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_ Local-EquilibriumFonmlismAppliedto
MechanicsofSolids

by
JosephKestin

BrownUniversity,Providence,RhodeIsland,01921,U.S.A.

Physics, whether we choose to call Thermodynamics should not be
impotent in the face of any situation which can be completely characterized
by measurements _th macroscopic instruments.

P. W. Bridgman, 1950

The lectur_ starts with an expression of good wishes to George Herrmann on the

occasion of his seventieth birthday and continues with a lament that the majority of research

workers in the field of solid mechanics have failed to appreciate the power and relevance of

"conventional" thermodynamics which is based on the acceptance of the hypothesis of local

equilibrium (principle of local state).

The lecture then proceeds to motivate the essential concepts of conventional

thermodynamics and emphasizes the differences between the description of nonequilibrium

states in physical space and equilibrium states in the Gibbsian phase space, lt is asserted that the

subject acquires its simplest form by _e recognition of the relevance of Bridgman's internal

variables.Withtheiraiditispossibletodefinetheaccompanyingequilibriumstateandthe

accompanyingreversibleprocess,An eliminationof internalenergybetweenthefield

equationof energy(FirstLaw) and theGibbsequationinrateform resultsinan explicit

expressionforthelocalrateoi'entropyproduction,I_.

ltisassertedthattheprecedingelementssupplementedwithappropriateraw equations

resultinaclosedsystemofpartialdifferentialequationswhosesolution,subjecttoappropriate

initialandboundaryconditions,constitutestheprocess("history")underconsideration.
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My purpose, in preparing this, of necessity brief lcctm'c, is twofold. First., I wish to

associatemyselfwithalltheSymposiumparticipantsandfriendswho couldnotbepresentwith

us,inwishingOeorgcHerrrnannmany healthyyearsofproductivework and undiminishing

creativity.

My secondpurposeisoncemore togivean outlineoftheapplicationofconventional

thernxxiynamicstotheanalysisofproblemsinthemechanicsofsolidswithemphasison non-

elasticbehavior.Conventionaltherrmxlynamicsrestson thehypothesisof local-equilibrium

(whichIprefertocalltheprincipleoflocalstale),made explicitindcpendcndyby J.Meixner

[I]and I.Prigogine[2]andcodified,initsapplicationtothemechanicsoffluidsby S.R.de

GrootandP.Mazur [3].

Indoingso,Iexpresstheconvictionthata systematicandsustaineddevelopmentofits

power inthestudyofstressand straininmetalswould allowthesubjecttorealizeJ.W. Gibbs's

[4]philosophicalcredo"

One of the principal objects of theoretical research in any department ,gr

knowledge is to find the point of view from which the subject appears in

its greatest simplicity.

In the year 1979 [5] I wrote:

If I had been asked.-say fifteen years ago (i.e., circa 1965J..whether

there were a'ny ch'fficulfies in applying the principles of thermodynamics

to the inelas,ric processes which occur in strained metals, 1 would have,
=

most emphan!cally, answered in the neliatfve.

The intervening years rcvcaJed two principal difficulties. The f'u'st principal difficulty

resultedfrom a vigorousattackon thetenetsof conventionalthermodynarrfics,ltistruethat

certainfcaatrcsofthelocal-equilibriumformalismsufferfrom aestheticflaws.The formalism

leads to infinite velocities of propagation of small disturbances and results in parabolic rather than

_
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hyperbolicdifferentialequationsforthermalconductionanddiffusion,ltevadestheproblemof

assigninga numericalvalueofentropyand tcmperat,aretononequilibriumstates,whicharc

atlwayscontinuouslypresentin irreversibleprocesses,by equatingthem withthoseof an

_accompanyingequilibriumstateand introdu_s,withoutquiteformallyadmittingit,an

expressionfortheentropyfluxwhichonlyapproximatesthatderivedinkinetictheory.However,

thisisno masontorejectit,becauseitisafactthatnearlyallofapplicablefluidmechanicsand

animpressivevarietyofphenomenatreatedinsuchconsummatedetailby_I.McixncrandH.O.

Reik[l],aswellas$.R.deGrootandP.Mazur[2],mstfirmlyontheacceptanceoftheprinciple

oflocalstate.# TheconcomitantOnsager-Casimirrelations,justascountessotherconsequences

mad corollaries,havefoundreliableconfirmationby experiment,asshownindetail,e.g.,by

D.G.Miller[6].Takinga pragmaticpointof view,I maintainthatthissimpleformalism

satisfiesonemoreGibbsiancredo:

. .. it is the office of theoretical investigation to give the form in which

the results of experiments may be expressed.

