0.0500 0.0499 0.0500

17 1 5.336 0.0300 0.0405 0.0280
2 9.337 O.0351 O.0308 O.0360

3 16.520 O.0297 O.0299 O.0284
4 22.440 O.0454 O.0404 O.0476
5 31.080 O.0499 O.0494 0.0504

6 42.480 O.0500 O.0500 0.0500

18 1 4.252 0.0226 0.0288 0.0203
2 7.462 0.0382 0.0383 0.0401

3 11.620 0.0296 0.0254 0.0294
4 20.940 0.0496 0.0480 0.0515

5 30.930 0.0500 O.0498 0.0503
6 42.470 O.0500 0.0500 0.0500
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Table 4.8 Benchmark problem 2
Summary of maximum percentage of error

in maximum relative displacements

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

Case Lower Upper Lower Upper Lower Upper
No. System System System System System System

1 0.42 1.90 1.41 2.73 0.39 1.37
2 4.20 3.12 3.51 5.87 4.78 0.81
3 0.65 1.37 0.64 1.47 0.45 1.35

4 5.07 5.36 13.59 14.07 0.80 0.19
5 6.31 7.50 14.10 16.13 0.77 0.20
6 4.99 9.96 9.88 17.72 0.89 0.07

7 5.29 5.56 3.00 3.09 0.07 0.04
8 6.66 8.20 5,91 5.50 4.73 0.65

9 0.59 1.95 0.57 1.76 0.63 2.39

10 20.76 21.67 12.08 14.03 0.14 0.04

11 19.83 21.64 12.65 13.31 0,56 0.31
12 6,77 13.68 6,02 10.19 3.05 0.78

13 0.35 0.66 1,62 1.65 0.34 0.48

14 4.10 1.76 3.78 5.17 4.14 1.23
15 0.57 1,11 0.61 2.43 0.27 0.62

16 0.45 1.01 11.09 11.31 0.60 0.18
17 1.03 1.96 8.77 11.49 0.58 0.17
18 2.33 4,16 7.77 13.81 0.61 0.04
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Table 4,9: Benchmark problem 2
Summary of maximum percentage of error

in maximum member forces

Mass Stiffness Neglecting

Proportional Proportional Off-Dia,qonal

Damping Damping Damping Terms

Case Lower Upper Lower Upper Lower Upper
No. System System System System System System

1 0.51 3.52 1.55 4.10 0.43 3.03
2 4.67 1.47 4.41 3.25 5.10 0.04

3 0.74 1.03 0.77 1.44 0.50 1.06

4 5.72 4.25 13.99 10.27 0.95 0.49
5 7.98 6.95 14.41 12.10 0.87 0.71

6 8.91 10.00 16.30 17.55 1.02 0.13

7 5.77 3.63 3.30 2.33 0.22 0.26

8 11.55 5.10 9.36 3.33 7.57 0.53
9 0.63 4.93 0.61 4.72 1.37 4.20

10 23.35 18.44 14.80 11.39 0.18 0.24
11 20.48 18.42 14.35 13.66 0.79 0.37
12 14.75 18.38 10.39 12.65 2.94 0.34

13 0.38 1.55 2.53 2.05 0.37 1.26
14 4.26 2.46 3.98 6.51 4.29 1.77

15 0.66 0.57 0.68 2.04 0.56 0.61

16 1.15 1.07 11.63 8.14 0.67 0.55
17 1.83 2.31 11.39 8.73 0.64 0.61

18 3.48 3.56 12.34 12.17 0.71 0.14
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Table 4.10 Benchmark problem 3, case 1
Summary of modal damping ratios for modes below 33 Hz