In shot,., I believe that a mo_ewidespread use of conventional thermodynamics in the study

of problems in the mechanics of solids will lead to simplicity of presentation and agreement with

experimental results.

The second difficulty, which I discovered subsequently, is that this marriage between

thermodynamics and continuum mechanics was neither simple nor straightforward. The

difficulties were (and still arc) particularly acute,in the study of plastic deformations, starting with

P. W. Bridgn'an's [7,8] belief that an equation of state for a plastically deformed bar "does not

exist" and that its state is immersed in a "sea of irrevcrsibility." As noted bbefore[9], we may be

baffled by superficial "paradoxes" and, in general, the problem of enumerating a proper set of

# There exis_ a similar situation in mechanics (routes proportions 8uardte$). We have nol scornfully forsaken
Newtonian mechanics just because it is based on the n,ebulous concept of an inertial frame of reference, equates
the m in two equations without reference to an axiom and fails to calculate a con'ect orbit for the planet Mercury.
Are we forbidden to calculate the orbit of balls on a billiard table _.:;_out reference to general relativity or, even,
withou!accountingforCoriolisforces?



independent and dependent thermodynamic variables has been solved for a limited number of ':'

casesonly. Thisweaknessstillpersistsinrelationto theessentialinternalvariablesto be

introduced ]smr.

2. Background

The subject of "conventional" thermodynamics, as it is taught, more or less correctly, in the

academic departments of engineering in the civilized world, and the subject of solid mechanics,

often taught as sn_ngth of materials, have developed largely independently of each other.

Although both, ultimately, allow engineers to use them for design and testing with rather

satisfactory results, they arc not consistent with each other. They certainly faile#: to converge to

this day. In a situation like this it is quite natural to _Lnk that, perhaps, the foundations of both

disciplines are at fault. It is interesting to note that thoughts of this ]5.hd compelled Bridgman,

when hc analyzed plastic deformation, to write:

There is a two-fold problem here--the problem of extending the

conceptual machinery so as to be able to handle the new situations, and

the experimental problem of timing what the facts are in the new

domain.

It is symptomatic that several circles of scientists felt compcll_ to _vcnt a new and more

"rational" version of thermodynamics, pungently presented by C. TrucsdcU [10].* Nevcrthe.lcss, I

still believe that "nothing so drastic as a complete revision of thcrn'_ynamics is really needed"

[5]. The development of "rational," and other competing versions of thermodynamics, have

compcUod the more traditional practitioners of the subject to shaxpcn t,hcir thoughts, concepts, and

words. However, since the revisionists prefer to work in universes of discourse which differ from

thatofthetraditionalthcrmodynamicist's,therehasarisena new vocabulary,and thealternative

"Severalotherversionshavealsobeenixoposexl.SeeRef.[II].
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campshaveboggeddown insemanticdifficulties.Inshort,inthisfirstyearofthelastdecadeof

thetwentiethcentury,a studentof thejointdisciplineof continuumthe_ynamics and

mechanicsofsolidsfacesaveritableTowerofBabel.

Idonotintendtocreateadictionaryofthe.severallanguagesnow inuse.And justlikein

linguistics,thewordsdonotstandtoeachotherina one-to-onecorrespondence.Ishallmerely

explainthemeaningofseveralconcepts,whichareessentialtomy presentation,inordertoletmy

audienceunderstandtheresultingformalism--whethertheyacceptitasvalidornot.

3. ]tams

Atthemostfundamentallevel,themaodynamicsspeaksaboutsystemsratherthanmaterials

andmakesacleardistinctionbetweenthestateofthesystem(equilibriumornonequilibrium)and

theprocess(reversibleorirreversible)undergonebythesystem.Inthisuniverseofdiscoursea

material with time-dependent properties or a material with memory represent systems which

performa processduringthe_ne theyareobserve&Similarly,historyrepresentsa process

whichhasoccurredbetweena_-pecifiedinitial_tatcandthestateunderconsideration.Relations

betweentheproperties(variables)ofequilibriumstatesareformulatedasequationsofstate,a

,W_.,cialrolebeingreservedforfundamentalequationsoi'statefromwhichallothersfollowby

differentiationalone.Thecorrespondingstatementsaboutnonequilibriumstatesarehaneedofan

elaborationwhichwillIx:presentedinSections4-7.

A reversibleprocessisconceivedasa continuoussequenceofequilibriumstatesintime

whereasan irrevers|bleprocessconsistsofa spatiallydistributedsequenceofnonequilibrium

states varying in time. During an irreversible process the system as well as parts of it

("subsystems") interact with each other. 'lhc processes of interaction are described by rate

(evolution) equations. A fundamental equation together with an appropriate,set of rate equations

form the concept of a constitutive law favored by nonconventional therrnodynamieists.

Without attempting to complete this sketchy vocabulary, I shall further point out that in

conventional thermodynamics stored energy does not occur but is understood as the difference in
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the values of some thermodynamic potential (internal energy, Helmholtz fr_ energy, etc.) "
i,

between two states when one of them is normalized by an (often implicit) convention. This is due

to the fact that the definition of any potential leaves an arbiu-aryadditiveconstant unspecified.

4.

Having indicated some of the semantic problems that members of my audience may

experience, I shall proce_ with this exposition using the concepts and u_rminology of

conventional thermodynamics.

The concept of state is best explained by making a distinction between the physical space

and the (Gibbsian) phase or state space. Attention is centered on irreversible processes as they,

necessarily, occur in a system, treated as a continuum, throughout which the states are distributed

spatially and evolve in time. Accordingly, we consider an element ("point") AV(x, t) of a

continuum B, Fig. 1, and indicate for it a selected number of extensive variables, that is the fields

of internal energy per unit mass u(x, 0, a set of deformation parameters a(x, 0, and a set of

internal variables a(x, 0.

At this point it is necessary to make a digression in order to motivate the introduction of

the concept of an internal variable a, following its clearest expression by P. W. Bridgman. In

ourspecificcasewe shalldescribetheexternaldeformationofAV bythefieldoflinearize_(small)

strainperunitmassp-1_j (Ea),withp=const,fullyadequateforthetreatmentofelasticand

inelasticdeformationsinmetals.ElementsAV ofmetalswhichcanperfcn-ninelastic,irreversible

processesarenothomogeneousandthuscapableofundergoinginternaltransformations,suchas

growthofdislocations,plasticflow,diffusivemigrationofatoms,slowchemicalreactions,etc.

Observations confirm that a thermodynamicdescription of the internal state (deformation) of the

element AV can be obtained by accepting P. W. Bridgrnan's[8] insight:#

# I cannot r_strainmyself fromremarking thatI findii difficult to understandwhy so compelling an interpolation
has not found immediateand universal acceptance.
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.. I believe that in general the analysis of such systems will be furthered by the

recognition of a new type of large-scale thermc_ty,namic parameter of state,

namely the parameter of state which can be measured but not controlled...

These parameters are measurable, but they are not controllable, which

means that they are coupled to no external force variable which might

provide the means of control. And not being coupled to a force variable,

they cannot take part in mechanical work.

The view is that, connected to the outside, each site would produce work

dWOint = Aj d ctj (sum for n si_s) (1)

reversibly. Terms of the type of Eqn. (1) do not appear in the field equations which govern

the evolution of the fields in time.

Reverting to the physical space, Fig. 1, we note that the nonequilibrium element zkV

interacts with its surroundings during an irreversible process through a transfer of work and

heat. In general, these interactions are described by the field F(x, 0 of generalized forces (in

our case F _ aij -- the Cauchy stress), the work being

dW = F" cla(or-p-1crijdgijinourcase)_. (2)

Thetransferofheatisdescribedbytheheat-fluxvectorfieldq(x,t).Incontrastwith

a and ct, F and q cannot be added over the volume dements _V to produce a value for the

system as a wholeu

The equilibrium stau_of an element is uniquely described by the set

Iu,a,ai, (3)

and the interaction vectors F and q vanish identically. Such a state can be conveniently

represented as a point in a space with coordinates u, a, ct sketched in Fig. 2, the Gibbsian

state space. A curve R in this spa_ represents a reversible process and it is implied that the

inmmal sims are now connected to the outside. Thus, the work element on curve R is the

Work doneby thesystemisreckonedpositive,andtheusualconventionforstressisfollowed.



d_ = F°.da+A °.da. (4) •

At this point the reader must realize that the forces, F, required to produce work on

element AV in the physical spa_ will be different from those which act on it during a

hypothetical,reversible process IL By contrast, the extensive variablesu, a, ct have been so

selected that the corresponding nonequilibrium quantities possess unambiguous meanings in

physical space.