Mass- Stiffness- Neglecting
Mode Proportional Proportional Off-Diagonal

No. Frequency Damping Damping Damping Terms

1 9.69 0.02008 0.02012 0.02007
2 10.22 O.04992 O.04991 O.05003

3 10.81 0.05000 0.05000 0.05001
4 12.67 0.04990 0.04993 0.05038

5 14.86 0.02012 O.02018 O.02015
6 16.54 0.02002 O.02006 O.01998
7 19.14 0.02000 0.02001 O.02001

8 22.55 0.03940 0.03948 0.03990
9 22.68 0.03060 O.03055 O.03069

10 24.36 0.04737 0.04768 0.05145

11 2.5.47 0.02243 r'.02228 0.02227
12 26.63 0.04997 0.04997 0.05004

13 26.76 0.04715 O.04728 0.05040
14 26.86 0.04999 0.04999 0.05000
15 27.17 0.02237 0.02232 0.02227

16 31.08 0.02052 O.02043 O.02047
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Table 4.11 Benchmark problem 3, case 1
Summary of percentage of error in maximum displacements

Mass Stiffness Neglecting
Proportional Propo_ional Off-Diagonal

Damping Damping Damping Terms

ALgebraicErrors

Mean Error + 0.231 + 0.223 + 0.078
Std Deviation 0.354 0.342 0.202
Mean + Std Deviation 0.585 0.565 0.280

Absolute Errors

Mean Error 0.274 0.266 0.148
Std Deviation 0.320 0.308 0.157
Mean + Std Deviation 0.594 0.574 0.305

Maximum Positive Error 1.007 0.974 0.521

Maximum Negative Error - 0.177 0.177 - 0.152
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Table 4.12 Benchmark problem 3, case 1
Summary of percentage of error in maximum member forces

in internal structure

Ma_;s Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

" Algebraic Errors

Mean Error + 0.612 + 0.596 + 0.379
Std Deviation 1.774 1.739 1.405
Mean + Std Deviation 2.386 2.336 1.784

Absolute Errors

Mean Error 0.697 0.681 0.458
Std Deviation 1.742 1.707 1.381
Mean + Std Deviation 2.439 2.388 1.839

Maximum Positive Error 11.724 11.495 9.257

Maximum Negative Error - 0.662 0.662 - 0.432
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Table 4.13 Benchmark problem 3, case 1
Summary of percentage of error in maximum member forces

in piping system

Mass Stiffness Neglecting
Proportional Proportional Off-Diagonal

Damping Damping Damping Terms

AlgebraicErrors

Mean Error + 3.342 + 3.274 + 2.738
Std Deviation 5.094 5.127 5.624
Mean + Std Deviation 8.436 8.401 8.362

Absolute Errors

Mean Error 4.892 4.896 5.191
Std Deviation 3.606 3.585 3.450
Mean + Std Deviation 8.498 8.481 8.641

Maximum Positive Error 15.699 15.653 14.626
Maximum Negative Error 10.971 11.029 - 11.543
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Table 4.14 Benchmark problem 3, case 2
Summary of modal damping ratios for modes below 33 Hz

Mass- Stiffness- Neglecting
Mode Proportional Proportional Off-Diagonal

No. Frequency Damping Damping Damping Terms

1 9.69 0.03011 0.03016 0.03010
2 10.22 0.06989 0.06989 0.07007
3 10.81 0.07000 0.07000 0.07001

4 12.67 0.06987 0.06991 0.07058
5 14.86 0.03016 0.03025 0.03021
6 16.54 0.03003 0.03007 0.02997

7 19.14 0.03000 0.03001 0.03002
8 22.55 0.05586 0.05598 0.05661

9 22.68 0.04414 0.04406 0.04427
10 24.36 0.06649 0.06690 0.07259
11 25.47 0.03323 0.03304 0.03302

12 26.63 0.06996 0.06996 0.07006
13 26.76 0.06620 0.06638 0.07106
14 26.86 0.06999 0.06999 0.07000

15 27.17 0.03315 0.03310 0.03302
16 31.08 0.03069 0.03058 0.03063
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Table 4,15 Benchmark problem 3, case 2
Summary of percentage of error in maximum displacements