Inthecaseofarr_tal,Eqn.(4)iswritten

dW ° =. p-1ooijdEij+ AOkdOCk (5)

andtheGibbsianstatespaceconsistsofsevenvariables,u,p-I_j,owingtothesymmetry

_ij= _ji.

5. Accompanyingeo_uilil;!riumState:accompanying reversible process

Whereas the set (3) is sufficient to specify a unique equilibrium state, the number of

parameters needed unambiguously to specify a nonequilibrium state is much larger, given

that the set (3) is included already. This situation is illustrated in Fig. 3. The base manifold

symbolizes the hypcrspace of equilibrium states r {u, a, o_}. An irreversible process I starts

with an equilibrium state e1and develops nonequilibrium states n which must reach outside

of r. For the purpose of further analysis, we shall associate an equilibrium state r with every

state n, so that

u(r) = u(n). a(r) = a(n), ct(r) = o_(n). (6)

We shall call • the accompanying equilibrium state to nonequilibrium state n. The

possibility of this association rests on the already mentioned observation that u, a, o_have a

defined meaning for nonequilibrium as well as for equilibrium states. The same cannot be

said about the conjugate, intensive quantifies F and F*. Underlying the transformation n _ r

is the Gedankenexperiment illustrated in Fig. 4. We imagine that the element ,sV in state n is
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suddenJysurroundedbya rigidenclosuresothatnoexmmalworkF.dacanbcdoneonit

anda isthuskeptconstant.We furtherpostulatethattheenclosuremustbc adiabatic,

inhibi_gtheflowofhut. Finally,we lettheinternalvariables¢zbcarrested(frozen),so

thata = constduringn ---#r.Sinceno workorheatisexchangedalongn _ r,theinternal

energy,u,must alsoremainconstant.In thismannertheconditionsof thisthought

experimentguaranteethatconditions(6)aresatisfied,andwe describeprocessn_ rasone

ofanadiabaticprojectionintheenlargedstatespace.Theprocessofequilibrationfromnto

r willinvolvea characteristicrelaxationtime%,made nondirncnsionalby theexternal

characteristictimea/ianddescribablebytheDeborahnumber

De = a/t " (7)

We can go further and regard the reversible process R, imbcddezl in the space of

equilibrium states, as the accompanying reversible process to I. We postulate that the rate

at which I progresses in time is imposed on R, so that we picture hcrc a reversibleprocess as

onewhichoccursatafiniterateinconn'astwiththehistoricpresumptionthatareversible

processmustoccur"infinitelyslowly"ormustbctheresultoftheconvergencefroma real

processwhen itsram isreducedtozero.Ido notthinkthattheconceptofa reversible

processoccurringatafiniteratedoesviolencetoourphysicalim,Lgination.However,ifthe

audiencerncmbcrsremainunpersuadedtheycanimaginethat,departingfromequilibriumat

anystater,thesystemkeepscontinuouslyrevertingtoit#withanegligiblyshortrelaxation

time(De- 0).

The variousproponentsofunconventionalversionsofthermodynamicsoftenmake

proposalsregardinganenlargementofthemanifoldofstatessothatitwouldalsoinclude

statesofnonequilibriuminwhichR couldbcimbedded.However,no single,convincing

proposalhasyetarisen.Inthislecturewe emphaticallydonotenlargetheGibbsianspacein

ordertopavethewayforaclearstatementoftheprincipleoflocalstate.The insistenceon

¢Say,bythecoaxingofMaxweU'sdemon.
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choosingexclusivelytheset(3)ofextensivevariableshasmade itpossibletodefinea unique "

accompanyingequilibriumstatertoa nonequilibriumstaten. We remindouraudiencethat

theconjugateintensivevariableshavedifferentvaluesatn andatr sothattheinclusionof

evenoneoftheminthestatespacewouldmake a clearadiabaticprojectiontroublesome.

6. Entrot_vand thermodynamic tcmDeratu_

Many battles have been fought over the "correct" definition of the concept of entropy

(which people widely use and abuse) and of the way to assign numerical values of entropy to

states. The controversial problem is with nonequilibrium states. The principle of local state

bypasses this issue in an ad hoc, heuristic way. For this reason, we shall merely recall, for

easyreference,how thisproblemishandledforequilibriumstates.

Herewe fallbackon anystandardreasoning(e.g.,Carathdodory's)whichassertsthat

theexpressionforheat

dQ ° --du + dW* (8)

alonga reversibleprocess(curveR instatespace)possessesan integratingdenominator

T(u,a,ct), which can be interpretedas thermodynamictemperature(First Partof Second

Law). Thus,

dsCu,a,a) d__ du + F° •da + AO.•dot
= T = "-----T(u,a,a) (9)

is a perfect differential assuring the existence of a fundamental equation

s = s(u,a,ct) (9a)

which must represent a convex manifold in the state space.