Mass Stiffness Neglecting
Proportional Proportional Off-Diagonal

Damping Damping Damping Terms

Algebraic Errors

Mean Error + 0.225 + 0.218 + 0.082
Std Deviation 0.377 0.365 0.216
Mean + Std Deviation 0.602 0.583 0.298

Absolute Errors

Mean Error 0.228 0.221 0.133
Std Deviation 0.375 0.363 0.189
Mean + Std Deviation 0.603 0.584 0.321

Maximum Positive Error 1.164 1.124 0.602
Maximum Negative Error - 0.029 - 0.029 0.176
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Table 4.16 Benchmark problem 3, case 2
Summary of percentage of error in maximum member forces

in internal structure

Mass Stiffness Neglecting
Proportional Proportional Off-Diagonal

Damping Damping Damping Terms

Algebraic Errors

Mean Error + 0.630 + 0.616 + 0.413
Std Deviation 1.766 1.736 1.475
Mean + Std Deviation 2.395 2.351 1.888

Absolute Errors

Mean Error 0.684 0.668 0.452
Std Deviation 1.745 1.716 1.464
Mean + Std Deviation 2.429 2.384 1.916
Maximum Positive Error 11.599 11.411 9.768
Maximum Negative Error 0.900 0.825 - 0.321
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Table 4.17 Benchmark problem 3, case 2
Summary of percentage of error in maximum member forces

in piping system

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

Algebraic Errors

Mean Error + 2.869 + 2.822 + 2.455
Std Deviation 6.347 6.386 7.054
Mean + Std Deviation 9.215 9.207 9.508

Absolute Errors

Mean Error 5.693 5.702 6.015
Std Deviation 3.970 3.985 4.379
Mean + Std Deviation 9.663 9.687 10.394

Maximum Positive Error 16.285 16.459 17.431

Maximum Negative Error 11.490 - 11.355 16.499
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Table 4.18 Benchmark problem 3, case 2
Summary of percentage of error in maximum accelerations

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal

Damping Damping Damping Terms

Algebraic Errors

Mean Error + 1.658 + 1.651 + 1.491
Std Deviation 3.893 3.851 3.892
Mean + Std Deviation 5.551 5.502 5.383

Absolute Errors

Mean Error 2.826 2.795 2.723
Std Deviation 3.150 3.121 3.155
Mean + Std Deviation 5.976 5.916 5.878

Maximum Positive Error 7.799 7.690 7.143

Maximum Negative Error 9.077 - 8.976 - 9.077
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Table 4.19 Benchmark problem 3, case 3
Summary of modal damping ratios for modes below 33 Hz

Mass- Stiffness- Neglecting
Mode Proportional Proportional Off-Diagonal

No, Frequency Damping Damping Damping Terms

1 9.69 0.01025 0.01037 0.01027

2 10.22 0.09976 0.09974 0,09981
3 10.81 0.10000 0,09999 0.10000
4 12.67 0.09971 0.09980 0.09999

5 14.86 0.01036 0.01055 0.01041
6 16.54 0.01007 0.01017 0.01008

7 19.14 0.01001 0.01002 0.01002
8 22.55 0.06819 0.06845 0.06855
9 22.68 0.04181 0.04164 0.04178

10 24.36 0.09210 0.09303 0.09453
11 25.47 0.01728 0.01683 0.01701

12 26.63 0.09991 0.09992 0.09995
13 26.76 0,09146 0.09185 0.09324

14 26.86 0.09998 0.09998 0.09999
15 27.17 0.01710 0.01697 0.01699
16 31.08 0.01155 0.01130 0.01139
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Table 4.20 Benchmark problem 3, case 3
Summary of percentage of error in maximum displacements

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

Algebraic Errors

Mean Error + 0.201 + 0.185 + 0.156
Std Deviation 0.487 0.471 0.447
Mean + Std Deviation 0.688 0.656 0.604

Absolute Errors

Mean Error 0.325 0.316 0.300
Std Deviation 0.411 0.393 0.364
Mean + Std Deviation 0.737 0.708 0.664