Numerical values of entropy are calculated by integration in the state space,

s(u,a,ct)- so= _Rd'_T° , (10)
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'" where P. in an arbitra._ curve in _lat space, and thus, always represenusa reversibJeprocess,

Here so is an srbitrary constant bex_use the integral (I O)has _e mathematical properties of

a potential. The fact that s is a potential leads to additional, very important relations:

x (I1)
reciprocity relations _ = Bu '

etc., for F/T and A/T, and

8u (12)stump _ uamm

mciprocxl relations ('Maxwell) 8ai i)u '

etC._etC.

It should be noted that the integral (10) ca_mot be evaluated in the physical space,

contrary to what is c,rten claimed in nonconventional versions of the subject.

7. Hwothesis of local eauilib_,m-n
(Principle of local state)

SermnticaIly, the phrase hypothesis of,local equilibrium is a misnomer, and for this

mason many of us prefer to c;dl it principle of local state. The purpose of this principle, as

already stated earlier, is to assign a heuristically justified numerical value of entropy to a

nonequilibrium state. Explicit use of this principle was introduced into continuum

thermodynamics independently by J. Meixner [1] in 1941 and I. Prigogine [2] in 1947.

Disregarding this semantic disagreement, I quote here its statement from the book by

S. R. de Groot and P. Mazur [31.

lt will rnOWbe assumed that although the total system is not in

equilibrium, there exists within small mass elements a state of "local

equilibrium" for which the local entrops' s is the same function as in real

equilibrium, tn particular, we assume that the fundamental equation of

state remaitts valid for a mass element along its center-of-mass motion.

This hypothesis of "locaff equilibrium can, from a macroscopic point of



view, only be justified by virtue of the validity of the conclusions derived '"

fromit.

The gist of this statelzent has the effect of associating with a nonequilibriumstate,

such as that of element AV in Fig. 1, the entropy and thermodynamictemperatureof the

accompanying state. In particular,as is evident from the _enexperiment pictured in

Fig. 4, the entropy s(r) of the accompanyingequilibriumstate must be larger than that of the

nonequilibriumstate s(n) because the former is producedfrom the latter by an adiabatic,

no workprocess, so that

$(r)- s(n) ffiff > O, [s(r) - s(n)] (13)

(SecondPart of the Second Law), and that the w,o u_mperaturesarenotexactly equal either,

r(r) r(n) [7"(r)- r(n)]. (14)

'lhc principle of local state disregards (13) and (14) and introducesequalities instead,

as indicated in the ,_quarebracketsabove.

Historically, 'theuse of the principle of local state has led to furious controversies and

verbal battles. The ac.eeptanee of the equalities by many therrnodynamicists was made

palatable by the assertion that they are valid when "the nonea:luilibriumstate is close to

equilibrium." Although fiequenfly the equilibrium state in the above sen_nce is not

specified and no measure of distance from equilibrium is provided, we can think of this in

terms of the relaxation times "cand an appropriateDeborah number. Here the reader may

consultRef. 11.

My own conviction is a pragmatic one. The principle should be accepted in the

mechanics of solids because of its proven performance in many fields, e_ially in fluid

mechanics as emphasized earlier in Section 1. This is the only principle which leads a

researchworker to an explicit algorithm for the calculation of numerical values of entropy.

No othercompeting version of thermodynamicshas done thisY

With the incipient exception of Extended IrreversibleThermodynamics.
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8. F._tronvbalance. Entronvnroduction

From the practical point of view, the most important result of the local-state

formalism is the establislm_nt of an entropy-balance equation for continuum and the

derivation from it of an explicit expression for the local rate of entropy production.

Depending on an author's taste, it is possible to start with a postulate for the

expression for the entropy flux or to postulate the entropy-balance equation in its entirety; it

is then called the Clausius.Duhem inequality. In our presentation this takes the form of an

equality anda postulate requiring non-negativity of entropy production.

First, it is assumed that the entropy equation must have the standard form of a

balance,

rate of change + div (flux) = source (15)

with

flux = q/T . (15a)

Equation (15) is obtained from a combination of the energy balance (First Law) wri-en

in the physical space and the Gibbs equation written in phase space but expressed in rate form.

The latter is an expression for the _companying reversible process with the rate of the

irreversible process impressed upon it in accordance with the discussion in Section 5.