Maximum Positive Error 1.365 1.293 1.193

Maximum Negative Error 0.444 - 0.444 0.472
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Table 4.21 Benchmark problem 3, case 3
Summary of percentage of error in maximum member forces

in internal structure

Mass Stiffness Neglecting
Proportional Proportional Off-Diagonal

Damping Damping Damping Terms

AlgebraicErrors

Mean Error + 0.924 + 0.880 + 0.846
Std Deviation 3.216 3.091 3.087
Mean + Std Deviation 4.140 3.971 3.932

AbsoluteErrors

Mean Error 1.165 1.132 1.111
Std Deviation 3.134 3.006 2.999
Mean + Std Deviation 4.300 4.138 4.111

MaximumPositiveError 20.534 19.688 19.630
MaximumNegativeError - 1.396 1.309 1.222
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Table 4.22 Benchmark problem 3, case 3
Summary of percentage of error in maximum member forces

in piping system

Mass Stiffness Neglecting

Proportional Proportional Off-Diagonal
Damping Damping Damping Terms

Algebraic Errors

Mean Error 11.861 11.709 11.921
Std Deviation 13,496 13.313 13.455
Mean + Std Deviation 25.357 25.022 25.376

Absolute Errors

Mean Error 15.130 14.989 15.175
Std Deviation 9.627 9.405 9.572
Mean + Std Deviation 24.757 24.393 24.747

Maximum Positive Error 37.418 36.998 37.383

Maximum Negative Error - 28.720 - 28.824 - 28.876
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Figure 4.2 Sketch of simplified model for benchmark problem 1
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Figure 4.3 Sketch of dynamic model for benchmark problem 2
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Figure 4.4 Isometric view of dynamic model for problem 3
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5. CONCLUSIONS

5.1 General Conclusions

Several analysis techniques for modeling systems with non-proportional damping were identified

and reviewed through a general literature review. Three approximate methods (stiffness-
weighted composite modal damping, mass-weighted composite modal damping, and neglecting
off-diagonal terms of the generalized damping matrix) were selected for evaluation based on their

frequency of usage in the literature and their ease of implementation for practical problems. The
three approximate methods were compared with a selected rigorous method (direct integration) to
evaluate the errors associated with each. Three realistic benchmark problems, drawn from actual

analyses, were used for this purpose.

Based on the results of the benchmark problems that were studied, the following conclusions
were drawn:

m For ali three problems, the errors in ali responses produced by the
approximate methods were generally less than 15%. Although not trivial,

this error was on the order of that assumed for standard engineering
practice, and was within the accuracy of the damping values that were

assumed. Therefore, even for the method producing the largest error for
a given problem, the error was of acceptable order.

I For the first two problems, in which the structures were represented with

simplified models, the stiffness- and mass-weighted composite modal
damping methods generally overestimated damping, thus producing
underestimated responses.

== For the third problem, where the structural model was more complex, ali

three methods generally underestimated damping, thus producing
conservative response estimates.

• For the first two problems, ali three methods gave better approximations

when the heavier lower stories had a larger damping ratio than the upper
stories. This observation was in agreement with previous
recommendations by Kusainov and Clough (Ref. 31) for the use of

approximate methods for shear-type buildings made of different
materials. For this case, the mass-weighted composite modal damping

method produced the largest errors. This effect was not studied for the
third problem.

• For ali three problems, errors tended to be larger for more heavily
damped systems. Additionally, as observed for the third problem,

greater differences in assumed damping values produced greater errors.
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== Tuning or detuning the individual subsystems did not appear to have a
predictable effect on the errors in the results. Tuned systems tended to

have the largest errors for about half of the cases studied for the first two
problems; most of these cases were for lighter upper systems.

• Overall, the method neglecting the off-diagonal terms of the generalized

damping matrix appeared to produce the most accurate results, lt
produced small errors for the first two problems (generally less than 5%)
where the other two methods produced somewhat larger errors, lt

produced larger errors (10% to 20%) for the third problem, but these
were essentially the same as those produced by the other methods. An

attempt to explain the apparently superior performance of this method is
provided below.

5.2 Discussion

The method neglecting the off-diagonal terms of the generalized damping matrix outperformed
the other two methods for the first two problems, but the three methods gave similar results for

the third problem. The difference in the performance of the approximate methods for the different
models was further investigated. The larger model (third problem) was different from the others

in three ways, which may contribute to this difference: first, the mass ratio of the piping system to

the supporting structure (0.0025) was much smaller than for any other configuration studied;
second, the model contained a much greater degree of refinement; and third, the piping system

was supported at seven locations, producing significant pseudostatic response.

The first difference was dismissed, since substructure mass ratio was taken as one of the

parameters for variation for the first two problems. Although the mass ratio was always greater

than 0.0025, the methods' performance trends were similar regardless of the mass ratio of the
secondary substructure to the supporting substructure.

The difference in pseudostatic response was also dismissed as the reason for the difference in
performance. Pseudostatic response would have a tendency to reduce errors associated with ali
the approximate methods, but it would not change the trend.

Therefore, the principal factor was judged to be the difference in modeling refinement. This is a
consequence of the method adopted to form the global damping matrix. Indeed, the method
described in Section 3.1 requires that the modal damping ratio be given for the subsystem

modes, a finite number. However, the damping ratio is assumed to be identical for ali modes of a
subsystem, as per Reference 38.

For a large model, that assumption is valid since the number of subsystem natural frequencies is
large, and the global damping matrix assembled by the method described in Section 3.1

accurately reflects that assumption. In addition, because of the large number of lumped mass
points and elements, the weighted average obtained by the mass and stiffness methods is more

refined and gives better results. Therefore, for a large model, the three methods give
approximations of the same order of accuracy.
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For a small model, the number of lumped mass points and elements is small and the weighted

average obtained by the mass and stiffness methods is more crude. Furthermore, the number of
subsystem frequencies is small, and the assumption that the modal damping ratio is the same for

ali modes is no longer true. In order to further explain this, consider Rayleigh damping. The
damping matrix of a classically damped system may be written as (Ref. 42):

C = M*SUMb(Ab[M'I K]b) = SUMb(Cb) (32)

where C = the damping matrix
M = the mass matrix
K = the stiffness matrix

Ab = an arbitrary proportionality factor
b = an integer positive or negative, and

dependent on the number of frequencies where

damping is defined

For a given frequency, the associated damping ratio may be derived as follows (Ref. 42):

1

dn = Sumb(Ab*Wn 2b) (33)

2*W n

where dn = the damping ratio for mode n

W n = the circular frequency for mode n

Thus, if the damping is defined at only two modes, b only takes two values, and the damping-

versus-frequency curve may have sharp valleys and troughs. If the damping is defined at a large
number of modes, the relationship in equation (33) will be a polynomial of high order, which, at
the limit, will be a straight line if the number of frequencies is infinite.

In consequence, for a small model, such as those for problems 1 and 2, the global damping
matrix assembled by the method described in Section 3.1 does not accurately represent the
assumption that ali substructure modes have the same damping ratio. For a large model, such

as the one in problem 3, the damping matrix gives a fairly good representaiion of this assumption,
depending on the relative size of the model. When using the mass- and stiffness-weighted

composite modal damping I,lethods for systems of substructures having Regulatory Guide (R.G.)
1.61 damping, the averaging process implies that the composite damping ratio is between the

values of the substructure damping ratios. For systems of substructures where Rayleigh
damping does not approximate a straight line, this is no longer true. One of the results is that two
substructures with proportional damping conforming to R.G. 1.61 will in general not combine into

a proportionally damped structure, even if the two substructures have the same damping ratio.

This explains in part why the mass- and stiffness-weighted composite modal damping ratio

methods performed so poorly for the first two problems. The "realistic" benchmark method (direct
integration) used a damping matrix that did not fit the framework associated with these

approximate methods. The method neglecting the off-diagonal terms of the generalized damping
matrix used the same damping matrix as the benchmark method, and therefore had the same

assumptions concerning modal damping. Whether the substructure Rayleigh damping curves
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approximated a straight line or not, the damping used for that method and the benchmark method
was identical.