The energyequation is

The Gibbsequation in rate form is

du ds lo_ij ._ Ao darn7i7 + p dt m (17)
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Note the distinction between aij in (16) and o'°ij in (17), often overlooked even by otherwise

careful authors. This can be u_ced to the fact that sometimes it is adequateto assume

¢_'ij =aij, (18)

an assumption patently inadmissible in the derivation of the Navier-Stokes equations.

lt is now a simple matter to calculate the Lagrangian derivative p<ts/_ by eliminating

&ddt from Eqns. (16) and (17) and casting the result in the form of a standardbalance after the

pattern of Eqn. (15). We obtain

ds 8 qk

P_" + _ V = _ (19)

where the local rate of entropy production is given explicitly as

o_i-o°i. pOm
b = qk k_XkJ + r _:ij + - T_ O,m ;_ O. (20)

The requirement that 0 must be positive is a, sometimes disputed, expression of the Second

part of the Second Law of thermodynamics.

It is noted that Eqn. (20) represents entropy production as a sum of products of

generalizedforcesintogeneralizedfluxes.

TheexpressioninEqn.(20)suggestsconsistentformsofrateequations.Thesemust

bewrincntosatisfytheintrinsicsymmetriesofthesystem,ltisoftenclaimedthattherate

equationsmust belinearintheforcesandfluxes.Ido notperceivethistobemandatory,

eventhoughinmany concretecausestherelationsmm outtobe genuinelylinear.The

rr.,quircmcntof lincarityffrootedinareasoningwhichsupposesthattheformof_ mustbc

consistentwiththatwhichresultsfrom a lh'st-orderChapman-Enskogsolutionof the

Boltzmannequationforthedistributionfunctionoflow-densitymonatomicgases.Buteven

thisderivationadmitsnonlinearforce-fluxrelationsinthepresenceofchemicalreactions,as

demonstratedbyI.Prigogine[3].
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A combinationofthestandardbalanceequationsofmass,momentum andcncrgywith

theram equationsyieldsa closedsystemof partialdiffcrcntialequations;theirsolution,

subjccttoprcscribexlinitialandboundaryconditions,constitutestheprocess.
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Appendix: The local.state (local.equilibrium) formalism (consecutive steps)

1. Formulateworkin reversibleprocess

dW° = F° ocla + A° • dcx. (Al)

2. Write down the Gibbs equation

du =Tds- 1_ ,cia- A° • da. (A2)

3. Establish fundamentalequation

s = s (u,a, c0 in space (u,a, cx} (A3)

note thatall variables are intensive;
use Maxwell's relations;
postulate convexity for int_hlsic stability.

3a. ForT =const analysis use Legendre transform

d (u- Ts) = dr= -sdT - 1_ oda - A° ° dcx, (A3a)

and f - f (a, cx) with T as parameter

4. First Law in physical space

here set a = eij_ and F = Oij

= Oij dt " _x'_; (A4)

_j satisfies compatibility

v

z

I_tlr, P¢!l I,_,z' r,,rqP,'#l 'll_ ,u ..... I_llrrl H '"ll' Hl'' *11_1111' t1_i_11¢''' I'_l_'l _I_I1NI' ',,'rl_e,,,'_ ,,'_ ri,,,r,,im r, ,_rlqll,"' ,¢_ _,l,,t,l', ,, ...... rl¥1i_,-iIl,_...... ,_ ', ',t _'_,' 1,1,-", ,_,,,l_ _u _1=_rl,_ ,_ "' qp1 ,, " = ',1 _ _l_' q_ ..... _ ,,IV',¢_,,,_- ' _,ll'r,' ',_,
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5. Gibbs equation in rate form

du ds _1 _i d°_n
d"_ _= T_t + °_iJ (A5)p dt " AOm_

6. Eliminatedu/dtfrom4.and 5.

ds _ A°m. I _k

P'& - T _J + T °na" _ -_xk" (A6)

7. Transform 6. to standard balance equation form and use qi/T as entropy flux

ds _ qk f[IT-llo,_o_,_**j+ _, _d_ + =qkl-_kj+ T _ '

here _ is the local rate of entropy production per unit volume.

8. Formulate rate equations

9. Set up field equations and solve a system of partial differential equations.
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Captions to Figures

Figure I. Physical space

Figure 2. Gibbsian phase (state) space

Figure 3. Relation of nonequilibrium states n to state space

Figure4. Creating accompanying equi_brium state by a Gedankenexperiment
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