5.3 Recommendations

m Use of the mass- or stiffness-weighted composite modal damping ratio

methods is recommended for systems of substructures with different
damping characteristics, if the individual substructures are represented
by refined models. These two methods are much easier to use and

imple_,ent than the third approximate method, and they both give
adequa_ approximations for large problems.

For most problems, the two methods are judged to be equivalent, with

the exception of structures made of different materials for which the
lower stories have higher energy-absorption capacity than the upper
stories. For such systems, use of the stiffness-weighted composite

modal damping ratio method is recommended.

n For systems of substructures with different damping characteristics

represented by simple models (small number of lumped mass points and
elements), the averaging process of the mass- and stiffness-weighted
methods may not be very accurate, and use of the method negle :ing the

off-diagonal terms of the generalized damping matrix is recommended.
However, it should be noted that this method requires considerably more

effort than either of th ", other two when the damping of the individual
subsystems is defined in terms:,of percentages of critical damping, as is
the most common method of defining damping in the nuclear industry.

When this procedure is used, the global da.mping matrix of the coupled
system must first be assembled and then the generalized damping
matrix must be calculated. Attention should be given to the method used

to assemble the global damping matrix, as it may lead to a situation that
violates the initial analysis assumptions.
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APPENDIX B
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BENCIIMARK PROBLEM 3" COUPLED MODEL

Mode I, Frequency = 9.689 ilz, Scale Factor = 0.200E+03
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BENCHMARK PROBLEM 3: COUPLED MODEL

Mode 2, Frequency = ]0.225 Hz, Scale Factor = 0.200E+04
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BENCIIMAI{K PROBLEM 3: COUPLED MODEL

Mode 3, Frequency = 10.80"i Hz, Scale Factor = 0.200E+04
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BENCHMARK PROBLEM 3: COUPLED MODEL

Mode 4, Frequency = 12.67] Hz, Scale Factor = ().200E+04
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BENCIIMARK PROBLEM 3: COUPLED MODEL

Mo(Je 5, Frequency - 14.864 ]Iz, Scale Factor = ().200E+03
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BENCttMARK [_ROBLEM 3' COUP],I.;I) MODEL,

Hnde 6, Frequency = ]6.53/ llz, Scale Factor = 0.200E+03
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BENCHMARK PROBLEM 3: COUP I,EI)MODEL

Mode 7, Frequency = ]9.]43 Hz, Scale Factor = 0.200E+03
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BENCHMARK PROBLEM 3" COUPLED MODEL

Mode 8, Frequency = 22.554 llz, Scale Factor = 0.200E+03
I
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BENCLIMARK PROBLEM 3" COUPLED MODEL

Mode 9, Frequency : 22.678 Hz, Scale Factor = 0.200E+03
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BENCHMARK PROBLEM 3: COUPLED MODEL

Mode ]0, Frequency = 24.355 llz, Scale Factor = 0.200E+03
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Mode i], Frequency = 25.4"/_ llz, Scale Factor = 0.200E+03
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BENCHMARK PROBLEM 3" COUPLED MODEL

Mode 12, Frequency = 26.635 Hz, Scale Factor = 0.200E+04
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BENCHMARK PROBLEM 3: COUPLED MODEL

Mode 13, Frequency = 26.756 Hz, Scale Factor = 0.200E+03
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BENCHMARK PROBLEM 3: COUPLED MODEl,

M()(le ].4, Freqllency = 26. 855 llz, Scale Factor = 0.200E+04
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BENCHMARK PROBLEM 3" COUPLED MODEL

Mode 15, Frequency = 27.165 ilz, Scale Factor = 0.200E+03
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Mode 16, Frequency = 3] .085 }Iz, Scale Factor = 0.200E+03
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